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O. Introduction.

I n  [1 ] ,
 S .  I tô  treated th e  following initial-boundary value problem to the

parabolic equation.

•  (0 .1 )  at u=z1u in  D

au(0 .2 )  a(t, x )  an +(l— a(t, x ))u=0 on ao
au  .where is the derivative in  the  directionan

of outer-normal, and 0_<a(t, x) 1
ult=0=uo.

He proved the  well-posedness and the properties of the solution by construct-
ing the integral kernel, and got the similar results on the elliptic boundary value
problem by Laplace transformation.

Later, several authors ([3], [ 4 ], [ 5 ], [ 7 ] )  treated the elliptic case with the
same boundary condition by functional analysis, and some o f  them extended it
to  th e  boundary value problems of oblique derivatives. K . Taira ([6]) proved
th e  well-posedness o f  th e  parabolic equation by semi group theory in the case
where the coefficients appearing in  the  boundary conditions are independent of t.

Recently, discussing Itô 's paper with S .  M izohata, th e  author pointed out
that, i n  I tô 's  proof, the crucial lemma is not c lea r . T h is  is one of the reason
why the author re-treat this problem.

Mizohata ([8]) treated (P) with the following situations.

au a(x) +b(x )u=0 on aQan
where a(x ), b(x ) are real-valued and smooth functions
with bounded derivatives. And a(x) 2 +b(x) 2 =1.
Q  is a  half space in  R 2 .

His result is the  following.
(i) a(x ) does not change the sign, therefore, we assume a(x )_0.
(ii) b(x)>O, on  the  se t Ix I a(x)---0}.

(P)

(0.3)



146 Masamichi Terakado

(i) and (ii) are necessary and sufficient for (P) to be H -  well-posed.
In this paper, we shall treat the following problem.

(0.4) at u=Au in  S2
au (0.5) a(t, x) +b (t x )u=0 on ap•

(0.6) u t=o= u
where Q.= {(x, y)ERn xERn - 1 , y>0 , n 2 }

aua u  n-1 duand =   E c .(t, x)av ay O X  y = o

We shall prove, under the following assumptions, the  well-posedness of (P )
by constructing th e  integral kernel. C oncern ing th e  definitions of functional
spaces, see Section 1.

(0.7) a(t, x), b(t, x) and c,(t, x) (1 j n -1 )  are
real-valued and belong to B([0, co)x Rn - 1 ).

(A) a(t, x) is  a constant on Om = {(t, x)c[0, 00)x.Rn - 1

M  is a suitable constant.}.
(0.8) a(t, x) 2 ±b(t, x) 2 =1, a(t, and

on the set {(t, x)1 a(t, x)=0}, b(t, x)>0.

Theorem. For an arbitrary  u0 EBr(R 7
+ )  and satisfy ing the compatibility con-

ditions (see Section 4), there ex ists a unique solution u(t, x, y)GBT([0, T]><R)
of  the problem (P ) .  Moreover we have

lu(t, x, T)iuo(x, r=0 , 1, 2, •••

Rem ark. O ur boundary condition contains Itô's. Our main purpose is to
show the existence, uniqueness, and regularity of the solution, under the  singular
boundary condition a(t, We treated th e  problem in  th e  framework of
H - -functions (rather C- -functions) to make the  principle of the proof c lear. In
view  of the application of this problem to concrete problems, it would be also
important to treat this under less regularity assumptions as in  the  case  o f the
original work o f  S . Itô. Taking account of this, the  author showed briefly in
Appendix that, also to this case, our arguments can be applied.

Finally, the author wants to thank Prof. Mizohata. Without his encourage-
ment, this paper would not exist.

1. Definitions of functional spaces.

Let r  be an arbitrary non-negative integer and T > 0 . We use the following
functional spaces. F o r  readers' convenience, we enumerate here several func-
tional spaces which we use hereafter.

a a
1.1 ax  — , at = { (x , y )E R '' x  E R ' ,  y>0}axi a t

(P)
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1.2 r(R7:,1).= {w(x, y)ECT(14) lalatço(x, y)l --> 0 ,

a s  lx1+1Y1 - - >0 0

for ça E f3 r (k4-' ), IÇO Ir=  E su p  lacla'Lço(x, y)I.1.1+k5r (x ,v )E n

1.3 ET([0, T]x )V+9 x)ECt719[0, T]) I aN, (t, x)Ec1-2k(R)

_<[r /2])} .

1.4 Ar([0, T]X  R )-= { yo(t, x ) Er([0, T]x  li n-E) I x)1 - - ) .  0

a s  lx1—>co (2k-l- la1-5r)}

forB r ( [ 0 ,  T l X 7
?

-
7+), IçOir,T= SUp la o ,

sERn

1.5 ItT)- = È'o. ([0, T] x R n - 0 )= {g9(t, X)E Pr([0, T ]x  R n  - 1 ) I  la.';a 'tg, i t-0=0

(2k+ l a lf o r  çaE lbT), lçaliTn= l so l r ,T .

1.6 fly= {(p, Re p> —Eo p  —son  I R e a j I 2+ 1 1  IIM O -j1 2 }.:7=1S o  j=1
.-1

1,,, a — { pEC IRea.712+1-Y lima.,1 2 + 4
3 =1 €0.1=1

for crECn - 1 and  a >0 where so i s  a small positive number.

1.7 B([0, T]x  R n - i) = {ço(t, x) E C - ([0 , T ]x  R n - 1 ) I SUR lagiça(t, x)1<+00}.

1.8 4 ( I 0 ) = -  g (p , a )  g(p, a) is  a holomorphic function in f o .}.

1.9 KT (270)-= {g(t, 7, x, C, p , a) l gEC"([0, T] t X [0, TIX /?,7 - 1  X Re-)
for fixed (p, a)E fo, and gEA (f  0)

for fixed (t, 7, x, [0, T ]X [0 , T ]x  R n - 1  X R n - 1 1 .

1.10 K (T )= { gEK T (X  0) I la1a;2a1ae24,18§2g (t, r, x , C, p, a)1

r 1 , r 2 ,  a 1 ,  a2, /91, ■82)(IPI 1/2 +  l a ! ±  a l/ 2 )m+3(ri+r2+1.11+1a21) - p  (1,31 1+192 1)

on [0, 7'1 2 x R 2 n- 2 x L,, a  (for any a> cT - 1 , c>0)}  where O3<,() - l.

1.11 Br((0, T ]x  1T .)= { 0, x )E fi r ([ S, T ]x  4 ) ,  for an arbitrary s E (0 , T)} .

1.12 Cr([0, T]X x) I aita 0 , x )E C '([s, 71X  K), 21+ lai

for arbitrary s (0, T ) and compact K ER V

1.13 C[ (S )={ so(t, x ) I af v,(t, x )E cr([o, T]X S2), la i r ,  0<r<11.

1.14 C(iF.rr3(S)= fço(t, x)EC 1 -(S) and the first derivatives C r ( [0 , T ]x S ) ,  <r<1}.

1.15 L (ItT ), A r,(T ))= {G  G  is  a bounded operator from E ( T )  to Pr,(T).}
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2. Fourier-Laplace transformation.

If g(p, a)EA (E o)  and  I g(P, (7 )1 5(IP 1 1/2 + I a Ds , then we can regard g(p, a)
as the Fourier-Laplace image of the function (or distribution) defined by

G (t, x )= ( 2 7
1
) . _ ,  e da

2 1
7 r i .

.ertg(p, a)dp .

I n  th is Section, we treat the  above transformation on  K ( T ) .  Namely, for an
arbitrary gE K A (T ), we define K  as follows :

K(t, 7, x, C)=- , lirn K s(t, r, x , C)

1=lim  1
e
i (x-c)•oda e r)P" -  g (t, 7 , x , C , p, a)e - ^4 +628 dp.

8.0 (27c)n - 1 277i p=1

Moreover, we denote its symbols by

a[K (t,r, x ,C )]=g (t, 7 , x, C, p, a)

oiK s(t, 7 ,  x , C)]=g(t, 7, X , C, p, a)e - ' / P " 23 .

In  [2], R. Arima treated general boundary value problem for parabolic equa-
tions. Lemma 1  was proved by h e r .  We use the result without proof.

Lemma 1. L et f ( p ,  a ) be areal-valued function defined f o r (p, a)EC 1 x Cn - 1 .
A nd moreover f(p , a ) satisfies

(1) homogeneity f (226 7 a) for 2> 0 (h 0)

(2) positive-defineteness

f (P, 0-)-c (IP I"+ 1 0 . 1)h f o r Re p 0 ,
(3) continuity

there is a positive constant ô such that
f o r Ipla+101-1,

(I) I f (p , (7)1 M ‹ +00

(II) I f(P+Ao, a +A) — f(P, 6)1 -5c12.

Then, f(p , a lr in  I ° w here c ' and s o depend only  on h, c, M.

Corollary 1.1.

Re p+6,2_c(Ipii/24-1 a I) in  I

where c  is a positive constant does not depend on p and a.

P ro o f . P u t  f (p , a)=Re a-2, then it is easily checked that f  satisfies
th e  assumptions (1), (2), (3) with b=1, h =1, a =1/2. From this, we have the
above estimate.
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Remark 1. so is defined in Corollary 1.1. Throughout this paper, we fix
zo a s  above.

Lemma 2. I f  g E K A ( T ) ,  then we have the following estimates.

(I) I K ,(t, 7 , x , C )I_ C(t—r)-(1/2)(n+1-1-7n)e-clx-C12/(t-7)-cs2/(t-r)

(II) I al1a;2apae2K8(t, 7, x, C )I C (T )(t— r )
- ( 1 /2 ) ( n+1 +7n+27•1+2 r2+ 1a11+1a21)

X  e -
ctx-(12/(t-s)-C82/ ( t - r )

where 0-. s ._ 1 , 0 .. .r< t -__. T ,  c > 0 ,  C (T )  depends only on T. And

1 ç 
R n _ i e icx-c),1 d a  1  

K ,(t ,  r ,  x ,  C )=
(27)n - 1  J 27ri 1. Re p=l e P ( t - r )

X g (t , r ,  x ,  C ,  p, c )e 6 2 s d p .

Proof  o f  ( I ) .  Since the proof is long, it is divided into four parts.
(I.1) We prepare the following estimates. On

n-1 n-1
4 . — {Rep= — Eo llm p IRe Ilin Grir+a}

60

where a  is an arbitrary positive number > c T ' .

Ipi"2-Fla1-5_1p11/2+1a1+-a112-5.c(IP11/2+161)

(ii) c(lImP1' 1 2 -1-10- 1-1-0 1 2 )51P1" 2 +101±a 2 -5.61ImPl" 2 - Flal+a 1 1 2 ).

We have (i) from the following inequality,

n-1 1 n
a — Re p+eollm P I IRe 0-J12 - - lim60 J=1

<2(IP1+101 2 ) on L e a .
And since

I Re pl_.
1

10•12 +a-HolimPl
E0

therefore, (ii) is valid, too.

(I.2) At first, we treat the case where O < s i.  Using Corollary 1.1,

Sf-=-•c eXP( — c/ (IP I 1 1 2 +  I  Ms in f o .

From the above estimate and  (I.1), w e can  replace the path of integration
Re p=1 by

(I.3) We put
1  

k8(t ,  r ,  x , C , o - )=  
27ri

e P ('-r )g (t , r, x, C, p, a)e - ' 1)+ 6 2  dp
La ■ a

on

Then, it is easily checked that k 3 (c ) is a  holomorphic function with respect to



{  0  r yin,i2-1{1 + (t r )1/21a i + (t _ z.) 2a 1/21. on  __.0)
The last integra l

c ( t — r) -
in / 2 -1  {(t _ 7 )1/21 a  + ( t _ r )1/2a 1/2} in. On  < 0 ) .
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a  E C ' .  And from (I.1 ), w e have the estimate,

k s l - C eRePU-7)(ihn, p  1/2+ 1 (11 a1/2)me-c, (Jim  p1 1 12 +1,71-Fa 1/2 )sdp
L a, a

Taking the argument 2= I Tm

k  - exp con  I R e a ; I 2 (t -7 )+  —  E 2(t-7)+ a(t
J=1 So i = i

xCr'e-502 ( t - 7 ) ( 2 1 /2 + + a i/2)md2

Now, we define a positive number a. Let h  b e  a  sm all positive number such
that

h— d 1 h 1-12 =— d,<0 ,

then we define a  as follows :

Then

2
h ( r )

1  
t— r

for

for

s 

s
(t—r)" 2

a(t— r)— diall2s-={
d, s 2

t f o r  (t—z-)" 2 —

S

—r 

From the definition o f  a  and Remark 2 below,

6 0  n - 1

k1 exp {—  — E Re 6,1 2 (t—r)
2  J=1

1 n-1
E I Im a;  '(t—z-) d 2  

S2 1 .

t - 7  f

(I.4) W e treat the following integral :

1 K ,(t, r, x ,Ç k s (t, r, x , C, a)e 1 ( x- c) '6'da .(2704 - 1

We take the path Tm a 5 =h(x 1 —C,)1(t—r) ((h 2160)— h=— c,< 0). Immediately we
have the final estimate,

<1 fo r  
(t — z.)“2 

<1 .

I -Ks I - c(t—r)-(it-i)/2-m/2-ie2-,,,,c,2/(t...c)_d2,2,(t„)

where constants do not depend on s, therefore this estimate is also valid at s=0.
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Proof o f  ( I I ) .  Under the condition 0 < s 1 ,  we can take the  derivatives
under the sign of integration. We consider the following case,

where

Then,

where R
mark 2,

X, icx-c)•cdo. 
1

0 —  1  1'
27ri ..çRe p=l e " - r )(22r)n - 1  R n - i

e

xricalapapapae3g(t, r , :r, C, p ,  cr)e ''/ P+6 2  d p

0- Ck3(t, C)]K T , ' + 2 3 1 + l 3 i l 1 - 3 ( 3 2 + 3 3 + 1  a21+I.2 I)(T )

arK8ils=0 I . C(T)(1Piii2+10.1+a1/2)m+2e1-F1a1l+5(62+E3+1a21+1a31)

X(IP1 1 1 2 ± 1 a ld - a " 2) R
o n  L .,,,

is  a positive constant which depends on 5, E3, a l  a n d  a2.

1 P 11 / 2 +  I a I 4-aii2)fli+2Ei+Icril-F5(33+53+1a21+1a8I)

By Re-

Using the above estimate, we have the following,

o'CaPa; 23: 1de 2 K8(t, Xy CAI

-5,C(T)(iPi 1/2+  I a  l + r2+lail+1a21 on •

(II) is easily proved by the  above estimate and the result of (I).

Remark 2 .  From th e  definition of a, we have lower estimates, a (t— r),c ,
(c>0).

We define integral transformations in the following way :

K sço=K sgo(t, x)= .çjRn-1K8(t, r , x, Oço(r, OdrdC

Kyo= 11m ICs go .

And we denote its symbol by

a [K ]= 6 [K (t , r , x , C )]= g (t ,  T , X, C, p ,  a )EK A (T ) .

Lemma 3 .  I f  < IC E  f pin (T ) (m > 0 ), then K e  L ( I t T ) ,  É8(T)).

P roo f. A t first, we treat the case where O < s 1 .  It is easily checked that
K 30 ,  x )  is a  continuous function with respect to t  and x  from the  estimates in
Lemma 2.

K 3q)(t, x)—Ke çc(t, x)=A ( K s(t, r, x , C )-1 (8, (t, r, x, C))so(r, C)d-c (IC

where 0<s' <s

1
Ks(t, r, x, C)—Ke(t, r , X, C) —

) f l _ l ed a
 L o  a

e p (t-r)
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Xg(t, r , x, C, p , 6 )(e - ^/ P+° 2 (s - 8 ') - 1)e — / p+. 2 e d p

Then,

I e 2 (s-v)- 11= . 3 - 3 e- "/ P " 2 dri•N/p+o'. 0 

.7-3 °

<c 7T-1 a  t1P1 1 " + 1 0 1 + a " T  on a

=c /(s_  sT (1  p  11/2 + + a 1/2)r on Lo,a

where r E (0, 1), c does not depend on variables, and we used
{(I p  11/2+ I 0 . a1/2) } l - r e -c(I P1 1 1 2 +Ia 1+a1/2),2 , c ( r )

Therefore, from Lemma 2,

r, x, C)—K s
, (t, r, x, C)1:_c(s—si)r(t—r) - ( 1 /2 )(n+l - nt+r)e - clx_Ci 2 /(t , )

If  r is less than m , then the function on the righ t hand  side is sum m able on
[0 , T]X Rn - °. After some simple computations, we obtain,

IK3ç9(t, x) — Keço(t, x)1.- c(s—s7T - ( m- r" 2 1 col 0,T xERn-1).

Since the  estimate implies that K sço tends to Kça uniformly on [0 , T ]X  R n - 1  a s
s tends to + 0 , K O is a  continuous function. Moreover,

e -clx-C1 2 / (t-C)
I Kcp(t, x)I : c1S,21 (LT

0
.çi z n - l ( t — r ) 1 1 2 ( n + 1 - m )

d r c i C

= c / IT10,Ttm"

We have immediately Kyol t - 0=0, 1 4 1  0, T - C(T)1 çal 0. a n d  sup I KT(t, I —›0,osty•
a s  I x H oo.

3 .  Regularities.

L em m a 4 .  I f  o - [ K ] K m ( T )  (m >0 ), then K E LO gr(T ), fgr(T)), w here r =
0, 1, 2, 3, •••.

P ro o f .  (I). Special case.
A t first we treat the case where a [K ] , g(t, r, x, C, p, a) depends only on t, x, p
and o , namely,

Kço= l n  i K (t, r, x, C)Ço(r, C)drdC çOE bra')
K(t, r, x, C) ,  lim Ks (t, r, x, C)

11
= lim e

i(x-{)•a
3-4-o (2z)n - ' 27ri .çrte p=1

X g(t, x, p, 0.)e 'P + ° 2 8 d p .
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Since
e icx-e ) . c e p = ( LIA

)

pc+ : : (t-r)

1i f s (t, r ,  x , C)=( — ai- Ac) (27 ). -1 e
icx--c)•cr da

2 e  p+,28d p
1   f e p ( t _r ) et, x, 1), a) 

27ri J PH-a
—(-6,--.A)K8(2)(t, , X ,  C)

where we put
g(t, x, p, a) 

a[K3(2)(t, z- ,  X , M I
 P +  6

E K,44 - 2 (T).
2

K 3 =  .f t
 .f R  n i ( —ar—A)K8(2)(1., r, x, C)sp(r, C)d7c/C

= Y j R n  I K,(2)(t, z- ,  x, C)drdC

where we used the following properties in  integrations by parts,

(2)(t, r, X, C)Ir=t = 0
 y aci Ks (2) (t7 V ,  X C)I

K s ( 2 ) (t, 7, x, Ici =i-0=0

which are easily checked from Lemma 2, and ço(r, 01,-0=0 b y  the  assumption.
Since M(T), repeating the  same argument,

ICyo IK,(279(t, -r, x, cxar—ac )rçoer, C)drc/C

where we put
, g(t, x, p , a) 

CEK s (2r)1 0=0 — E K (T) .
(P

Now, under the condition 2a+ 1131 2r,

a7.3i3K89,= .f l n _iafaws,,r)(t, r, x, C)0, — A0?-40 (r, C)dz- dC

where we used a7aYç0(2r)(t, r, x, C)12—e=0 from Lemma 2. And

agailKs(2,-)(t, r, X ,  ) =  .fei(x-c)*6rda
nalittg

x   1  a p a g i e t ,  x, p, a) e P÷a2 3dp
27ri J (p+0.2)

The same argument as (II) in Lemma 2 gives the following estimate,

1(ia) "ipa-aiaPag'g(t,  x ,
a ) 1(P + 61.2)r

<C(T)(1P1" 24- l
a l + a 1 / 2 ) - m + 2 a + I P 1 - 2 r o n  L a, a
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By this estimate and Lemma 3, we obtain

a7a1K-9)E fg(T) at s=0.

For instance,

(3.1) Kço= K (2 0  ot—Ax)'ço ÊNT) •

Remark 3 .  In general, if  a [K ] Kwam- 2 7 *(T) (m >0) and goŒ f18(T), then Kg-,
M r (T) by the same argument.

(II). Now we pass to the general case.

g(t, r, x, C, p, a ) ,  E  acjaPcg(t, r, x, C, p, (7—t)a (C — x) P 

z: txa ! p!

+ ( N + 1 )  E  ( r — t ) "  (C — x)T
a+Ifil-N+1 a jg! 0(1 0)N+ 1

x a c jq g (t, t+ O (r— t), x, x+O(C—x), p, o- )de,

where we put N , [2 r1 (p -3 )]. Using the above expansion,

K C)=
1 .fe icx-c)•(, do.  1   . e p(t-r);(t, r, x,

(27r)n-1 27ri

Xg(t, r, x, C, p, u ) e - ' 1 P+a 2 'dp

r_iyai+1131 1
E e t (x -O •a d o.

a ! ,8! (27r)" ' J

 1 f eP" - r) (t —r)"(x—C)fig ( P) (t, x, p, a)e - "( 6 2 'dp
27ri

(_1)1a1+1P1 1
+(N+1) E    e i(x -O •a d o .  1

  e p(t--r)
a-Fifii=N+1 a! 3 ! (207 ' 27ri

X(t — r)"(x — C)P:a( ' ' P qt, r, x, C, p, u)e - "/ P+a2 3 dp

where we put

ea. P) (t, x, p, 0.)--agai9cg(t, r, x, C, p,

r, X ,  C, P, a)

r= t
C = X

c i
, (1-0)N+ 10"alg(t, t+O(r—t), x, x+O(C—x), p, a)d0.

Since
(x — C )fie t i(s -C )•a (t_ T )a e p (t-7 ),i1 P ia c i3 a g (e i(x -C )•a e p (t-r )) 2

by integrations by parts,

1 (i) 1191

Ks(t, r, x, C)= E
.+ Ip isz v  a! p ! (270'.Ç R n -l

" d a
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i c
X P"--)a7,a§(g( a , P)(t, x, p, a) e - s/ P-" 7 2  s)d pn ep=1

1 (i)i pi 1 
+(N +1) E

a+ipi=N+1 a !  j3! ( 2 7 ) n - 1  .. daR n - l e i ( x - C ) • c

><. ç
R e  p = i

eP ( t - '1 4a(g' “ a ' P qt, 7, x, C, p, a)e - v p-Fa2
 8 )d p .

(II.1) W e treat the first symbol in the above expression which depends only
on t, x , p  and a.

ao§(g (-4)(t, x, p, a)e 2  8 )

=a;a§g ( a'P ) (t, x , p,

E « Ca i pCp i aVaia43 - Pig ( a, P) (t, x , p, 0-)67)=8§1(e-vp+0.2 8)

We put

x , p, c)e - v P 2 8 +g12(t, x, p, a, s)e - ^/ 1)+62 s

And the following estimate on L , a  can be checked easily.

g n e --1/24,- - "1  .__C(T)sr( I p I
1/2 +  l a  I + a 2 ) - m + r  ( 0 < r < m )

We put
K1sço=Ki8iy)+K182y,

where

u[Ki3i] = g i ,e 'P + . 2 s, olKis2].=gi2e - v P ' 2 .

By the same argument as Lemma 3  and Lemma 4 , w e have

IK1S2g0 I 2r, T 0, a s  s - 4 + 0 ,  a n d  K i çDG f3gr (T)

(Ki ça= li14110 K14o= 13 1m0 K 1810 .

(II.2) The symbol in the second term.
On the other hand, we can see

37,a§g(a'fi)(t, r ,  x, C, p, 0-)Eifda - (P- ')(N+ 1 ) (T ),
where

2 r  
( p - 3 ) (N - F 1 ) ( p  5)= 2 r .

P - 3

From Remark 3  and the argument in (II.1),

K 3 w= limo K25 ço Pr(T),

(- 1)IP'
a [K - 2 ,j = E (N+1) aaa?,k(a. fi)(t, r, x, C, p, a, s)e - ‘1 2)+ 6 2

a+1131=N+1 a !  13 !  P
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For instance, we have the  following decomposition.

(3.2) 4••=-Kiya+K2g0

where

(7[K1]=g1(t, x, p, 0-) K ( T ) ,  0 - CK21=g2(t, x, C , P , a) E K ,,Te '(T ).

Now we define th e  iterations o f K  in  th e  usual way:

Klyo=K(Ki - lyo) (j=1 , 2, 3, •••) (K °= I ) .

Lemma 5 .  I f  o [K ]G lf6 7n(T) (m >0), then KiE L(Èg r (T ), M r (T)) and

I K i çoi2,,T r(  (1+1)
 m ) 1 Iço! Zr, T .

P ro o f. T h e  proof is divided into two parts.
(I) A s s u m e  that a [K ]  depend only on t ,  x , p  an d  a. Then

Kço=- K ( 2 ,-) ço( 2 r)( s e e  (3.1))
where we put

u [K ]  
 =  

g(t, x, p, a) 
l ÇE a

n , - 2 1 .

( T )0 1K(2r)1 = 
(P - 1

- 0 .

T (P  +  0 .2 ) r

ç° ( 2 r )  = ç
a (2 r ) ( t , X )-= (a t— A x)ro (t, x)G P8(T).

Moreover we put

cat—AsY4=(t—Ax)r(K(2r)ga(-))=KM-140(")

where o i K n 1 f ,- ,r(T ).
Using th e  above, we get th e  following,

Klça--=-K(Ki'w)=Kur)( (Zr) E Pg r (T) .

A nd concerning th e  estimates,

e -clx-c12t-p) e -c 1 {-1 2 1 2 / (p -r )

(3.3)
,ÇRn-1.Ç r(t—  O n - 1 ) 1 2 +1 -  (m12) (p _ r ) (7 / - 1)/2 -1-1-  (k/2) 77/ 

d p  d C

=c 113(m  k m   \ 
e-cix-72,21(t_,

\ 2 2 /4-0(.-1)/2-1-1- ( k+1)771/2

km \_ T tm\ r (  km\ r ,t(k+1)m\-1(3.4) (k=1, 2, 3, •-•)
\ 2  ) k 2 k 2  ) 2 )

(3.5)I  K i ç9 I 2r, 7 '.-. - C( 21. ) T M  C O '  ( 1 1-1 ) '
 (

( i  + 1 ) 7 n )
2 2 I ça I Zr.

where M  depends only on  r ,  and c1, c2 d o  not depend on  r  and j.
T h e  properties (3 .3), (3 .4) a re  w ell know n. T h e  property (3 .5 )  is obtained by
induction on j ,  taking account o f (3.3), (3.4).
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(II) General case.

Kça=- K i ço+K 2ÇO (see (3.2))

.-=Ki(2,,ço ( " ) +K2p (see (3.1)).

Repeating this argum ent, w e  have the following,

K V = K(20 l(Ki2;:i) j - i çò ' (KIN)3-1K2Ki-l-ssol -FK2Ki'ço ANT).

And,

K i ÇO I 2r, T . C(2r)T m i d ( i - F i ) F q y r ( ( j + 21 ) / n
2 r ,  T

_ C(2r)T 211r  (
( j .  + 21 ) M  )  1 199

 12r, T

R em ark 4 .  In  general, if  g E K r,a (T ), then by integrations by parts, we can
see (t---7)"(x—C)Pg(t, 7, x, C, p , (7 )6 K A -p (a + 1 0 (T ).

Finally, we define F a s  follows :

F= EJ=0

C o ro lla ly  5 .1 . If  a[K ]E lf w gn(T ) (m >0), then FeL (A gr(T ), A gr(T )) (r=
0, 1, 2, 3,

Pro o f . T h is  is clear from  th e  following,

I E K i yo 2,- 7 E C(2r)Tmjcq —n Yr(  (1+1 )m  )
' 2 2 ça 12r, T <C)° •

In Section 4  and Section 5 , w e shall be m ainly concerned w ith th e  follow-
ing symbol.

g o (t, 7, x, C, p ,  (7)=
a(t, x)(-VP-Fo' 2 -Fn  cJ(t, x )io .

; )±b(t, x)
1. n-1

a(r, C)(A/p-Fe± E c;(7, C)ici)-kb(7, C)J=1

Lem m a 6. W e assum e (A ) in Introduction, then g0GIU1/22 (T )  f o r  some
sufficiently small T>0.

Pro o f . T h e  proof is divided into three parts.

(I) A t  first, w e consider th e  following symbol.

aci a(v, C)
hi(z- , C, P, (1 )=  a(v , 0 . , /p+6 2 +1—(1(7, C)

w here w e assume



158 Masanzichi Terakado

a(7, C) B ([0 , T]X R n - 1 ) ,
In X ,

I O r, C)A/P+02±1— a(7, )j (v , Oc(1 P 2 + 1)+1— a(r , C).

In particular, on L
C)a112±1—a(r, C)

c'

min (1, T - 2 1 2 ) (Remark 2.).

The followings are welt-known under the assumptions.

(3.6) lara(z-, C) I  and a,j a(r, C)i 5Caer, 0 1"

where C does not depend on z- and C.
Therefore,

Ca(r, 01/2
a(r, , C)C(I P 1 1 12 I  01)+1— a(r , C)

in 2'0 .c ))1,20 p 11/2+ la  1))1/2(aer, OC(Ip 1" 2 +  a 0+1—a(r,

In particular, on La.a,

max (1, PR )( IP 11 1 2 +  a  +a" 2 ) - 1 1 2  .

1 6.7( 3 . 7 )

a P ' ‘ / P + a 2 =  2-Vp+6,2
ac ;Vp+6, 2-=,v p + 0 .2  .

Using (3.6), (3.7) and the above argument, h i E K 0 2 2 ) ) ( T )  is easily checked.

(II) Next we consider
ac ,a(r, C)

ha(r, C, 15 , c )=
a(r, CX.Vp+6, 2 H-n  e ' (r, C)io. ,)+b(r, C)

.7=-1

We define E1, E2, Ea a n d  ço as follows:

El = {(r, ) e [ 0 ,  T 7 X  R ' I a(7, C)-M0>0, a o i s  small.}

Ea = {(r, C)e [0, T ix  R n - 1  j b(r, 0 131

E2: E 3 E 2 E 2

{  0  on E2
g0 (7 , C)= E B ([0 , T]x Rfl - ')

1 on E,
Then,

a--Eyob_>_31 > 0  and a  < 1.
a+yob

Now,
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 n-1
Or, C)(Vp+0 .2 + ci(7, C)iai)d-b(r, C)

=(a-Pçob){a(-V P± 6 2 +  C j) +1—a-1-5}

where we put

a( 1 - 0 b  a = a n d  5=a±sob ' a±sob •
And moreover,

.-1
1a(VP - Pa2 +  E  j ig 1 )+1 — a+61j=1

Si \_-(Ca(1/) I' +2 ,I )+1—a)(1 Caa112±1—a on L a ,„,

1— (Ca(Ipi" 2 +10- 1+ a 1 1 2 )+1—— 2
where we used (3.8), (3.9),

(3.8) since 5=0 on a

1E1 
2 C 2 T 1 1 2 (see Remark 2.)

1(3.9) —— 2 for some sufficiently small T>0.

A nd we applied Lemma 1 to f(p, a)=Re (Vp+a2+
n — i

 ci (r, C)i j ). T h e  same

argument as (I) will give h2 1(--1- (̀11/22)) (T), which can be verified easily.

a(t, x)(V  p+a 2 + ci (t, x)io- i )-kb(t, x)
(III) g o (t, z, x, C, p, a)=  72-1

a(z, C)(Vp+a2+ C)io-1)-kb(7, C)

Taylor's expansion and Remark 4 show that g EK -Vi1/22
)
) (T).

For an arbitrary T'>O, we can take an integer d  such that 'T_ T d .  There-
fore, the assumption in  Lemma 6 is not serious for the application in Section 4.

4 .  Existence and Regularities of the solution.

Let us recall that our problem is the following.

(4.1) a, u =Au in  D

au (4.2) ff3u=a(t, x) ±b(t, x)u=0 on aQ

Caa" 2 +1—a

(4.3) U  I t = o = U 0 E 13,
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4.1. Compatibility conditions.
We consider th e  above initial-boundary value problem . If  there exists a

solution u (t , x , y )  brEO, T ]x re,9 nÈ r+ '((0 , T lX  R 7+)(1Cr + 2 ( (0 , T ]x  Z z ) , then it
must satisfy the following:

0 , v  gu  j y=0)It= 0=ca(gu)1 ,0)1  y= 0

={ E  ickaick(g)aN t=0}-
ogkg j y = 0 \

r_ 1 ])
L 2

And

(4.4) x, y)1 0=0=M u 0(x, y) in  Q.

By (4.4), we obtain the following equalities.
1\(4.5) E  iCkajt-k(g9)1t=0Akuoly=0=0

r 
 r

1 
 ]).

0Sk

Since these relations are non trivial on {t=0ny=0} between the cofficients of
th e  boundary condition and 24, w e  assume th at u o satisfies (4.5) which are
called the compatibility conditions. ( if  r= 0 , then we assume uo(x, Y)I v =0=0 on
fxGR 4 - '1a(0, x)=01)

4.2. Extension of the initial data.
We extend 74 b r ( -/-2 )  to îi 1  defined in the whole space R n . By well-known

method, we can get fl o such that

710E f3 r (R n ) and E s u p  IWV:4(x, y) I --C(r)1 lid, •
I al+k (x, y)ERn

Now we put v o a s  follows:

e
-ox-x,i2+(y-y')2)140

V o (t , x, y)= L d y lu o (x ', y ')d  x 'i n _i  (47rt)n12
x E R n -') .

Then we have (4.6), (4.8). If u, satisfies (4.5), then (4.7) is easily verified.

(4.6) v o E T iX  k J+)

(4.7) d Bv0)1t=0=0 (Cl i- [ 1; 1 ])

(4.8) W it g v o ( t , x )— a la ig v o ( t ' ,  x')1

where 0< t' < t< T  , 0< 1<1,
From (4.6) and (4.7), we can see av o G fro

- 1 ([0, T lx  R n - ').

4.3. Regularities.
We define U  as follows:
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LIv)=Uço(t, x, y)= Yo L , U(t, x, (, y)yo(7, C)clz. dl

where
1 1 U(t, 7, x, C, Y) =  

( 2 7 ) n -
, et ( x - c) *6 " do. 

2 7 i  

.eP(t-r)

X dp
a(z-, C)(- p+6 2 +  E c;(7, C)iaj)+b( 7 , C)j=1

where

(4.9) w e assume a, b, c ., satisfy (A ) in Introduction,

(4.10) gOE fro- ([0, T]x R n - 1 ) (r=1, 2, 3, •••.)

if  w  Èg([o, T ]xR n - 1 ), then we assume the following Holder continuity,

x') — ça(t, x)I P') (0 < p ',  p '< l ) .

Although olU ll „ , E 1 ( 2 ( l / 2 ) ( T ) ,  t h e  operator U  is well-defined from (4.10).

Lemma 7. I f  u0 E É r )  and satisfies (4.5), then

U.Bv0 Œ k([0, T]X IT7
+
1.)nArN(0, T ]x . -1?)nC"((0, T]x .

W e only consider the following case for simplicity.
6.--vp „,2y

Ceji = aer, OVPH-6 2 +1—a(7, C)

-gv o =a(t, x)(—a 0 )v0±(1—a(t, x))v0l y =0

where we assume the followings:

(4.11) a(t, x)E.13 - ([0, xRn - 1 )

(4.12) O a(t, x)_.<1

(4.13) uo satisfies the compatibility conditions of

Pro o f . The proof is divided into two cases.
(I) A t  first, we assume that r  is even.

We put r=2k  (k =0, 1, 2, •••).

tigvo=t/igvo+Cjogro (see (3.2))

=01(2k)(2vo) ( 2 1 ) +02 -gvo (see (3.1))

where a[Ci (2k)] I y =o, [ 0 2 ]  0 =0  R - T(P/2)(T).
and moreover, I ( gvo)` 2 1 ' ) (7, C) I - Cz- - - 1 " uol2k• From the above decomposition and
(4.8), rigv o Ef3 2 1 ([0, T]x.17.7)nc - (c0, T ]x  R7.t) is easily  verified. More strictly,

k+w e can  see  t7.. vo
,f:32 1 ((0, T] x ) .  W e only  verify  it in  th e  c a s e  where

r= k =0.

CI vo =t. 7 az4+0(1— a)v,

p+ 0 2y
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1 
(4.14) ag7a]=e i ' / P + a 2 1 1 (1  

P±a 2C ) A / P - F a 2 4 - 1 — a ( z - ,  C) 
) E K T L 0 / 2 ) ( T ) .

From (4.14) and (4.8), at.774,E f31 ((0, T]x.R 7
+

1 ).
We prepare the following properties of the kernel for considering 0(1— a)v 0 .

(4.15) (271)n-i C )• c d a  217.ci
eP(t-r)

X g(t, x , p, a)e 21dp)d.r dC

=Y  2 
1 ..çeP" - r) g (t, x, p, ydp0 7z

2
1
7 ,i .ç  e P

p
t g (t, x , p, dp

Especially, if  g(t, x, p, a)=ah(t, x, p, a), then (4.15)=0. And,

(4.16) V o (r, C)=vo(r, x )+( — x)vi (r, x) - Fv2(r, x, C)

where

vi (r, x)I Iv2(r, x , C)1 _Cix—c11+7z.- (1+r/2) Ivol ( )<1<1).

And moreover,

(4.17) vo(r, x )=v 0 (t, x)-Ev3(t, r, x)

where
fv0(t, r, (0< 1<1).

Using (4.15), (4.16), (4.17), we can see U(1 —a)v 0 E8 i ((0,
(II) Now we verify the case r-=2k+1.

Using (4.15), (4.16), (4.17) for travf, the regularities are verified. Applying (4.15),
(4.16), (4.17) and (4.14) for f i(1— a)v 0 ,  the regularities are verified.

W e treat the operator K o whose symbol is g o EKTME(T).

arKoi=g0(t, 7 , X y  Cy I), a)
 n-1

a(t, x)(A/p+a 2 +  E c) (t, x)ia,)+b(t, x)
f=1 1 . - 1

a(r, (X -VP+0' 2 + c,(7, C),=1
(see Lemma 6.).

Lemma 8. If u 0 Gbr(177,1) and satisfies (4.5), then

-U( E Kg gv o ) T] X Rvrvilr -"((o, T] X E)nc-((o, T] X R 7+).J=0

Proof. kovo=.1Z oav-Eko(1—a)vo.
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We consider the first term on the right hand side.

a u ze a i _  (a(t, x)—a(r, C)),/ p+a2a(z-, +lower orderC)A/p+o-2 +1—a(z-,

ac ,a(r, C)(x .,— )a(r, C). pi- a2

163

+lower ordera(z-, C) ,Vp + 0.2 +1 —a(z-, C)

ax ,a( t, x)(x i —Ci )a(r,C)A/ p+a2
aer, C)-V p+12+1—a(r, C)

± (ac j a(r, C)—ac i a(t, x))(x i —Ci )a(r, ()A/p +a'
a(r, C) p+2+1 — a(,+ l o w e r  o r d e r

=a x i a(t, x)gi+gz

where giEKT11/2)(T), g2 K -iii/2)(T) (see Remark 4.).

By the above decomposition and (4.16), we get the following expansion.

(k" oav)(r, C)=CkoavD(t, C)+v4(t, r, C)a x a(t, x)

eav0(t, C)=(koav)(t, x)+ (xa ( t ,  x ) v , ( t ,  x )

+(x—C)axa(t, x)v 6(t, x, C)+7)7(t, x, C)
where

I (at x, ) I  _<Ct - -  ( 1 + ' "  I u010

Using the decompositions a [ k oa l  and k 0a?4, we can see the following estimate
after simple computation,

I (at —Ax)(1Zokoav0(t, x) I  c t -  (1 +
1
) , 2 I u01 0 (0<r<1).

Immediately, we get k"goevE /U T ) .  On the other hand, b y  the similar decom-
positions of q [ I ]  and k' 0(1— a)vo, we get Rg(1—a)v 0E i ( T ) .  Namely, we see

:kg. v0Ef3g(T). By this result and Corollary 5.1, we have ./Z1',(R g .v o )E.N (T).
J =0

It is easily verified that

17( ± 1(- - .1; 3' v.+  E v o ))E  TO, T7 X R 7-1-9

4 .4 .  Construction of the solution.
We want to find the solution under the following form.

u(t, x , y ) -=v o (t, x , y )+ .0 U(t, r, x, C, y)ço(r, C)dz- c/C

where vo is  the function which is defined in  4.2. U  i s  th e  kernel which is
defined in 4.3.

Lemma 9. W e assum e g9  has IIN der continuity  and  belongs to h8([0, T ]
X R 3 - 1 ) , then we have (i), (ii), (iii),
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(i) t u =Au in  D
1

(ii) g u = g v o + —
2

ço(t, x)+Koço

(iii) u t-0-= uo •

on as2

Proo f . (i)  and (iii) are  c lear. A nd moreover,

1
.Bu -= gvo+ 1 . e ic.r-c)•a d o .

o  Ra - 1

.ÇeP(t-r)
(27r) n - 1 2 7 r i

X e - 's l P + 6 2 Y  d A 0 (7 , C)dz-
v =o+KW

From  the assumption, the second term  tends to  (112)Ço(t, x) uniformly on  [0, T ]
Rn - '  w hen y tends to  + 0 .

W e put

ça=  ( - 2-K0Y( — 2 gvo)5=0

T h en  u(t, x , y) is a classical solution of ( P ) .  And w e can  see  tha t if  u oc  PVT+)
and satisfies (4 .5), then u(t, x , y )EL r([0, T ]X  Et)nh-iao, T]x17_0(1C - ((0, T]
X Namely, we obtain the  following result.

Existence Theorem. Fo r an  arbitrary  u 0 E1.3r(17.7 ) and satisfy ing th e  com-
patibility  conditions, there exists a solution u(t, x, y)e br([0, T] X  IF.t)nBr+'((0, T]
x127± )nC - ((0, 71x R 7+ ) . A nd  moreover, u(t, x , y)17- ,T C(r, T)Iuo(x, y) IT ( r =
0, 1, 2, • • •).

5 .  Uniqueness.

5.1. A joint problem.
W e consider the  following problem on  [0, T ]x

— 8,7)=A v+h(t, x, y) in

g*v= 0 on as2
vit=r—o

where
n-1

g*v=---a(t, x )(-6 0 v— c ( t , x)ax ,v)+(b(t, x)—  E  a(t, x)as,c,(t, x)) .7)1 v =0 •J=1

Then, on the set {(t, x)I a(t, x)=01, b— aa s i c i > O.

Lemma 10. W e assum e (A ) in Introduction, and moreover let h(t, x , y )E
C ([0 , T )x  /T ). T hen there ex ists a solution of  (P)* v(t, x , y )EI3 - ([0, T ]x  ).

(P)

P ro o f . W e can  co n stru c t v(t, x , y )  b y  u s in g  th e  method in the previous



Singular initial-boundary value problems 165

Section. Since h(t, x, y) E [0 , T)XITt), we can verify easily that v  È- ([0, T ]

5.2. Uniqueness.

Lemma 11. I f  u(t,x,y)E br a, T] X R7+9 nii"1((0,T]X ITT )nc" 2((0, T ] >< R+)
is a solution of  the following problem (P o ), then u(t, x, y)=-0 on [0, T ]x1 F+̀.

au = u  i n  D

.0u=0 on 0 s2
ult=o—o •

P ro o f . Let u be a solution of (P o), an d  le t y  be a  so lu tion  in  Lemma 10
corresponding to h(t, x, y). Then,

fT  ç T
j o  J R  (at —A)u v dtdxdy—  .ç u(-8,— A)vdtdxdy

7it 0 R7

v Bu dtdx+
u t=T

. . 0 * v  d t d x +  u v d x d y l=

v o
_

a ( t ,  x ) D o  a(t, x) t=0

where
D o = [0, T]x Rn 1\A 0A o =1 ( t ,  x ) I a ( t ,  x ) =0 }  .

From the properties o f u and y, we have the following :

fT

JO J Rtli..
1 1 ( t  x, y)h(t, x, y)dtdxdy=0.

Since h  is an arbitrary function E CT, ([0, T )x u must be 0.

Appendix.

Our initial-boundary value problem can be considered as diffusion problem.
S. It'd treated his problem from this point of v ie w . Then, the integral kernel is
understood as the smooth density function of transition probability.

In this Section, as in the case of the original work o f  S . It6, we treat our
problem under less regularity assumptions. If it is assumed that the coefficients,
as2 are more smooth, then we can see, by using the results of the previous Sec-
tions, that the solution also is more smooth.

We will give a  brief proof only in the case where D is a  half space in  R n .
But, by well-known method to our framework of Holder countinuity, we can give
the proof of this problem in  the  general region, also. Concerning this method,
for example, see [2 ] pp. 228-239, which is clear and simple.
We consider the  following problem.

(P
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at u=L(t, x, a x )u

=  E  A i i (t, x)ax i axi u +  E x)axiu+C(t, x)u
j5 n 15j5n

in Q

a U
on S(=S2\f2)gu=a (t, x ) ±b(t, x)u=0

ult=o=u0

where Q is a  bounded open region cRn
and S  is a compact set and has smoothness.
More precisely, see (1) in  (AO.

au xn,
= v i \ t ,  X / u x  •U  s E S  •

W e put the following assumptions.

'  ( 1 )  S (=- .(2- \,Q) satisfies the followings.
(i) S  is a com pact set. S = U 1 7  ( I  ru n s  o v e r a f inite set.)

(ii) S  has following smoothness.
S  is represented in V 7 a s  x = F (x ')  (x ' E R ') .
(FEC '+ ', 0<r<1)

(2) Coefficients satisfy  the following regularities.
(i) A i i (t, x)ECPV-

T 3 (15), x )EC Z(,(2 ), C (t, x )EC [ o ,n ((l).
(ii) a(t, x) E  q r n ( S ) ,  1 , 1(t, .7C) E  C (S), b(t, x) E  go, T 3 (S).

A nd s u p  a(t, x)—a(r, x)l.- Clt—r1 (1 +7 ) 1 2  (0<y<1).xEs
(3) Positive Definiteness.

For an arbitrary  ERTh, E 111(t, x)eie;-?-„c I e
j5 n

where c (>0) is independent o f  t, x and
(4) A ll coefficients A 1 , B i , C, a, b, v.; are real-valued.

Moreover, 0 a(t, x) and — _-, 
 b ( t

0,0< M  ' x )  
a(t, x)

(5) L et N x  b e  the unit outer-normal vector to S at the point x.
Then, i)(t,  )=(vi(t, x), 2)2(t, x), ••• , v n (t, x ) satisfies the following
inequality:
i)(t,x)•-k. x > 0  on [0, 7 ']xS.

W e  t r e a t  (D, P )  u n d e r  th e assumption (A1). T h e n  w e  o b ta in  the following
Theorem.

Theorem . For an arbitrary  u0 EC 0 (Q ), there exists a unique solution

u(t, x)= .LU (t, x , 0, y)u o (y)dy EC 2 +r ((O, x,(2)nC 1+1”((0, 71x S2)

f o r some r'>o
where U(t, x, r, y ) satisfies the followings:

(D .P)
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[i] a )  U(t, x , r, y )EC"r(er, T 10X t2x )nC l + r ((r, T itX f l.)
f or f ix ed (r, y )E[0, T )x Q.

b ) [6 0 — L (t, x, ax)]u(t, x , r, y )=0  in (r, T IX S 2 x ,  g t ,,x U(t, x , r, y )=0
on (r, T] t x S x , f or fixed (r, y) [0, T)x,f). .

[ii] a )  U(t, x , r, y)EC 2 +7 '([0, t)1 ><S2 „)(1C1+7 ' ([0, O0 x12-
 y )

b )  [—ar — L*(r, y , ay )u(t, X , 7 , y )=0  in  [0, t),XD,„ .B1`, t U(t, x , r, y )=0
on [0, t,)x S y , f o r fixed (t, x) (0 , 7 1 x f .
w here (L *, g*) is the adjoint system f or (L , g)•

[iii] lim U(t, X , 7 , Y ) 110(3)d3 ) = Up(X)
t •r+ 0  D

lim  U(t, x , r, y )u 0(x )dx =u 0(y)
D

where these are bounded convergences. A nd moreover, these are
uniformly convergent on each compact set cf2.

Pro o f . To make the  principle of the proof clear, we give the  proof in the
case where the elliptic operator L (t, x , ax ) is A, and D is a  half space in R ' .

Concerning th e  treatment under general situations, the technique has already
been established completely. For example, see [2].

We verify Lemma 6 under less regularity assumptions,

(a(t, x)—a(r, C)))Vp+cr 2 -1-Ec i (t, x)ic i   +go
g 0

-=
a(r, CX . pd-o 2-1-Ec i (r, C)icr,)+b(r, C)

Concerning the main part,

a(t, x)— a(z- , C)=(a(t, x)— a(r, x))+770(r, C).(x— C)

(770(r, C+0(x— C))-7 c a(r, C))•(x—C)d0.0

Then, using 170(r, 01 - Ca" ( 1 +11 (r, C) (see Lemma 12), we have

a(t x ) — C )  I C(1 t— ri "+"+ a(r C)" (1 + 1 ) I x — CI + x — CI (1 4 1 ) ) •

B y th e  above estimate and the argument of (I) in Lemma 6, we can see g 0 E
K - 7 (T ) (for some ?> 0 ). Now we want to find the solution under the  following
form,

e - I x - Y 1 "2 t
 uo(Y)dY-1-10.çun-1-U(t'

Y *(r' ()drci C

u(t, x, (47rt)'
2  

where U  is the kernel which is defined in 4.3.
Then we can verify Lemma 9. Therefore, if  we put

O r, )C =-  ( -2 1 C 0 ) '( -2 g
4 r c  

n

 2e (

-Ix-

t )

y l 2 / 4 t  u o ( y ) d y )

j=0

then the above u is a  classical solution of our problem. Concerning the regularity
of the solution, by the result of Lemma 12 below and the argument in Lemma 7,
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Lemma 8  under less regurality assum p tio n s, w e can  verify  th at u(t, x )e
C2 +7 '((0, T]x ,Q)Cl+r ((0, T ] X (2). Under our assumptions, uniqueness will be also
verified,

a(t, x) is defined on [0, 1 ‘]x S . But by the local representation and suitable
extension, if we can see Lemma 12 under the following situations, then our aim
is accomplished.

Lemma 12. If a (t, x ) satisfies the followings,

Cf a(t, x)
(ii) a(t, x)Elj 1 ([0 , T ]xRn - 1 ), and moreover

sup lax i a(t x)—ax i a(t, (0<1 <1) ,
o s t sT

where C is independent of x and y,

then, tue g e t 17.v a(t, x)1 Ca(t, x) 7 1 ( 1 -"") .

Proof.
xd--h) a(t, x)-1-7 z a(t, x)•h+Clh l' + r.

If we take h i = —sgn (ax i a(t, x))a(t, x)""+", then we obtain the desired estimate.
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