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We discussed non-characteristic boundary value problems for single
evolution equations in Part I([1]). In this paper, we consider character-
fstic boundary value problems for single evolution equations. Under the
assumption of mildness of characteristic, we can consider the problems
in the similar framework to that in Part I. We shall be satisfied only
to show the way to get the basic energy inequality, but it is easy to
get the existence and uniqueness theorem in H=-sense by the similar
way as in Part I.

§1. Assumptions.

Let A(t, x, y37, & 5) and {B;(t, 937, & 7} ;a
where we denote

....m+’

Bl(t, R é, 77)
B, y;7, &)= )
B, (4, 957, &)
be polynomials with respect to (7, §, ) with #=-coefficients in R+,
which are constant outside a ball in R"*!. Let N be the Newton poly-

gon of A in the sense of Part I, where we consider the following two
cases in unified manner.

Case 1. The vertices of N are composed of the origin and
Pi= (it + oo+, m+ - +my) (2=0,..., D,
where

mi/ps=p: and p>p,> ... >p=1 (élm;=m, i:lﬂi=ll).

Case 2. The vertices of N are composed of the origin, P, P,, ..., P,_,,
and

Pi=(, m—1), P/=(0, m—1).
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The principal part of N is

N =

o

U P;_\P; in case I,
i=
!

H

1

_1 - —_

(U P,_,P,) UP,_,P; in case 2.
i=1

i

Denotiong

A(ta X, V35T Ea 7]) = Z aolv(t, X, )’)705177’),

(0. 2+|v])eN
Ao(ta X, V35T, 53 7/) = Z aalv(ta X, y)ﬂelﬂ”,
(0,2+|v])ENS )
AD (¢, x, r37, & )= PN Aoy (8, %, )’)Ta—msl””

(l’.l'}-|l-‘|)EP;_1P‘~

A
_ o . u—Jj
_Z am1+o-+mi_1+jpi(t, X 3 5, 7])7 ! ’
j=0

we assume

Assumption (A").

1)
ii)
iii)

iv)

v)

Remark. It follows from (iv) that (0, 1, 0) is characteristic with

G, (8 %, 956 MX0 for (¢, x, p3 &, P ERT XS
(i=1,..., -1,

p: is even and AP (¢, x, y;7, & 9)x0 for (¢4, x, y; & ) ER*Ix !

and Im =0 (i=1,..., [-1),

pi=1, zeros of AP (¢, x, y;7, & ») with respect to r are real and

distinct for (¢, x, y; &, n) ERFTIX S
a,(t, x, y31, 0) =0,

zeros of AV (¢, x, y;7, & ) with respect to £ are bounded if (z, 3)

is bounded.

respect to A(t, x, y;7, & ), and (v) means that it is mild.

Hereafter we only write A(r, &, n) instead of A(¢, x, y;7, & %) for

simplicity.

Lemma 1.1. Under the Assumption (A'), we have

i)

d:,,_l(l, 0) -'-"FO,

i) A®(z, & n) =0 LV, & n)

where

and a;(§, n) is a homogeneous polynomial of order j with respect tb (&, ),

iii)

my—1

=0 T ampreim 1 DO

i=

n—1 °
0=r1+ (. (1, 0))71 Y 9%

=1 oy

(la 0)771

U ey (& M X0 and i1 (& N X0 for (§, p)ES



Mixed problems for evolution equations
Proof. 1) Since a,(l, 0)=0 from (A4')—(iv), we have
A(l)(fa 19 0) zajn—mz(l, O)Tml+ tre +a:n—1(l, O)Ta

707

whose zeros are distinct from (4)—(iii). Hence we have a;,_;(l, 0)

xX0-
ii) Let us denote

AV, & 1) =3 b5, PEn,

where 6;(r, 7) is a homogeneous polynomial of order j with respect to

(r, ) (G=1,...,m),
n—1 °
(e, M) = ais (1, O3 2o (1, 03,
i=1 0%;
:a:n—l(l, 0)0(73 77),

and
0;(z, n) =r;(n) (J>my).

Deviding 6;(z, p) by 6(z, ») for j=1,..., m;, we have

0,‘(7, 77) :0(7’ 7])51‘—1(‘[’ 77) +’j (ﬂ)a

where 6;_,(r, n) is a homogeneous polynomial of order j—1 with respect
to (7, ) and 7;(») is a homogeneous polynomial of order j with respect

to . Here we have

AD(z, & D =0(c, p) (6. +0,(z, 7)E 24 ..
O MET N EE ()
=0(z, PNAD(z, & 7)) +r(&, 1),

where §,=a;,_,(1, 0) 0.
Now we shall show that (&, »)=0. In fact, if not, we have
nM=...=2n,=0, )0 (H°E5"2).
Since
0(z, 7)) =t—2(y"), [z(x") <M,
we have

AP (z, &, 7) =0(z, 1) (0,6 +0,(z, 7))
doeeeeannn +0,_,(z, 7°)&nrH1
Gy (z, 7°) +1(5°) /O(z, 77))EmHp o nt)

in {|z|<M and tx7(y")}, where the coefficient of é"* is unbounded,

which is the contradiction to (A4")—(v).
By the change of variable z to §=0(r, 3), we have
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AP (z, & =" (0, & 1)
:am1+--+’”l—1 (5’ 77) 0m1—-1+ e +am1+--+mt—1($’ 77)s

where a;(§, 7) is a homogeneous polynomial with respect to (&, 5) of
order j.

iii) Since 6(z, ») =t—7(y), we have that the coefficient of z™ in
AP (z, & 7) is equal to the coefficient of 8™ in 6/ (0, €, 7), that is,

a’m1+--+m,_1(§a 7) =am1+--+m,_l(5, 7).

On the other hand, since r=7() is the simple root of A®(z, &, ), we
have

Ct'm1+..+ml—1(£, 7]) :M(l)(o’ Es 77) :‘FO‘ .

Now we consider of A(z, & %), whose Newton polygon is N, whose
principal part is N,. Let us denote

N'={N—-(0, D}NnN.

We say that a polynomial is composed of lower order terms with respect
to N, if its Newton polygon is contained in N’, and we denote it
Lo.t. (N').

Since
Az, & ) :Tﬂ+a;1 (&, 77)7"#_1"' o +a:nl+--+m1_1_ﬁl—1 (EJ])TMIH
+A4®(z, &€ P+ Lo.t. (N
=0z, Prtag (€, NO@ Dt oot im - G0 O )™
+0(z, PIPO(z, ), & 7+ Lo.t. (N,
we have

Az, &, p)=0(z, P (0(z, 1), & 1) +Lo.t. (N),
where we denote
aj(ey 7]):(1;(5, 7) G=L...,m+..+m_—1).

Since L9 (0, &, ) =AD (@, & n) (i=1,...,[l—1), we have from Lemma
1.1

Proposition 1. 2. Under the assumption (A for the polynomial A, o
satisfies the following condition, which is the assumption (A), stated in Part
I, for the polynomial <.

i ) am1+“+mi($a 7])#0 (izls"°7l_1) and aml+..+m,—1(€’ 0)#0
Sor (&, pEST,
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ii) &9, & X0  (G=1,...,1=1) for (& pES! and Im =0,

iii)  zeros of AV (0, &, n) with respect to 6 are real and distinct for (&, 1)
S

Now let
(6, &, ?)—CH(E & (6, 77))H (§=§&;7(0, 9)) (my+m_=m—1), where
Im & (8, n)=0 1f Im < — Kand 7/ER” . Let B(z, & n)={B;(z, & n)};-1..

be boundary polynomials, and let us denote

Bi(z, §, 0)=%;(0(z, ), & 7),
B(z, & n) =2 0(z, 7, & 7).

Let #%*(0, & 7) be the standardization of (6, &%) with respect
to «/(0,& n). Let R?(0, ) be the i-th Lopatinski determinant with
respect to (&, #), then we assume

Assumption (B). R9(0, )0 (:=0,1,...,1) for Im §<0 and
IS

§2. Energy Inequality

2.1. In this section, we consider differential or seudo-differential
operators in the shifted form:

A,=A(D,—1iy, D,, D)), B,=B(D,—iy, D,, D,),.

ooy

where 7y is a large positive parameter. Denoting

H={N—-(1,0} NN, #/'={¥~=(0, D}nA,

we define
MullP= % [K6,>XD,» DiulP,
(o,s+2)eN’
Mulli-y= % |IK6,><D,» Diull,
(o,s+DeEN’
where

0,>=10(D,—iyr, D,) |, <D,>=(|D,[*+1)*.
It follows from the definition of above two norms that
[led| P =1116,ul ;-1 4 s+§m_lll<D,>’D§ullz-
Next, we shall introduce boundary norms:

@P=_ % K6)%D,y D,
(Wiy=_ 3 (OYCD,Y Dy,
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and
QU =QOuNin+r" | B KD,y Diuy.

2.2. We remark that

A,=s(0,, D,, D,)0,+A4,(0,, D,, D,
=0,%(0,, D,, D,)+4,(0,, D,, D,),
07"%?':'92?'07-'-@%(07” Dz’ Dy)7

where A4,(0, & »), 4,(0, & %) are l.o.t. (N) and &, & ») is L. o. t.
(N), where N"={N—(0, 2)} NN.
Now let u satisfy

Au=f for (¢, x, »)) ER'XRL X R,

P
( )[ Biul.o=g for (¢, ) ER'XR",

then we have

A= for (¢, x, ») ER'X R, X R*™,

] ;
g¥v|x=0=gl for (t, )’) ERIXR" ’

where
v=07u, ﬂzf_Al.rua glzarg_gil‘.rul:mo-

Concerning to the problem (P,), we have the following inequality
from Part 1.

Lemma 2.1, There exist positive constants y, and C such that

Ul HE) o SCG T Al H<Ed)  for r27..

Since
WANS A4y ull =1 f 1T+ Cll
(&>=<0,8>+<{ B} ,up=<0,>+Cr "Ku),
we have
Corollary.

7 10,0l + €09
<CG Y08 +7 Yl 47 Ku)  for r=7..

On the other hand, since
0,0 u=f—A4,,u,

we have
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Lemma 2.2. ||l ull=C|fIl+l).
2.3. Now, let us denote
A, =07 +a07 3+ oo v ta, )0, +a,  + A,
Bi=%30,+p+ B,

where 7, is l.o.t. (/) and &} is Lo.t. (#/"), where 4= {4/ —(0, 2)}
N4, then we have

(py G h
Bul.o=G,
where
F=o u—ot, u— (072 4+a,077%+ -« +a,_,)y,
G=(Btu— B} ,u—BW)| 0
Since

Xy (53 7]) :d(oa 53 7]),
B(&, 7 =20, & 1),

(Py)is an elliptic boundary value problem satisfying the Lopatinski
condition. Here we have

Lemma 2. 3.

LD KDy Dill+ | T KD,y Dl
<C A+ DY +lull)

Since

ISl | +e G a1 el oy}
SCEAN+r KO+l 47 M up ),
UDYFCYSUDY O +C I T Luy +1 o) o)
SCE I+ 0,85+ D,>re>
+7 W+ K up),

we have

Corollary.
D KDY DU+ | % KD,y Dl
SCHEfl+r 0,85 +<<(D,>¥g>
7T )
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From the Corollary of Lemma 2.1, Lemma 2.2, and Corollary of
Lemma 2.3, we have
7 |4
SCH TYIfII4<0,e> +7F KD, yre)
+7 Nl + T u)).

Hence we have

Theorem. There exist positive constants y, and C such that

7 Yl 4+
<C{ 4D, —ir, D,, D)
+<0(D,—iy, D,) #*(6(D,—iy, D,), D,, D,)u
+7 DY BV (O(D,—iy, D,), D,, D,)ud}
for rzn.
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