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The asymptotic distribution of eigenvalues for
a2a 2 

ax2 Q ( X ) in  a  s tr ip  d o m a inay-

By

Fumioki ASAKURA

(Communicated by Prof. S. Mizohata December 9, 1983)

§ 0 .  L e t  Q (x ) b e a  p o s it iv e  function defined fo r  x_>_0. We consider the
following boundary-value problem in  a  strip domain D=(0, 00)x (0, 7r)

—(u x x +Q(x)u„)-=Âu in D
(0.1)

u = 0 on &D.

For simplicity, we sometimes denote by A th e  operator —((02 /ax 2 )+Q(x)(a 2 /0y2 ).
We say that a  function f ECk(G), if  f  has continuous derivatives up to order k
in  G .  If Q(x)EC 2 ([0, co)) satisfies

(0.2) Q(x)>=Q0>0, lim Q(x)=00 ,
X— , 00

then there exists in L 2 (D ) a  complete orthonormal system of eigenfunctions {çon}
and corresponding eigenvalues PO satisfying

(0.3) Ayon=2„çon in Q ,g a n = 0  on Q .

Let N(2) denote th e  number of eigenvalues not exceeding 2. We shall study the
asymptotic behavior of N(2) as 2—K)0.

When we regard  --Q(x)(6 2 lay 2 )  as a self-adjoint operator Q (x ) with a  para-
meter x  an d  u(x, y ) a s  an  L 2 (0, 7r)-valued function U (x ), (0.1) is reduced to the
Sturm-Liouville operator problem studied in Kostyuchenko-Levitan [8]

(0.4)
1 U" +(2—Q(x))U=0 fo r x > 0

U(0)=0.

Under certain conditions on Q(x), they obtained a n  asym ptotic formula for N(2)
in  the  form

(0.5) (2—an(x))'12cix ,
TC À zan (s )

where an (x ) is  the  n-th  e igenvalue of Q(x). N o te  that an (x)--=n 2 Q (x ) i n  our
c a se . If  we set
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0 0

U(x)= E çon (x) sin fly,
n= i

then  (0.4) is  splitted into the  following Strum-Liouville problems

{  ç2 ±(2—n 2 Q(x))çoi,=0 for x >0

g)„(0)=0 (n 1) .

Accordingly, our considerations in th is article consist in studying the eigenvalues
of the Sturm-Liouville problem (0.6) w ith particular care on the param eter n.

The eigenvalue problem for A may be interesting in  itself, but it also plays
an important role in  studying the asymptotic distribution of eigenvalues for the
Laplace operator w ith Dirichlet condition in an unbounded domain such as

G= {(x , y)ER 2 10<x<00, 0<y<b(x)}.

{ Au-1-2u=0 in  G

u=0 on aG .
W e shall discuss the  problem in  § 4 of th is article. H ere  w e only  mention that
the large eigenvalues of (0.7) are, roughly speaking, asymptotically equal to the
large eigenvalues of A with Q(x)=2-r 2 /b(x) 2 . H . T am u ra  [10] i s  th e  f ir s t  one
obtaining the asymptotic law of the distribution of eigenvalues in the from  (0.5).
In the previous paper F . Asakura [1], w e also studied th e  problem  by another
m e a n s . In  the  course  o f the  study, we obtained an asymptotic formula of the
distribution of eigenvalues of A with rem ainder estim ate in  the form

1  -
(0.8) N(2)= — E (2 — n2 Q(x)) 1 "d x+ 0(.1 1 1 2 )

7.c. n=i  2an 2 Q(x)

assuming Q (x ) C 4 ([0, co)) to satisfy

j <  (x) B  I Q"(x)1  < C
x — Q(x) —  x ' Q '  ( x )  =  x

1 i Q "' (x )  I  < C
Q ' (x ) =  x 2

Note th a t  Q (x )= x "  satisfies (0.9).
In the present article, w e study the asymptotic distribution of eigenvales of

A  by different tw o m ethods. One is  u sin g  the zeta function of the eigenvalues
defined as

0 0

(0.10) Z (a , A )=  E A .
7z=1

T h e  o th e r  is  a d o p tin g  a  uniform  asym ptotic expansion of the solution to  the
Sturm-Liouville problem (0.6) i n  a  neighborhood o f  a  tu rn in g  point, w hich  is
employed in  F . Asakura [1] and covers where the zeta function does not work.

In the first place, we review some basic spectral properties of A  in  a  strip
domain Q=(0, co) x (0, 7). In § 2, assuming Q (x) to satisfy

(0.6)

(0.7)

(0.9)

for large x .



(0.12)

converges.

(0.13)

Ç:Q( x )-a-F-1/2dx

Throughout this article we assume

.Y°

 
Q(x) - " d x =0 0 .
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Q/(x)
Q(x)

we obtain some estmates of the resolvent kernel, which are crucial in studying
the zeta function. We study the  analytic extension of Z (a, A ) in  § 3. We may
well expect that the infinite sum (0.10) converges for sufficiently large a .  We
shall show that (0.10) converges if and only if the  integral

(0.11) , Q (x )(2 L ) 2 ,

This corresponds to  the condition that the area o f G  is infinite in the case of
the Laplace operator in  unbounded domains (see (0.7)).

Let

a=inf icteR r ' Q(x) - a-"I'dx<œ} (a 1 by (0.13)) .

We obtain the analytic continuation of the zeta function as the  following.

Theorem 0.1. Let Q ( x ) C 2 ([0, 00)) satisfy (0.2), (0.11) and  (0.13). Then
Z (a, A ) has the analytic continuation across Re a = a  of  the form

1 /2)C(0.14) Z (a, A )=
—( 2 a 1 )  30 ,1x ) 6 +1 '2 d x +h (a)
2A /Tr r(a)

where r ( a )  is  the Gam m a function, ((a) the Riemann zeta function and h(a) is
holomorphic in  Re a >  a -3  (6>0).

The form of the singularity of the zeta function with th e  largest real part
reflects the asymptotic nature of the eigenvalues of A .  We shall see later that
Z (a, A ) m ay have various types of singularities at a=cr. For example when
Q(x)=x"(log x) - 2 T for large x ,  the  singularity is of the form

+ 1  (1 +  ( r  1  lc » n K+1  y  (

lo g  
(

a  
K+1 

a— E  E  A n ., a21c ) n=0 j=0 ) )

In such cases we introduce an Ikehara Tauberian theorem of the following form.
Proof of the theorem is put off until § 6.

Theorem 0.2. Let N(2) be a non-negative, non-decreasing function. I f

Z ( a ) = D -  a  dN(2)

is convergent f o r Re a> cr and
Ci+p] n

(0.15) h(a)= Z  (a) — (a — " " )  E  E An i (a — (log (a — a)).1 ( p _ 0 )
n=0 1=0
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can be extended to a continuous function in  Re a _ a ,  then N(2) has the asymptotic
form

A 0 0  (0.16) 26(log 2)P as .ar(1+ p)

In § 4, we turn our attention to the eigenvalue problem of the Laplace operator
i n  unbounded domains (0.7). W e show that if the  zeta function of the eigen-
values of A  with Q (x)=7 2 /b(x) 2  has the same form as (0.15), then the asymptotic
formula of the distribution of eigenvalues is described as (0.16).

Our results show by the way that if  (0.12) is not finite fo r  any a  ( f o r  ex-
ample Q(x )=log x ), Z (a, A ) will not converge for any a ,  especially the  growth
of 2„ is slower than any small power of n .  In § 5, we study these cases where
th e  zeta functions are of no use in studying the asymptotic distribution of the
e igen va lues. We shall find the  methods in  F . A sakura  [1 ] still work there and
obtain

Theorem 0.3. A ssume Q(x)EC 4 ([0, oo)) to satisfy, instead of  (0.9)

A Q'(x) B Q"(x)j
x  log x Q(x) x  log x Q'(x) x  '

(0.17)
Q"(x) < C
Q'(x) x2 large A , B C.for x  with some constants and

Then (0 .8) holds f or large 2.

Under the condition (0.17), we shall get a  uniform asymptotic expansion in
of the solution to the Sturm-Liouville problem (0 .6) using the  A iry  functions.

For Q(x)=(log x ) "  we obtain

(0.18) N(2)._,\,/ 21/k-1/4k e x p  (21/k)(1+ 0(2-1/2k))
27r

This time, the operator A  with Q(x)=2-c 2 1b(x) 2 is not a  good approximation
of the  L ap lace  operator in  a n  unbounded domain G =G i U G , such that G , is
bounded and G2 -.=  { ( x ,  y)ER 2 I R <x <00 ,0<y  <(log x ) } . Here we can merely
obtain the estimates of N(2) from above and below as the  following.

(0.19) G i e (1-c) A 1/2k < N ( 2 ) < c 2 e ( 1 + ,) 21 /2h

for any s  with certain constants C,, C,.
In conclusion, I w ould like to  express my hearty thanks to Professor S.

Mizohata and Professor N . Shimakura for valuable advice and incessant encour-
agement.

§ 1 .  In this section we shall review some basic spectral properties of the
operator A  in  a  strip domain ,Q=(0, 00)X (0, 7r), assuming (0.2).

W e denote by L2 (S2) the  H ilbert space of square integrable (real valued)
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functions in  Q .  In  th is article w e shall w ork  w ith  rea l H ilbert spaces. Let us
denote

luu 2 d x  d y

E(u) 1 Q u d - Q ( x ) 4 ,d x  d y . .

W e denote by C (2 , Q )  th e  space o f  functions defined as

C(Q, Q)={ 14 C 1 (,(2)n C 2 (S 2)1 u=0 on aQ , Iu I2 , E(u)<001.

T h e  space  111(S2, Q) is  d e f in e d  a s  t h e  completion o f  C(S 2, Q) w ith  respct to

In  the  first place w e  show  the following inequality

Proposition 1 .1 .  I f  a function Q(x) defined for x 0  satisfies (0.2), then for
any s > 0 there exist oh, ••• (»NE L 2 (Q) so that

(1.1)l u  12 5_ E I ((oh u) I 2 -1--EE(u)

holds fo r any u c li(Q , Q ) .

P ro o f. W e have only to show the inequality for u E Q Q , Q ) .  Since u(x, 0)
=u (x , 7r)= 0  fo r a n y  x 0 ,  if  follows

(1.2) u,(x , y ) 2 c l y  j o u(x , y ) 2 d y .

Multiplying Q(x ) to  th e  both sides o f  (1.3) and integrating in  x  f ro m  R  to in-
finity, w e have

°R. Q(x )u,(x , y ) 2 dy  dx  >- (inf  Q(x)) U u ( x ,  y ) 2 dy  dx  .
.1• 1? I ?  0

If  we choose R  su c h  th a t inf Q ( x ) s - 1 ,  we find

(1.3) u(x , y ) 2 dx Q (x )udx  dy
x 1 R

_<e x ,ieu ld-Q (x )udx  dy . .

O n the other hand, since Q n ix  < R I is  a  bounded domain, then  fo r any  s  there
exist w , • • • , co'N  L  2 (S2n {x < R} ) such that

(1.4) u(x, y) 2 dx E  (w, u l + Q ( x ) u . „2dx  dy .
j = 1

Combining (1.3) and  (1.4), w e g e t th e  inequality.

From  Proposition 1.1 , it follow s that any sequence u1 116(S2, Q) such that
E ( u ) < L  h a s  a  convergen t subsequence in  L 2 (Q ) . Then employing variational
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methods to the form E (u) in  HI(Q, Q ) (see Courant-Hilbert text book), we get a
complete orthonormal system o f  eigenfunctions {çon } o f  A  such that ça„E
C 2 (Q )(1H (Q , Q ) and corresponding eigenvalues {2 } with

(1.5) A çon=2nçon in Q ,w n = 0  on aQQ .

Later we shall make use of the boundary-value problem

— (usn+Q (x )u„)=2u in  Q

(1.6) u=0 for y=0, 7

ux =0 for x=0 .

Employing th e  function spaces Q) and 1---11(S2, Q) defined as

C'gQ, (1)== fu EC1(D)r1C ° ( 2 )  u = 0  for y=0, 7 ,  bilk E (U )< œ }

Q)=the completion of e([2, Q) with respect to 11 u

we obtain a  complete system of eigenfunctions {On } of A such that On EC 2(S2)
nih(S), Q) and corresponding eigenvalues with

(1.7) 140n=tt,,O. in Q ,O n = 0  for y=0, r , O n x = 0  for x=0.

§ 2. L e t R n (x , y, e, 72, t t )  be th e  kernel function of (A + p ) n .  R n  is , in
general, a certain distribution in (x, y, e, 77) and represented as

Rn ( e, 4nn(X , Y)Çpn(e, 72) x, y, 
J l ( 2 .+P r

using the eigenfunctions {yar } a n d  corresponding eigenvalues {2. }. We may ex-
pect R n,  to be a  smooth function for large n. In  th is section we shall obtain
certain estimates of

Ç9n(X, y) 2  

R n ( X ,  y „  y ) -=  E
J= ,  (2 +p )n  •

W e seek ou t the  eigenfunctions in  the form ço(x, y)=Ço n ,(x) sin n y .  Then
.çon , e L 2 (0, 00) and satisfies

ç4,--F(1—n 2 Q(x))ço n , =0 for x>0
(2.1) 1. ça.,(0)=0

L et {çon , }  be a  complete orthonormal system o f  eigenfunctions, {2. 2} be corre-
sponding eigenvalues. We observe that fç n ,(x) sin nyl –

n , 1 constitutes a  complete
orthonormal system in  L 2 (Q ) with {27,3 }  corresponding eigenvalues.

To proceed further, we assume Q(x ) to satisfy (0.11) a n d  (0.13) in addition
to (0.2).

Remark 2.1. Condition (0.2) guarantees the existence and regularity of
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complete eigenfunctions. If f 'sQ(x) dx <00, spectral properties of A  are some-
°

w hat very sim ilar to an  elliptic operator in  a bounded domain. We shall put
aside such cases in the present article.

It is easy to verify the following properties of Q(x).

Proposition 2.2 . I f  Q (x ) satisfies (0.11), then there exists a constant A inde-
pendent o f n , x  and y, such that

(2.2) (2(x+Y)—Q(x)I_Al .3)1(2(x) f o r IA

(2.3) n2Q(x+y) Ae7flul'i(2(x)12 f o r  y1 .

Pro o f . Set R(x)=. log Q (x ) .  Then it follows by the mean-value theorem

Q(x+Y) log =  R(x+ Y)— R(x)IQ (x)

Hence
Q(x+Y) < e Llyi

Q(x)

and then

Q(x+Y) — Q(x)  < e L ly !_ i .
Q(x)

In this way we can choose a constant A so that (2.5) holds.
Since Q (x + y )A e L 'Y 'Q (x ), w e shall prove, instead o f (2.3), a  stronger

inequality

(2.4) n2Q(x)eLi y I < A e n i  V i'VQ00/2

Setting z=n -V Q (x ), we show that

(2.5) A e y z / 2> z 2e L y holds for y l  and z . 2L

By Taylor expansion of ex, we find

A e yz/2_ z 2e Ly_= e Ly  iA e (312-L)y_ z 2}

1 )3 ?  . _A /1 \2 2_

 z

2 1

2  2  z  
3A 1

_>eLY{Ad--
(

y2—zz}

e
-Llul

Then we can see that there exists a constant A  so that (2.5) holds. (2.2) and
(2.3) corresponds to (17.10.3) and (17.10.4) in Chap. XVII of E. C. Titchmarsh [12].
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W e  n o w  g iv e  a  brief review of the Fourier sine transformation. Let f  E
C 1 (0, C O ) satisfying f(0)=0, xi f (1 ) E L 2 (0, 00) for i, j=0 , 1. We define the Fourier
sine transform as

(2.6) f ^(e) -4 ° sin f(x )dx  .

T hen  f (x )  is expressed by the Fourier inversion formula as

(2.7) f  (x)= —2 x e  r ( e ) d e
7C 0

Moreover the  Parseval formula holds as

(2.8) f (x ) —2  Y' f̂ (e)1 2 de .
0 7r 0

W e set
2 f ,   s in  xe sin y e  (2.9) En(x , y , p)= de (p> 0)
7.r ( e 2± n 2Q( x ) ± p )

1
=  e  " I (X+ Y)}

2/cn

w here 4 = n 2 Q (x )± p . T hen  E n(x , y, p) satisfies

a2

a y 2
E n(x , y, p)+ E .(x , y, 1-1 )= 6 (x — y)

E n(x , 0, p)=-0

w here ô(x) is  the Delta function.

Remark 2 .3 .  For the equation (1.6), we obtain by separation of variables

ço"+(2 — n° Q(x))ço=0 for x > 0

(2.1)' so'(0)=0

so, s.)'E L2(0, 00) .

In order to study (2.1)', we adopt the  cosine transform instead, then the follow-
ing arguments are the same.

Lemma 2 .4 .  L e t çan ; (x )  an eigenfunction o f  (2.1) w ith the eigenvalue 2„; .
Then ço„; (x) is expressed as

(2.11) son5(x)=Dn2Q(x)—n2Q(y)+2+p} En(x, y, P)„i(y )d y .

Pro o f . Since so n ;  i s  an eigenfunction w ith  the eigenvalue 270,  we find

(2.12)
c12 

d y2  s 0 70(Y)+ 4çoni(Y)= {n 2 Q(x) —  n2 Q(Y) - I-  270+ PI çoni(Y)

son i (0)= 0 , w here r;2
2 =- n2Q(x)-1-ti

(2.10)
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Substituting y — x  fo r y  in  (2 .3 ), w e have

n 2Q(y ) < A e rolQ(x)1 , 1, 1, 2 for y l d - x .
Then if  follows

..
)

2\..
n

4Q (y ) 2 <  A 2en̂ 4 2 (x) I x -  2/ 1 - 2 • 1 7 1 2 Q (x )+ ,u1X -9 , I

En(x, Y, p n2Q(x)- F p

A 2 e - ^  6 z2Q (x)+ te I x - I I I A2
< = e-Knix-y,_

r d 2  
y, 141 d y , çoni(Y)±4yoni(y)}dy

= D n 2 Q(y)—n 2 Q(y)+Â n i -Fp lE n (x , y , p)çon i (y)dy

=çon.i(x).

By (2 .11 ), we find

(2.13)
2n„-Fp

- 1- " ( x
2

)

n ,

n —

+
2

t i
r -Ç*E

0
y, P*71.7(Y)dY •

Differentiating ni times in  p  the both sides of (2 .16 ), we obtain

Lemma 2 . 5 .  There exist constants C m ik  snch that

( -1)rny o n 5 (x ) 
(2ni+P) m + 1

1 C- (
 a  

m! En(x, y, P)Son,(Y)dy

(2.14)

n2Q(x)412

Hence En(x, y, p){n 2Q(x) — n2Q(y)±20 - Fpkoni(y) is integrable in  y  fo r all x > 0 .
Since E n (x , y , p )  satisfies (2 .10 ), w e have

±
1=0 k=0

C n t l k  
(Â n i + ittri-1+1K72,1 + 1  (K n jk (X , p)— L njk(X , p )),

where

K n i k (x , p)=n2K T (Q(x )— Q(Y ))1 k e .- K I I I X  koni(y)dy

Lnik(X, p)-=n2/c4:(Q(x)— (2(Y ))(x+y)ke-,ncx+y)çoni(y )dy

and  Kn =ic n (x, p)=A/n2Q(x)-Hte.

Pro o f . Recall
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1 
E n (x , y, n ) .=  l e - x n h r- v i_ e - ( x + y ) } .

2x„,

We observe that there exist constants C j k  independent of a  and  z  such that
ae_z4./a+pe " 1 "

C  k z k (a+p )k /2-v a- F p ( a ± p ) + " 2 k=0 '

Then by (2.15) together with the Leibniz formula, we obtain the  lemma.

Now we carry out the estimates of (2.17). Firstly we settle the estimate of
the  first term in  (2.14).

Proposition 2.6.

1  . ?   a (2.16)
(M D2

En(x, y, ft)çoni(y)dy) 2

j=1 

a  
a t t  

r

r(2m+3/2)e - 2 , , , x
= 2,‘/-7-i

r ( 2 m - F 2 )
r .  -3 +  4. 4.3 E  Cm k (x x .)k

Ic n k

where C m k  are constants independent o f x  and p.

Proof. Since Içon i l  is a  complete orthonormal system in  L 2(0, no), we find
\ 2 a ,

° ( r E  (x y  p* .(Y)dy)=.) a ( ap )  En(x, y, p )o a p n n j

Differentiating (2.9) in  p  m-times, we have

Y, [0=( a ra 12
2(-1)mm !  f-  sin xe sin ye 

J O  (V+ K D m + 1
 d e

 •

By the Parseval formula for sine transform, we find

1(2.17) ( 1)2.roa
 a
p rEn(x, Y, p)12n2 dy

2 sin2xe
=  71.

 o  ( V - 1 - 4 )
2

m +
2
d e

1 1  1  c o s  2xe
= 7.t. 0 (e2+ 4)2.+2

d e  
7  0 ( e 2 + 4 ) 2 m + 2  de

B(2m+3/2, 1/2)
 - 4 m - 3  1 ac o s  2.xe 

7(2m+1)! Jo (e2+4) 
de

r(2m+3/2) 1 (  a \ 277L+i e -2.n.
2 r(2m+2) (2m +1 ) aft )  •

Employing (2.15) again, we obtain the proposition.

For the second terms in  (2.14), we can readily verify

zdy .
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IKn i k(x, p)I
(2.18) (2 n i + p )m-i+141+1

< m a x  I  G n i k ( x 't  (2 . i ± t i )m+l x n

G n ik (x , p) 
(2 n i + p ).+ i x n

G  n )k (X ,  I
(2 n i +  f i r / 2K VTL+2

Gn i k(x, p) }
p 1/2K r+2

-where

Gn i k (x, p)=n 2 4 , Çeo (Q(x) — (2(Y))1 x — y1 YiWni(Y)dY

W e shall estim ate G n i k in different two ways.

(I) W e divide the integral as the following

G n ik(x, p) <n 2 K14:1Q(x)— Q(y)IIx — Y I k e - ' 7 1 1 x - v i  Iyani(y)Idy

=n 2 K/,',(
tz )

=Gliljk(x, p)d-G 2,4(x, p).

Employing (2 .2 ) and b y  the Schwarz inequality, we find

GW)k (x, p)

Ix—y I k + l e - K ni x - Y 1  IçO nj(y )Idy
Ix- y151

AK1,',+2( i x _ y r k ± 2 e - 2 n 1 x - 2 l d y
)

1'0 \ 1/2
0 72..)(Y )  2 dy)

. . ‹A x 172/2 ( 0t2k+2 e - 2 td t )
2

z  1
1

1 1 gon i(X + 2 )1  2 d 2 )
1 / 2

'Then we obtain

<2.19)I  G;dk(x, p)1 2
-.5.CK4 1 z 1 5 1 1 g °n i(X + Z ) 

2d2

Next applying (2 .3 ), we find

GOk(x, p)-.5_712 Q(x)/4 lx—y I kg n ix V I  0  n i( y ) I d  y

± n 2 e 4 Q(3)1 x ke-"Ix-Y1 korti(Y)I dY

. .K 1 4 + 101Z
1 1

 ! z  21z dz )  
1/2

+ x ,i( 714Q(x+z)21z1 k2i.„ 1  
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< x V 2 0

- t2k e - 2 t d t ) 112

+ A40 
1z12 1  

z i 2k en , / Q (S )I,I-2 S /  n 2 Q (X ) p  
I Z I  d Z Y  2

)1/2
_5•K i / 2 ( Ç  t2k e - 2 t d . )

1/2

H -A K V I2 2ke-xn1z1 dz
n I z i

-.5 -C 4 / 2 0 ,n  t2 k e- "dt) 1 1 2

Hence for any N, we can choose a constant C N  which may depend on N , such
that

(2.20) I G1,2)k ( x ,  12 )1

Combining (2.19) and (2.20), we obtain

(2.21) Gnjk(x, p)1 2 . Clcn lyonj (x+z)1 2 dz+CNKVN
- 2

14151

(II) By the Bessel inequality, we find for any J

E  I G n jk (X ,  p)12 5n 4 4k 30 
1Q (x )_ Q (y ) iz ix _ y r k , , , , , Ix -y ld y

Then similar computations as in (I) show that

n44T IQ (x)— Q(y)121x— y 2 k e -2 .7 0  x -Y rd y =
0 I x -  7/1 1. L - y 1 2 1

' C IC A - CNIC;
2 N - 2

Hence we obtain

(2.22) E  I Gnj k(x, p)1 2 -Ctc.+CNKON - 2 .
j=i

Employing (2.21) and (2.22), w e get the estimate of (2,0 + p ) - (m- '+'W . j k(x,p)
in  the following way

K nik (X , p) 2 
f f ; 4

1 - 2
(2

n 1
+p)2(rn .-1+1)

,.., 2G 7 (x, pr
_ 41C7z- ( 2 n i +  p ) 2 ( 7 7 , + i )  - 1 - 2 p - 1 / C ; i 4 ( 712 + 1 )  

E  I Gnik(x, p)1 2

1 
E
j=1 (2..H-12)2(m+1) 1

1 1 )7 0 (x d - z )1 2 d z

1 + C  N K 2 N  -4 (2 n i+  p )2 (m + i) Ct1-1Kn4m 3d-C N p-1x7--i2N-4771-6

Then we obtain

Proposition 2.7.
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Kn i k(x, p) 2 -(2.23) j=1. (2ni+t)2cnt-t+i) Kna-2

1
(0 (X  +  2)1 2 .clz<Ctt - l x,- ,4 m - 8 -+- Cte - 1 / 2

.2 1 (2 . i + p )2(.1-2)

1 + c N x -i-z2 N - 4  E

.1=1 ( i ln i+ p )'+ '

Let us come back to (2.14). A s before we have

(2.24)
I Ln i k(x, p)1 <  x  H n i k (x ,  p )  Hn j k(x, p) }

( Ân i + p r-/-1-14/+1 = m a "1 ( 2 n i + p ) m+ix n p  1 / 2K r + 2

where

Hnik(x, p)=n 2 4  (c2(x)—(1(y) )(x +Y) k e - Kn' s o n i ( Y)d) ,

(III) We divide the  integral as before

H n i k (x, p) ..<_n2e 1(2(x)—(2(31)1(x + y )k e-,.(x+0 n i(Y )Id  y

= n 2 K 7 4 0 . 1x- y I I x -y

= H 7fYk (x , p )+ H Z (x , p ).
We find by (2.2)

H,31(x, p)<An 2 Q(x)e4 x yl(x+ .Y) k çoni(Y)Id Y

.„ A x 2 ( Ç : ( x + y ) 2 k + 2 e - , n ( x + y ) d y ) 1 / 2 0
SOnj(X 2d2)112

W51

. r
\1/2

.:5 A 4 2 ( t"÷ 2 e- "d t)
1 / 2

I s o n , ( x + z ) l z d z )12i2i

Then we get

(2.25) 11-1731(x, p)1 2 -Axne - 'nx .ç lyan (x+z)1 2 dz12121

Next applying (2.3), we find

H Z (x , p )_n 2 Q (x)4 (x+y)ke I ni(Y)Idy
I y I

KI7'4
-  

1121 (X +y) k n 2 Q ( y ) Ç O n j ( y )  dy

d y ) 112( x + y )2ke -2‘n (x+2)< x lia,+2(f
IX+ U  2 1

+ 4 0 . ( x + y ) 2k 71 Q ( s ) l x - y 1 - 2 , / n 2 Q ( x ) + p ( x + y ) d y ) 1 / 2

x + y l l
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1/2
Clcr (

o o

.  t " e - "dt) -1-CxVI 2 ( ,ç t 2
ke

- tcltr 2

Kn Kn

Hence we have for any N

(2.26) H Z (x , Pr_C N K ; 2 N - 2

with a constant C N  depending on N.
Combining (2.25) and (2.26), we obtain

(2.27) Hnik(x, te) 2 _C/cn e - Knl‘ ç o  .(x +z )I 2 c/z+C N

2 N- 2

121 1. n '

(IV ) By the Bessel inequality, we find

E  H n i k ( x  p )  2 I 11< n 4K 2k.ç ( Q (y )1 2 (x + y rk e -2 ,,(x + y )d y
J=1 n  0 ' ? "

Repeating the  similar arguments as above, we obtain

(2.28) E p )1 2 5 = _ C K n e-,n r+ cN ,v N -2
.1=1

Employing (2.27) and (2.28), we obtain

Proposition 2.8.

(2.29) E. L n i k ( x ,  p) 2  

3=--1 (2 n i + p )2 (m -i+1)41+2

1
(0 i(X ± 2)1 2 d2< C p - IC;i4 m - 3 e  K n x + C P  1 1 2 °  " X  .7 .1 ( 2 n i + p ) 2 ( m + 1 )  ,Ç

1
1.21g1 .

1
- PCNICTz 2 N  E  i _ 1 ( 2 n i + p )2(m+1) •

Comparing (2.23) to (2.29), we observe that Ln ik  has better estimates than
K n i k  in  the point where e- Knx is multiplied to certain term s. But in this article,
we shall gain no advantages from this observation in the following arguments.

We recall (2.14). Square the both sides of (2.14) and set

ço„; (x) 2

1(2.  ± p ) 2(m+i 71)  —  (7 1) 2 0-
0 ( : I t r 2E n (X , P)S1 'n i(Y )dY ) ±Rnm j(X , p).

Then for any ô satisfying 0<5<1, we have

R.,,,;(x, !A I _df2-30:( Sp 2p E n(x , y , P)çon i(Y ))

m  1
± C p 6 E  E

1=0 k=0
(Kn i k(x, p) 2 +L nik (x , p )

2 ) 
( 2 . i + t i ) 202-1+,) 4 1+2 •

Using Proposition 2.6, 2.7 and 2.8, we find
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)m E n ( x ,  Y ,  P ) , , i ( y ) d y )
2

+ Cp-1+alc-77,4.-3+crtil2+3 1
j= 1  ( 2 n j+ P) 2 ( m + "  .1 z 1 5 1 k  ( x + z )  

2 dZ

1 + CN - 2  • S ,

..n (2ni+p)2(m+1)

5= C( t r a + 11 -1+5)/c;-4ni-3

1
-PC,1 - 1 1 2 +3 I  ça„i (x-I-z)1 2 dz

.1=1 (A n i + p ) 2 ( 7 ) ' + "1 2 1 1 '

1 ± c N K 7.7 2N -2 N ,

(2 71 j+ P) 2 ( m + 1 )  •

Setting 6=1/4, w e have obtained the following lemma which is crucial in study-
ing the zeta function.

Lemma 2 .9 . Assume Q (x ) to satisfy (0.11). Then we have

ç° (x ) 2

=   1  (ys( 8 E n (x ,  y, p * . ; (y )d y )
2

1=1 (2 n i +p)2(in+1) (n i  D2 j _i  0  a i l

E  Rnm i(x, p),

where R n i n i (x ,  p )  has the following estimate

(2.30) E I Rnmi(x, p)I
< C .1 1 -1/ 4K -n- (4 M +3)

p -1/4 rc
± C M N p ) 2 ( m + 1 ) I z i l l ç o n i ( x + 2 ) 1 2 d z + K T , 2 1 -

(/cn=K n (x , p )= -V n 2 Q (x )+ P ) .

§  3 .  In th is  section w e study the zeta function defined as (0 .10 ). In our case

Z (a ,  A )=  E E 2y.
n=1 j=1

In the first place w e  show

Theorem 3.1 . Let Q (x ) satisfy the conditions (0.11) and (0.13). Then

(3.1) 1 1 . .E 1 2;/,; <co (43 >1) ,

i f  and only i f

(3.2) ,Ço'Q(x)-'6+1/2dx<oo
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P r o o f .  Firstly  assume (3.2). Pick an integer m such that 2m+2 - Él. Then

it follows Q(x) - 2 1 4 - 3 1 2 d x<0 0 . By Lemma 2.9 and Proposition 2.6, we find

(2 . i + p )2774+2(3.3)
Wni(x)2

-5 (m
1

0 , 0-
0 a

a
p ) 74 E n (x , y, p)soni(Y )dy) 2 ±A R„„, ; (x , p )

r'(2m-1-3/2)  , ( 4 . . + 3 ) + c m T i .m + 3 ) e -x n .
2A/TrF(2m+2) . ' n

tr1 /4
(2 70 ± p )201Z+1)

CmC P-1/4 t I (x 4_z  I d
(n2Q(x)±12)2m +312+ m (27 0 +  p ) 2.+2 , , 1 

n 2NQ( x )N

Integrating in  x  the  both sides of (3.3), w e have

J 1
j _ i (2 .  j + p )27n +2

< Cm  
1  
(n 2Q( x )+  p)2.+312 -1-(2 70

P  pl ;42M+2 1
1+ n i2N Q(X)-NdX1

Hence we find that

J 1 co 1
(3.4) --C  dx

. 1  ( Â n i +  p ) 2 m +
2 m

o  ( n
2Q(x )+ p )2m+3/2

holds w ith  a constant Cm  depending only on n i  for sufficiently large p .  Recall
th e  identity

( r

F(l+r)r(m—r) 1 
is  (t t t ) s 2 + i c  f i œ (m+1) (t+s)m

(  1<r<m).

Multiplying (p— s) 7 w ith  r=-2m+1- 13 to  the both sides of (3.4) a n d  integrating
in  p from  s  to  00, we find

F(2m + 2- 1(3)F(p) J  1  F(2m+3/2)F(13-1/2)  r- 1
Cm['(2m+2)2m+2) (2ni+s)19 (2m+2) Jo  (n2Q(x )+s)P-112 dx

F (2 m + 3 / 2 )F ( I S  — 1 / 2 )  1  
Q ( x ) - P +1 " d xT(2m+2) n219_1 0

Summing up the above expression from  1 to  N ,  w e have

E Ei (2 -FS)
" C  C(2 - 1 )  Q(X ) 4 3 + 1 / 2 dX

!'

F ix  s = s 0 w ith  a large constant so and  le t N, C a .  Then w e obtain (3.1).
Conversely assume (3.1). Pick an integer In such that 2m+2_>_,8. By Lemma

2.9 w ith J=00 and Proposition 2.6, we find

+y ) 2 dz+x,7,2 N}
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go„,(x)2

(3.5) E ( 2 n i+ p ) 27.+2

r(2m+3/2) 
2.V2rF(2m+2)(0Q(x) --Ett)2' +3/2

'
„.-2e/n 2 Q (x)+p 2m+1

+  
(n 2Q ( ) + p )2771.+3/2 E  C„,k (n2Q(x )+p)"2+ 

i= 1

E  R ..;(x , p)x  

with
0 0

E  IR n . ; ( , tt)i

C„,te- " 4

= (n 2 Q(x)±p) 2 1

± CnyN i. (2 .  j+ ttrm + 2 (n2Q(x)d-p)N

00 1 r"4/ 4 1
çOnj(X+Z)1 2 d Z +

 1.
Then it follows for .2c..x0 >0

(3.6)
G

- ,
1 (2 74i +  p )2711,-F2

0  .(X) 2
n j  

r(2m+3/2) 
27R2M + 2)(n2Q (X)± p)2771+ 3/2 Cmp " 4 )

C m N
I

00

.

4 iti-1/ 4 co

 J  0L 1
g),,i(X± Z) I 2 d Z  C n IN (n2Q(x)+p)N(2 n i +  p )2772,+2

Multiplying (p—s) 7  (7=2m-1-1-13) to the both sides of (3.6) and then integrating
from s to co, we find

(3.7)
r(2m+2_ p)ro)ç a n i ( x ) 2

f(2m+2) (2,0+ s)P

F(2m+2—,9)r(/3-1/2) 1 
27cT(2m-F2) (n2Q(x)+s)13-112 0- Cps - 1 1 4 )

r , N _,° ° S - 1 1 4 1
çan i(X 2C/2 C

ig ( n 2Q( x )+ s  N + A -1  E-
— Afel (Ân i +s)19 J izi

Integrating (3.6) in  x  from x o to  X , we have

1 (1—Cps- ' 4).
3

x d x < C p ( l + C p s - 1 " ) i  2 4  .
xo (n 2 Q(x) - Fs) 9 - 1 1 2 J = 1

Fix s= s 0 w ith a large constant so and let X-->00. Then we obtain (3.2).

If we are more careful in  computing the constants which appear in the
arguments above, we can readily show the following formula.

Theorem 3 .2 . L et Q(x) satisfy  the conditions (0.2), (0.11) and  (0.13). Then
it follows
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1 ru3-1/2)(3.8)
n= i
E  E
n= 1)=1 (2n j

- ES) P
1 

( n 2Q( x ) + s ) p-1,2 dx as s — co.

Applying the Keldysh Tauberian theorem to (3.8), we obtain the asymptotic
formula of the distribution of the eigenvalues in the form

1 -
(3.9) E (2—n2Q(x))'I2dxJr n = i 2 2 n 2 Q(x)

(see for the  details A. G. Kostyuchenko-B. M. Levitan [81).

Next we consider the analytic continuation of the zeta function. Recall the
identity

ra+r)T(m-r) 
(3.10)   te—r: (t + Ppr) " '  d ' (m+1) t  m ÷ r  (

- 1 < R e  r<m).

Lemma 3 .3 .  Let yo n (p) and 0.(p) be bounded measurable functions satisfying
(i) 199.(p)I-On(p),
(ii) there exists a constant a  such that

pf4.(p )dp<co fo r a l l  0 < a.
n = 1  0

Then F (a )=  E  paçon(p)dp is a holomorphic function of a  in  O<Re a<a.
n = 1  0

Proof. Let us denote

P.,R, s(a)4  paçon (p)dp, Fn =Fn  o  •

Then F v . , R , ( a )  is  an entire function of a .  For R > l,  0<e<1, a i <a, we find that

Pn(a) — Fii,n,Ja)I 0.(p)d tid- .D ia 10.(,a)dp

holds for all a  such that O_Re a a i . This shows that F R ,,  is uniformly con-
vergent to F . for R— >oo, e-÷0 in 0-._Re a a 1 a n d  then F n (a ) is holomorphic in
0 <Re a <a i . Moreover since

N-1
F ( a ) —  E  Pn(a)n=1

RE p  e a 07(if-t)dP
n=N  jO

00
07,(11)ditt-F-

n - - - N
 .ç pal0.(p)dt e ,

n = N  0 0

N - 1
E F (a )  converges to F (a ) uniformly in 0 Re aLç.ai . Hence F(a) is holomorphic
n=1

in  O<Rea<ai.

S

Let a=inf Q(x)-a+112d x < c o l .  Now we carry out the proof of Theorem

0.1.
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Proof  o f  n e o re m  0.1. Choose an integer in  such that 2m+2> a .  We start
with (3.5). Integrating in  x  the  both sides of (3.5), we have

1
(2 ..i+P ) 2 7 4 + 2

r(2m+3/2) 1 
dx

2A/Trr(2m+2) o  ( n 2 Q (x )+p) 2 7 n+" 2

2m+1 C o o
e-2sV n2Q (x )± i,

+  E  C n i k  
k=0 (n 2 Q (X )+1 1 )2 7 7 1 +8 1 2  X k (n 2 Q (X )+P)k  j 2 d X

C O  . 0 0

+ E p)dx
.

Let us denote

(3.13) ÇQ'n(dtt)=2ni'lCnikYs e

-2x.../n2Q(x)+p

k=0 0  ( n 2 Q (x )±  p )2 M +3 1 2  X k (n 2 Q (X )--1 -1 1 )k i2 d X

CO CO

± E p)dx ,
j = i j o

e

_ V i n 2 Q ( x ) + p

(3.14) n(p)=C,,,
0  ( n 2 Q ( x ) ± t t r m + 3 1

2 dx

1
H- Cm p - 1 / 4

.r0 (n 2 Q (x )-F p ri+
3

1
2  d x

± C m p - 1 1 4 (1 + n
i2N .r0Q(x)-Ndx (2n1-{-)2m+2 •

F o r  sufficiently la rge  Cm  w e can  read ily  see  kon(p)1 0 .(p ) . Multiplying pr
(r=2m+1—a) to the both sides of (3.12) and integrating in  r t  from 0 to 00, we
find by (3.10)

F(2m+2—a)1 (a)  0 0

( 3.15 ) E  2771
a

r(2m+2) J=1

F(2m+2—a)r(a-1/2)  f- 1  
2 ,V T r ./  (2 m + 2 ) i o  ( n 2 Q ( x ) ) " - " 2  

dx-k
0  

p 2 m+i - açon (x , p )d p .

We want to use Lemma 3.3 to settle the last term of (3.15). L e t a  be real.

(3.16) p2ni+I - a  „ (p )d  p

e
-x•In2Q(x)+p

Çe
o pm + 1 - ( n 2 G ( x ) ±

 p ) °
. +31 , dxdp

r(2m+2—a-1/4)r(a-1/2+1/4) ç00 1
dX+Cm ['(2m+2-1/2)2)J o  (n2Q(x))-1/2+1/4 

1 .x)  r(2m+2 —  a —1/4)r(a+1/4 
+C m(1+ r(2m+2) 1=1

(3.12)

J=1 0
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of (3.16), we find

o

e -  Xs/112Q (x )+p

0  (n 2 Q (X )±p )2 M + 3 /  2  
dx dp

-x•in2Q0+1,e< .f: 4(22.+1- aS.
 0  ( n 2 Q  0 +  t ) o m + 3 3

r(2m+2—a)r(a) 1 
1"(2m4-2) n 'Q g

Hence

771.-1-1+a o n ( p )d p

.çc  1 1 2n = 1  0

1"(2m+2—a)r(a)C(2a) 
r(2m+2)Ql1

+ C .   r(2m+7/4—a)r(a-1/4)C(2a-1/2) Q(x) - a+1 /4 dxr(2rn+ 3/2)

+C . N (14-C(2N) Q(x)- N
 d
.x )  T(2n/ + 3/4 — a)r(a —1/4)  

Z ( a +  1/ L I ,  A )  .S: r(2m +2)
In this way we have proved

n 1  O  
1.12,,,+i-a0.(P)dP <c° f o r  a-1/4<a227/±1.

Since ni is arbitrary, we find by Lemma 3.3 that

11(a).= .r u 'n çon (p)d
n = 1  0

is holomorphic in a — 1/4<Re a <00.

Now we introduce some examples.

Example 3.5. ( i )  Q ( x ) =x "  ( 0 <x 1 )  for large x

r  eL) Ce i )  ±h(a) (0<tc <1) ,
Z (a, A) = Kr( K -21 -, 1 X a  K -2F-

K
1 )

1 A i  (K=1) ,8(a-1) 2( a - 1 )  ± h ( a )

(ii) Q (x )=x "(log  x) - 4  (0<x<1, r>0) for large x

Z (a, A )= [ '( a -1/2)r(2ar—r+1)C(2a-1) 
2A / Trr(a)(2vz - - 1 ) ° ' +  h(a)

r(21 )r (1± )c(1)
2(20 +7 f ' A/Yr r( ir

 2
+:   )(( —  K + 1  ) 1 +T

2tc

d xd
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( 1+ T/] ' n 1
X  E  E  A ( c t  n i)  ( log ( –I–a

2./c
 ) )

n=0 .J=0

x+1 K+1 where 17(a) is holomorphic in  Re a > and continuous in Rea — 2x •

When we know the form of the largest singularity of the zeta function, we
can get the asymptotic form of N(2) via Tauberian theorems. For m e, it seems
difficult to describe beforehand what sort of singularity the  zeta function has.
But anyhow concerning Example 3.5, we obtain th e  following by employing
Theorem 0.2. Proof of the  Tauberian theorem is put off until § 6.

(i) Q (x )= x "  (0< 1) fo r la rge  x

21.12+112 (0<x.<1),
N ( 2 ) ,  2A/ 7  (x+i)r(K -

2+-1 )1-1  210
8 g

(x=1)

(ii) Q (x)= x"(log x) - 2 1 (0<x<1, 1 >0)

r  (+K)Ca) 2112-Fil2(log 2) 1 1..
(2K) 1+7 1 YTC ( K –

t
1; 1 )1- ( K-

2
1 -1  

§ 4. In this section, we discuss th e  eigenvalue problem for the Laplace
operator in  a n  unbounded domain (see H. Tamura [10] and  F . Asakura [1]).
Let G be a  domain R2 . We consider the following Dirichlet problem

{ d u + A u = 0  i n  G

u = 0  on ac
where Ju=u x .,± u „  is the Laplace operator.

We assume G to satisfy the  following conditions.

(4.2) ( i )  G is divided a s  G=G i U G , where G 1 is a  bounded domain with C 2

boundary and G , has the form

G2 = {(x, y)E12 2 1A<x<oo, a1(x)<y<a2(x)}

with C2 functions a •(x ) (j= 1 , 2),

(4 .3 ) (ii) al (x), a 2 (x ) satisfy
(1) b(x)=a 2 (x)—a 1 (x)--40 a s  x—>co,
(2) a (x ), a (x ) - 0  a s  x—+00,
(3) I aï(x)i, la ';(x )I M  with a constant M,

11/(x)I (4) with a constant M,
!b(x)1

r( 2', ) c(

(4.1)
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(5) b(x)dx=oo.
A

W e denote by L 2 (G) the Hilbert space of square integrable functions i n  G
a n d  1-11 (G), H (G ) usual Sobolev spaces of order j. W e can show the next pro-
position just in  the  same manner as Proposition 1.1.

Proposition 4.1. Under the conditions (i) and (ii)-(1), the inclusion map from
11j(G) to L 2 (G) is compact.

W e regard the Dirichlet integral D(u) as a quadratic form in 114(G). Employ-
ing  the variational method (see for example Courant-Hilbert tex t book), w e find
that there  ex ists a  complete orthonormal system of eigenfunctions of the Laplace
operator in  G w ith  the Dirichlet condition (4.1).

Now let us consider the Laplace operator a s  a  sym m etric operator from
C2 (G)nGO(C) to  L 2 (G ). W e can show tha t the self-adjoint extension is unique in
certain cases.

Theorem 4 .2 .  A ssume the conditions (i) and (ii) and assume b'(x) 0 in addi-
tion. T hen the closure of the Laplace operator defined in  c , (G)nco(C) is a strictly
self-adjoint operator with the domain H 2 (G)(11-14(G).

A  proof of the theorem  is found in  F . Asakura [21
For sufficiently large R  w e set

GIP = {(x, Y )EG1 x <R} ,

={ (x , Y )E  G  x >  .

For each j  let -2- W)  t h e  n-th eigenvalue of the problem

4u+2u=0 (x , y )EGg )

(4.4) j

L. u=0 (x , y )Eack ) .
In  a  similar fashion le t 2W) t h e  n-th eigenvalue of the problem

4u-I-2u=0 (x , y )eGjii )

u=0 (x , y )eaGg ) naG

u s -=0 (x, y)EaGY )w i t h  x =R

We denote

{111.,TO 52}

(2 )=" {111 2W) 2 } .

T hen  by  the Courant mini-max principle, we find

Proposition 4 .3 .  L et N (2) be  th e  num ber of  eigenv alues of  (4.1) not ex-
ceeding 2. Then N(2) is estimated as
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(4.6) Niel)(2)+N11)(2) N(2) NP)(2)+ NIP (2) .

Consider the following change of the variables and functions

b(x)77= (y
b ( x )

a i ( x ) ) , yo= 7r

and set GIP =G R , D R =.(R, co) x (0, 7r). Then we find

G R u(x, y) 2 dxdy A R so(e, 77)2 dedy).

Moreover denote

111-1-74dxdy
GR

ER(so)= f2 R soFF b(
n
e2

)2 çav'cled 7)

Then we obtain

Proposition 4 .4 .  For any  sm all s >0, there exist constants R and L such that

(4.7) (1— s)ER (0— L1101 2 5-DR(n) --(1+ 6)E /7(g9)+LI10 2

Proof is carried out in the same manner as Proposition 3.2 in F. Asakura [1 ].
Let p„ denote the  n-th eigenvalue of

(4.8) b ( ) 2
y n „ + p ç o = 0 (6, 7))EQR

so=0 (e, 72)eaQR ,

similarly p i ,  the  n-th eigenvalue of

(e, 77)EDRSow k  /9 (
7r

e
2
) 2 40 ,20 - PS0 = 0

(4.9) y)-=0

{

(e, 7))E0s2R with 7)=0, 7r

40 s= 0 (e, 77) e6s2R with -=.1? ,

By virtue of Proposition 4.4, we find employing the Courant min-max principle

(1-6)Te n,—/-5 -2- ;,2 )- (1±6)p n -FL
(4.10)

(1—s)p,i—L L2 )(1 +s )pn +L
Let us denote

C(2)=" In I /77,5_21

C(2)=*'{ni
We obtain

Proposition 4 .5 .  N(2) is estimated as
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(4.11) —C12+C(  2
1 +

1;  ) N(2) C22+C( 2
1

+ 1;  ) .

2+L P ro o f . It follows from (4.10) that if  2;i2) _ 2, then . This shows- 1—s

NY) ( 2 )-5C ( 2  + L
1—s ) •

Similarly we have
2— LNiz2)(2)> c(  1 +  s )

Since G i»  is  bounded , w e know  tha t Krk) (2) C12 and NP ) (2) C22 hold with
constants C1, C2. Hence we obtain the proposition.

Set Q(e)= b (e ) , . We observe that for large R

( i )  Q (e) e C2([R, co))

— (e)b ' ( )   I ‹ .9(n
C2(e)

) <2
b(e) ' Q(e) inf (7rb2( ))2 (L I M ) 2

E‘R
.

(iii) Q(e)-112de= —1 P (  X )d X  = C O  .
R r  R

Let AW=—(SOCE- b(e2)2 ço,,,,), QR=(R, 00)X(0, 7). Thus we have seen that

the operator A G falls into the previous considerations.

Theorem 4.6. Let N(2) be the number of eigenvalues of the Laplace operator
in (4.1) not exceeding A . Assume that the zeta function Z (a , A G ) has the analytic
continuation of the form

A Ci+p] n
(4.12) Z(a, A0)-= E  E  A„ ; (a— a)n(log (a —5)). - g(a)(a —c) 1 P n=i J=0

(A00=1, p.._())

where g (a ) is  holomorphic in Re a> a and continuous in  Re a  a .  Then N(2) has
the asymptotic form

A  
(4.13) 26 (log 2)P .ani+p)

Pro o f . By Theorem 0.2, we find

C(2)--, C(2) ,--, A
a r ( l + p )  2

1 (log 2) .

Since C( )  has the asymptotic behavior1-Fs

A 
Cf 2'(log 2) ,l+ s ) a r (1 + -0 1 -± s )
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then it follows from  Proposition 4.6 that

im N(2) A l  sup
26 (log 2)P — (1—s) o T(1+ p)

N(2) A lin inf
26 (log 2)P ( l+ s ) 'a r ( l+ p ) •

Since s  is arbitrary we obtain

193

l N(2) A 
im

26 (1og 2)P a T(1±,o) •

§ 5. In th is section w e study the distribution of eigenvalues of the operator
(0.1) in certain cases w here the  integral (0.12) does not converge fo r any  a  (for
exam ple Q(x)=-(log x ) " ) .  In th is case, w e can not m ake use of the zeta func-
tion any more in studying the distribution of eigenvalues. Here we shall adopt
the methods in  F . A sakura [11 which is based on  a  uniform asymptotic expan-
sion of the solution to the Sturm-Liouville problem developped in E. C. Titchmarsh
[ 11].

W e com e back to the  problem (2.1). Let On (x, 2) be the solution of

O +(2— n 2 Q(x))0 7,=0 f o r  x>0
(5.1)

2)2dx<C°

W e observe th a t the solution is  de te rm ined  un ique ly  up  to  constant multiples.
W e  a lso  f in d  th a t 2 ,  a n  eigenvalue o f  th e  problem  (2.1) if  a n d  only if
C.(0, 2.,)=0.

Remark 5 .1 .  For the problem (2.1)' w e can  see  that 27, ,  is  an eigenvalue if
and only if  0 ( 0 ,  2 ) = 0 .  H ence w e need  uniform  asym ptotic  expansions of
both 0 , i (x, 2) and C ,(x, 2).

Now, we assume Q(x) to satisfy (0.17). To make the explanations simpler, we
may study the  equation (2.1) in  the  interval (R, oc) w ith  the condition yo(R)=0
a f te r  w e  shift the interval (0, co) to (R, 00) b y  translation of the variable. Set

Qn(x, 2)= r1
2

2 Q (x ) .  T h e n  Qn (x, 2) itself satisfies

(5.2) ( j )  Q .(x , 2 )E C 4 (ER, c o ) )  in  x ,  Q n ( X ,  2 )> 0 , lim Q n (x, 2 )= co
X - . 0 0

A  Q '  ( x  2 ) B  (5.3) ( i i )  < n  <
x log x Qn (x, 2) x log x for x R ,

... Q '(x2 ) C  (5.4) ( m ) <Q(x, 2 ) x
2) <   C 

Q(x, 2 ) x2 for ,

w here A , B, C are independent o f n and 2.
W e observe b y  (5.3) that
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Qn (ax, 2)(5.5) 1 crB holds f o r  1- a a o  •Q(x, A) —
Set Pn (x, 2)=1— Q n (x, 2). Then th e  equation is expressed as

(5.6) 0/4+213.(x , 2)ø(x , A)=0.

Since P,(x , 2)<0, there exists a unique point x =X n (2) satisfying Ps,(X.(2 ),
=0 and 13 (x , 2)<0 fo r  x > X .(2), P.(x , 2)>0 fo r  x<X .(2).

We introduce a  function On (x , 2) in  th e  following fashion.

2
2)312=-. x 7 , (Q.(t, 2) — Qn(X.(2), 2)) 112 clt

2))112 dt for xx n

(5.7)
2

—

3
(- 0.(x , 2))

3/2
= (Q.(X .(2),

(Pn (t, 2)) 112 dt

—Qn (t, 2)) 112 dt

for x X 7.,(2).

We can readily see that 0.(x, 2) is class C 3 i n  x  and  satisfies

(5.8) sbn(gYn.)2 = — P. •

L et A i and  B i th e  A iry  functions defined by

A i(z)= - 1c o s  ( -1 t 3 d-zt)dt
7r o 3

Bi(z)= r ° e- t3i3 +zt-E- sin ( 1 t 3 d-z t)dt,
7r 0

which a re  linearly independent solutions to y " = x y .  Set

An(x, 2)-=q5(x, 2) - 1 1 2  Ai(21"0.(x  2))

Bn(x, 2)=0'.(x, 2) - ' 2 Bi(2" 395.(x, 2)).

Then An  a n d  B n  a r e  linearly independent solution of the equation
1(5.9) Y "-F2Pn(x, 2)17 4 - -
2  

{0„, x} Y=O

where { ¢, x}  is th e  Schwarzian derivative o f 0  defined by

In  our case

(5.10)

We shall take
to oo• S e t

{0, x } = 32( ) 2 .

' {çb n' x i—  4P; 156{0137i ± ( I;4 ) 2} -

A n (x , 2) to be th e  first approximation to On (x , 2) as A  tends

K n (x , t, 2)=-7r2"[A n (x, 2)B n (t, 2)—A n (t, 2)B .(x , A)] •
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T hen  the equation (5.1) is equivalent to the  integral equation

(5.11) 0„(x, 2)=-A n (x, 2)— I f (x ,  t, t} 0.(t, 2)dt .

For the solution of the integral equation (5.11), w e can show

Proposition 5.1. Assume

(5.12) {On, t} llPn(t, 2)1
- i i 2 d t<L

with a constant L which is independent of  n and 2. Then O n  h a s  the  following
asymptotic forms

(5.13) /0;1(xy 1295.(x, 2 )){ 1 +0(2 - 1 1 2 )}

f o r  x X.„(2),

(5.14) On (x ,  2 )=  0 (x ,  2)-
1 / 2 A i ( 2 1 / 3 0 . ( x ,  2 ) ) { 1 + 0 ( 2 - 1 1 2 ) }

+0(2 - ' 1295;,(x, 2) - 1 1 2 Bi(2 1180 7,(x, 2)))

f o r  x < X (2 ) ,

as 2-00, which hold uniformly in  n.

P ro o f. W e observe th a t A n (x, 2)*0 for x . X .
n (2). Set

On (x, Â) 
Z n  (x, 2)=

A n (x, 2)

T hen  Z n (x, 2) is  the solution of the equation

fl
Z r,(x , 2 )= 1 --yl  FxK„

A (t, 2)
(x, t, 2){0„, t} A n ( x ,  2 )  Z n (t, 2)dt.

Employing certain estimates of the Airy functions, we find

An(t, 2) ,
t, 2){0., A n (x, 2)

CI lçbn, 
21/20'n (t, 2)1 Ø(t, 2)1 1/2

{95., t}l
--= 2101 pn (t, 2)11/2 (see A . Erdélyi [6]).

T h en  if  w e assume (5.12), we obtain

Z n (x ,  2)=-1+0(2 - 1 /2 ) ,
which shows (5.13).

For .x.. _X n (2), inserting (5.13) into (5.11), w e fin d  th a t th e  equation is ex-
pressed as

rn(2)
On (x, 2)=0;? ) (x, 2)- 1 K n ( x ,  t, 2){0„, t} 0, i (t, 2)dt

2  x

where
1  -

(/PW) (x, 2 ) = An ( x ' 2 ) - 2.ç x„(A) n
( x

' 
t ,  2 ) { 0 . ,  t }  O n ( t ,  2 ) d t

= A 7i (x, 2)±0(2 -1 1 2 A.(x, 2))+0(2 - 1 1 2 B.(x, 2))
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S e t  W n ( x ,  2 ) = ( 1 + 2 '6 1
on(x, 2)11/4)0 (x , ,.1120A) n(x, 2 ). Then by the similar discus-

sions as above, we obtain (5.13) (see for the details A . Erdélyi [6] and F . Asa-
kura [3]).

For (5.12) w e can show the following lemma which is crucial in our discus-
sion.

Lem m a 5.2 . A ssume Q(x) to satisfy (0.17). Then we have

(5.15) l s b n ,  t l  I I P.(t, 2)1 - 1 1 2 dt_CX n (2) - 1 (log X n (2))1 1 2

with a constant not depending on n, 2.

P ro o f. For sim plicity w e omit 2 to  denote Pn(t)=- Pn(t, 2), X n =X n (2) e. t. c.
Pick a0 > 1 . For 1 < a c t 0,  divide the  integral as

C o o  Coo + ça/C7,± F n ± F l an

J R  3 a X n  3 X n J JR

=11+12+13+14.

In the following discussion, w e abuse C to  d e n o te  a n y  constant w hich is
independent of n and 2.

( I ) Estimates of I  ( x a X . )
Recall

(5.16) ion ,  t} = ; T3'

= i56{ inn ) 2 }

W e carry out the estimates of (5.16) te rm  by  term.

(5.17)
3aX n

Q'ç
Pn, -" d t

x  . 1 (g(t)I (Q.(t)— Q 7,(xn)) - " 2 dt

5_  X
C   . : , ,, , , V ,(t)(Q n (t) —Q n (X n )) - ' 1 2 dt

( Q n ( a X . ) — Q7L(X.)) - 1 1 2 .X n

B y the mean value theorem , w e have

= (2',($) for s o m e  X n . .e. aXn

Since by (5.3)'

AQn(e) A Q n (X .)   > C(5.18) inf (2(e) inf
x n g“ax nx n ‘ e = ,  n  e  log aXn log aX n

—  X . lo g  X n
we obtain



C(log.xx.)1 1 2

1Pn1 - 1 1 2 dt =Ta x n (—P,(t)) 1 1 2 0 t ) - 3 dt .

(5.19)

(5.20)

(2;;
P,
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2Set Cn = -
3

01/2 , then we find =(— P.(0) 1"  and the integral (5.20) is expressed

as
9

49  .f:x.C(t)Cit(V d t=  -T C n (a x . ) - 1 •

We observe
axn

Cn (aX n )-= .ç (Qn (t)—Qn (X n )) 112dtArn

axn
inf Qin (e) 1 /2

.1.( t— X,) 1 1 2 dt .x,
By (5.18), we have

CXnC.(aXn).

Hence we find

1 ;(5.21) ,Cxn 9) '

co. 13,', 12
(5.22)   iPn1-112dtaxn P m 

= .Ç:x  n V,(0 2 (Q.(t) — Qn(Xn)) - 5 1 2 dt

7,(t)(Q n (t)— Q n (X n )) - 5 1 2 dt

x
C

n Va x n V.(t)(Q.(0 — Q.(Xn)) -312 dt

x
C Qn (X n ) .f: x . Q(t)(Q n (t)—Q(Xn )) -512 dt

- x
C

n (Q.(aX.) — Q.(X.)) -112 + x
C

n (Q.(aX.) — Q .a .)) -312

- XV 2 x n l igax n
1Q ( e ) 1  - 1 / 2 +  XC,V2 xn i ndax n

1Q / n ( ) 1  - 3 / 2  •

Then it follows from (5.18)

— (log X n )1 /2 •

IP721-"dt<  C(log X0112
X n•

(5.23)
am , P m

2 C(log X n )1 /2 

IP.1 1 /2 dt_
Xn

In this way we have proved
C(log X 72 )" 2

11.11-:5= Xn •



= I WI(V,) - 2 (Q.(x)— Q n a n ) )

I Q(X) IQ ( C ) ( x  X n ) (Xn e  aX n )
Q ( x )  Q n ( x )

2)
Q3(t) 
QW )
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( I I )  Estimates o f 12 ( X n x a X n ) .
Integrating (5.7) by parts  twice, we find

r 2
(5.24) —

2

O3/2= — (— P70312 (13 /T i l l + -

5
P ',"(P,) - 2 Pnd- S3

2 x
w here S = ) - " 2

 .f ( '— P O  {Pg(PD - 3  — 3(PV(P0 - 4 } dt.n 5  n n x n  

First we sh o w  that w e can m ake th e  m a g n itu d e  o f  PP,,(P,) - 2  a n d  S ,
arbitrarily small, if  we choose a  sufficiently close to 1.

(5.25) P;,;(P,T2Pn I

C   sup (x(e) (x . x n ) .x n  inf Q (x )
Since

(5.26) s u p  ( 2 ( e ) .  B  sup Q n (a X n )  <  CQ n(aXn) 
xn eg.x„ e log e X , log X n

we find together with (5.18)

C  Q  n (a X n )  
(5.27) PZ(P)-2Pni (x  X n ).X n Q n (X n )

Then by virtue o f  (5.5), we find

P ( P 2 P n I  n  (x  X  n ) C(a-1) .X

(5.29) I Snl 5CV ,(x)(Qn(x) — Qn(Xn)) - 3 / 2 : . (  Q
Q F(

(
t
t

)
)

Q n(t) - 2 (Q n(t) —  n(X  0) 5 1 2  dt

xC
2 V.(x)Q n(x) — Q n(X )) - 3 " .Çxxn Q n(t) - 2 (Q n(t) — Q n a n ))5 1 2 dt

c s uP (X(e)  )7 / 2 ( x  —X.) - 3 /2 x
x n (t—X„) 5 i2 dt

inf /

CQ  n ( a X n )   ) 712 ( x  X n ) (x  X n) 2

Y Qn(Xn)
Hence we have

(5.30) S <C(a — 1) 2 .

By (5.28) and  (5.30) we find

02— ( p n )3/2,- 1,) (1+ 0), 0 =0(a-1) .

If  we choose a  sufficiently close to 1, we obtain

(5.28)
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(5.31) q5,V=(—P0 - 3 (P,;)2 {1-1 P;'(Pia - Tn-1-0(S.)±0((P';)
2 p;,) - 4 (p.) 2 }

Hence we find by (5.31) that the  Schwarzian derivative is estimated as

(5.32) 1  {q5., x} I {(P P  T A P 4 ) 2 S.}
We carry out the estimates of the right side of (5.E2).

p  \ 2 Q3 C
(5.33) ) )

(5.34) IP.2(Pit)2.3.1 Q (x ) 2 (C2 n(
(s

.

u p  V n ( x ) ) 2  

 (x X.) - 2 1S.1(mf Q(e)) 2

Then it follows from (5.29)

P  2 (P  V S .1  

Hence we obtain

(5.35) {On, x 5

It follows from (5.35)
c.x n

X  n  
1 {On, ti 11 Pn(01 - 1 1 2 dt

<  C  . çax,,
(Q n (t)—Qn (X,,)) - " 2 dtx n

G  X  n

(t —  X 0- 1 1 2  dt .Xgirlf V , (e) " 2 ) . Xn

In this way we obtain

/21 Xn
The estimates of 1 2 and  1 4 a re  carried out just in the same manner as above.

Hence we obtain the  lemma.

Employing Proposition 5.1 and Lemma 5.2, we have shown

T heorem  5.3. T he solution 0„ o f  the problem  (5.1) has the asymptotic form

(5.36) On(x, 2)=0;,(x, 2) - 1 1 2 {Ai(2 1 1 3 95n (x, 2))+0(2 - 1 ' 2 )1

w hich holds uniform ly  in  x and n as 2—>cxD.

For the derivatives, we have

Proposition 5 .4 .  A ssum e, in addition to  (5.12)

(5.37) ç g   I < A z i

(00 2  I =

x) — C2n(X0) - 2 1Sn1

C(log Xn )1 1 2
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w ith a constant M which is independent of 2  and n. T hen the deriv ativ e o f 0 „
has the asymptotic form

•5.38) 21 3g(x, 2) 2 Ai'(2113 0„(x, 2)){1+0(2 - 1 ")} f o r  x X n,
(5.39) 2113g (x ,  2 )"A i i (2113 q5n (x, 2 )){ 1 - 1- 0(2 - ' 13 )}

2).=
+0(95'„(x, 2) 112 Ai(2 113 çbn (x, 2)))+0(2 - "B i'(2 113 q5n (x, A)))
+ 0(2-1120 (x ,  2)1/2131.(21/30n (x 7  2))) f o r  x X„.

Outline of p ro o f .  Differentiating the both sides of (5.11), we find

(5.40) Vn(x, 2)=A;t(x, 2) 2
1  S: K(x, t, 2){Ø„, t}0„(t, 2)dt .

Note
2_1/36,,,,(x, 2)  A-12A (x , 2 )=2 "0 ',.(x , 2 ) " 2 {Ai i (2 1 1 3 95 n(x, 2 )) 2 ( 4 113A (x

x ,  2)2 , A))

=2 113 g (x ,  2)"{Ai'(2 1/3 0„(x, 2))+0(2 - 1 1 3 Ai(2 112 95n (x, 2 ))}

Inserting (5.13) and (5.14) in to  (5.40) and estimating the  integral, w e obtain the
result.

In our case w e can  show

Lemma 5.5. Assume Q(x) to satisf y  (5.3) and (5.4). Then we have

çb;(x, 2)  <   C(log X„)" (5.41)
„(x, 2) ' X,F3

w ith a constant C which is independent of x , 2 and n.

P ro o f .  W e observe

(5.42) (; 4 11  / çb ' 3 / 2  137
,,

(.75'„)22 9 5 „ 2 qS„ •

Choose a0 >1, consider the case x _ a X n f o r  1 < cra 3.

(5.43) 2)"2=.ÇxIn(—P„(t))1"dt

..=-- . x n (Q„(t)—Q„(X„))"dt
I n

raxn
inf Q'n,(eY/2 3 (t—Xn)u 2 dt.x n gea.r nx n

Then it follow s from  (5.18)

1 C(log X„)" 3  

(5.44)
10(x)I Xn •

(5.45) 32 o n ( x ,  2 ) 3 / 2 x x 7 ,  
 Q (t) (Qn(t)—Qn(Xn)112V,,(t)dt



Hence we have

(5.46)

Using this we find

( çf  )
3 / 2   N

\ P m )  O m

0 .(x , 2 ) 
P .(x , 2 ) )

Çbn
1/2

P. P.

x)211.
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5 - i n f
1
Q ; i ( e )  . çxx . (Q.(t)—Qn(Xn)) 1 2 Q(t)dt

x n x

.._C(x log x ) ( -1 3 .(x, 2)) 3 1 2 .

Q (x ) 
_ C(x log x)

(2.(x) 
=  (x  log x ) "  Q .(x ) — Qn(Xn)

Q .(aX .)
=  (X . log Xm) 2 " Q m (a X .) — Qm(Xm)

Q m ( c a m )   <  CQn(aX.)(log Xm) 1 1 3  

X ,r (lo g  X ) 2 ' 3 inf Q;i(e) Q.(X,OXV •
Then it follows from (5.5)

( 56.   V / 2   Pit  <   C(log Xn )Ha
\ PmÇ b n  = X V •

In  this way we h a v e  proved (5.37) f o r  x_>.a.X.. We can proceed in  th e
same way in  the  case  12._ x_ce - 1 Xm.

Next consider the case Recall th e  proof o f  Lemma 5.2, then
it follows from (5.24)

(5.47) =  1 {  2 P;;(P4) -2 P .+ S .} .
(0 0 ' 2Øn  5

and

(5.48) oT ti= (1 34 )3 / 2  p  { 1  ±1
175 p .r2 r.n 1-  O(S n )± 0 ( ( P  ) 2 (P4) -  'T i

)} .n n

Inserting (5.48) into (5.47), we find

(5.49) = 0 ( P ( N ) - 4 1 8 ) ± 0 ( ( N ) 2 '3 P 7 - 1 1 .S . ) ) .

We carry  out the  estimates o f th e  right side o f  (5.48).

()'.  1<  C  
(Q; )4 "  I= x(A(x) 1 1 2

X n  inf Q;,(x) 1 1 3  •

(5.50) (p4)413

Then by (5.18) we find
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(5.51)

(5.52) ( 1 3 73212 Sn Qi(x)213ISnI

Pn = (1 .(x ) — Q.(X0

(sup Q;i(x))"' I Sn l 
(mf Q;1(E)) (x — Xn)

By (5.18), (5.26) an d  (5.29), we have

(13 7D2/3 .3nC ( lo g  X „ ) 1 "   Q n (a X n )"  Xn)P n =  X V n(Xn)

C(log X7,) 1 / 3  

X 77," •

In  this way we have proved (5.40) in  the  case  X n x aX 7,. We can treat
the  case  a -1 X 7, in  th e  same way and then we obtain th e  lemma.

Employing Lemma 5.5  and Proposition 5 .4 , we obtain th e  asymptotic form
o f th e  derivative o f  On .

Theorem 5.6. The derivative of the solution t o  the problem  (5.1) has the
asymptotic form

(5.53) 0(x, 2 )=2 1 / 3 0;(x, 2) 1 "{Ai'(2 1 1 3 0n(x, 2))+0(2 -h ")}.

T he A iry  function Ai(z) has th e  asymptotic form

(5.54) A i ( — z ) = .
7 - 1 / 2 z - 1 / 4  { c o s

2
z 3/2 _  ) ±  0 ( z -3/ 2 )}

3 4

(5.55) Ai,(_z)..._7r-1/2z-ib4lsin( 2  
z 3 / 2 _  )+  0 ( z -3/24

4

(see A . Erdélyi 16]).

These asymptotic forms say that, fo r la rge  n, Ai(—z) has one and only one zero

around ( -3  (n )7 ) " . T h e  next lemma te lls that it is really th e  n-th zero of2 4
Ai(--z).

Lemma 5 .7 .  I f  n is sufficiently large, Ai(— x) has ex actly  n  zeros in the

interval 0 < x  < { -3  (n+ 1 )74 2/3 .2 4

F o r th e  proof o f  t h e  lemma, we notice  Ai(—z)=(1/3)z 2 {L, 3 (C)± J_,,,(C)1 ,
where L(C) is  the  B essel function o f order y  and C=(2/3)z21 2. The location of
zeros of z'i 2 1/1 /3 (z)+J_ I /8 (z)} is well studied in  § 7.9 o f  E. C . Titchmarsh [11].
It is known that there exist exactly n  zeros i n  t h e  interval 0<x <(n±(1/4))n-,
fo r sufficiently large integer n .  Then th e  lemma follows.

Now we well prepared to show  the  asymptotic form ula of the distribution
o f th e  eigenvalues. We can see easily that Theorem 5.3 and  Theorem 5.6 toge-
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th er w ith  (5.54), (5.55) and Lemma 5.7 are all of w hat w e need to em ploy the
arguments in § 7.8--7.10 in  E. C. Titchmarsh [11] and § 4 of F. Asakura [1].
W e just follow the arguments there  and then we obtain.

Proposition 5 .8 .  L et N (2 )  be the num ber o f  th e  eigenvalues o f  (2.1) not
exceeding 2. T hen w e have

(5.56) N (2 )= -1  .f x n (2—n 2 Q (x )) '"d x + 0 (1 )
R

as 2—>00, w here the rem ainder estim ate is valid uniform ly  in  n.

N ow  w e can carry out the proof of Theorem 0.3.

Proof  o f  Theorem 0.3. Let N (2 ) be the num ber o f th e  eigenvalues of the
original problem (0.1) not exceeding 2. W e observe

N (2 )=  N n (2 ) .
n=1

Since N n (2 )=0  for n_. 21 1 2 Q(R) - ' 1 2 ,  the summation is in fac t fin ite  and then w e
find

N (2 )=
[2i12Q(R)-112]

Nn( 2 )n=1

1 -= -  E (2—n 2 Q(x)) 1 1 2 d x+ 0 (2 1 1 2 ) .
7rit=i R

In this w ay w e obtain the theorem.

For Q(x)-=(log x)", it follows from above

(5.57) N(2)=,\I  1?  2112-114ke vi2k {1 + 0(2-112k)}
27r

Finally I would like to m ake an additional remark on the eigenvalues of the
Laplace operator in an unbounded domain. If G = G I UG 2 w h e re  G , is bounded
and G 2  is represented as

1 
G2={(x, .Y)=-R 2 1R < x < 0 0 ,0 < y < (log x)k}'

then the large eigenvalues of the Laplace operator w ith the Dirichlet condition
are expected to behave like the large eigenvalues of the operator considered as
the exam ple above. But in th is case we merely obtain

Proposition 5 .9 .  N (2 ) has the estimates

(5.58) C s) 21/2k < 1V( 2 ) < c 2 e  (1+ ) A 1/2k

f o r any  s  w ith certain constants C1, C , depending on s.

T o show (5.58), we shall follow the notations in the proof of Theorem 4.6.
Set Q(x)=7r 2 (log x) 2 k. Then it follow s from  (5.57)
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(5.59) C(2),-,0.2),,,,\1 21-12-114ke2112k
27r

Inserting (5.59) in to  (4.11), w e have

2 1 / 2 -1 / 4 k  e x p ((  1 +2 6 ) 112k ) 
(1+ o(1))

2 s y2k )... N(2)_s ,1112-114k expq (1+ o(1)) .

T hen  (5.58) follows.

§ 6. In  th is section w e  carry  out the proof o f Theorem 0.2. We follow the
proof o f  th e  Ikehara Tauberiam in  D. V . Widder [13].

A  function f ( x )  defined in  (-00, 00) is said to be slowly decreasing, if

lim inf If(x+5)— f(x )}  =0 (x co, 0, 0> 0) .

L et K (x ) be a  smooth, positive and even function so that the Fourier transform
Ir(e) is  positive, even decreasing in satisfying IC(0)=(1/22r), supp K(E)
c [ -1 , 1 ]. Set K 2 (x )=- 2K (2x), th e n  th e  F o u r ie r  transfo rm  Kî(e) o f K 2 (x )  is
K "(e 1 2 ). W e can readily verify

Proposition 6.1 (Theorem 9, C hap . V , D . V. W idder [13]). L e t f ( x )  be
bounded and slowly decreasing satisfy ing

liM K 2(X  —Of (t)dt= A fo r  a l l  2>0.

Then
lim f (x)=- A .
s

Let N (t) be non-negative, non-decreasing function and let

Z (a )=- T i t - 'd N (t)

satisfy th e  hypotheses o f  Theorem  0 .2 . W ithout loss o f  generality  w e m ay
assum e a=1 and N(1 )=0. W e se t t-=es. Since N(es)=o(eas) fo r a n y  a > l,  we
find

Z(a)-= e - asdN(es)Jo
CO

=a . o e - "N(es)ds

W e shall prove th e  Tauberian theorem o f th e  form

Theorem 6.2 (see D. V. Widder [13], Chap. V , Theorem  17). Let N (x )  be
non-negative and non-decreasing. I f

(6.1) L (s )= D - " N (x )d x
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converges for Re s>1 and w ith ,t9 _0
[1+p] n

(6.2) h (s )= -L (s )— (s -1 )-('" ' / Ani(s-1)n(log (s -1 ))i
n=0 j=0

can be extended to a continuous function in  Re s 1 ,  then N (t) has the asymptotic
behavior

(6.3)
A0,

ettPF(1-l-p) a s  t --> 00 .

Pro o f . W e m ay a ssu m e  p > 0 . Because we can skip directly  to  (6.8), i f  p
= 0 . F o r  1 < t<A , x > 0 , we find

tA0 0 0 0

t ,Ç2A

r ( p ) x -p e - x t _ e -x t e - x u u p -
A
' d u
- t  

.

W e can see that the both sides of above make sense for 1 <Re t < A , x > O . T h e n
w e have

1 çA
(6.4)

ss
(s—t)P - 'ds=x - p e - s t + e - 2 A x GA (x ,t )

E ( p )  t

w here GA (x , t) is continuous and uniformly bounded in 1<x < co, 1 <Re t < A  and
the integral is taken along the  path satisfying Re s Re t. I n  a  similar fashion
w e have

2A 1
(6.5) (s—t)9-1(s 1) - 1 - Pds=

r ( p )  t (1+ p)(t —1) +H A W ,

where HA (t) is continuous for 1 . Re /̀• A .  W e find that the  integral
1

(6.6) (s—t)P- 1 ( s  1 ) n - p - 1 (log (s-1))mds
V (p )  t

converges for 1 - .Re and continuous there, if W h e n  n = 1 ,  w e can
see  that the principal part of (6.6) as t--*1 is E  B ,( lo g ( t-1 )) '. Then we find

j=1,2

(6.6) is expressed as

(6.7) E  H i (log (t -1 )) i+ H A (t),
j=1,2

where HA (t ) is continuous fo r 1  R e and B i =0(j=1, 2) for n
For Re t> 1, multiplying to (6.2) T(p) - 1 (s—t)P - 1  a n d  in teg ra ting  from  t  to

2A, we find

(6.8) f(t)= re -txx -P N (x )d x.0

A 0 0  (t -1))7H-hA(t),r(1 +p )(t-1 )

w here hA (t ) is continuous in 1 t A .  Set

a(t)=e-q-PN(OX+(t),

e (s—t) 9 - 1 c1s= —
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A 0 0  A(t)= X+(t)
F(1± p)

w here X+ (t) is  the characteristic function of the interval (0, co). Then it follows

from  the hypotheses that
(1+s) t

-  PN(t)X,(t)

is  a  summable function in (-00, oc). Set

/P) (x)-= 2(x —t)(a(t)— A(t))e - "dt

= i(e )e -i'''d e )(a (t)—  A (t))e - "d t

,î(e)e - i xe (r e  (a(t)— A(t))e - " -"Et dt) de.
Since

.(a(t)— A(t))6, - "+letdt

e - tet(1+7)t+ , -t PN(t)dt
Ao0

0+  .rro_ p)
0

e- 'Et dt

A 0 0  
= f (1+ ie) r(1+p)(6--i)
= E Cn (log(6— ie))n+hA (1+E— ie)

n = 1 ,2

and supp (e )c [ -2 ,  2], we find

11' ) (X )= Cn(log (s hA(1+s—ie)Ide
- 2 n = 1 ,2

W e observe th a t  hA (1+6. —ie) is uniformly bounded for C I  s<2,
hA (1-1-s—ie) converges to  hA (1—ie) as E —> 0 . Moreover, since

1
log (s—ie)1 l log (62 +e 2 ) I —7 r

2

Cmax{loglel, 1 },

log (s—ie) is dominated by a  summable func tion  w h ich  does no t depend  on s.
Then it follow s from  the Lebesgue dominated convergence theorem

fim /P)(x)= 5
2 

K:i(e)e - i x i  E Cn (log (ie))n±h A ci—i$4de .
E...0 - 2 n = 1 ,2

Set 1 2 (x)=1im 0 ) (x). T hen w e can  express w ith  a  summable function 0  that

/A(x)=T 2 (e)e de

K a(x —t)(a(t)— A(t))e - etdt .

and

W e observe that
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K 2 (x —t)a(t)e - "dt

I ( , )+   r (
A
1+°°,)  fili-X . K2(x —t)e - "dt

= 1 2 (x)d-
A 0 0  

P(1+ p)
I f  a ( y ) d  y

Since K 2 (x — y)a(t)e - "  is  positive, increasing in s and converging to K 2 (x —0a(t),
then it follow s from  the Beppo-Levi theorem

1 2 (x )= À
 1 0 ()e -  'x6 de

=- ..0K 2 (X —t)(a(t)— A(t))dt

Employing the Riemann-Lebesgue lemma, we find

lim 5 K 2 (x —t)(a(t)— A(t))dt =0 ,

which shows
A°,lim K2(x —t)a(t)dt=.-.00 r (1+ p)

W e can easily  verify  that a(t) is bounded and slowly decreasing. Then it follows
from  Proposition 6.1 that

Aoo lim e -  t -  P N(t)-= r  ( 1 +  p )  •
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