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Summation formulae, automorphic realizations
and a special value of Eisenstein series
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Yuval Z. FLICKER and J. G. M. MARS

L et F be a global field of characteristic  other than 2, F„ its com pletion at a place
y „ 4  its  ring of adeles and 0 : A — W  a non-trivial additive c h a ra c te r  w h ic h  is  trivial
o n  th e  d iscre te  subgroup  F  o f  A .  L e t  C(F„) b e  the Schw artz  space of F  if  y  is
archimedean, and  the  space C7(F„) o f  locally constan t compactly supported C-valued
functions o n  F., if  y  is non-archim edean. L e t M EC(F„)) be the characteristic function
o f th e  r in g  R , o f  integers o f  F„, in  the la tter case.  D e n o te  b y  C(A ) the  C -span  o f

f  „EC(F,) fo r a ll y ,  f „ = f g  fo r a lm ost a ll y . D enote  by  0 , the component of 0 at
y , and  le t d r y  be  the  Haar m easure o f  F„ norm alized  to  h a v e  th e  p ro p e r ty  th a t the
Fourier transform

if f i,(x )= L f y (y )0,(x y )d,y ,

is  an endomorphism of the vector space C(F„) w h ich  sa tisfie s  the  Fourier inversion
formula (g(g f „))(x )=f „(--x ). W rite  9 ® f )  f o r  0„g  f  „. One has th e  well-known

Poisson summation fo rm u la . The distribution  D ( f ) = f ( x )  o n  C(A ) satisf ies; ,  

D(f)=D(g f ).

This form ula follows easily from  th e  F ou rie r in ve rsio n  fo rm u la  (see, e . g ., EL ],
XIV, § 6, p. 291), and has m any applications. O ne of these applications concerns the 0-
(or W eil, oscillator, smallest) representation of the unique central topological two-fold
covering (metaplectic) group

1 — > ±  11 S„ S, 1, 1 — >  { ±  — > SA SA --> 1

of .3,=SL (2, F,), S A =S L (2, A ) .  A s  usual (see  [IQ , or C FI [FK S]), the elements of S,
and SA  will be described as pa irs  (g, C), o r Cs(g), w ith C  in ker p= 1±- 11 and g  in  S ,
o r SA , and with product rule

Cs(g)C's(g')=CC' P(g, g')s(gg').
bFor g = ( ° i n  GL(2), p u t t(g)=(c, d/det g ) i f  c d * 0  and ord c  is  o d d ,  a n d  t(g)=1

Partially supported by Nato grant CRG-900080
Communicated by Prof. K. Ueno, January 22, 1991



716 Yuval Z. F licker and J .  C. M. Mars

otherw ise; here (•, •) is  the H ilbert sym bol. Put

x ( g e )   X ( g e )  a(g, x ( g )  '  x(g')detg I '
a b\\ #C, c 0  ,

( ( c  c l ) r i  d , c=0.

T hen (the restriction to  SL(2) of) A (g , g ')= a (g , g ')t(g )t(g ')t(gg ')' is  a  two-cocycle of
Sv in  {±1}, uniquely determined by the  choice o f th e  sec tion  s  t o  th e  p ro jec tio n  P.
Define a  two-cocycle 13 A on SA by AA=11,Ay.

Let F—>C' be th e  twisted character defined by

/ 1 1
ry(x) - i= I  1 k x y 2 )(lyy jO ,G  3 , 2 ) 4 y

1 / 1 \(o r  r y (x) ,  x ( — -2-  x.Y2 )dv.0 0 , k —  y.312 )4Y  ) introduced by Weil [We ; 1964] (see

also [F ] , [F K S ]) . It satisfies Ty(a)Ty(b)=Tv(ab)(a, b) y . Then : EV' / Fi; 2—>C has order
4 ,  a n d  rA=Thry i s  t r iv ia l  o n  th e  subgroup F 'A '  o f th e  g ro u p  A ' o f  id e le s . The
representation 0, of S y is defined on  the  space C (F )  by m eans o f  th e  operators

( 0 ( C s (  13))f„)(x)=C(14 -2-1 bx 2 )fv (x ),
0  1

(0„( 0Cs(1
1 ) ) f „ ) (x ) -- -Ccv(gf)( — x)v ,

0

( 0 , ( c s (  0a 0
) ). ) - )(x)=C7(a) I a IV' f „(ax)

a - '

(aEF, 1)EF„, CE {±1} =ker p), w here cy=7( - 1 y " 2 i s  an  e ighth  root o f  u n ity  i n  C
(c„=1 fo r alm ost all v and 11c„= 1). Note th a t  SL(2, Fv )  is generated by the matrices
( 0  — 1 \  (

V

1 b \

, and th a t th e  discrete subgroup S (F )=SL(2 , F ) o f  SA injects a s  a  sub-
\1 O P  )  1)
group o f  SA b y  g—>t(g)s(g). T h e  representation OA o f  SA is defined a s  t h e  restricted
ten so r p rod u c t 0A=e),,ev. A  function  h: SA - +C  is  c a lle d  g e n u in e  i f  h(Cg)=Ch(g)
(CEker p), and automorphic if h(rg) , h (g )(rE S (F )). A n SA-module is called automorphic
i f  it is equivalent to  a  subquotient o f th e  representation o f  SA on  the  sp a c e  L 2(S (F)\
SA )ge „  o f  genuine square-integrable com plex-valued functions o n  S (F)\S A , by right
tra n s la tio n . T h e  summation formula implies

Automorphic realization. F o r  each f e C (A ) ,  the function D f (g )=D (0 A ( g ) f )  is
automorphic.

Namely D(0 A (rg )f)= D (0 A (g ) f )  fo r a ll re,3 '(F ), geS A . I t  is  e a s y  to  s e e  th a t  D f

lie s  in  L 2(g(F)\5 A ) g e „, and  th a t the distribution  f—* )  intertwines the 0-representation
(OA , C(A )) w ith  th e  regular representation o f  SA on

 L A ( F ) \ 5 ) g „ .
 I n  particular the

distribution D  rea lizes 0 A  a s  a n  automorphic representation by virtue of the Poisson
summation formula.

W e shall now develop a  new summation form ula, and relate i t  to  the automorphic
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realization o f  a  GL(2)-analogue of O.
T o  s ta te  the  new summation form ula, for a finite place y let C(F,;) denote the space

o f  locally constant C-valued functions f ,  o n  F i;  whose support is  bo u n ded  i n  F ,, for
w h ic h  th e re  is  a  c o n s ta n t  A (f,)> 0  w ith  th e  property  that f t,o (x )=  tIV 2)",,(ex) is in-
dependent o f  tEF t;  provided that I tl,, A(fv) and I x  v 5 1 .  Then I • 11 "f vo extends to
a  fundtion o n  F / F z .  W hen y is  archimedean, C(F0 consists o f  smooth functions on
F i; with rapid decay at 00 and t,-->ftIV2 f,(0x) smooth at t= 0 .  P u t f t,o(x)=lim I t I ft,(t2 x).t.0
D en o te  b y  val,: El;-+->Z the  norm alized( xo7a lized  add itive  valuation  o n  F ;; w h e n  y  is non-
archimedean. Then I x E F , ; ) ,  w here q, is  the  cardinality o f  t h e  residue
f ie ld  o f  R„. L et f';', be  th e  elem ent o f  C(F,;`) whose value a t  x  is  zero unless val,(x)
is even and positive, w here  fg (x )=  x  P u t C(A ' )  fo r  th e  C-span o f th e  functions
f =Ovf v, w here fv=  fg  fo r alm ost all y. Put

fo((x,))=11,f,,o(xv) a n d  g.f.=(2)vgfv,
where

(g f v ) (X )
=

CDTv(X) I X I Y II)" f v(xY2)00(xY)dvY

N e w  su m m atio n  form ula. T h e  distribution D (f)= 2  E  f ( x ) +  E  f 0 ( x )  on
C (A ) satisfies D (g f)=D (f). xEF' xeF'IF'2

Note tha t g iven  f ,  there  a re  only  fin ite ly  m any x E F '/ F ' w ith  f 0 (x )* 0 , since
A '/ F IL ,F a ][, , < ...R,;; is  f in i te  ( i t s  cardinality i s  t h e  class num ber o f  F), and so  is
R;//?,<2 for e a c h  v . The rapid decay o f f ,  a t  00 guarantees the convergence of E f(x ),
xEF".

The distribution D can be used to construct a n  operator intertwining a representa-
tion 0 w ith  a  space o f automorphic f o r m s . T h is  0 w ill be  a  representation o f  a  two-
fold topological central covering group

P  _ P  _
1 -- >  .1-1} H, H, - ->  1,1 {+1} -->  HA i A  - >  1

of the  group 17,,=GL(2, F0 ) and  RA -=G L(2„4 ). Up to isomorphism, there are two such
covering groups which a re  defined by a n  a lgebra ic  morphism o f  G L(2) in to  SL(n),
a n d  th e  u n iq u e  covering  o f  S L (n ) ( s e e  [K P ],  §  0 ).  T h e y  a r e  determ ined by the
cohomology class o f  th e  two-cocycle A, a n d  /3A =H 43, w hich  defines th e  p roduct on
H, and HA .  A s in  [K ], [F ], [F K S ], w e choose that fi (defined above) which satisfies
p ( ( o a  O b ) ,  ( 0 c  d 0 ) )

=(a, d ) .  A  two-cocycle 13' : Fix ri—> { ± 1 } w hich represents th e  other

cohomology class is given by Y (g , g ')= 18(g, g')(det g, det g ') .  Note that the representa-
tion  0, o f S, reduces as the  d irec t sum  o f  two irreducible representations 0;t a n d  0,7„
o n  th e  sp aces  C(F.0+ a n d  C(F,) -  o f  e v e n  ( f , ( — x )=  f,(x )) and odd (fv( — x)=—  fv(x))
functions in C (F ,). D enote by 2„ and  2 ,  th e  groups of scalar m atrices in  Hi , and  RA .
S ince  Zv=-P -1 (2 ,,) i s  t h e  c e n te r  o f  Zi,Sv=-P - I (Sav), Bit,-  e x te n d s  to  a  Z,,S,,-module by
19:(s(z))f=rv(z)fy  F O ;  note that the  extension is well - defined since f ,  is even.
T he  center of 11, is  .z,=p - i(7.4), {z'; z , and  th a t o f  HA  i s  Z i=p - '(Z1).
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T h e  H,-module in question, denoted (again) by 0 ,, i s  t h e  induced representation
x  0ind (0;, ; H„, Z,S„). Choosing the section x■--÷(0  1 )  to  the  isomorphism S,,\H„--F,

xdet p(g), the  space o f  0„ can be view ed (e. g . o n  pu tting  f (x , 1 x 1- 1 1 2  f ( s (
0 ) t ) )

0
as consisting o f  f v : F x F v --4C w ith  f v (x, t)=-ItIV 2.f,(xt2, 1) (note th a t f ,  is even  in  t).
W riting fp(x) fo r f v (x, 1), th e  group H, ac ts via

( (

Cs(a

0
()))f,,)(x)=C1 a1,12f,,(ax),
1

(0„(Cs(
0

° ))f„)(x)=C(x, z),,r,(z)f,(x),

(0 v(Cs( 1

0
11))f v)(x)=CSbv( -1

2 b x )f (x ),
1 1

( o ( (
°

— 10 ))
fv)(x)=C(g fv)(x).

W hen y  is  non-archimedean, since C(F,) consists o f  func tions w hich  a re  c o n s ta n t at
som e neighborhood o f  0  in F ,  f o r  each x E F,; the  function f,(x , t) is  constant near
t= 0 ;  hence there is A (f )> O  such  that f,o (x )=  t g i 2 f0(xt 2 )  is independent o f  t i f  lx

1  a n d  tl, A ( f , ) .  Similar comments apply in  the  archimedean c a s e .  Consequently
the  Hy-module 0„ can be realized on  the  space C(F,`) introduced above.

T h e  representation 0 of H A  is  defined  a s  th e  restric ted  tensor product 0A-=Ovev.
T he  discrete subgroup 1:1- (F)=G L(2, F) o f  HA embeds a s  a  subgroup o f  H A . The new
summation formula implies

Automorphic realization. Fo r each f G C (A "), th e  f unction  D f (g)=D(0 A (g ) f )  is
automorphic.

Namely DO A (rg)f)=D(0 A (g )f ) fo r a ll rEFI(F), g cH A . It is easy to see that D f

L =Lz(F-1(F)Zi\HA )  (=  sp ace  o f  genuine  C-valued functions 0  o n  17-1(F)\H A  w h ic h
transfo rm  u nd er s (2 i) according to a  un itary  character, such  that 10!' is integrable
on  17/(F)Z1\H A ), and th a t f ,—)D f  in te rtw ines (0 , C (A )) w ith  t h e  representation r  of
HA  o n  L  b y  r ig h t tra n s la tio n . T h e  space L  splits a s  a  d irec t sum  (and integral) of
HA-modules, and using the trace form ula it is  sho w n  in  [F ]  th a t  BA occurs discretely
in  (r, L ) w ith m ultiplicity o n e .  Thus 6 4 is  an automorphic representation, and D yields
the  unique-up-to-scalar realization o f  BA a s  a n  automorphic representation, intertw in-
in g  C(Ax) w ith  L .  T h e  analogous m ultiplicity one result fo r the  S A -module 0,4 in
L 2(S(F)\SA) g e, is proven in  Waldspurger [Wa] ( s e e  a ls o  [G P ]  w h e re  th is  r e s u lt  of
[W a] is deduced from th e  theorem o f  multiplicity one  for HA  of [ F ] ) .  In particular D
is  the  unique-up-to-scalar operator intertwining (OA ,  C(A)) w ith  (r, L 2(3(F)\5 A )g v „).

Pro o f  o f  new  sum m ation f o rm u la .  G iv en  j= 0 .f
2
 i n  C(Ax), define  .7,(t, x)=

1 x 1;,l2 f ,(tx 2)(tEF,' , x  F A  and 7,(t, 0)=-Iim i v (t, x). P u t f(t, x ) on  A' XA.

T h e n  1(1, 0)=f 0 (t), and J  s a t i s f i e s  1(t, ax)= 1 al'o (ta 2, x). P u t  f:(t, x )=

Y)Ov(x y)d y. T h e n  (g f,)(1, x)=1x1,"(g fv)(tx 2) i s  e q u a l  to  cvïv(01 t1.1,"f:(t, ix).

F or a Fx and V F  w e  h a v e  1(a , 3 )=1 (0 2)  a n d  (g f)(a132)=CY f)(a, 48)=1-*(a, (rig).
Hence for any  a  in  Fx w e have that
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f 0 (a )± E  f(a132 ) =. E 13)
p e F . P E F

is equal, by virtue of the Poisson summation formula applied to the function x .:f (a , x )
o n  A , to

E  f* (a , is)-- E  f* (a , a P )=  E  cg fxa, ,8)= E (g1)(43 2 )+(gf),(a).
P E F E F i9E F A E Fx

Summing over a  in  F "/ F "  w e obta in  tha t the expression

E  fo (a )+ 2 E  f(a)--=  E  [  E  f(aP 2 ) +f 0(a)1
aEF.IF.2 a e F x a E F ' / F . 2  g e F x

is  invariant under the replacem ent of f  b y  g  f ,  a s  required.

Our final a im  is  to  show  th a t D (f)  is obtained a s  a  specia l v a lu e  o f  a  s ta n d a rd
Eisenstein series (defined below), both in the  case  of S and H.

E v a lu a t io n . T he v alue of  E (s, g , f )  at s= 0  and  g = i d  is D (f).

T h e  Evaluation is a  Siegel-W eil fo rm u la  fo r  a  q u a d ra tic  fo rm  in  one  variab le .
Such formulae have been obtained by Siegel [S], Weil [We ; 1965], Mars [M], Igusa [I],
Rallis [R], and Kudla-Rallis [ K R ] .  In  the  case  of S= SL (2) this Evaluation is due also
to  Helminck [H ], p . 67, w ho studied the  analytic properties of the Fourier coefficients
of the Eisenstein series, and deduced a  functional equation, holomorphy o n  Re (s)>1,
s *3/2, and the existence of a t m ost a sim ple pole a t  s=3/2 (Theorem 16.7, p. 63, and
Theorem 18.2, p . 65). M oreover, [H ] computes th e  residue  a t s= 3 / 2  (T heorem  17.6,
p . 65). T o  e v a lu a te  the Eisenstein se ries a t s=0, [H ] uses (on  p . 67) the  functional
eq u a tio n . O ur proof, w hich is based on computing directly the  values of the Fourier
se ries a t s= 0 , is simpler.

O ur m ain in terest is  in  the  analogous result fo r H = G L (2 ). T h e  result for H, and
the technique, m ay turn  o u t to  be  usefu l in  constructing a n  automorphic embedding of
th e  m odel found in  [FKS] fo r  th e  smallest representation o f  a  two- fold covering of
G L(3). T h e  Hy -module Oy  defined above occurs in  fac t as a  m odule  of coinvariants of
th e  representation studied in  [FKS], and  the  model o f  0 , described here is used there.
For this reason w e decided to reprove here th e  Evaluation fo r  S , in  a  f o r m a t  which
seem s to u s  to  b e  m ore convenient fo r generalization ; it is  d iffe ren t from  [H] in that
we evaluate the E isenstein series d irec tly  a t s=0, and w e  d o  n o t  u s e  th e  functional
eq u a tio n . In  any  case w e deal not only w ith the non-archimedean places, but also with
the  archimedean p la c e s . Then w e discuss the  case  of H , in  several different ways.

A s in  [H ], in  th e  ca se  o f  S  w e w ork  w ith  f= 0 .f„ ,  even f t , for a ll  v . The Eisen-
stein series is defined (below) a s  a  se r ie s  w h ic h  converges absolutely , uniform ly in
com pact subse ts  o f  Re (s)>3/2. It is w ell-know n that it has analy tic  continuation to
the  entire complex plane, w ith  a  functional equation, and the continuation i s  holomo-
rphic o n  Re (s)>1/2, except fo r (at m ost) a sim ple pole a t  s = 1 . W e study the value
a t  s=0, in  th e  domain o f co n tin u a tio n . A s in  [H ], th e  p roof is  based  o n  computing
the Fourier expansion of the Eisenstein series along the standard non-trivial parabolic
subgroup. W e w ere m otivated to  consider th e  Evaluation by the observation that our
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computations can be adapted to show th a t E(0, g , f )=E (0 , id , 0 (g )f ) , and th a t one has
th e  Evaluation E(0, g , f )=D (0 A (g)f )=D f (g). T h e n  th e  summation formulae follow
from  the  E valuation. Indeed, it is c lear from  th e  definition o f  E (s , g , f )  t h a t  E  is
automorphic, nam ely when the  group is S  w e have E (s , g , f )=E (s , ag , f )  for every
in . ( F ) S A . H ence at s =0  a n d  g = i d  w e  o b ta in  Ei3EFf(P)=Z EF(0(6)f )(1S ) f o r  all

—1 \6 . ( F ) .  The Poisson summation formula D (g  f )=D (f ) follows on taking ô =( ?1
since then 64(3 )f  =g  f  is  the Fourier transform  of f .  T h e  N e w  Summation Formula
sim ilarly  fo llow s in the case of H .  A s noted above, this m ethod of proof may apply
to construct an automorphic embedding of the model found in  [FK S] for the  smallest
representation of a  two-fold covering of G L (3 ) . But this may require some effort, and
w e do not foresee ourselves studying this problem  in the very  near future.

I. Evaluation for S

W e begin  w ith  the case of the SA-module (OA , C(A))•
series on S A , recall the lwasawa decomposition

N„=--{(
0  1

1 *)}, .54„={(
a

-0

1 
0)}

a

To introduce the Eisenstein

K =S L (2 , R u ) .

1  n v a - i
ClI f  gv( 

1 a)k „ then a ( g ) = a > 0  is uniquely determined by and s o  a(g)=1 0  
11a(g) for any g =( g )  in S A .  The functions g-40(g)f )(0) and g—*a(g) are left invariant

under the upper-triangular subgrotp P(F) of S(F), viewed a s  a  subgroup of SA .
every f  EG (A ) put

E(s, g ,  f ) = E (0(rg)f )(0)a(rg) - s
reP(F)\S(F )

T hen  E(s, g ,  f )  is  an automorphic function, equal to E(s, rg , f )  for all r E S (F ). Note

that w (g)=(0(g)f)(0)a(g) --3 is  le ft invariant under NA , and (p(s( t °  )0=7.4(01t1 3,1+ 1 1 2 so(g)0  t - '
( tE A " ) . Consequently the series defining E(s, g ,  f )  converges abolutely, uniformly in
compact subsets of Re (s)>3/2 and g E S A . It is w ell-know n that it has analy tic  con-
tinuation  as a m erom orphic func tion  to  the entire complex p lane . T he  proof below
shows that E(s, g , f ) ,  g =id , is  holomorphic a t  s = 0 .  The complex parameter s ,  Re (s)
> 0 , is used to  guarantee the convergence of the infinite products below.

To com pute the Fourier expansion of E (s , g , f )  a t  s= 0 , w h ere  g = i d ,  it suffices
to find the Fourier coefficients

1  u
E a (s , f )= E ( s ,( f )s5(au)du

A m O dF 0  1

for all a  in  F .  Here the  m easure d u  is taken  to  assign  the compact set A mod F  the
volum e one. Then

For

1 ,  a = 0 ,

0, a # 0 .A m o d F

0(au)du={
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A  se t o f  representatives for the coset space P(F)\ -.3(F) is given by id and ( 0  — 1 V 1

1 °A O  1»
u F .  T hus fo r a E F " w e have

- 0 —1 1 u \

1 0  0  1E  a s  f ) ALt9 ( s ( ) ( )) 
40)11(1 , u)II - y(au)du

= A f-( 3
)0( 2

- uy2
)dy11(1, u) 80(au)du.

H ere 11(1, (u0))11=V11(1 , ily)11v, where

max(1, 1u 0 (,) i f  v#co

11(1, u.)11y= (1+4 ) 112

1+ u ofiv

i f  P;=R

i f  Fv =C

The double integral over A converges absolutely on Re (s)>2, and is equal to the Eulerian
product of the  local integrals

Co (a, s)= U v f v(31)4 ( 4 -
2
-1 Y 2— a))II( 1, u)11 dudy. (1)

Choose qi,EFo  w ith  val (q 0 )= - 1—1 generates the m axim al ideal of the local ring
Ro ), w hen  u  is  fin ite . D eno te  by  0,°, a  character o n  F, w hich  is  triv ia l on  Ro  b u t  not
on qt,Ro . Given Ot, there is an integer c(00 ) with 00(x)=0,(x6,( 0 0 ). Note that vol (R 0 , dx)

dx is equal to  qf,(0 0 /2 , and  c(4 )=0  fo r alm ost all U.

W e begin w ith th e  following local result.

P roposition 1. ( i )  For alm ost all v, th e  in te g ral (1 ) is  e q u al  to  1-I-(2a, q0 )0 qT,3 .
(ii) Fo r every  place v, the integral (1) has analy tic continutation to C, and its v alue at
s=0 is z ero i f  2açtF7„ an d  IPItTl(f o (P)d-f i,(—P)) i f  2a=P 2 , PEF,;.

F irs t w e  note  the  following

Lemma 1. A t any  f inite place v, the integral 0(uq)11(1,12)1Vdu is zero unlessF
• in  which case it is equal to

t,

o f , ( 0,) ,2 1 q (1—q 8)8))

P ro o f .  T h e  first claim  follows from  th e  fact that 01),(uO du=0 i f  r > 0 .  If
  O th e n  th e  integral o f  th e  lemma is equal to

I u lV q r
 1(1, u)11-3du+Li=gr+100(ur r)0-3(r+i)du

=qc(0)/2[1+(1_q_1),1_8 q r r  8 0 .1,0 1
q t—s_i

q c (  )12(1 
- q  )(1—q  + 1 ) ( 1 — s ))(1 —  ( 71 ,

as asserted ; here  the index v  is om itted to sim plify the notations.
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Consequently the  in tegra l C„(a, s) of (1) is equal to

0,1,0/2  1 - 4v 3  E 2 ,7  + 0 0 -0 ))
1 - 47;j- 3  r =0 y 2 -2a1-=TT 0)121 

fv(Y)dY

It fo llow s that there  are  Av=--A (f., oi,)>o such  that (1) is  zero unless lal 0 ./40 f o r  all
; here A 0 -=- 1 for a ll y where fv= fi°,  sb0=0. Hence in the function field case, for given

f, 0 , there  are at m ost fin ite ly  m any non-zero E a (s, f). G iven  a  i n  F " .  w e  have
f  v =  f  çbv=0, aER' and 2E/?; for alm ost all y, and then  (1) is equal to

q f, (0 0 1 , 11—q78
8 [ (1 f v ( y ) d y +  E cg ,0 + 1)(1 -8 )) f0(Y)dY] •

— qv V2-2,11v=1 r>0 r2-2a1v=qv

W e conclude at once the following

Lemma 2 .  I f  fv=fg, sb,=-Og la Iv=1  and 12I„=1, then (1) is equal to

1±q,-;1 =  1 - - C i ç 2 S i f  2aEF 2 ,

Or
1— q 2 8  i f  2a  (4 F/ 2 .1 _ 033

1_x2a(q0)q8

Here X y a  denotes the quadratic character x—>(2a, x), of F e".

P ro o f . In the first case note th a t i f  2a=132 , 1 1310=1, t h e n  13, 2 -2a1 0
< 1  implies

13)- 1S v < 1 o r  1Y+Piv< 1. Also dy=gf,(6'2(1—qi,-1). In the second case note that
17/Iv=

1

(2a, q0 )0 = —1 if  qv  is  o d d  and 2a is  a non-square unit in  F r".

Lemma 2 completes the  proof of Proposition 1(i). A t any finite  y, if  2a0F7, then
only finitely many summands of (1') are non-zero, hence (1') is  o(s); w e w rite  o(s) for
a  function w hose lim it at s=-- 0 is  z e ro . I f  2a=P 0 , PEF,;, to compute the lim it at s=0
of (1') it suffices to take the  sum only over for any fixed R .  W e take R =R (a )
to be sufficiently la rg e . Then each integral in  (1') ranges over th e  y  with or
iy+siv equal to  .7 P v )/ 1 / 3 1 0 . U p  t o  o(s) we obtain

1—W (1p v(p) +  f
13)) “ 1  r

+1))
r4 -j01 -0 - 8

T hen  (1'), and so also (1), is equal to  2f0(P)i p w, up to o(s). This completes the proof
of Proposition 1 (ii) w hen y is finite.

Lemma 3 .  Proposition 1(ii) holds when Fv =R.

P ro o f . The integral (1) is equal to

f v ( x ) e - 2 1 r i u ( ( 1 / 2 ) X 2 - " -1-0)(1 ) c/- 8 /2 udx
R 2  

27c'/2

T(s/2) R

1
z ( -

2
x'—a)

(8-1)/2
K 0 -0/2(27r )fv(x)dx (*)

H ere the equality follows from the well-known identity (see [13], p . 83, (27))



47r  I ( 274.

1"(s)
y -1

K ,(4 7 r
1— x 0—a ) f ( x )d (*)2
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( x 2)-t e 2r..  d x = 27rs l a !t-ilz r( t )-1K 02 (27z. , a I) (a e ltx )
R

If a<0, then the  integral of (*) over R  is an  entire function o f s, and (ii) follows.
3- 3

If a > 0 , define p>o by [32 =-2a. Then is holomorphic on C , a n d , using
0 p +3

the power series expansion of K s(z ) near z=0 , we have
cp+s, 1
)

J9 , 3
Ç-

2
r I x2-132I) 

- 1 ) 1 2

K (0-1)12(n x 2 — l32 1) f v(x)d

= 5 2
-
4;[2  c o s  ( r s / 2 ) F ( ( 1 + s ) / 2 ) ] -

1(7c x 2— p 2  r )S -1 f v(x)d x + h(s)
A —3

with h(s) holomorphic at s = 0 .  Consequently, up to a  function which is holomorphic
at s=0, the  integral over R  in  (* ) is equal twice the  integral

,9+a
ir [2 cos (7 s /2)F((1 Ps)/2)] - 1 (0 ) 8 -  f v(A) p a  I x I ' d x ,

whose residue at s =0  is 7r- ' 1 2 „(P)/ P ; the lemma follows.

Lemma 4 .  Proposition 1 (ii) holds when F O C.

Proof. T h e  integral (1) is equal to

x ) e
-27;t1r(u((1/2).r a))(1+uR)-scludx

Here the equality follows from the  well-known identities (see [13], p. 81, (2), and p. 95,
(51))

e  o s  0

d 0 -=27rf 0(z)
Jo

and

D0(ar)(1-0-2 ) - 'rdr=(a/2) 8 - '1C8_1(a)/F(s) (a >0) .

Choose /SEC which satisfies 2a -=132 . Up to a  function holomorphic at s=0, the  in-
tegral of (* ) is equal to

K3_1(2 7r I x 2 — 132.(0(74-Ix2_132,•0-1 ).f0(x)dx

7C [2 sin (r s )r (s ) ] - '(r  I x 2 - 16 2  I)28 - 2f , , (x )d x

7C E2 sin (rs)P(s)] - 1 (27r I 131)28 - 2f vc/3) Ix_ <,3 I
Here again we used the power-series expansion of K s(z ) at z=0 j a; ---'1 2 3 - dm2 ex .anequality up
to a  function holomorphic at s=0 ; I • I is the usual absolute value, and d x is the measure
defined by the differential form 2 d x A d X . Since
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x -19 I 2 s- 2 dx=27u32 8 /s if Re (s)>0 ,

the  residue at s=0 o f  th e  integral in  (*) is  (47) -1 .fvovi pr. Hence the value a t  s=0
of (*) is  the sum of f  u o v  p 1 2  and f u(- 8 ) / 3 1 2 ,  a s  required.

We can now conclude

Proposition 2. T he v alue of  the Fourier coefficient E a ( s , f )  at  s =0  is  2 f (P )=
f ( p ) -  f  ( -  p )  i f  2a=P 2 ,  P E P ',  and it is  zero if 2cr F—F2 .

P ro o f . Note th a t the ['-function  r ( s )  satisfies r(s+1 )=sT (s )  and F(1)=1, and it
is analytic o n  Re(s)>0. D enote by r i (resp. r2)  th e  num ber o f  r e a l  (resp. pairs o f
complex) embeddings o f  F .  T h e  product

C(s)= II (1 - 9 ') - '

converges absolutely, uniformly in compacts of Re (s)>1, has analy tic  continuation as
a  meromorphic function o f  s  o n  C , and there  is  a  complex number A#0 such that C(s)
satisfies the  functional equation

s 
)

v i r ( s y ., A , s r ( 1—s ) T(1 — s)rzC(1 — s)2 2
Since h a s  a sim ple pole a t  s=1, one has

C(1— s)  ( F(2s) V  F(lim C(S)/C(2S)-= liM
8-.0 — 2s) F(s) )

2( s)
 F ( s 1 2 )

Lemmas 2, 3 and 4 im ply  that w hen a=p 2/2, pc—F-, the Fourier coefficient E a (s, f ) is
C(s)

,( 1 - 1 - q ,- ,- 2 ) - ' H C v (a, s),C(2. )vEv. . rEv

w here V  is  a  finite set of p laces such that each vçÊ V is fin ite  and  has f v=
al v=1 ,  I 2 1 =1 .  A t s=0 this is equal to

21 - r  1 - T 2 ( H  2 - ')( 11 2f,(P)/ p  v)=2 f (fi)= f ( p ) -  f  ( -  .vEv

Note th a t lIvEvIPI v=1, and f ( ,9 )=1  f o r  v0V.
W hen 2a F—F2 ,  define a  character Xa  o n  4  b y Za(t)=11(2a, T he  E u le r

product
c(s, xa)=1-1(1—x.(q2)qvg) - 1

(product over th e  se t o f  finite places where Xa  i s  unramified) is absolutely convergent,
uniformly in compact subsets o f  Re(s)>1, and has analytic continuation to  t h e  entire
complex p la n e . Its  value a t  s= 1 is  a  finite non-zero number. Denote by rT=rT(a) the
number o f  rea l places of F w here a<0, namely where X„ is quadratic, and by rt  t h e
number o f  rea l places w h ere  a  > O . F ro m  the functional equation satisfied by C(s, Xa ) it
follow s that C(s, X„) has a  ze ro  o f order rt+ r, a t  s=0, and th a t C(2s) h a s  a  z e ro  o f
order r1d-r2-1  the re . L em m a 2 im plies that w hen a F—F2 ,  w e  have that
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E a (s, f) -= vIEIv Cv(a, s) vt Iv (1+(2a, qv)vq - ')

((s, X a ) H Cv(a, s) H  (1-Fq 8 (2a, HC(2s) veV veV, - veV"

H ere V  is  a  sufficiently large finite set of p laces of F , V ' is  th e  se t  o f  fin ite  y  i n  V

w h ere  Xa  i s  unramified, an d  V " is  th e  se t o f  finite y in  V  w here Xa  is  ra m if ie d . I t
follow s that the  order o f zero  o f  Ea(s, f) a t  s=0 is a t least

rt+r 2 —(r 1 d-n-1)-1-[{yEV ; 2a0F 2 }]— [{vEV ' ; 2a0F,; 2 }]— .[V "]=1 .

H ere [V ] denotes the  cardinality o f  a  s e t  V .  It fo llow s that th e  lim it o f  E a (s ,  f )  at

s=0 is  z e ro . T h e  proof of proposition 2 is now complete.

Proposition 3. The value at s=0 of  the Fourier coefficient E a (s , f) at a=0 is f(0).

P ro o f .  T h e  coset o f  th e  id en tity  in P (R )\ S (F )  y ie ld s  th e  co n tr ib u tio n  f (0 )  to
(0 u

E o(s ,  f ) .  A ny other coset is represented by and contributes the Eulerian

integral
\1 0A0 1)'

.U,f(Y )OGuY 2 )11(1, u)11- 8cludy (2)

To compute the local integral w hich occurs in  this product we use local notations (drop
the index y), pu t r= c (0 ) and w rite  0 fo r 0 ° . Since

u) d u

i s  zero unless rd-2t_O w here, by Lem m a 1, q' 12 (1--q - 8 )(1—q 0 +' +")( 1 "))/(1—q 1- - s) is ob-
tained, the local integral

5f (y)50(uq - r y2 )11(1, u)li - s dud y

1—q - 3

q r / 2  E q ( 1 - 8 ) ( 1 + r + 2 0 ) f(Y)dY •
t - r /2  1 — q' iyi=q-t

W hen r-=0 and f = f °  is  the  characteristic function o f  y I <1 , one obtains

1—q' 1—q-28
n r (1  q - 1 )  E ( q - t  q l-s + t( 1 -2 .3 ) )= a r

1 — q 1 - 3 t = 0 1_ (11 - 23

I t  is  c le a r  th a t  e a c h  o f  th e  summands in  (2') is  o (s ).  H ence up to  o(s) it suffices to
take t R  in  (2') ; fo r  a  sufficiently large  R  one has f (y )= f (0 ) o n  I
thethe  sum  over t_ .R  it  is  c le a r  th a t (2') is  o (s ).  It fo llow s that (2) is equal to

lI C,(0, s) I I  (1- 9")(1 - 0 - 2 3 ) - 1

veV vOEV

C(2s-1)
, H  Cv(0, s) H  (1 '-47 ,728 )(1  (171, - 2 8 ) -1

N s ) v V VeV,1.K.

H e re  V  i s  a  sufficiently la rg e  finite se t o f  p laces . N o te  that ((2s — l) has a zero of
o rd e r  r , a t  s = 0 . T h is  follows from  the  functional equation o f  ((s ), since  F(1/2) and

equals

(2')

Taking
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C(2) are finite and non-zero, w hile n— i+s) has a simple pole a t  s = 0 .  Consequently
the order of zero of (2) a t  s=0 is at least r2— (r1-Er2 - 1)+[V]—[{vEV ; v<col]=7- 2+1.
Hence (2) vanishes a t s= 0 , and the proposition follows.

In conclusion, the value of the Fourier expansion E E ,(s , f) of E(s, g , f), g= id ,
.OEF

a t  s= 0 , is

E(0, id , f )= Ea (0, f)=-- f (0 )+ 2  E  f (P . )=  E  f ( ),
a E F aE F x 2 ,9E F

w here P a  is  an element in  Fx w ith  132,3 = a .  This completes the proof of the Evaluation
in the case of the group S.

A s noted above, our computations can be extended to apply w ith any g  in SA , and
yield the  Evaluation E(0, g , f )=  E (0(g)f)(13). Since E(s, g , f)=E (s, ag, f) fo r  every

geb-

3  in  S(F)cS A ,  i t  f o l lo w s  th a t  E f(18)=E(0(5)f)(13) for an y  3 ( F ) .  The Poisson
13E1' PEP

sum m ation formula is  o b ta in e d  o n  ta k in g  
o = (

s i n c e— 1 )  s in c e  th e n  0 (6 )f=9 1  is  the
0  '

Fourier transform  of f .  Moreover, the functional f ,— E f (p )  in te r tw in e s  A  w ith  its
EF

model as a  discrete series automorphic representation.

I I .  Evaluation fo r  H

N ext w e  tu rn  to  the study of the HA-module (O A,  C(Ax)). For f  =Of vy fv C (F),
consider the function fo = O f v o, f vo(x)=1im tIV 2 .fy(t2 x), on A " ;  it  s a t is f ie s  I  tl o (t2 x)

t-•0
= f o( x ) .  The series

E(s, g , f)= -- E E  (0(rg)f) 0(x)a(rg) - '
7 E 1 ' ( F ) \ I I  ( F )  x E F ' I F "

is absolutely convergent, uniformly in compact subsets of Re (s )> 3 /2 . Here P  i s  the
upper triangular parabolic subgroup of ÏJ. T h e  proof below im plies that the analytic
continuation of E(s, g , f )  is  holomorphic a t  s = 0 .  W e give tw o proofs for the Evalua-
t io n  in  th e  c a se  o f  H .  T he first is based on reduction to the case of S .  A t g=id,
one has

EH (s, id, f)=--EE(e(r)f )0(x )a(r) - sr

E  f  0 ( a )  +  E  E  t o ((0
) ) .f )  (a)I1(1, )3)11- '

a E F '1 1 0 2̀P E F  a E F '  I F ' 2 \  \\10 J \ 0  1 0

E [f(a, 0 )+  E 5 ,f (a, x )0 G- a iex 2 )dx • I1(1-, 18)11- s ] •
a E F ' ' I F " /3EF

The summand in  the last sum  over a  is  no other than  E s (s, id , f„ ), w h e re  f a (x)
= f (a ,  x ) .  B y  th e  Evaluation f o r  S w e have E 8 (0, id , f 0 =  E f(a , 13). T aking  the

)9E F
sum  over a in  F"/F" 2 w e obta in

E H (0, id, f)== 1] fo(a)-F f(a, 13)== f0(a)-E2 f(a ),
cxe F '1 F x 2a E F ' pep- , a E F "  F ' 2 a E F "

as required.
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The second proof is analogous to that given above for S .  I t  will now  be briefly
described . The Fourier expansion of E(s, g, f )  a t  g = id  is  E E a (s , f ), where

a e F

/ ( 1  u
E a (s, f)=-AmociFES, ,  f 0 (ua)du.

0  1

The coset of the identity  in  P (F )\F I(F ) contributes

E  f o (x )N (u a )d u =  E  f o (x)
,,EF5 A m od F  x e F x ip-x2 zeF 2 1 F x2

to  the Fourier expansion. It rem ains to  con sid e r the  con tribu tion  o f the  cosets of
(
 0 1
0  — 1 v

 1 )
1

to  E a ( s ,  f ) .  I t  is  the sum  over xE Fx/F"' of the  Eulerian integral0 
e ((0  — 1 )(1  u) f

 )

( x )
u)11- 2 0(ua)du (3)

0)V) 1 ,

To compute the local factors of (3), w e pass to  local notations, i.e . drop the index
v . S ince

(
64(C1 — 01 )(01 u1))f ) (

x ) =cr(x)I x y 11 1 2 f (x Y2)0 (x q u y 2 y ))d  y  ,

w e have

( 0 ((01 — 01)(01  u1)) f
(x )= cr(x )lx  11 / 2 y 1 1 1 2 f (xY 2 )Çbq  u x y z )dy

Hence the local factor in (3) is
1

cr(x)1 x ' f f y 11 / 2 f (x.Y2 )0(4 -

2
xy z — a))11(l, u)!I'dudy.

U. y

There is A (f, , 0)>O, w ith  A (f ° , (Y)=1, s u c h  th a t  (3 ') i s  zero unless I al -5A(f, Sa).
Hence when F  is  a  function field the global integral (3) vanishes for alm ost all a Fx.
I t  is  e a sy  to  se e  th a t for each of the remaining finitely many a 's , fo r  which (3) may
be  non-zero, (3) would vanish for a ll but finitely m any x  in  F V F " .

Proposition 4 . I f  f 0= f?» I a I,=1, I x v=1, then (3') is equal to

1+q,-,-8 lq=   i f  2a/xEFO` 2 ,

Or
1—qi7"

5 . . ,780.(u)I1( 1 , u)11,sclu=1—qs=i+x,a/x(qv)q,78= 1—X21.(4)4

is 2a/x0FO` 2 ,  where X 2 a / . ( Y ) = - ( 2 a / x ,  y) v i s  the quadratic character associated with 2a/x

P ro o f . This follow s at once from Lemma 2.

By Lemma 1, each of the local integrals (3') a t  a  finite place is equal to

(3')
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qc“'"
,

,
1 —  q - 8  

E (1 -  - a" + " " 1 - ")cr(x)1 x111 I y I 1 / 2 f( x  y 2)d y
no1 0 - 2 a / x 1 = q - n - ' ( 0 / 1 2 x 1

U p  to  o (s ) it suffices to sum  only over n R = R (a ,  x ,  f ) .  For a  sufficiently large R
w e get tha t each  in tegra l is  zero unless there is A E F  w ith  p 2 =2a/ x, a n d  then  w e
obtain

2c7(x) 1 x 11
,21a /  x  11/4f (a )1  x q _ , ) ( 1  i r s) (1 E

U p to  o(s) th is  is  the sam e as the analogous sum over and a t  s=0 we obtain

2f (a)cr(x)1 a  - 1 1 4  x 1 - 3 1 4

The analogous result holds in the archimedean cases too.
Returning to the global notations of (3), we conclude

Proposition 5. T he Fourier coefficient E a (s , f) is an analy tic function o f  s  near
s = 0  (w hich is z ero, w hen F  is a function f ield, f or all a E F ' with only finitely many
exceptions depending on f  and 0 ), and its value at  s = 0  is E ,(0 , f )= 2 f(a ).

P ro o f . Since C ( s ) / C ( 2 s )  ta k e s  the value 21 - '1- '2 a t  s=0, and C(s, X2a/x)/C(2s) has a
zero of order 1-7- --,- (a/x) a t  s=0, as in the case of SL(2) we conclude that given a F"
the integral (3) is  zero a t  s=0 unless the class of 2a in  Fx/F" 2 is  r e p re s e n te d  b y  X.
T hen  E a (s ,  f )  is equal to  the value of (3) a t  x = a ,  and th is  is  2 f(a )±o (s ), as required.

Proposition 6. The contribution to E „ (s , f ), a=0, f rom  the  cosets represented by
(0  —1v1 is o(s).O A °  1)'

P ro o f . W e have to com pute the product over y of the local integrals

r(x)I x1 11 y  1/2 f(x .Y 2).f 0(ux.Y 2 )11(1 , Oil - s dudy .

A s noted in the case of S L(2), for alm ost all y w e have 121=1, lx 1 f  =f°, 0=0° ,
c(0) , --0, and the result is

(1 — 9- 2 2 )/(1 - 9' - 2 8 ).
In general the local integral is

qc(0 )/27. (x)! xi'12(1—q-8)(1—qi_s), E  a  q ( i + , ) 0 _ 8 ) ) 1 y 11 / 2 f(x31 2 )dy . .”?.0 / I , / iz_ q -n-c(0/12.ri

U p to  o(s) w e m ay take  n R , and w hen R  is sufficiently large, u p  to  o(s) we obtain

r ( x ) f  0 ( x ) ( 1 — . 9
,-8)(1 —q i-8)-1 ( 1—g,-1) , (q - 0  q i--0+,, ( 1-28) )

if  val (2x)—c(0) is even, and 0 o th e rw ise . But th is  expression is  o(s). Hence the con-
tribution to  E 0(s ,  f )  under discussion is  the product o f  a  function  w hich  vanishes a t
s=0 to  the order and C(2s - 1)/C(2s), w hich vanishes to the order r2 —(r i +/-2 -1 )
(see proof of Proposition 3).

It follows from Proposition 6 th a t  E 0(0 , f )= f o ( x ) .  Using Proposition 5 we
x c F ./ F  2
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conclude that th e  v a lu e  o f  E(s, id , f )  a t  s = 0  is

D ( f ) =  E  f 0(x)+2 E  f (x ),
xer'1F x 2

a n d  th e  proof o f  th e  Evaluation fo r  H  is com plete . A s noted above, one can generalize

our computations to apply to E(s, g, f ), s = 0 , w ith  any  g  in  HA . Since E (s ,( 1) ,  f )1 0
=E(s, id, f ) ,  th is  w o u ld  y ie ld  a n o th e r  p ro o f  o f  th e  new summation form ula D (f )=-

D(if f), a s  w ell a s  th e  autom orph ic realization o f  (OA , C (A )).
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