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A Finsler space is sometimes adopted as a basic concept in the theoretical
physics. However, the fact that the fundamental tensor field of a Finsler space is
provided from a positively homogeneous function is not always desirable for physi-
cists, as pointed out by several authors. In fact, recently Matsumoto [8] showed an
unexpected result (Corollary of Theorem 2) on four-dimensional Finsler spaces,
which may be a direct consequence of such an origin of the fundamental tensor
field. It seems to the author that Kern’s Lagrange geometry [6] is noteworthy in
this aspect. As to physical viewpoint, see Ingarden’s lecture [5] and Takano’s
lecture [11]. Further it is suggestive that Horvath and Moér [4] again developed
their theory based on a generalized metric in Moo6r’s terminology, after their Finsler-
geometric treatment of the same subject [3].

In the present paper we first define a metrical structure on a differentiable
manifold as a Finsler tensor field g of type (0, 2) in Matsumoto’s terminology [7] and
establish the existence of a set of connections FI" of Finsler type which are metrical
with respect to g. Based on the notion of absolute energy associated to g, we
define regular Finsler structures. From a regular Finsler structure a metrical Finsler
connection, called canonical by us, is uniquely determined. This Finsler connection
is regarded as a generalization of the Cartan connection in case of Finsler geometry.

Almost all the theorems in this paper are proved applying the methods given by
the present author and Hashiguchi [9, 10]; so the proofs are omitted.

Throughout the present paper we suppose that the contents of Matsumoto’s
monograph [7] are known.

§1. The metrical Finsler structures and metrical Finsler connections

Let M be an n-dimensional differentiable manifold, TM its tangent bundle and
n: TM— M the natural projection. If UcM is the coordinate neighborhood of a
coordinate system (x?), then n~!(U)=TM is a coordinate neighborhood, too. Let
(x!, y*) be the coordinate system of a point y e z=1(U), x=(x!)=n(y).
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Definition 1.1. A Finsler tensor field g of type (0, 2) which is symmetric and
nondegenerate is called a metrical Finsler structure on the differentiable manifold M.

If g;/(x, y) are local components of g on n~!(U), the above conditions for g
are written as

(L.1) gij(x, Y)=g,ix. y),  det(g;)#0.

Let g'i(x, y) be the reciprocal tensor field of g: g;;g*/ =%, and let
(1.2) QU = (0105 — 9,;9')2, Q¥ = (8107 +g,,9™)/2
be the Obata operators of g.

Definition 1.2. A Finsler connection FI'=(N, F, C) is called metrical if it
satisfies the conditions:

(1.3) giji=0, gijle=0.
Evidently we have Q% =Qir|,=0 and Q¥ ,=Q¥%",=0 from (1.3). Using

sjl sjlk
the Ricci identities we easily obtain

Theorem 1.1. The curvature tensor fields Ry, Py, and S%,, of a metrical
Finsler connection FI' have the property that the Finsler tensor fields Q¥ R;,,,
Q¥ P51, QFSsy, and their h-and v-covariant derivatives of any order vanish.

On a similar way to the proof used in the papers [9, 10] we get

Theorem 1.2. Let FI' be a fixed Finsler connection. Then any metrical
Finsler connection FI' is given by

Nj=Ni-Xi,
(1.4) Fiy= Fiy o+ Gl X0+ gU(G i+ Gl p X D2+ QI X3,

j‘k= .iik+gimgmj|k/2+gis' ko
where andidenote the h- and v-covariant derivatives with respect to FI' and
X, Xy, Yiy are arbitrary Finsler tensor fields.

As a particular case:

Theorem 1.3. Let FI" be a given Finsler connection. Then the following
Finsler connection FI is metrical:

(1.5) Ni=Nj, Fiyo=Fi+9"g /2, Cj'k’—“cj‘k + GG k2.
The last two theorems show the existence and arbitrariness of the metrical

Finsler connections.

Remark 1. Applying the method in the paper [9, 10] we can study the metrical
Finsler connections, the transformation group of metrical Finsler connections and
its invariants. The theory of semi-symmetric metrical Finsler connections is very
interesting, too. See [2].
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§2. Regular metrical Finsler structures
To a metrical Finsler structure g we associate the function
(2.1) L(x, y)=goo=9:i/(x, Yyl

which is called the absolute energy.
Consider the Finsler tensor field

(22) Ci=g""(09 jm/0Y* + 091/ 0y’ — g 3/ Oy™)2,
which is symmetric in the indices j and k, and we put
(2.3) Cin=9;nCl,
24) Cioo=Cipy? y* = (39 1l 0y )y  y*/2,
2.5 Aj=06]+9""™(0gum/0y7)y"-

Definition 2.1. The metrical Finsler structure g is called regular if
(2.6) Cioo=0, (2.7)  det(82L[dyidy*)#0

are satisfied.

Proposition 2.1, The metrical Finsler structure g is regular if and only if
(a) g:;y) =(0L[0yH/2, (b)  det(4))#0
are satisfied.

Indeed, the condition (2.6) is equivalent to (a) and, because of (02L/dy’/dy*)[2=
gk +(0g,;/0y*)y", we have (gim02L[0y"dy)[2 = A}, so that (2.7) is equivalent to (b).

Remark 2. (1) If g is a regular metrical Finsler structure, we get (0g,,;/0y*)y" =

(0gml Oy7)y".
(2) If we are concerned with the characteristic polynomial of the matrix
(9'™{0gum/0y’}y"), the determinant of the matrix (4}) can be easily computed.

Let B be the reciprocal tensor field of A:

(2.8) BjAh=¢%,

and put

2.9) Vﬂ'k = gim(agjm/axk + 0gim/0xT — agjk/axm)/za
(2.10) Yoo =VhyIy*.

Then we have

Theorem 2.1. For any regular metrical Finsler structure g, Ng(x, y) given by
(2.11) Ni(x, y)={a(B}o)[0y }/2
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are coefficients of a non-linear connection N determined by the structure g only.
Proof. A coordinate transformation on the tangent bundle TM, namely,
Xi=xi(x!....,x"), y'=Xiyr, (X\=0x'/0x?),
implies the transformation (8/0x?, é/dy?)—(0/0x*, 0/0y*) given by
0/oxi=XT0|0xP +(0X}/0x")y*0|dy?, (XT=0xP|0x"), 0|0y'=XFo[oyP.

From these equations, direct computation leads to

Ni=X1XIN2+ X1 (0X2/9xk) 7k,
which shows that NI={I\°I§-} certainly is a non-linear connection.

The non-linear connection N is considered as a distribution: y e TM+— N y<
TM, having the property TM y=1\7 ,®TM3}, and the vector fields

y

(2.12) 8/6x1=0/ox! —Nmojoym,  i=1,...,n,

provide a local basis of the (horizontal) distribution N.

§3. Canonical Finsler connections

From the non-linear connection N given by Theorem 2.1 we can introduce
3.1 Fiy = g'(3g jml6x* + 8in/ % — g 5/ 5x™)]2.
Then we get

Theorem 3.1. Let g be a regular metrical Finsler structure. The triad
FI'=(N, F, €), where N, F and C are given by (2.11), (3.1) and (2.2) respectively,
is a metrical Finsler connection.

Proof. 1t is easy to see that FI' is a Finsler connection. A straightforward
calculation shows that g;;5, =0 and gijrk=0.

The above metrical Finsler connection FI' has the properties:

(a) It is determined by the regular metrical Finsler structure g only.

(b) Its torsion tensor fields T and $! vanish.

For these reasons FI is called the canonical metrical Finsler connection of the
regular metrical Finsler structure g.

In the formulas (1.4), taking the canonical metrical Finsler connection of g as
the fixed Finsler connection FI" , We obtain

Theorem 3.2. Let g be a regular metrical Finsler structure and let FT be its
canonical metrical Finsler connection. Then, the set of all the metrical Finsler
connection FI is given by
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Ni=Ni-X{,
(3.2) Fiy = Fi, + Ci, X7+ QirXs,,
b= Cli+ QI Y
where X, Xi,, Y& are arbitrary Finsler tensor fields.

We denote by FI'(N)=(N, F, C) any Finsler connection which has a fixed non-
linear connection N. Then the last theorem has the following consequence:

Theorem 3.3. Let g be a regular metrical Finsler structure and FI=
(N, F, C) be its canonical metrical Finsler connection. Then the set of all the
metrical Finsler connections FI(N) is given by

(3.3) Fi'k:ﬁ}k"‘QiS'ka,

where X%y, Yi, are arbitrary Finsler tensor fields.
Now, applying the method used in the papers [9, 10], we obtain

Theorem 3.4. Let g be a regular metrical Finsler structure and FT be its
canonical metrical Finsler connection. Further, let two alternate Finsler tensor
fields T%,, S%, be given. Then there exists an unique metrical Finsler connection
FI'(N) having torsion tensor fields T=(T%) and S*=(S%y), which is given by

Fiy= Fﬂk + 9" G T — G jn Tk + G T )2,
'JA = C',k +gim(gmhs_';k - gth,':'k + gkhs_’;'m)/z‘
Consequently we get

Theorem 3.5. Let g be a regular metrical Finsler structure and FI=

(N, F, C) be its canonical metrical Finsler connection. Then there exists an unique
metrical Finsler connection FI'(N) with T=S'=0. This is the canonical metrical

Finsler connection FI.

It is easy to particularise the above results to the Finsler spaces. If F(x, y)
denotes the fundamental function of a Finsler space F,, the absolute energy L(x, y)
is F2(x, ). We have C;00=0 and Ai=8i=Bi. Thus g;;=(02F?/dy'0y’)/2 is a
regular metrical Finsler structure. In this case the canonical metrical Finsler
connection FI is obviously nothing but Cartan’s connection CI'.  So we have

Theorem 3.6. If g is the metrical Finsler structure g;;=(02F?/0yi0y/)/2
obtained from a fundamental function F(x, y) of a Finsler space, it is regular and

its canonical metrical Finsler connection FI' coincides with the Cartan connection
Cr.
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