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Let p  be a prim e. A  representation irr )  of the symplectic group Sp(m ) over
the finite field Z/pZ  is rea lized  in the space of Siegel modular forms of genus
m, of level p ,  and of w eight k .  W hen nz=1, Hecke discovered that the differ-
ence of multiplicities of two specific irreducible representations in  zcir ' )  is equal
to  th e  class num ber of Q(-V—p), if p 3  m o d  4 , p>3, k 2 ;  h e  a l s o  f o u n d  a
beautifu l explanation o f  t h i s  f a c t  b y  t h e  spec ia l m odu la r fo rm s, ca lled
" eingliedrig forms " , w hich  correspond t o  L-functions w ith  Griissencharacters
of Q ( '/ — p) b y  the Mellin transform ation. The basic philosophy suggested by
this classical work is, in its raw  form, that the existence of special (or " lif ted  ")
modular forms would produce a  difference of multiplicities of certain represen-
tations in  rIni).

This paper, in essence, i s  a docum ent on experiments which are made to
examine this picture in the case of Siegel modular forms of genus 2 and of level
p . Main results obtained through the course of investigations are Theorems 2.6,
2.8 and 3.2, and examples in § 4 .

W e shall explain the contents of each section. In § 1, Hecke's work quoted
above shall be briefly review ed. In § 2, we shall first generalize Hecke's notion
" eingliedrig " and " zweigliedrig " t o  Siegel m odula r fo rm s o f  g e n u s  2 ;  fo r
certain representations 0 9 a n d  O „ of Sp(2) over Z/pZ , w e  sh a ll in tro d u c e  the
no tion  o f 0 9 a n d  0 1 1 -eingliedrig f o r m s . T h e n  w e  s h a ll  p r o v e  the relation
between the difference of multiplicities o f 0 9 a n d  O „ in  rc? )  and the existence
o f  eingliedrig form s (Theorem  2.8). W e shall define the Hecke operator T (p)
for the level p  of modular forms and determine the absolute value of its  eigen-
values (Theorem 2.6) ; the eigenvalues of T (p ) are  n o t rea l in genera l and the
real eigenvalues correspond exactly  to  eingliedrig f o r m s . T h is  phenomenon is
s im ila r  to  Hecke's " Nebentypus " case, a lthough  th e  corresponding statement
for the classical case does not seem to be rigorously proved.

In § 3, w e shall prove that Siegel modular forms constructed from a pair of
elliptic modular forms in  our previous paper [15] are  0 11 -eingliedrig in the case
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of prim e le v e l. In  § 4, we shall decompose sk(re)(P)) (see § 0, for the notation)
into eigen spaces o f  Hecke operators fo r  p=3, k= 2, 4 , 6 , 8 , p=11, k=4, and
p=7, k = 6 . T h o u g h  th e  theta series studied in  § 3 a re  " special " , we can con-
struct a  m ajo r part o f s k (re)(p)) by taking products o f them  o f  lower weights ;
and  the  theory developed in  § 2 can be applied efficiently to the  explicit decom-
position . W e have calculated eigenvalues o f  T (p )  i n  th e se  ca se s , w hich m ay
have interesting arithmetical meanings a s  in  th e  classical case.

In  § 5, w e shall form ulate Conjectures about eingliedrig forms suggested by
these exam ples. T he  011-eingliedrig forms would be precisely those constructed
in  § 3 (Conjecture 5.1). F o r  0 9-eingliedrig fo rm s, how ever, som e complication
shall a r i s e .  To clarify  the points, we shall classify irreducible representations
of a  certa in  Hecke algebra i n  A ppendix, a n d  formulate a plausible Conjecture
also fo r  09-eingliedrig form s (Conjecture 5.2). Roughly speaking, these Conjec-
tures predict that the  g loba l na tu re  o f automorphic representations is strongly
controlled if  the ir local properties at a  place, say  p , a re  o f  special type.

Notation

L e t  R  b e  a  c o m m u ta tiv e  r in g . B y  M (n, R ), w e  d e n o te  the associative
algebra o f  a ll n X n matrices w ith  entries in  R .  F o r A M ( n , R ) ,  a ( a)  denotes

the  trace  o f A .  P u t  w = (  
O

m
 0

1
m)EM(2m, R ) and— 1 .  .

GSp(m, R) ,  IgEGL(2m, R )Itgw g=m (g)w  w ith  m ( g )  R"} .

I f  G  is  an  algebraic group defined over a  g lobal fie ld  k ,  GA denotes the  adeli-
zation o f  G , and G K  d e n o te s  th e  g ro u p  o f  a l l  K-rational points of G  for an
extension K  o f  k. F o r  z E C ,  w e  s e t  e(x) , exp(27r-V-1 z )  and 2  denotes the
complex conjugate o f  z.

L et G  be a  group (or an associative algebra) and r  be  a  representation of
G  o n  a  vector space V. L e t  vE V  and  V , b e  t h e  sm allest invariant subspace
o f  V  w hich  con ta ins v . T h e  representation o f  G  o n  V , is  ca lled  th e  represen-
tation o f  G  g en e ra ted  b y  v . I f  G  i s  a  locally compact group, Ô  d en o tes  the
charac te r g roup  o f  G ,  a n d  S (G ) denotes th e  space  o f  a l l  Schwartz-Bruhat
functions o n  G.

§ O. Preliminaries

F o r  a  p o s it iv e  in te g e r  in , let denote th e  S ie g e l u p p e r  h a lf  sp a c e  of
genus in. Set

Gsp+(n, R)-= Igr GSp(m, R) I m(g)>O1 ,

GSp+(m, Q)=GSp(m, Q)nGSp+(m, R );

Gsp , (ni, R ) a c ts  o n  ,■„, i n  t h e  u su a l m an n e r. L e t k  be a n  in te g e r . F o r  a

function f  on ,f). and  r = ( a
c

 b
d )EGSp+(m , R ), w e set
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(f l[r] k )(z)=--m(7)rn i2 f (rz)det(cz+ d) -  , Z E N .

Let r  b e  a congruence subgroup o f  Sp(m , Z). B y G k (T )  (resp. S k (r ) ) ,  we
denote  th e  space  o f  a l l  holomorphic modular (resp. cusp) form s of w eight k
w ith  respect to  T .  For f EG k(r) and gES k (r ) ,  w e set

1
(0.1) ( f ,  g ) =  f(z)g(z)(det y)k dv(z),vol(z

where z--=x-HV—ly w ith x, yEM(m, R) and dv(z) denotes the invariant volume
elem ent on g iv e n  b y  dv(z)=(dety) - " d x d y .  Put k=y s k(r) w h e re  T

e x te n d s  o v e r  a ll congruence su b g ro u ps. Then, for f, gES )„  w e can define
(f, g )  by  (0.1) since  it d oes n o t dep en d  o n  th e  choice of P ; )  is  a positive
hermitian inner product on S k •

Lemma 0 .1 .  If  f, gE S k  and TEGSp+(m, Q), then ( f  [r g )=( f , g lE r']k ) .

This Lem m a claim s that the operator f—+f lErl k  is  u n ita ry , w h ich  is  trivial
in  adelized definition of c u sp  fo rm s. The direct p ro o f  is  a lso  e a sy , so  it  is
omitted.

Let N  be a positive in te g e r . W e  set

r ' (N )=17= (  d)

a  b \

E s p ( n ,  z )  a d 1 m ,  b c 0  m o d N ,

r
r P)(N)=17=

/a b \

c  d
) E s p ( n ,  z )  c = 0 .  mod NI- .

As ( % 01)EGSp+(m, Q ) normalizes T ôrn) (N ),  w e can decom pose s k(r ri)(N))
(and G k(Tr"(N ))):

(0.2) Sk(TV"(N))=S),-(Fra)(N))EBSi(Er"(N)),

w here S g r ,r ) (N ))= if es k(r v-)(N)) f  [2 N  l
o ] k= ± f  } . I f  X  i s  a Dirichlet

character modulo N, w e set

s k(r ri)(N),

if Es k(r(m)(N)) I f  I Crik=-- X (deta)f for any  1-=.( a
c

 b
d )e rp )(N )}  .

Since r(m)(N) i s  n o rm a l in  Sp(m, Z), w e  g e t  a  representation 7rP )(N ) of
Sp(m, Z/NZ) -2SP(m, Z)/['m (N) on Sk(T ( m) (N )) defined by

[(7r,r ) (N))(7 mod N )l t- = f l[r]k l f E S ( r ( m ) (N ) ) , Z ).

Let G  be a  finite group and B be a  subgroup of G , and let ..ql(G, B) denote
the Hecke algebra o f G  w ith  respect t o  B  o v e r  C .  Let C, (resp. C 2 )  denote
the category of the equivalence classes of all finite dimensional representations
o f ,X(G, B) over C  (resp. G  o v e r  C  w ith  non-trivial vectors fixed under B).
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The following Lemma is well known (cf. N. Iwahori [7], Cor. 1.5, W. Casselman
[3 ], Lemma 3.9).

Lemma 0 .2 .  The functor, (7r, V)-- the representation o f M(G, B) on VB, is
the equivalence o f  categories C, and Ci ,  where (7r, V)EC 2 a n d  VB denotes the
subspace of all B-fixed vectors o f V.

W e shall also use the following Lemma.

Lemma 0 .3 .  Let G and B be as abov e. Let r  be a representation of G  on
a  f inite dim ensional vector space V  over a f ield k. Le t W be a subspace o f V
which is invariant under B, and let a be the representation o f B  realized on W.
I f  V  is generated by W  as a G-space, then r is a quotient representation o f Indgcr.

Pro o f . The map so : k[G]Okrin1V—W  defined by

so(E g 1Ow 1)=E7r(g i )w i g i EG, w i EW,

is  a  homomorphism of k[G]-modules. By the assumption, so is surjective ; hence
the assertion follows.

§  1 .  A  review o f a  theory o f Hecke

Let p  be an odd p rim e . W e set

G=SL(2, F r ),  B = X o
a

 a
l) i)

1  ua EF„ bE Fp}  , U = i(
0  1

) uEFp} .

Let Xo b e  the quadratic residue character of F .  W e  d e fin e  XEP by x((g ab_'))

=X o (a). Let 0  be a non-trivial additive charac ter of F .  F o r  a E F ,, define

sba E 0  by 0 4 0  1 ))= sb (a u ). W e see easily that

(1.1) IndgX=a

w h e re  qp+1/2 and denote  irreducible  representations o f  G  o f  degree
(p+1)/2, which are not equivalent to each other and satisfy

(1.2) q „ 1 „  u - ooe( EB, Oa).E ( F )2

(1.3) qi„+1,2 I u00e( ED 0.)

We normalize 0  by

(1.4) 0(x mod p) , e(x/p), x E Z .

T hen  the representation ap+1/2 (resp. q'p+1/2) given by (1.2) (resP. (1.3)) is called
Rest (resp. Nicht Rest) in  Hecke's terminology.
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The representation rcP ) (P) of  G is realized on sk(r(i)(P)). For an irreducible
representation p  of  G , le t ink(p) denote the multiplicity o f  p  in  7 r1 )(P ). Hecke
obtained the formula

h(Q(N/ -  p ) )  if k >2 is odd, and p 3  m o d  4,
(1.5) ink(qp+1/2) — mk(Wp+1/2)---

0 i f  k  is even, or p i  m o d  4,

by the Riemann-Roch theorem, where h(Q(A/ - p)) denotes th e  class number of
Q(N7L- 715) and p>3 is assum ed. H ereafter in  th is  section, we shall abbreviate

r v)(p) to  r o ( p ) .  L et f ( 0 )E S k (ro (P ), (— )) and p f  b e  th e  representation of

G generated by f .  By Lemma 0 .3 , p f  i s  a  subrepresentation of IndgX. The
key points of Hecke's theory are the following Proposition and Theorem.

Proposition 1.1. Assume f Es k(ro(p), (—)) i s  a non-zero common e ig e n

-f unction of all Hecke operators T (n) for p  n .  Then p f'=-'qp+112 or (S.-p+112eg'p+112.

This Proposition s ta te s  tha t p f  2'-Rp+1/2 cannot o c c u r . F o r  th e  proof see
Satz 26, [6], p.842.

Hecke called a  normalized eigen cusp form f  e in g lied rig  (resp. zw eigliedrig)
if  p f  - = ' g p + 1 / 2  (resp. p +112EW p +112) ([6], p. 841).

Theorem 1.2. m (6:k—p+112) — mk(Wp+112) is equal to  the num ber o f  eingliedrig

form s in sk(ro(p), (—)).

For the proof, see [6], p. 841 , 843.
We can construct eingliedrig forms from a  Grbssencharacter X of Q (,./  - p).

In fact, if X  is  a  Grbssencharacter of K =Q(A / - p) of conductor 1 such that

X ( ( a ) ) = a " ,  a E K x  ,  k > 1,

and if p-. 3 mod 4 , then

f  (z )= X (a)e(N (a)z )E  s k(r 0(p), (.—.p ))

is an eingliedrig form, where a  extends over all integral ideals of K  and N(a)
denotes th e  norm  o f  a  ( c f .  [ 6 ] ,  p. 893, G . Shim ura [11], [12]) ; we obtain
h(Q (./— p)) eingliedrig forms in this way if k >1 , 3<p=-3 mod 4 .  This "explains"
the formula (1.5) (and characterizes eingliedrig fo rm s). Hecke further showed

that all the eigenvalues of T (p )  on sk(ro(p), (--)) are of absolute value p(k - ')12

We shall obtain a  generalization o f  th is  theo rem  to  Siegel modular forms of
genus 2.
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§ 2. Representations of finite groups in the space of Siegel modular forms
of genus 2

We set G=sp(2, F p ) and define subgroups B , P, P' of G  as follows.

/* 0 * *\ /* * * *\ /* 0 *\

B = 0 0
* *

P=
*
0

*
0

*
*

*
* P ' ,

*
*

*
0

*
*

*
*

\O 0 0 */ \ID 0 * */ \O 0 0 */

B  is a Borel subgroup of G ; P and P ' are all proper parabolic subgroups which
contain B .  We have

Lemma 2.1. InalB)-2AGEB20 9EDOne012ED0,3, Ind(1p)-2-'-'1GEB09E9 011, Ind-(1p.)
1GED09ED012. Here 1 H  denotes the triv ial representation o f  H  f or a subgroup H

of  G ; 0 9 , 0 1 1 , 0 12 ,  and 0 1 3 denote mutually non-equivalent irreducible representa-
tions of  G  which are labelled according to B . Srinivasan [13] when p#2.

The structure of the Hecke ring S.C(G, B) is given as follows (cf. [7 ]). Put

/0 1 0 0\ 0 0 1 0 0 0 1 0

(2.1) 1 0 0 0
w1= 0 0 0 1  

, 74)2=
0 1 0 0

—1 0 0 0
1 0 =

0
—1

0 0 1 
0 0 0

\O 0 1 0/ 0 0 0 1 0 —1 0 0

S ,=B w ,B , S 2 =Bw 2 B .  Then S , and S 2  satisfy the relations

f s1=-(p-1)s 1 +p, i=1, 2,
(2.2)

1 (S1S2)2 =- (S2S1)2 •

We have SC(G, B):- C [S „ S al  the associative algebra generated by S , and S2

over C with relations (2.2). The (one dimensional) representations of SC(G, B)
which correspond to 1, en, 012 and 01 3 by Lemma 0.2 are given as follows.

iv 0 1 1
0

12
0

13

S, p p —1 —1

S a p —1 p —1

,S2—Ki( )
)w h e r e  w e  m a y  set

a =  
P -

11 2p(p2+1)p ( p - 1 )  (2.4) r= +i •p+ i P+1 p ' p+ i

Similarly the representations which occur in Ind (1 ) are classified as follows :
sC(G, P) is generated by three Hecke operators P, Pw P, Pw 2 P .  The eigen-
values of these Hecke operators which correspond to  1 ,  0 2  and 011 a r e  given
in the following table.

(2.3)

Corresponding to 09 , we obtain the two dimensional representation S 1-4( a  gr  6 )'
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10 09 e l l

P 1 1 1

Pw P y —p P

Pw 2 P p2+p p— i j —p-1

Let 0: sp(2, Z )-4G b e  the canonical homomorphism. F or a  subgroup H  of
G , set r i i =0 - (H ) . T hus w e  have rp = r4 2 ) (p). F o r an  irreducible represen-
tation p  of G , let m k (p )  denote the multiplicity with which p  occurs in  rf,2 )(p).
T . Yamazaki, R . Tsushima and K. Hashimoto [5 ] have obtained th e  following
formula :

(2.6) in  k( 0  9) + M k  0 1 0 ) k(0 ii) m k(0 12)
1/4 if 5

= (-1 ) k÷1h(Q(-V—p))2x 4 if p 3 mod8,
1 i f  p 7

fo r k .4 ,  p 5 .  I n  (2.6), a  unipotent cuspidal representation Oi o  o f  G  appears
w h ic h  is  o f  completely different nature f ro m  09, 0 1 1 a n d  0 1 2 representation
theoretically ; thus (2.6) m a y  n o t  b e  " explained "  as in  Hecke's theory. H ow -
ever, if we consider mk(0 9) -714 ( 0 ii), we can develop analogous theory to Hecke's.

F o r FE S k (rp ), l e t  p F  d e n o te  th e  representation o f  G  genera ted  by  F.
Three Hecke operators P ,  W -= rp W rp , W 2 — r  pw2rp ac t on S k (rp), w here w,
w2ESP(2, Z) are given by (2.1).

Lemma 2.2. L et FES  k (r p ) ,  F # 0 .  Then

(1) p F  is  a subrepresentation of  Inclig(1p)7=16e0 9@eil.
(2) PF=1G<=)Fiw-----p3F, FIW2=(P2 +P)F<=T1W=p 3 F.

pF'=-0ii<=>F1w---pF, Flw2=(—p-1)F<=Tiw=pF.

Pro o f . (1) follows from Lemma 0.3, and (2) follows from  the table (2.5).

Put H = (  0 2  1 2

Lemma 2.3. W ith respect to the Petersson inner product ( , ) ,  H , W  and W,
are self-adjoint operators acting on S k (rp).

Pro o f . Let F, G E S k (Fp). By Lemma 0.1, w e have

(F 1 H , G ) =( F  ( °  p  0
1) k , G )=(F, G  ( °

J .' P
) ' ) , )

=( F , G  ( °
p

 1
0 ) k )—(F, G 11)

(2.5)



350 Hiroyuki Y oshida

(FW  , [w ] 4 01  ui )  G )

=(F [W ]k , (0' i u )k ) = P 5 ( F  [w] k, G),

where E  denotes th e  summation over th e  equivalence classes modulo of

uEM (2, Z ) ,  t u = u .  Similarly we get

(F, GIW )=P 3 (F, G  [ w] k)= P 3 (F  [w ik , G).

Hence H  and W  are self-adjoint. We omit the proof for W , which is similar to
the above.

Lemma 2 .4 .  L et V  be a finite dimensional vector space over C an d  ( ,)  be a
positive hermitian inner product on V . Let A  and B  be endomorphisms o f  V  which
satisfy

Az= s A  • iv, B 2 =e S t•1 v , A * ,  s A A , B * = s  B B .

Here s A= ± 1 , E g
=

 ± 1 ,  iv  is  the identical auto7norphism o f  V , t is  a positive real
number and A * (resp. B*) denotes the adjoint of  A  (resp. B ) w ith respect to (,).
Then

(1) A B  is semi-simple and all eigenvalues of  A B  have absolute value t'".
(2) V is a direct sum  o f  irreducible invariant subspaces under the actions of A
and B.
( 3 )  Assume that V  is irreducible. T hen dim  V 2.  L e t  2  be an eigenvalue of
A B . T hen , if  s A =B,

dim V=1<=>2ER, dimV=2<=>20R.

Pro o f . By the  assum ptions, we see im m ediately that A  and B R /7 - a re
unitary ;  hence A B/ ,V  t  is unitary and (1) fo llow s. If  V , is  an  invariant sub-
space of V , then the orthogonal complement V , of V , is  an invariant subspace
and V-=V 1 H-V, holds. H ence w e get (2).

Now we assume tha t V  is irreducible. L et y , (# 0 ) b e  a n  eigenvector of
A B . Put ABv 1--=- 2v 1 , 2EC , v 2 =A v „ W =Cv i +Cv z . Then we find 2 * 0 .  Obvi-
ously W  is  invariant under A .  Since

By, , e,4 2 v ,  a n d  BY2=(sAsEt/2)vi

W  is invariant under B .  Hence V =W  and dim V 2 .  To prove the latter half
of (3), it suffices to show that dim V = 1 if  2 E R . P ut s=s A =s B  and  take pE C
so that p 2 = s .  We find

A(v1-F1iv2)=Ert(vi+ pv2), B (vi+ttv2)-- --p2(vi+pv,) y

if  2= -2- . This proves (3).
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Let denote the commutative a lg eb ra  g en era ted  ov e r C  b y  th e  Hecke
operators T(1, 1, 1, 1) and T(1, 1, 1, 12 )  f o r  a l l  prim es t p  (cf. Andrianov [1]).
The action of _C on Sk (rp) is semi-simple ; we can take common eigenfunctions
of _C as a  basis of Sk(rp).

Lemma 2 .5 .  The operators W , W 2 and H com m ute with operators in  L .

Since the proof is easy (trivial in adelized definition of automorphic forms),
w e omit it.

Let S (I' p) denote the  sm allest invariant subspace under the actions of H,
W and W2 w hich contains Sk(SP(2, Z)) (the space of "o ld  fo rm s " ) .  Let S (P )
denote  the orthogonal complement of sgr.,,) in  Sk(rp) ( th e  space  of " n e w
forms " ) .  Of course, Sg(rp)-=Sk(rp) if  Sk (SP(2, Z))= {01.

Theorem 2 .6 .  n r p )  is an invariant subspace under the action of  .. f , H and
W . Pu t T (p )=H W . Then we have
(1) A s a basis of S:(1"p), we can take common eigenfunctions o f  operators in
and T(p).
(2) A ll eigenvalues o f  T (p ) have absolute value p.

Pro o f . The invariance under ..f  follows from Lemma 2.5 and the fact that
the operators in are hermitian. The invariance for H  and W follows from

Lemma 2.3. Take f  S(T p). By Lemma 2.2, we have f lW 2 — p2 f G s k(sp(2,
Hence w2=y on n r p ) .  Obviously we have H 2 = 1 .  Now, by Lemma 2.1, (1)
and Lemma 2.5, the operators in a n d  T (p )  a r e  m utually  commutative and
semi-simple. H e n c e  w e  o b ta in  (1) ; (2) follows from  Lem m a 2.3 and Lemma
2.4, (1).

R em ark. ( 1 )  The eigenvalues of T (p) can be both  real and non-real. The
examples shall be given in  § 4.
(2 ) W e can prove Hecke's original theorem  by the same method.

Let F E n F p )  and let F(z)=z A (N )e(a(N z )) be its Fourier expansion. Then,

by a direct computation, w e have

(2.7) (FIT (p))(z )=y -k E A(p - IN)e(o(Nz)).
N O  m o d  p

N ow  w e are going  to  look the space S1(1"p) more c lose ly . T he representa-
tion of _C on 5 0

k (Pp) decom poses into a  d ire c t  su m  of one dimensional repre-
sen ta tio n s. F or a  one  dim ensional representation A  of L ,  le t S°k (rp),z denote
th e  2-isotypic component of S ( r ) .  By Lemma 2.5, Sck (rp )2  i s  a  C[H, W]--
m odule. Since H  a n d  W  a r e  hermitian w ith  respect t o  th e  Petersson inner
product and 1/2 =-1, W2_—p2 o n  n r p ),  w e have, by Lemma 2.4,

(2.8) ,g(rp);=6)Vi ,
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w here V , is  an irreducible C[H, W]-module such that dimc V , 2 .  If dimc V 1 =2,
the eigenvalues of T (p )  on V , are not rea l and mutually complex conjugate by
Lemma 2.4, (3). T hus the action of T (p )  on V , is  semi-simple. This consider-
ation proves (1) of Theorem  2.6 again and also justifies the following definition.

Definition 2.7. Let F (# 0 )E n rp ) be a  common eigenfunction of operators
in  _C and of T ( p ) .  W e call F  zw eig lied lig  (resp. e in g lied r ig )  i f  F  generates a
tw o  (resp. one) dim ensional irreducible C[H, W I-m odule . Assume t h a t  F  is
eingliedrig. If  p l , ==-'09 (resp. 01,), F is called 0 , (resp.

R em ark. Let F  be as a b o v e . T h e n  pF 2-_-' M A ,  o r  0 9 o r  0 ;  F  i s  ein-
gliedrig if and only PF O9 o r  0 ;  F  is  zweigliedrig if and only if pF-- --'09EDe11.
Put FIT(p)=11F, ,uE C ,  Ittl —p. T h e n  F  i s  eingliedrig (resp. zweigliedrig) if
and only if  p = ± p  (resp. pOR).

Theorem 2.8. Assume s k(sp(2, Z))=101. T hen mk(0 9)—m h (0 1 ,)=dimc<0 9-
eingliedrig forms>— dim c <O, r e in g lied r ig  forms>.

P ro o f . B y the assumption and Lemma 2.2, w e have w 2 = p 2  on Sk (Fp) and
mk (0 9) (resp. mk(011)) is  th e  multiplicity o f  th e  eigenvalue — p (resp. p )  of W.
W e consider the decomposition (2.8). If dim V 1 =2, the set of eigenvalues of W
on V , is  {p, —p },  since otherwise W acts as a  sca lar on V , and V , cannot be
irred u c ib le . T h u s a  tw o dim ensional com ponent V , g ives no contribution to
mk (0 9 )—m,,(0„). Assume dim V 1= 1  a n d  V , is  sp a n n e d  b y  F,e.S k (T p ). Then
w e have F,IW=—pF, (resp. pF ,) if and only if  F i i s  a  0 9 (resp. 0 11 )-eingliedrig
fo rm . W e see, by th e  Jordan-H6rder th e o re m , th a t the  number of such V,'s
does not depend on the particular choice of the decomposition (2.8). This com-
pletes the proof.

R em ark. W e can obtain analogous results for Sk (r ,„ ) and mk(09) — mk(012).

W e  a re  g o in g  to  s tu d y  a rith m etic  p rop ertie s  of Fourier coefficients of
eingliedrig f o r m s . Let U  be  the subgroup of G defined by

u  { ( 01 b i ) bE M (2 , F 9 ), tb=b}- .

Hereafter in this section, w e assume p # 2 .  For a symmetric matrix SeM(2, F 9 ),

define 728E0 b y  77s((16  ii)_))=0( 0•(Sb)), where 0 is given by (1.4); we see easily

th a t  a l l  c h a r a c t e r s  o f  U  a r e  o f  t h i s  form. F o r  sym m etric  matrices
S 1 , S2 EM(2, F 9 ) ,  le t  u s  w rite  S 1 - S 2 i f  th e re  e x is ts  TEGL(2, F 9 )  such that
'TS,T=S 2 . W e have

(2.9) 09 1U -----2(st172s)e(st,v,,)ED(st,ins)e(p+i)1G,
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(2.10) 0 „  U  ( set7, )e)(0,372s)e(084 7, )ei.

w here  S 1 = ( 1
0

- _01), s2, (  _ coo) , s ,, ( o_ 8),  , 4, ( ,0 8) w i t h  wEF;—(F) 2 .

These form ulas are similar to (1.2) and (1.3). We need the following

Lemma 2 .9 .  L et I), (resp. v2)  be a non-zero P-fixed vector in  a representation
space o f  On  (resp. Oa). T h e n

UEM(2 t 6114 01

i f  n=ns w ith —detSEF;—(F;) 2,

uem(2, p ),eu=u0 9 ( ( 10

i f  n =vs  w ith  —detSE(F;) 2.

u v  0 1' u) -1
.7,2*011\ -1  0 / )1 2 (

Since the  proof is easy, it is omitted.

Proposition 2 .10 . L e t F E S t(rp ), F *0  and  F(z) , ---  A (N )e (a (N z )) be the

Fourier ex pansion of  F ,  w here N  ex tends over positive def inite half  integral
symmetric matrices. W e assume that F is an eigenfunction of  H  and of  operators
in  _C and p * 2 .  Then

—det 2N (1) F is  02-eingliedrig if  and only i f  A(N )=0 whenever (, ) .  1 .

(2) F is  Oi r eingliedrig if  and only  i f  A(N)=-0 whenever (—
d e t 2 N   )

=1
.

Proof. S in c e  F IH = cF  with c 2 =1, w e get

(2.11) (FICwik)(z)=-(F1(2p  0
1 ) f o

l °
1 ) k )(z)=cp - k  A(N)e(a(Nz/ P) •

For 72=-77s , put

F,1= E
ue/if (2, F r ), tu=u

11
[ w ] k o ok '2(u ) - 1 ,

where û denotes a  symmetric matrix in  M(2, Z ) such that û  mod p = u .  Then
we have

(2.12) F„, (1  u =77(u mod p )F , u E m (2 , z ), cu = u .)V  1)k

By a  d irec t computation using (2.11), we obtain

(2.13) F (z )= k E  A(N)e(a(Nz / p) .
N  m od p = S

N ow  assum e F  is O r n eingliedrig, i.e. By (2.10) and  (2.12), we
see that Fv = 0 i f  —det SE(F;) )2 . Therefore, by (2.13), w e ob ta in  A (N )= 0  if

u \ (  0 1\ . n .u ._) ( )1 1 \ -1  0 1
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— d et 2 N  

 )

=1. C onverse ly  assum e  A (N )= 0  if (  

— d et 2 N  
 )

=1. Assume

pF--- 09eo11 or O .  B y  L em m a 2.9, w e g e t F,2 #0 for some (actually any) 72=72 s

—det
w ith  —detSc(F;) 2 . H ence w e get A(N)#0 for some N  s u c h  th a t  2 N   )

=1 by  (2.13). This is  a contradiction. Therefore w e must have pF 0 „ . This
proves (2). The assertion (1) can be proved in  a  sim ilar way.

§  3 . A construction of 0 1 1 -eingliedrig forms

In th is  section, w e  sh a ll show  th a t  so m e  o f  Siegel's modular forms con-
stru c ted  in  our p rev ious paper [15] are  011 -eingliedrig. First w e shall recall
th is  construction b r ie f ly . Let p  be a prime and D  b e  the quaternion algebra
over Q w hich ram ify only at p and a t  the archimedean prime co (called (p, 00)-

quaternion algebra); * denotes the m ain involution of D .  Let D'A  denote  the
adelization of D ' .  W e  ta k e  a m axim al o rd e r  R  o f  D  and set D t =-DO Q Q/ ,
R i = -R e z Z t fo r a  prim e 1, K=11 Ri` x i f ' .  H ere  H = D & R  is (isomorphic to)

the Hamilton quaternion a lg e b ra . For 0 < n  Z , let c , ,  d e n o t e  th e  symmetric
tensor representation of degree n of GL(2, C) on V-::--!C 2 "-" .  Fixing a splitting
HOR C:-.-1M(2, C ), we consider as a  representation o f  H  and  pu t a2n(g)=
Gq.(g)N(g) - n . W e  s e t  S(R, 2n)=191 yo i s  a  V-valued function  of D A which
satisfies 9(Thk)=9(h)a2.(k.) for any  , k  K1.

For an y  prime w e  c a n  d e f in e  Hecke o p era to r T'(1 ) w hich acts on
S(R, 2n) (cf. [15], p . 210). I f  9  i s  a  com m on eigenfunction o f  T V )  and
T'(/)w=2 / 9 ,  w e put

L (s , 0=

Let be a prime element of D .  A s ID', normalizes .14 ,  w e have

S(R,2n)=S+(R,2n)(BS - (R, 2n),

w here S±(R, 2 n )= 1 0 eS (R , 2n)19(fra)= ±9 (h ) fo r  an y  hE D 'Al .  We consider
D  as a  quadratic space over Q by  the reduced norm N .  Set

X=De3D, G=Sp(2), H= {(a, b)ED'xD"  I  N (a)=N(b)=1];

G and H are considered as algebraic groups over Q . W e le t D "x D ' ac t on X
on the right by

p(a, b)(xi, x2)=(a - 1 x1b, a 1x 2 b), x 1 , x 2 E D , a, bED"

T ake an additive character ib of Q A  so  tha t 0 --=11 Ov,

0(x)—e(x), xER=Qco, 0 1(x)=e(—Fr(x)), xEQ I ,

w here Fr(x) denotes the fractional part of x .  T hen  0  is  trivial on Q .  Let r
denote the Weil representation of G A  realized on ,S(XA )  associated with D  and
0 .  T ake 91 ES(R, 0), 92 ES(R, 2n) and let V 1 b e  th e  representation space of
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c o 0 7 2 n •  Let <, > b e  a  hermitian inner product o n  1/1 su c h  th a t  cr0 0a 2 n . is
unitary with respect to  < ,>. For fE S (X A )OV i , set

(3.1) f (g )= H Q \ H  A < Q (r(g)f)(p(h)x), ço(h)>d h , g E GA,

where ço=w i Oço2 is the  1/ 1-valued function on D><D.
We choose f  more explicitly in the following form: f = r i f i X f . ;  f 1 ES(X 1)

is  the characteristic function of RiEBR/ ; f.E S (X .)0V 1  is of the form f.(x i, x2)
=n(xl, x2)exp( - 27c(N(x1)+N(x2)), (x1, x 2 )E.X.=-HEBH. H ere 77 i s  a  V 1-valued
polynomial function on X -  s u c h  th a t  72(x1 , x 2 )=P (x tx 2 ) fo r x j , x 2 E H  with a
1/ 1-valued homogeneous harmonic polynomial P  o f  degree n ot three variables
depending on the pure quaternion part of xtx 2 . We assume

(3.2) 7)(P(a, b)x)=((r0(a)002.(b))(x) fo r a, bEHl,

where II ' ,  la  E H  N(a)=1}.
For gEG.„ define geG A  b y gi=1 (1 is a  finite prim e). L et K - be

th e  stabilizer of 'N/7---112 2. In general, if  0 0 i s  a  function o n  G A  which
satisfies

a  \
(3.3) 00(gl?..)=00(g)det(a±b.V_Iy, k l

.s = t b EK
- b  al

then a  function Fo o n  .N  can be defined by

(3.4) F0(g(-V-112))=00(k)det(cN/-1-Ed)k

for g==( W e  set F0=T(00).

Put F=T(O f ). B y  th e  choice of f  a s  above , w e have FEG.+2(n 2 ) (P));
and FES.+2(ri 2 '(P )) if  n > 0 . We can easily prove the following

Lemma 3.1. L e t  re S p (2 , Z ).  T h e n  w e  h av e  F I [ r ] k = T ( O f , ) ,  w here
P E S (V A )017 ,  is given by  f '=  fv X 2 r 0 (r ') fp .  Here r p  denotes the local Weilvop
representation o f  GQ p  o n  S(X Q p ).

h
The explicit form of F  is given as follow s. Let D = U  D 4 y i K  be a double

coset decomposition with

(3.5) N(Y1)=1EQ;i., (Y0)-=- 1.

Define a  lattice on D  by  L i j -=-D( I ny i II R t y.V .  Then L i i  i s  a m axim al order
of D ; put ei =114 i i. Up to a constant multiple, w e have

(3.6) F (z )=  1'2 < P(xtx,)e(o-(Q(x)z)),
2 = 1  j= 1  X=(X i, x2)ELi,(13L1i

goi (y i )Oço,(y ; )/e.,e,>, z G ,f)2,

N(x i ) Tr(x i .4
)

)/2\where Q(x)= and T r denotes th e  reduced t r a c e . We(T r(x i xt)/2 N(x2) 
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deno te  th is  F  b y  F(91, 92). I f  91ES±(R, 0), 9 2ES*(R, 2n), th e n  w e  have
F(9,, 92)= 0 . Now we shall prove that F(9 1 , 92) are  Oi r eingliedrig forms.

Theorem 3.2. Let 9,ES±(R, 0), 92 ES±(R, 2n) and put F=F(9 1 , 92), k=n+2.
W e set s=1 (resp. —1) i f  svi ES+(R, 0) (resp. S - (R, 0). Then we have

(1) F1W=pF.
(2) FIH=sF.
(3) I f  F *0 , then pp.24 en-
(4) F e n T p ) i f  F is a cusp form.

Assume 9, and 92 are  com m on eigenfunctions o f  Hecke operators T '(l) f o r all
primes i* p .  L et L(s, F) denote the Euler product attached to F  as in  [1], [15],
§ 6. Then F is a common eigenfunction of  all operators in and we have

(5 ) L(s, F)=L(s—n, 91)L(s — n, 92),

up to Euler p-factors.

Pro o f . First we shall prove (1 ). Let w = (_ ?  1
0 )  as in  (2.1). Since

F1W= uem(2,z),,,tu,umod p
L iv jk ( 01  ul ) k ,

it suffices to show

rp((
)W Y = -P f ,1

p P(3.7)
uEM(2, Z), 

. 
u m od p \ O  

,

by Lemma 3.1. W e get, by  th e  definition o f the  W eil representation Tcp  (cf.
[14], p. 403 and Remark 1), ir p (w)f p= f '1, where f t, denotes the  F ourier trans-
formation of fp  w ith respect to the self dual m easure. Set k p =ttr -

p IRp=RptEr-
p

l

(the dual lattice of 1 4 ). We have f t= p - 2 >< the characteristic function of .kpef?'„,
since vol(R,EBRp)=[Ppekp: RpeRp] - ' 1 2 = p - 2 . As

Trp((0
1  u

i ))/c t (x)=- Op(a(u t xSx))fP,(x)

and u—O p (a(utxSx)) defines th e  tr iv ia l character o f  fueM(2, Zp) I tu=u1 if
and only if  xER p eR,, for xE i?. per?p, we obtain (3.7). This prove (1).

N ow  w e sha ll p rove  (2). W e have F I[w ]k= q1.( 0 i , )  w ith .t. ' = • 2,
From  this, we get by a  little computation that

(3.8) (F Cwik)(z)=-- 1, - 2

i = 1  j = i  X ( . 1 . . 2 )Evi i vi i

P ( x t x , ) e ( c ( Q ( x ) z ) ) ,

ço1(Yi)0y02(Yi)/eie 5>,

where L., J =D a ny i (1-1 R i x Pp)yyl. For each i, 15 i5h , let with
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k s E K .  Then we find N (7 )=p ' and Lb= r i L „ .; so the map
L x -47. x e L b is a  b ijec tion . A s (FI H)(z)=p -  k(FI [w]k)(Pz), we get

(FIH)(z)=p k -2 ± < P(.4711`71x2)e(a(Q(x)z)),

çoi(Yszip)0(t)2(Y.,)/ete.i> •

We have P(x trPr1x2)=-P(P'x tx2)=P - 1 P(x tx 2 ) . Hence we get F1 1 -= F ,  which
is (2).

By Lemma 2.2 and (1 ), w e  have  pF . --'0 1 1 i f  F # 0 ;  hence we get (3). To
prove (4), it suffices to show  ( f , F )= 0  f o r  a n y  f E S k (S p(2, Z )). But this is
clear since f j w =p y , Fjw -=p F and W is  herm itian . The assertion (5), except
for Euler 2-factors, is proved in  [15] ; the results o f  [16] show that this holds
also for Euler 2-factors. This completes the proof o f Theorem 3.2.

The restrictions (3.2) and (3.5) made on the choices o f y i  a n d  P  are some-
times inconvenient for numerical computations. Drop the assumption (3.5) and
define the lattice L i ,  b y  th e  same formula ;  a lso  assume sim ply that P is  a
(scalar valued) homogeneous harmonic polynomial of degree n  on H  of three
variables depending on the pure quaternion part. Put

Ofi = E P(xPx0e(a(Q(x)z)),
(V 1 , SO E LO O Lii

where Q(x) 1  ( N ( x i ) Tr(x14)12) w ith the norm N (L 1 ) of the lat-= N(L i j )\T r(x ix '1)/2 N(x 2 )
tice L i p  T h e n  w e  have

Proposition 3 .3 .  Let e be the space spanned by Of:i fo r  1 i ,  j h  and all
P  as above. Then OCG.+2(rp) (s.+2(rp)  i f  n >0), and i s  invariant under L .
As a basis o f e, we can take functions of the form F(çoi, W2), where so i  (i=1, 2)
may be assumed to be a common eigenfunction of all T '(l), i*p .

This is  an  easy consequence of Theorem 3.2, (5); w e omit the proof.

Remark. Let f1 E G 2 O E 0 " )(p )) , f2 E G 2 .+ 2 (rP )(p )) be the modular forms which
correspond t o  çoi  a n d  W2 respectively ( [1 5 ], Prop. 7.1). W e h a v e  L(s, f1) -=
L(s, yo,), L(s, f z )=L(s— n, w2),

(3.9) L(s, F)=-- L(s— n, fi)L(s, fz)

except for Euler p-factors. We also get

/  0  1 \ / 
— 

0  1
f i p  0)2= —el- ,

p Sjc2
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§  4 .  Numerical examples

Let H denote the Hamilton quaternion algebra and 1, i, j ,  k  be the standard
quaternion basis. W e  s h a ll u se  th e  following harmonic polynomials P7,  of
degree n:

Po(x )=1 , P 2 (x )=c 2 —d2 , P 4 (x )=c 4 -6 c 2 d2 -d-d4 ,

PM x )=0 -1 5 c 4 d 2 +15c 2 d 4 —d 6 , P 2 )(x)-=b 6 -15b 4 c2 +15b 2 c4 ---c 6 ,

where x =a+b i+c j-Fd k E H . The data concerning the dimension of sk(rP)(p))
are taken from K . Hashimoto [ 4 ] .  Some o f th e  fo rm u la s  in  this section are
conjectural ;  we shall m ark  them by th e  subscript c. T he  equality of Euler
products means the  identity up to the Euler p-factor, where p  is the level of
modular forms.

(I)  T h e  c a se  o f  level 3
T he (3, oo)-quaternion algebra D  is given explicitly by D =Q+Qi'+Qj'd-Qk '

with 1/2= - 1 ,  j"= —3, A  m axim al order R  of D  is given by
R =Z o i -l-Za2-EZco3-1-Za4, where o1 -=- (1+f )/2, 0.)2=(i'±  k ')/2, (0 3 = j ' ,  oh= k'.
We have h=1 ; so S(R, 0) consists of constant functions. Put

x = 3(x 4 , x2, x3, x4), Y= t(3/1, y 2 ,  y 3 ,  Y 4 )  Z 4

Xiah+ X2(02+ X30)3+ X4(04  5 Y =  Y 1 W 1 4 - Y2W2+Y3 ( 0 3+Y4W4 •

We define a  symmetric matrix S  by N(.ic)=txSx; we have

' 10 3/2 0\

s=(
0  1

3/2 0

0

3

3/2

0
//xSx

Set Q(x, Y)-AtxSY
t xS3/)
t x S Y •

0 3/2 0 3/

Put X -=:i*9 and let

b=2 X the coefficient of i' in X,

c = 2 x the coefficient of j '  in  X,

d=2 x the coefficient of k ' in  X.

The explicit forms are

b =- (x2y1— y2x1)+3(x2y3 — Y2x3--1- x4y1 - 3)4x1)+6(x4Y3 — ,Y4x3),

c---(x1y3 — y 1x 3)+(x 2y 4 — y 2x 4),

d=(x1y4— y1x4)+(y2x3— x2312)+(x1y2 — Y1x2).

We define five theta series by

6/2(4= E  e(cr(Q(x, Y )z)),
( z. 7I)

0
4(z)

=  E  (c 2 --(12 )e(6r(Q(x, Y )z)),
y )

00 (4= E  (c4 -6c 2 d 2 +d 4 )e(a(Q(x, y)z)),
(x,
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N"(z)-= E (e-15c4c/2+15c 2 d4—d6)e(a(Q(x, y)z)),

042 )(z )=  E (b6 -45b 1c2 +135b2 c1 -27c 6 )e(a(Q(x, y)z)),
1/)

where z e t i o a n d  (x, y )  extends over Z 4 EBIZ 4 . By the results stated in  § 3, we
see 0 2 e  Go(I' 4 2 ) ( 3 ) ) ,

 0 4 e  s 4(r 42 ) (3)), 06e 54(J'2)(3)), 0  6  q 2 )e  s 8(r P) (3)). We
have

(4.1) L(s, 02)=C(s) 2C(s - 1)1 ,

(4.2) L(s, 04)=C(s - 2)C(s - 3)L(s, f6),

(4.3) L(s, 08)=C(s - 4)C(s- 5)L(s, f ro)
w here f 8(*0 )e  s 6(r p)(3)) = s(r ii ) (3)) (one dimensional), fT0(#0)EsTo(n i ) (3))
(one dimensional); (4.1) a n d  (4 .2) a re  given in  [15], §  8; (4 .3 )  follows from
Proposition 3.3 since dim S+(R, 8)=dimST0(n 1 ) (3))=1 and 0 4 #0.

F irs t  w e  a r e  going to decompose s 6(rp) (3)) into eigen spaces. W e have
dim S,(r P) (3))=2 ; 0 6 i s  a  0 11-eingliedrig fo rm  w h ic h  sa tis f ie s  08 1H-= 06 ,
06 1W=30 6. Take a non-zero cusp form 0 6 from  the orthogonal complement of
<08 >c . Since th e  operators in  ..C, H  a n d  W  a r e  herm itian, 08 m u s t  b e  an
eingliedrig fo rm . We find that the N-th Fourier coefficient of o ox 6 s  o (r e ) (3))
for N= (o  ? )  is  576 . Therefore 06 m ust be  Bo -eingliedrig by Proposition 2.10;

we can take 0, of the form 02X 04 —c08 .  The Fourier coefficients of 0 2 X 04
and 06 f o r  Co  ? )  are both 4 8 .  H ence  w e  ge t c= 1  by Proposition 2 .1 0 . We

have shown
0 6 - 0 2 X  0 4 

0
6  I 06 I H —  7 0 6  W 3 0 6  •

Let 0 8(z) ,  A (N )e (a (N z)), zet'2 , f 1-0(z )=ii ci(n)e(nz), a(1)= 1, ze 1 b e  Fourier

expansions, where f toE sto(r (V) (3)) (one dimensional). In tables ( I )  a n d  (II),
we can observe the relation

C(s - 4 )(s - 5)L(s,06)=Ce(i)(s - 4) (A(n( ol ) ) / 4 8 ) n  - 8 ,

which suggests

(4.4), L(s, 06)=C(s - 4 )(s - 5)L(s, f

It is almost certain that (4.4), can be proven by th e  method o f  H. Maass [1o]
and D. Z agier. The eigenvalues of T(3) on S 6(n P (3 )) are 3 and — 3. Incidentally
w e get s ( 3 ) ) —  s ( r  r )  (3)) .

N ow  w e a re  going to decompose s s (r 42) (3)) in to  eigenspaces. We have
dim S 8(T r (3 ) )= 5 . Put

0 1 )(z )=  B (N )e (a (N z )), 0 2 )(z)=- C (N )e (a (N z )),

b e  the Fourier expansions. Put V0=<0' ) , 0P ) >c. By th e  table ( I I ) ,  we see
that dim V0 = 2 .  Therefore, by Proposition 3.3, V o i s  stable under Z .  Set
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(04' ) IT(2))(z) , ----  E B2(N)e(a(Nz)), (0 PIT(2))(z)= 7 C2(N)e(a(Nz)).

By tables (II) and (DI), we find

(4.5) BPI T(2) ,  —122404"-50042)

(4.6) 0 2 )T(2)=382320P+155404 2 ) .

Put

04' ) , (2535-33 ,../ d)04' ) -1-(87---V d)042 ) ,

where d = 11 X 179.

0,12 ) , (2535+33-V d )04"±(87+ / d)02>,

Then w e have

op) 7-(2),(165+3,,rd)0), 042)1 T(2) , (165-3A/ d )042) .

Let f T4(z)= 7 ,i, b ( n ) e ( n z ) E  Srd(rôl ) (3)) be norm alized so that b(1)=1, b(2)= — 27
+3•Vd. By Proposition 3.3, we have

(4.7) L(s, 03 1) )=C(s-6)C(s-7)L(s. f i - 4).

Comparing tables ( I ) and (11), we can observe the relation

C(s - 6 )(s -7)L(s, fT4)-=CQcv--1)(s - 6) i i D(n(0
1) ) n - ',

which is a  consequence of (4.7), where we put

OP) (z)/(48x336)= D(N)e(a(Nz)).

By Theorem 3.2, OP) and OP) are 01 1 -eingliedrig forms and we have 0 ) I H=s641 ),
0 ) I W= 3sbe) , 1=1 , 2.

Next we consider 0,  02 X 0,OES8(re) (3)). Put

0i(z)= E  E(N)e(a(Nz)), (0 2 X 06 )(z) ,
, , F(N)e(a(Nz)),

(Oil T(2))(z)= E E2(N)e(a(Nz)), ((02X 0 6 )1 T(2))(z)=-  E F2(N)e(a(Nz)).

S o m e  o f  th e s e  v a lu e s  a r e  g iv e n  in ta b le s  ( IV )  a n d  (V ) . Put V =
<04'), 0 2), 0 , 02 X 64

6 >c . A s the Fourier coefficients of O P  and of op) vanish
fo r n (1)

- (
2
))  (cf. Prop. 2.10), we have dim V =4 . W e see VcS,t(F 2 ) (3)) by (2)

of Theorem 3.2. Let E4EG4(SP(2, Z)) be the Eisenstein series and put 724i)=
04X(E4 —E4 IH ).  Obviously .0 ) #0  a n d  7741 ) ESw(T 2 ) (3)). Therefore we have
St(re ) (3))=17 , SW(TP ) (3))-=<0 ) >c. In particular, V  i s  invariant under and
72P) is a  common eigenfunction o f  a ll operators in (cf. Lemma 2.5). Using
the tables (IV) and (V) for n • N2 , we find
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0 3, I T(2) — 720+ 2400, mod V 0 ,
( 02 0 s )1T(2) --7560.2,+ 1080206 mod V0 .

Then by tables (V) fo r n • N, and (II), we obtain

(4.8) 0.2,1T(2)= —7261+2402 06 +216N" +8042 ) ,

(4.9) (0206)1T(2)=.75603,+1080206+75604')+26042) .

Put

0)=30+ 020 6+ Or ) , 7242 ) = —2102 +20 20 64-90 ( 1 ) -1-(60 ( 2 ) /3).

By (4.5), (4.6), (4.8) and (4.9), w e have

043)1 T(2)= 18004" , ( 2 )  T(2) ,  — 1447242 ) .

On the other hand, by table (IV), we have 7241)1T(2)= —144724' 0 . Therefore 04"
must be an eingliedrig form  by Theorem  2.6, (1). B y table (IV), the Fourier

coefficient of 04" for Co  (
2

) )  i s  576. Hence 043)  m ust b e  09-eingliedrig. We

have
On I 11=-- OP)  , —3 (2) .

CO

For f t,(z )= c(n)e(nz)E S i ( r ô l ) ( 3 ) )  (one dimensional), c(1)=1, w e  observe the
n=1

relation (cf. table ( I ) and (IV))

(4.10), L (s, OP)=C(s- 6)(s -7)L (s,

Now we turn to the most interesting part of S8(T42 )(3)). Let V '  denote the
subspace <0), 0)>,. As an orthogonal complement of <04", 042 ) , 043 ) >c ,  V, is
a  two dimensional C[H, TN]-module. We shall show tha t V , is irreducible. For
this purpose, it is sufficient to prove that the eigenvalues of T(3) on V , are not
real, by Lemma 2.4, (3). Let

77')(z)=- G ( ')(N)e(a(Nz)), 72 2 )(z )= Gc 2 ) (N)e(a(Nz)),

be the Fourier expansions. By table (IV) and (2.7), we find

(4.11) n(1)1T(3)= — ( 1)+ ( 2P75),
(4.12) 77(2) I T(3)= —40724' ) -7742 ) .

Hence the characteristic roots of T(3) are  — 1 ±2A/ —2. Therefore V, is irredu-
c ib le . Put 044 ) =207741 ) — A/-27242 ) , 045 ) =207241 ) -F / —2 72r). By (4.11) and (4.12),
we see

(4.13) OP) T(3)= — 1 + 2-V -- =2)044 ) .

Thus 044) and 04" are zweigliedrig form s. This completes the decomposition of
S4(F 2 )(3)). T he eigenvalues of T(3) on this space are 3, 3, —3 and — 1 ± 2 /"2 .
Incidentally we can prove
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Proposition 4.1. dim SAT ô2 ) (3))=0 and  dim s 4(r r)(3))=1.

P r o o f .  Considering the injection

S4 (P 2 1 (3))Df f x 02 ES 4 (re  (3)),

w e see  d im  s e ) (3 ) )  2. A sscm e dim S4(r P ) (3))= 2. A s  w e  have  shown

s,cr e)(3))—st(r e)(3)) a n d  02 IH=02, w e  m ust have  S4(rr ) (3 ))= S g rr ) (3)).
Now consider another injection

s 4(r i2)(3))D f fX(E4—E4IH)ESW(TP)(3))

Since dim , S ( T P ) ( 3 ) ) = 1  a s  w e have show n, w e get a contradiction. We obtain
dim S4(T 1i2 ) (3))=1 since it contains 04 . If  f(# o )E s2 (r 2) (3)), then  f 2 a n d  f X  0 2

are linearly independent cusp forms in s 4(r P)(3)). This is a contradiction. Hence
we obtain dim s 2 (re)(3))=0.

(II) T he  case  o f level 11
The (11, 00)-quaternion algebra D  is  g iv e n  b y  D=Q+Qi'-1-Qj'-1-Qk' with

i' 2 = —1, j /2 = W e  have h =2  a n d  S(R,0)-=S+(R, 0). We
are going to construct theta series from  lattices j<2).

W e use the following nota tion . T he la ttice L t . ;  i s  w r i t t e n  a s  1,,1 =Zw 1 -1-
Zw2 +Za 3 +Zw 4 ,  and N (L 4 )  denotes th e  norm  of L • ; a n  explicit form  is due
to  A . Pizer. W e put

t (X i r X 2 r X 3 r X 4 ), Y = t (Y1 . .Y2, .Y3, Y O E  Z4

and set xiwi, 57,  y g o , .  Define S4 i EM(4, Q), tS = S 0  b y  N(1)/N(L 4 i )
txS i i x  tx S i i y=txS i i x and set Qi i (x, Y' = (txS o y  tx S i iy ) ' Put X i j = V 5 and let

b=the coefficient of i '  in  X i i ,

c=the coefficient of j '  in  X i j ,
d=the coefficient of k ' in X .

T hus 1), c and d  are polynomials of x and y  which may depend on L o .
First w e consider L 11 . W e have w1 =(1±f)/2, co 2 =- (i'+j')/2, ah=j', (0 4 = k '

and N(L 11 )= 1 .  W e set

N"(z) -.= E  e(a(Qii(x, Y)z)),
(X. y)

0 1)(z)=-
1

 E  (b2 -11c 2)e(a(Q11(x, )0z)),8 (x, y)
10 2 ) (z)--- -  E (c 2 —d2 )e(6(Q11(x, 37)z)),4 (s, y)

w here (x, y )  extends over Z 4 EBZ4 a n d  zE , 2.
W e consider L22. W e  have w1 =(1-1-3/')/2, o)2 =(i/±16j' -1-3kW6, co3 =3j',

(04=k' and N(L22)=1. W e set
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C "(z)= - E e(c(Q22(x, Y)z)),
(..r, y)

3enz )=—  E (c2 - - c12 )e(a(Q22(x, 3)z)).4 (x, y)

W e consider L 1 2 .  W e  have a1=(1-1-3F+4k')/12, w 2=- (i'-1-4j'H-3k')/12, oh=

.7.7 2 , (eh= F/2, N(L 22)=1/12. W e set

0? ) (z).= E e(a(Q12(x, Y)z)),
1/)

C4)(z)=18 E —11c2 )e(cr(Q12(x, Y)z)).
( X ,  y )

O (z )= 9  E (c 2 —d 2 )e(0. (Q12(x, ..v)z)).
( X .  y )

W e consider L21 . W e  have w i =1+3 a3=6F, a4=
6k', N(L 2 4 )= 1 2 . W e set

0,(6 )(z )= -
1

(c2—d2)e(cr(Q.(x, y)z)).
04 cx, y)

W e have coEG 2(r 2)(11))(1i.3), 0,p)Es4(r42)(11))(1,‹i6); dim G2(re)(11))=
dim S(R, 0)=dim G .72(r V ) (11))=dim S+(R, 0)=2, dim Sw(TP ) (11))=dim S-F(R, 4) ,  3,
dimSt(rP ) (11))=dimS - (R , 4 )= 1 . L et E 2  and f z d e n o te  the Eisenstein series
and the normalized cusp forms in G(re)(11)) respectively.

As is show n in [15], § 8 ,  w e  have

L(s, OP) -F —2N3))=-- L(s, f 2 ) 2
,

L(s,30P ) -20e ) -0P)=C(s)C(s-1)L(s,f2)=L(s, E2)L(s, f 2 )  •

L(s, 90 r ) +48 ?) +120 P ) )=C(s) 2 C(s —1)2 = L(s, E2)2 ,

and 30P ) - 2 c 2 ) —c 33 E s2(re ) (n ) ) ; these are m odular form s w hich  correspond
to  the pairing G(TP ) (11))XG,(ri l ) (11)).

Now let us consider the p a ir in g  GT;(rp)(11))xscrv)(11)). Corresponding
to the six pairs, we can obtain six linearly independent cusp forms in St(T 2 ) (11))
by linear combinations of OP(1<i...<6). These are given explicitly as follows.

Let E an e(nz) be any norm alized eigen cusp form of all Hecke operators.-1
inw S(rj"(11)). First determ ine a4 , a z , a,, a, and a, successively by

1a4—
2 6 4

 {50+8(a2+4)+9a3—a 5},

11 7 A\
a z =5.3a,— 2 3

Aa 6 =-=a4 —  1/4a23
12a 3 =45±6a 2 +48a 4 -12a 6 —(a 2 +8)2 +8a 2 +32,

27a 5 =2758-116a 2 +252a 3 +4266a 4 +908a 6

—4(a3+27)(a8+36)±108a3+972,
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and set F=0,f"-1- 'a i O V . T hen  w e  have F # 0 andi2

(4.13) L(s, F)=C(s - 2)C(s - - 3)L(s, fW)-- = L(s-2, E2)L(s,

Next determine /34, 192, P6, /93 and 135 successively by

1  
264 {50+8(a2-16)+9(a3-45)—(a5-125)},

132= 55 134—  11  — (a3-45 )— (a 2 — 16) ,

/36 =4i3 4 - - 1§-(a 2 -16 ),

12133=45±6P2+48,64-12 j36 —(a2-12)(a 2 -8 )+ 8a 2 +64,

27/35=2758-116/32+252/33+4266/34+908/36-4(03 _9)2

—36a 3 +2268.

and  se t G = 0 1 ')+  p t C " .  T hen  w e  have G#0 andi=2
(4.14) L(s, G)= L(s —2, fOL(s,

According to Hashimoto [4 ] , i t  i s  v e r y  plausible that d im  S4(n 2 ) (11))=7.
H ereafter in  th is  ex am p le , w e  sh a ll assume th is  value of the dimension. As
w e have constructed six  0 14 -eingliedrig form s, a  form  0 4(#0) in the orthogonal
complement of <0,V) 11 i 6>c  m ust be an eingliedrig fo rm . P u t

7)4=(30P ) -26q 2 ) - 0 P ) )(964P) +40P ) +120P ) )ES4(F 5 ) (11)).

The Fourier coefficient of 7)4 f o r  ( 1 /
1

2  1 2 )  i s  — 1440. H ence 0 4 m u s t  b e  0,-

eingliedrig. A s the Fourier coefficients of 04 for n•( 0
1 ? )  must vanish, we

obtain

25 585 632 b 4 = 4 + _ { _ 2 0 1 )+
3 8 8   

C6) }

2 33 4 11.

u p  to  a  constan t m u ltip le . T h u s  S4(F 2 ) (11))=Sit(n, 2 ) (11)) a n d  th is  sp ace  is
spanned by six  0 14 -eingliedrig forms and by  one 09-eingliedrig f o r m .  By com-
puting more Fourier coefficients of 04, w e can  observe the relation

(4.15)c L(s, 04)=C(s - 2)(s - 3)L(s, f t ) ,

w here Jr: i s  th e  norm alized  cusp  fo rm  in  ,S -(Pr)(11)). H e re  th e  following
observation seem s very  in te resting : There is no form whose Euler product cor-
responds to th e  p air ( f2 , ft ) ;  i. e. no  f orm  HEs4cre)(11)) such that L(s, H)=
L (s-2 , f2)L (s, f t ) .  W e sha ll take  in to  accoun t o f  th is  fa c t w h e n  w e  sh a ll
formulate Conjecture 5.2.

(III) T h e  c a se  o f  level 7
T he (7, 00)-quaternion algebra D  is given explicitly by D=Q+QP±Qj'4-Qk'

w ith  i' 2 = -1 , j 12 = -7 , i'j'= — j'i'= k '. A maximal order R o f  D  is  g iven  by
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R=Zw i l Zw 2 + Zw3 +Zw 4 , where wi-=(1+ j')I2, (02=(i' k')/2, w 3 = j' , oh= k' . We
have h = 1 . Put

X = t (X l, x2 , X3r x4 ), Y = t (Y1 , Y2 , Ys , Y 4 ) E Z
4 ,

±xi wi , yiwi. D efine a  sym m etric  m atrix  S  b y  IV(.i')=txSx. Seti=1
Q ( x ,  y = .1txSx txSy) X=.5c"*9 and letVxSy tySy

b=2x the coefficient of i' in  X,

c=2x the coefficient of j '  in  X,

d-=2 x the coefficient of k ' in  X.

We define six  theta series by

02(z)= E  e(u(Q(x, Y)z)),(z, /)
0 V)(z) ,

) (b2 —7 c2 )e(cr(Q(x , y)z)),

012 )(z) ,
 ( Ey ) (c 2 —d2 )e(a(Q(x, y)z)),

OP)(z) , ( b 4 -42b 2 c2 +49c 4 )e(o(Q(x, y)z)),
( . 1 ,  y )

OP ) (Z)=---  E  (1:0-42b 2 d2 -1-49d4 )e(a(Q(x, y)z)),
(z, y)

OP)(z)= E  (c 4 -6c 2 d2 ±d 4 )e(o. (Q(x, y)z)).
(X. y)

We have 02EG2(r 2 ) (7)), C i ) ES4(r(V ) (7))(1 OP) 2)(7))(1-<i_3). Put

OV) =C 1 ) +(8--V57)6N 2 ) , 2 ) = eV )  +(8+ V57Az ) .

L et f ( z ) , - E an e(nz) Sw•(TP)(7))(two dimensional) be the  normalized eigen cuspn =1
form  such  that ct2=1 , a2 =(91- V57)/2. T hen  w e  have 0,P*0 and

(4.16) L (s, OV3 )=C(s - 2)C(s — 3)L (s, f -61.

N ow  w e a re  going to consider the  decomposition o f  S6 (T 2 ) (7)). W e have
dimS6(T 2 ) (7))=11. F irs t  th e  modular forms which correspond to  th e  pairing

S÷(R, 0)x S'- (R , GT:(r P ) (7))XSTo(r V ) (7))

can be constructed a s  fo llo w s . P u t  Vo=<OV ) , OP ) , 8,;8 ) >c ; w e  f in d  dim V0=3,
-

dim STo(rôl ) (7))=3. L e t  fTo (z)= b„e(nz)EsT o cr P)(7)) b e  a  norm alized eigen

cusp form ; b2 satisfies the irreducible equation X 3 -21X 2 -1326X+19080=0. Put

1
0 ( 1 ) = -

8  

OP) +(b2+15) 3 )04

1  
5824 (14b2+63+208)(04'3—O 2) -329BP))•
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T hen O' ) #0 and we can prove

(4.17) L(s, 0,;")=C(s - 4)C(s - 5)L(s, f To) ,

by Proposition 3.3. Put

72P) =020.1 1 ) , Y)P) =020.f 2 ) .72P ) =77V)

 
T(2) (4)—  ( 2 )  T (2)

)7 5 ) -=r2 2 ) T (3), V i= < 0),2 ) 7244 ), 72P)>c

V 2=V o+V

B y com puting Fourier coefficients o f  72' )  f o r  n .( 1 2  n ,  we find dim I/ 1 =5,

dim V2= 8 .  Applying T(7) and com puting Fourier coefficients u s in g  (2 .7 ), we

g e t S 6 (F 2 ) (7))=V 2 -EV2 T ( 7 ) .  More precisely, by computing the  F ourie r coeffi-

cients fo r  n • (1 I/ 2  1 71 2 ) ,  w e  c a n  s e e  th a t  V '  a n d  CriV )  T (7 )  genera te  a  8-

dim ensional space. T h en , b y  the  theory in  § 2, we can conclude that .56(n 2 )(7))
contains at least 3-pairs of independent zweigliedrig f o r m s . A s  172c S t (F 2 (7)),
dim , S ( F 2 ) ( 7 ) ) 3 , i t  m ust contain exactly 3-pairs of independent zweigliedrig
form s. T hus w e obta in

17 2= S :(rP ) (7)), dim S t ( n 2 ) (7))=8, d i m  Sw(n 2 ) (7))=3.

In  particular, V , is  invariant under Z .  I t  m ust c o n ta in  tw o  m o re  eingliedrig
f o r m s .  T h e  characteristic  polynom ial of T(2) o n  V 2  is (X 2 -165X 2 +7602X-
76248)(X 2 -90X+1832)(X 3 +4X 2 -636X + 4656). P u t d=193 and

O 4 ) =2(8013-861.Vir ) +2(475195-5915A/T)724 2 ) -F(9969+51A/d ))2 3 )

+(36785-973-Vd ))74 4 ) +2(1515-51A/d ) +(66711+1461A/d )0P )

+4(411143+284645-Vd )043)-F( 6224 +3088-Vd )(OP ) —N2 ) -329OP ) ).7

T hen w e can  prove that sN4 ) a n d  its conjugate OP ) b y  Gal(Q(.\/d )/Q) a r e  0 9 -
eingliedrig fo rm s . W e  have observed the relation

(4.18), L (s,O P ))= C (s-4 )C (s-5 )L (s, fr o ),

w here f ih0(z)= E c n e(nz)GSiVEV)(7))(two dim ensional) is th e  normalized eigen
n=1

cusp form  such that c1=1, c2-= .
Finally w e have calculated eigenvalues o f  T(7) using Fourier coefficients of

'), 1

Proposition 4 .2 .  T he eigen va lu es o f  7-T(7) on ,S6(n2 )(7 )) a r e  7 2,  7 2,  7 2, 7 2,

—72 and  the  six  roots o f  the  equation X 2 +10X 5 +2303X 4 -57428X 5 +5529503X 2 +
57648010X+13841287201=0.
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Table ( 1 )

a (p) b ( p ) ,  d=11 x 179 c(P)

2 —36 —27-F3A/d —12

3 —81 729 —729

5 —1314 20385+384/d —30210

7 —4480 —10504— 1O368-/ 235088

11 1476 336204-109824-a —11182908

13 —151522 8766302+269568.a 8049614

1 0 1 0 \In the Table below, we set N1=(0 i ) '  
N2=(

0 2 ) .

Table (II)

A(n N2)/576 B (n N 1 )/48 c (n N1 )/48

1 1 —1 33
2 —4 —362 10938
3 —81 —729 24057
4 656 —42500 1327908
5 2436 —116266 3707754
6 324 —263898 7973802
7 14728 —28672 4429824
3 11200 —5347048 163352616
9 6561 —531441 17537553

10 —9744 —35637092 1079471748
11 147886 —12040248 434229048
12 —53136 —30982500 968044932
13 248332 —90140426 2884059210
14 —58912 —184561664 5504249856
15 —197316 —84757914 2702952666
16 309504 —516486288 16038071568

Table (ll1)

/32 ( n N1 )/288 C2(n N i )  /288

1 —71 2175
9 —17302 526278

—51759 1585575
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Table (IV)

E  (n  N F (n  N E (n  N2) F (n  N2)
576x6 48 576 x 24 576

1 0 1 0 1
2 1 146 1 44
3 4 —135 —3 —513
4 42 33428 —28 8816
5 224 67882 110 55620
6 —103 286146 —105 —77004
7 960 —178688 4086 882088
8 9860 3217288 4944 709312
9 972 321489 3645 269001

10 55338 23684089 40660 4443120
11 29392 5691576 28534 4478254
12 94106 106555604 —27204 —2998512
13 183264 50555402 223596 59526028
14 216064 137891840 326392 112948256
15 149896 52380378 —163890 —34520580
16 824296 338438352 518208 162635520

Table (V)

E2 (n N 1) F2 (n  N 1 ) E 2 ( n  N 2 ) F 2  (n  N 2)
576x6 48 x 2 576 x 24 576

1 1 105 1 108
2 106 40458 —28 22898
3 153 138753 —297 —109836

Table (VI)

G( 1 ) (n G(2)(n N1) G(')(n N2) G(2)(n N 2 )
192 3840 576 3x3840

1 1 1 1 1
2 —208 —208 —208 —208
3 —1215 243 243 —1215
4 15872 15872 15872 15872
5 —3350 —3350 27900 27900
6 252720 —50544 —50544 252720
7 —147584 —147584 —147584 —147584
8 —536576 —536576 —536576 —536576
9 59049 —649539 —649539 59049

10 696800 696800 —5803200 —5803200
11 830808 830808 —2712314 —2712314
12 —19284480 3856896 3856896 —19284480
13 —6473782 —6473782 3179836 3179836
14 30697472 30697472 30697472 30697472
15 4070250 —814050 6779700 —33898500
16 32047104 32047104 32047104 32047104
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5 . Conjectures

We now come to the place to meditate upon our experiments a n d  to for-
mulate conjectures.

Conjecture 5.1. L e t  F S ( [ ' )  b e  a  Oi r eingliedrig f o rm . L e t  FIH=sF,
s = ± 1 .  Then F=F(yo i , so2 ) with soi ES±(R, 0), (o2 ES±(R, 2n), where n =k - 2  and
±  is the signature of  L . T h e  Euler product of  F corresponds to a pair of  forms
in  c -,- (r p ( p ) ) xsa,(Tv)(P)) or forms in  SV rô l ) (P))X s_2(r i ) (p)) as (3.9).

This conjecture, w hich accords with all experiments that we have made,
characterizes 01 1 -eingliedrig f o r m s . O ne may expect similar characterization
fo r Or eingliedrig form s. However, by the data

dim S8(r j 2 )(7))=-26, dim S14(rP ) (7 ))=7 , or

dim S,(T 2 ) (13))=46, dim S10(TP)(13))=9,

w e see that this expectation cannot be satisfied, since 26%7 mod 2, e tc . T o
formulate more accurate conjectures, we need information about representations
of a certain Hecke algebra . W e use the notation of § 2. Consider three Hecke
operators

s i— r B w ,r B y  S 2 - r E w x „ ,  sp— rliw pra  ,

0 1where w ,  and w2 a re  given by (2.1) and w =  w ,(_ p  0 ). Then SI, S 2  and S p

satisfy the relations

i =1, 2 ,

(5.1) (S1S2)2=(S2-31)2,

S=1, S iSp=S p Si, (S2Sp) 2 =(SpS2) 2 •

These relations follow from Iwahori-Matsumoto [8]. In fact, set

=Gsp(2, Q)/the center,

* 0

fc",Gsp(2, Z)/the center,

* *\

,fi={ k E k k mod p= * *
0 0

*
*

*

0 0 0 */

Then M (d, f i), the Hecke algebra o f  '6 w ith  respect t o  A , is isomorphic to
C [S ,, S2, S p ] .  We have ,4((l-C, B)-. C'[S„ S2]. We set st=C[S i , S2, S p ]

13
), JC1

=
C[S1, S2] gC(R, :6).

A s S i ,  52 and S,0 a c t  on Sk(TB), w e ge t a  representation o f  5C on Sk(TB);
this representation decomposes into a direct sum o f  irreducible representations,
since SI, S2, S p  a r e  hermitian w ith  respect t o  th e  Petersson inner product.
Assume F O E sok (rp ) (csk (rB )) i s  a  On -eingliedrig fo rm . Then w e see easily
th a t  F  generates th e  o n e  dimensional representation s,-->p, s 2-+-1,
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(s= ±1) o f SC .  T he poin t is  th a t, if  F is  0 9 -eingliedrig, there a re  three possi-
bilities fo r  th e  representations o f SC generated by F.

T o determ ine irreducib le  representa tions of SC ex p lic itly  is  a  somewhat
laborious task, although there is a  w o rk  o f K azh d an -L u sz tig  [9 ] o n  general
c a se . In  th e  Appendix, we list explicit realizations o f  representations 7C  o f SC ;
if  dim 7r>2, we assumed that 7r I ,4C i  does not contain the  "triv ia l representations
'r 1": s,—p, S 2 —p. T h is  c o n d it io n  is sa tisfied  if 7r is generated by a  form  in
SKTP ).

Assume FES:(Fp) is  a  0 9 -eingliedrig form  w hich generates a n  irreducible
representation 7r o f  SC. T hen there  a re  three possibilities : 7r - - q / -

3 ,  or 11 4 , o r
th e  two dimensional representation

a  fi
)

(p 0 /1 0  \
H o : S i ---> )r a 02 o —1 -±Ao I)

o f  SC ( c f . A p p e n d ix ) . B y  t h e  exam ples in  §  4 , w e  see  th a t th e  "lifted" 0 9 -
eingliedrig forms generate th e  representation h o . W e  c a n  n o w  fo rm u la te  the
following (cf. §4. (II))

C on jec tu re  5 .2 . L et FES°k (Tp) be a 0 9 -eingliedrig form which generates the
irreducible two dimensional representation H o o f  C .  T h e n  the Euler product of
F corresponds to a pair of  the Eisenstein series in G i(FP)(p)) and o f  a f orm  in
st,i_2(rP)(0 .

Appendix

( I ) T he one dimensional representations of 4C..
These are

p or —1.S 2 - > p  or — 1, S  p  - >  1 or — 1.

According a s  th e  above choices, we get eight irreducible representations o f  SC .
L et a, p, 7, 6 be given by (2.4).
(II) T h e  two dimensional representations of F .

T hese  are

s— V ) —11'
or

0 - 1o r  (— \
k  0  — 1 )

( (p -1 ) /2  (p+1)/2
, S 2 (p + 1 )/ 2  (p -1 )/ 2 )' P -  1 )  •

According a s  th e  above choices, we get four irreducible representations of C.
(III) T h e  irreducible representations o f  SC w hose  dimensions are higher

than  2  and whose restriction to  SCi  does not contain the "trivial representation" :
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We label the representations of 1C1 by the corresponding representations of
Sp(2, F p )  (cf. (2.3)).

(5.2)

la

Set

2=

0 p

( P - 1 ) 2

• " _

/p

(p -1 ) 2

2p •1)2+1
0 0\

171 : S i - - > 0 —1 0 0 p 0S2 --->,
\T o 6 \o0 - 1 /

I —2 1 —1/2p\
S,0 — > + — 2 2 p - i ,Ip - ' —2/2p , 11ilSC12---099012.

\—(p2 +1) —2p 0 /

a A 0 I p 0 0
172 : S i — >  r( 5 0 S — 0 —1 0,

0 0 p \O0 - 1

s p — >

0
±(—(p 2 +1)

(p2±1)2

13 0\

—1/2p
A
22tri

1/(p2 +1)
1

/p0

,

0'

1121 Xi= 09 ne e .

113 : Si — › r 6 0 S, _ 2 0 —1 0)- >
\O - 1 / \O 0 —1

/ o 1/(p2 +1) —1/2p\
S + 2p

1 ,
1131S1—=090013.p  - >

\-2pp —p2 2- 4

fa 0 p 0 /p o o o
H 4  S I - >

0 —1 0 0 o p o o
0 3 0 , S2

O - 1
\O 0 0 —1/ \O

\ -2 0 - 1 t(1+2 - it) (1—p - it)(1+2 - it)

tEC, t# 0, p, —A, /7.
4 19-CI , 096012ED 013.

la p oO \ I  p 0 0

—2-'0

0\

H5: S I  - >
6 0 0 0 —1 0 0

0 0 p 0 0 0 —1 0
S2 - >,

0 0 0 —1/ \O 0 0 —11

0 t/(p —1)2 1/(p2+1) —1/2p\

- - > 2p/1- It t 1 1Sp 2pv[1—(// - 1 t)2 1 /1'021 — p - 't 0
—2pv[1—(2 - 1 t)2 ] 72[1—(2- 1 02 ] 0 —2-1t/

I 1—p- 1t (1—p-it)/2p t/(p-1)2 —1/2p\

+ 2 0 - 1 t !F it 2-1t 1sp
2pp - lt 1
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P2 +1 2 p  where 1.),(pH-1)2 — (P ± 1)2)2
t# 0 , ± ti, ± 2, /751 ,4C1.--=-09e0lleien., 77 '

Let r  b e  an  irreducible finite dimensional representation o f SC o n  a  vector
space V  over C . F o r  7T to occur in  th e  representation o f  sC on  sk (rB ), there
m ust exist a positive hermitian inner product ( , ) o n  V  such that S 1 , S 2  a n d  S t ,
become hermitian with respect to ( , ). W hen th is is t h e  c a s e ,  le t  u s  call
unitariz able. We obtain

Proposition A .1 .  A ll representation 7V  such that dim 7r _2 a r e  unitarizable.
I I ,  and 11 2 are not unitariz able. 112 is unitariz able . II, is unitariz able  i f  a n d
only i f  0<t<tt. 1 1 5 is unitarizable i f  and only i f  — p<t< 4a.

T h e  proof, which is not difficult, is omitted.

Example A .2 . T h e  zweigliedrig form 20 7.7 "-k-V-2 r)p ) E S 8 (F M 3)) gener-
ates th e  irreducible representation 112 w ith  t=p/3=2/15.
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