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In this note a ll rings are commutative rings w ith  un its . Let R  be a (von
Neumann) regular ring (i.e. an absolutely flat ring in Bourbaki's sense) and let R[a]
be a reduced simple extension of R .  Let R [x ] be a polynomial ring of a variable x
over R, I  the kernel of the canonical homomorphism T of R [x ] onto R [a] such that
T(x)=oc.

In this note, first we shall give some conditions on I for R [a] to be quasi-regular.
(Following [3], we say that a ring is quasi-regular if its total quotient ring is regular.)
And then we shall give some results relating to the dondition (F) in  [1 ] .  Throughout
this paper, we use the above notation. In particular, I is a semi-prime ideal of R [x]
withi n R =(0).

We begin with an easy lemma.

Lemma 1. Every  m ax im al ideal of  R [x ] is of  height 1 and contains unique
m inim al prim e ideal of the form tnR [x] where m is a m ax im al ideal of R.

The proof is easy and we omit it.

Corollary 2. Every  localization of  R [a] at  a  m ax im al ideal is an  integral
domain.

Proposition 3. R [a] is quasi-regular if  and only if  R [a] is a p.p. ring, that is,
every  principal ideal of  R [a] is projective as an R[oc]-module.

Pro o f . This follows from Corollary 2 and [2].

Remark 4 .  In the proof of Proposition 1 in [2], it is shown that if a ring R ' is
a p.p. ring, then every idempotent in Q(R ')(=total quotient ring of R') is contained in
R'.

For an f (x) e R [x ], we denote by c(f ) the ideal of R generated by coefficients of
f  (x ) . For an ideal J of R [x] we denote by C(J) the ideal of R generated by {c( f )1 f(x)
e J}.

Theorem 5 .  A ssume that C ( I ) =R . Then R [a] is regular and is integral over
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R . T heref ore the pair (R , R [a]) satisfies the condition (F) in [1], that is, for any
ring R " between R and R[Œ], R[a] is R"-fiat.

P ro o f . The regularity of R [a] is c lear. Since R [a] is regular ,there is an idem-
potent e in R [a] such that Œ+e  is not a zero-divisor, hence, a unit in R[Œ]. S in c e
R [e] is regular and integral over R  and since R [a]= R [e][a+ e], replacing R  and a
with R [e] and a +e, respectively, we may assume that a is a unit in R [a ].  Then it is
well-known that a is integal over R  (cf. [4]).

The latter part of the theorem follows from Proposition 3.1 in [1].

Theorem 6 .  If  C(I) is principal, then R[a] is quasi-regular.

P ro o f . Let C(I)= eR  with e2  = e e R. By Theorem 5, we may assume e  1.
Then there is an f (x) E I such that c (f )= eR . It is clear that we can write f (x) = e f (x)
with c ( f )= R . Let 931 be a maximal ideal of R [x ] containing C (/). Then it is suffi-
cient to show that Eft contains non-zero-divisor modulo I (recall that we assume that
R [a] is reduced). Since 931 is maximal, there is a g(x) in ER such c (g )=R . Then
h (x )= (x)g(x)+ e is contained in Ell. We need to prove that h(x) is not a zero-divisor
modulo I. Let k(x) be a polynomial such that h(x)k(x) e I. Then

J (x)g(x)k(x) + ek(x) E  Ic C(I)R [x ]=eR [x ],

whence f (x )g(x)k(x)e eR [x], tha t is, c( fg k )g  e R . Since c( f ) = c(g) R , we have
c (k )g  eR . Hence we can write k(x)= ek(x) with k(x) E R [x ].  Then

h(x)k(x)= eh(x)k(x)=f (x)g(x)k(x)+ e 2 k(x)

is in I. Since f (x )e  I, e 2 k (x )=k (x ) is also contained in I  which implies that h(x)
is not a zero-divisor modulo I.

Corollary 7 .  If  I is f initely  generated then R[a] is quasi-regular.

If R [a] is quasi-regular, every idempotent in Q(R [a]) is contained in R [a] as
stated in Remark 4. In addition, if I  is generated by linear polynomials, that is,
polynomials of degree 1, then we have the following result.

Proposition 8 .  A ssume that R [a] is quasi-regular. If  I is generated by  linear
polynomials, then every idempotent of Q(R[a]) is contained in R.

To prove the proposition, we need the following lemma.

Lemma 9 .  L et f (x )=a 0 x n+a 1 xn- 1 +-••+a„ be  a po ly nom ial in  R [x ] such
that f (Œ) is integral over R . Then a i e C(I) and a iar is integral over R  f o r every i
w ith  0 <i<n -1  and every  integer r>0.

P ro o f . Since f (a) is integral over R, there are an integer m and bi  E R such that

0 =f (a)m + b i f(a)m - ' + • • + b„,

= agiamn +(lower terms of Œ),
that is,
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atonxm" +(lower terms of x)

is contained in I. Therefore ag' E C (i) and, hence, act e C(I) and a o a is integral over
R .  Let a, = eo uo with ea = eo  an d  uo  a  u n it  in  R .  Then ao ar= urr(a 0 a)r and is
integral over R .  Since f(a)—  a o a" is also integral over R , by induction on i , we
have that a i e C(I) and a iar is integral over R  for every i with 0 < i < n —1 and for
every r.

Proof of Proposition 8. By Remark 4, it is sufficient to show that every idem-
potent in R[Œ] is contained in R .  Let 0(a) be an idempotent of R [a] with 4)(x) E
R [x ].  Since 49(a) is integral over R , setting

0(a)— a o an + a + •  •  •  + a n

we have ai e C(I) for every i with 0 < i < n -1  by Lemma 9. Since I  is generated by
linear polynomials, there is a  bo  e R  such that a ox + bo e I  and 1)0 E ao R .  Then

0(x) = (a o x + bo )xn - ' +(a,—  b o )xn - ' + •-• +a„.

Since a  —1)0 e C(/), applying the above process inductively, we see that there is an
ee R  such that 0(x)— e E Since 0 2 (x)— 0(x) E I, e  is an idempotent as is easily
seen. Hence 4)(a)--= e is contained in R.

Corollary 10. I f  I  i s  a princ ipal ideal generated by  ax +b w ith a = 0 and
b E aR , then R [a] is quasi-regular and the pair (R , Q(R[a])) satisfies the condition
(F).

P ro o f . It is  easy  to  see  th at I  i s  semi-prime and I  n R = {0}. Then by
Theorem 6 R [a] is quasi-regular. Since every idempotent in Q(R [a]) is contained
in R, the pair (R , Q(R[a])) satisfies (F) by Proposition 3.2 in  [1].

It is natural to ask under what additional conditions on I  (or on C(I)) R [a] is
quasi-regular in case that C(/) is not principal. Though we do not have any answer
yet, the following proposition reduces the problem in case that I  is generated by
linear polynomials.

Proposition 11. L et k  e  the  integral closure o f  R  in  R [a] an d  le t k [x ]--
R [x ]O R k .  W e denote by  I the  k ernel o f  th e  canonical hom om orphism  T  of
k [x ] onto k [a] (=R [a]) such that T (x )=a. T hen I is generated by  linear poly -
nomials and C(I)=C(I)11

P ro o f . It is clear that I is generated by linear polynomials of the form 0(x)x —
O W  where 4)(a), e k with 0(x), ii/(x) E R [x ] a n d  0 2 (a) = 4)(a), e  4 ) ( a ) R .
L et 4)(x) = a ixn - 1  w ith  a, e R  a n d  ao  4 O. Then by Lem m a 9, a i e C (/) and

i=o
a,aeR  for every i with 0 <i < n -1 . T h e n  ax — a i a e .1 and

n-1
4)(a)x — OW = E aia)

i=0
n-1

+a n x + E a + "  —OW ,
i=0
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where ei 's are idempotents in R such that a i = ey , with u 1 units in R .  Since a i ar and,
therefore, ei c e  a r e  contained i n  i  f o r  every r  by Lemma 9 ,  w e see that

n-1
a x +  E e I. Then it is easy to see that a„ e C ( / ) .  Therefore cb(a)=i=o
n-1
E + a  contained in C(/)k  and we have C (I)g  C (I)K . Since the converse1=0

inclusion is obvious, we see that CM = C(I)i.

Examples 1 2 . Let {IcA }A c it be a family of infinitely many fields and let R =
AEA

We denote by eA the idempotent of R  such that A-th component is 1 and the others
are 0.

(1) Let n  be a  natural number and let f ) ,(x) be a square-free polynomial of
14 x ]  such that 0< deg f  A( x ) <  n for every 2 e  A .  Let I be the ideal of R [x ] generated
by If 2 (x )} " A . It is easy to see that I is semi-prime and / n R = {0}. We show that
R[a] = R[x]l I is not quasi-regular. By our assumption, there is a polynomial f (x )
in  R [x ] such that ea f (x )=f  ,l (x ) for every A. Then C (f )=R  and Ann R [Œ i f(a )=
C (I)R [a]. Since C (I)= icA a n d  is not principal, R [a] is not quasi-regular by

AEA
Proposition 3.

(2) L et g(x) be an irreducible polynomial in k A[x] for every A e A .  Assume
that for every integer n, the set of I with deg g ,t (x )<n is a finite s e t .  Then the ideal I
o f  R [x ] generated by {g ,l (x)} 6 ,i  i s  semi-prime and  I n R = {0}. W e show  that
R[cx] =R[x]// is quasi-regular. First we remark that C (/)=  E kA .

AEA

Let M be a maximal ideal of R[x] containing C ( / ) .  We need to show that M
contains a  non-zero-divisor modulo I. There is a  g(x ) in  M  such that c(g)= R.
Assume that g(x) is a  zero-divisor modulo I. Then the set of 2 with g (x )leg (x )
is a finite set, say, {A i ,..., 2 r } . T hen  g(x )+e,t i + •• • +eA, is a non-zero-divisor modulo
I  and is contained in  M . Hence R [a] is quasi-regular.
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