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BMO extension theorem for relative uniform domains
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Yasuhiro GOTOH

§ 1 .  Introduction

L et D  b e  a  dom ain in n-dimensional Euclidean space, a n d  BMO(D) the
space o f all functions of (n-dimensional) bounded m ean oscillation on D .  We
say D  has BM O  extension property if each BMO(D) function is the restriction
to  D  of some BMO(R") function.

In 1980, P. Jones [J] showed that a  domain D has BMO extension property
if and only if D is  a  uniform domain (c f . [G 0 ]) . F o r  various characterizations
of uniform domain, s e e  [ G ] .  A  uniform domain is 'uniform ' as a subdomain
of R" o r  R" U { co }. H ere  w e  conside r relative uniformness of domains, that is,
a  uniform ness as a  subdom ain of o ther dom ain, and show  th a t th is  relative
uniformness and the corresponding relative BM O  extension property coincides
with to each other, which is a  generalization of Jones' result (Th. 1.)

O ur method is essentially almost the same as the original one of Jones, but
since we m ust localize his method, and  for the  completeness, we shall give the
proofs for all our lemmas below.

§ 2. Notation, preliminary lemmas and main result

Throughout this paper we treat only 2-dimensional case for the simplicity,
since the  same argument holds in  the  case  of general d im ension. L et D  b e  a
domain lying in R 2. W e say that a  function u e LL(D) is  in  BMO(D) if

= suQp m(

1

0  j
r

Q u(z ) — u,2  dm(z) < co ,

where dm is  the  two dimensonal Lebesgue measure, u m(Q) -
1 SQ udm  and the

supremum is  ta k e n  fo r  every closed square Q in D whose sides are parallel to
the  cood ina te  axes. T hroughout th is paper 'square ' m eans a  closed square
whose sides a re  parallel to the coordinate axes, 'dyadic square ' m eans a square
[k2", (k + 1)2"] x [12", (1 + 1)2"], k, 1, n e Z , 1(Q) denotes th e  side length o f a
square Q, tQ , t > 0  denotes the square having th e  same center a s  Q  and  tl(Q)
a s  its side length, d (• , • ) denotes th e  Euclidean distance, A1 ,  A 2 ,  . . .  denotes
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positive universal constants, A  denotes positive universal constant which may
vary from place to  place.

We say that a square Q lying in D is admissible if it satisfies d(Q, OD) > 321(Q)
and s i(D ) denotes the set of all admissible squares in D .  We say that a  sequence
of admissible square Q0 , Q 1, Q„ in  D  is  an admissible chain if  it satisfies
the following conditions;

Q1 + , # 0 , o  <  <  n — 1 ,

1 1(Q1)« 2 ,  0  <  <  n  —  1 ,2  — i(Qi+i)

and call n  its  le n g th . F o r  tw o admissible squares Q , Q ' in  D  we define

6D (Q, Q') = min {n 11Q = Q 0 , Q 1 , . , Q ,, =  Q ' is  an admissible chain}

and the admissible chain which attains above minimum is called geodesic admissi-
ble chain joining Q  a n d  Q'. R em ark  w e define  

D
 s o  t h a t  .r5D (Q, Q') > 1  for

technical reason, SD  i s  n o t  a  d istance  function but triangle  inequality holds.
Further for tw o squares Q , Q ' lying in  R2 , we define

t i f (
Q ,  Q ' )  - =  l o g  ( 1  +  

1(Q) + 1(Q') + d(Q, Q ') ) (
1  +

1(Q) + 1(Q') + d(Q, Q'))
1(Q) 1(Q')

then

Lemma 1. L et Q , Q ' be admissible squares in D then

ql(Q, Q') A  6 D(Q, Q')

Conversely i f  there exists a square such that QU c 2 D  then

6 D(Q, V )  A 20 12, Q')

Especially, f o r all squares Q , Q ' c R 2 ,  we have

A 1- 1 0 (V 6R2(12, Q') A 2tP(Q, Q')

P roo f. F irst o f  a ll w e prove the  first inequality . L e t Q, Q' e J i ( D ) .  We
m ay assume 1(Q) 1 ( Q ' ) .  L et Q = Q 0 , Q 1 , .  ,  Q „  =  Q ' be arbitrary admissible
chain joining Q, Q'.
(Case 1) d(Q0, Q„) 1(Q„). In  th is  case it suffices to show that log d(Q 0 , Q„)/

A n . A nd since 1(Q1) 2i 1(Q0 ) , 0 i n , it holds that

n -1 n-1
d(Q 0 , Q„) E ,/i/(121) -s/2  E 2 11(Q0) ii2n/(Q0).

1=1 i=1

(Case 2 )  d(Qo , Q„) < 1( Q . ) .  Then it suffices to show that log /(Q„)//(Q0 ) An,
and since 1(Q,,) 2"1(Q0 )  this inequality holds.

N ext w e w ill prove the second inequality . W e m ay assume /(0) < 1(Q) +
1(Q') + d(Q, Q') by replacing 0  with some smaller square if necessary. Let 2 rn <



B M O extension theorem 173

1(0)/1(Q) 2m+1 , 1(0)//(Q') 2' ,  then  there  ex ist tw o chains Q = Q 0 c
Q , c  • • c  Q .,, = Q' = Q'0 c Q', c • • • c = w hich  are adm issible as
chains lying in  R2 . H ence 0 = Q 0  Q15 • • • Q m ,  Q m + 1 , q m '- 1 . ,  •  •  •

Q' is admissible as a chain lying in  R2  o f  length m  + m ' +  2. If we decom-
pose each square in to  4096 congruent subsquares by dividing its sides into 64
pieces, then each such subsquare is  admissible hence we can easily construct an
admissible chain joining Q , Q ' w hose length is at m ost 6 + 64(m + m' + 1) + 6,
therefore

6D(2, V )  64m  + 64m ' + 76 A  {1 + log 
4 6

 +  log 
/ 0 )

} < Q') .
1(Q) 1(Q')

Q.E.D.

Lemma 2 (cf. [S]). There exists a decomposition of  D into a family of  dyadic
squares g(D) = {Qi }, Qi° n = 0, (i A U i Qi = D  f or each a > 2  such that

a < 
d ( Q i ,  O D ) 

< 2a + 2 ,
l(Q)

1 1(Qi )< < 2 if  Qi nQ i 0 0 .2 —  1(Q; )

Pro o f . F irs t  o f  a ll w e  decom pose  R2 i n t o  a  fam ily o f  dyadic  square
[k , k  + 1] x  [1, 1 + 1 ], k , I e Z .  I f  there exists a  squa re  Q  in  this family such
tha t d(Q, a D) < al(Q), then we decompose Q  in to  4  congruent subsquares. Let
Q ' be  one of such subsquares. Then

2 ( d ( Q ,  a D )  + 1 ( Q ) )d(Q', OD) 2
1(Q') 1(Q)

<2Œ + < 2a +  2 .

Hence by repeating above process, we can decompose Q into a  family of dyadic
squares Q" which satisfies a d(Q", D)/1(Q") 2a + 2.

Next, suppose there exist a  dyadic square Q such that 2a + 2 < d(Q, D)/l(Q)
then let Q ' be the dyadic square containing Q  such that 1(Q') = 21(Q). We join
all squares in Q ' in to  one square Q'. Then

d(Q', O D ) d(Q, aD) — ,./i1(Q) (2a + 2 —  \ /2)1(Q) > al(Q') .

Hence by repeating above process we obtain a  family of square Q  such that

d(Q, aD)< < 2a + 2 ,
1(Q)

Finally, for such two squares Q , Q ' such that Q n Q ' 0  0  w e have

1(Q') a - l d(Q', a D) a - 1 (d(Q, aD) + /i1(Q)) (2 +  2 + \ /)1(Q ) < 41(Q) .

and so  1(Q' ) 21 (Q ). Q.E.D.
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In  th e  following, g(D ) denotes the  family obtained by above method with
= 32, which we call Whitney decomposition o f D .  N ote th a t if D c  D ' then

for each Q e g(D) there exists a  square Q' e 9(D ') such that Q  Q ' .  And note
that if Q, Q' e g(D) satisfy Q' fl 21Q 0 0 then 1(Q') 1 ( Q ) / 2 .  In fact, if Q" e g(D)
satisfys 1(Q") 1 ( Q ) /4  then

d(Q, Q")> d(Q, OD) — d(Q", OD) — .,/21(Q")

> 321(Q) — 66 . -

4

1(Q) 1(Q) > 151(Q)4

hence Q" n2lQ= 0.
W e say that a  sequence Q,, Q 1 , Q„ E g(D ) is  a W hitney chain if  Qi n

Qi +, 0 .  Since g(D ) c  d(D ), every Whitney chain is adm issible. W e set

wD(Q, Q') = min In 1 Q = Q0 ,  Q 1 ,  .  ,  Q. = Q' is  a W hitney chain}

and the Whitney chain which attains above minimum is called geodesic Whitney
chain joining Q  a n d  Q'. I t  h o ld s  th a t 6D (Q, Q') W D (Q, Q'), Q, Q' e g(D) by
definition. Conversely

Lemma 3. W ( 02, Q') A 35D(Q, Q') ,e  g(D)

Pro o f . L e t Q = Q 0 , Q 1 , Q„ = Q' b e  a  geodegic admissible cha in  in
D .  Let e g(D) be a square such that 011 Q . 0  0. Then we have 1(0) 1 ( Q 1)/4,
hence the number of square e g(D) satisfying f l  Q . 0  0  is at most (4 + 2)2  = 36.
It follow s that WD (Q, Q') 36(n — 1) + 1 36n =  366 D (Q, Q'). Q.E.D.

Let Dy be a  domain lying in R2 . W e say that a  domain D1 D 2  is relative
uniform with respect to  D2  i f  it satisfies

6.0 1 ( 2 ,  Q') m 6 D 2 (Q, Q') e si(Di)

for some constant M  >  1 . And W(D2 , M ) denotes the set of a ll subdomains of
D 2  satisfying this cond ition . N o te  th a t  if  D, e 014D2 , M 1 )  a n d  Dy e V(D3, M2 )
then  D, e M 2M 1). A nd no te  th a t if  D, E M ) and  f : D2 —* D2'  i s  a
quasiconformal mapping then f (D 1 ) e V(D2' , KM ) where K  is a constant depending
only on the maximal dilatation of f . (cf. lemma 23.)

W e say also a  domain D  lying in  R2  is uniform  (cf. [G ]) if it satisfies

W A , V )  A40(2, 12') , g(D)

fo r  som e constant M > O. L e m m a  1  a n d  lemma 4  below  shows th a t  D  is
uniform if and only if it is uniform  with respect to  R2 .

In  the  following, B i (M), B 2 (M ), ... denote constants depending only o n  M,
and B(M) denotes a constant depending only on  M  which may vary from place
to  place. The relative uniformness follows from the following property which is
weaker in  appearance than its definition.
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Lemma 4. L et D1 b e  a subdom ain of  D2 such that

WD1(Q, Q') M 6D2
(12, Q') ,Q ,  Q '  e g1Di)

then

6E11(2, Q') A 4 m  4 2 (Q, Q') Q, Q' 6  d(D1)-

Pro o f . L e t -0 , -0' be squares in 2 (D1 ) which minimize WD A , -0'') under the
condition -0' nQoo, -0"'nq 0 0 .
(Case 1) W p 1(0, 0') = 1. Then there exists a square such that Q U  Q ' c  c
2  c  D 1 therefore by lem m a 1,

D Q') A z tP ( Q , Q ')  A  A  26.012, Q')

(Case 2) W D ,(Q, 0') 2. Then first of all we will show 6D  i (Q, Q') A  log 1(0')1
1(Q). If 1(Q) _1(0)14 then this inequality is trivial, hence we may assume 1(Q) <
1(Q)14. Since Q' rl 2 -0 = 0, if follows that

1 1
d(12, Q ')> —1(Y) — 1(2) > —1(Y)— 2 — 4

O n the other hand, let Q = $20, Q1, • • Q „ =  Q ' be a  geodesic admissible chain
in  DI . T h e n

.-1
d(Q, Q') 

k 
E N/21020 E 02k/(12) J2"1(Q)
=1 k=1

Hence /(Q) A 21(Q) and  so  6,) 1 (Q, 121 = n A  log 1(0)//(Q). Similarly we have

WO') 10')
(5D1(Q, Q') A  log 

1 ( Q )
(5132112, 1(Q)

A log 
ic
5 1 , 2 1 Q ,  Q') A log 1 (Q ,)

 •

And so

(5
1) 1 ( 12 , V) (51)1(Q, 0) + 6131 0 , +  o Q')

< A  ± A  log
10 )

+ A  log
i ( V )

+ M6D
2

(Q:0')1(Q)

< A  + A 61,2 (12, Q') + MOD 2 ( -0, 42 )  + 4 2 (Q, Q') + D 2 1Q'

AMSD ,(Q, Q')
Q.E.D.

L et Q , Q ' be  admissible squares in D .  W e set

W A , ') + log (2 + 
1
1
(
(

)
) )  (2 + 

1
1
(
:

°
12 ,

)
)) ,  6 D(Q, Q".') . 2 ,{

0 12, 42') , (5 D(0, 0') = 1,
6D(Q, Q') =
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where 0 , -0 ' are squares in g(D) which minimizes W,(0, -0') under the condition
n Q  0 , Q' 0 0. (Minimizing condition is not essential.) Then above ar-

gument shows that

6D(Q, Q') 6D(Q, Q') A3D(Q, Q')

N ow  w e can state our m ain theorem.

Theorem 1. L et D 2  b e  a  dom ain ly ing in  R2 . T hen the  following three
conditions are equivalent to each other for subdom ain D, of  D 2 ;

(1) Every  B M O(D,) function is the restrinction of  some BMO(D 2 ) function.
(2) There exists a constant M  > 0  such that

wp,(Q, Q') m  6 2 (Q, Q') , Q, Q' E  g(D i) •

(3 )
 

DI is relative uniform  w ith respect to  D y , that is, there ex ist a constant
M  > 1  such that

61)1 (Q, Q') m 6 » 2 (Q, Q') Q, Q' E a ( D i )  •

The relative B M O extension property  is no t local property. There exists
two domains D I c  D 2  such that

(1) for every square Q  c D2 and every u E BMO(D,) , there exists a extension
12 of u  to  Q  such  tha t 11/11,,,Q

(2) b u t there exists a  BMO(Di ) function u which can not be extended to a
BM 0(D 2 )  function.

Example 1. Let

1 1
Sn  = { 0 < x  <  0 < y < 1} U {1 — —

n  

< x <  1 ,0  <  y < 1}

U {0 <x  < 1 , 0 < y

1 31 77
T„ = <  x  <  

4
—, —

8  
< y < 1} , U„ = < x < 1 — 1-

1 . '  

—
8  

< y <

V = {1
— < x < < y  < 1}  , = S„U U U,, , D D U V ,
4 —  4  8

then for every square Q  D '2'  and every u e BMO(D7) ,  there exists a extension
et of u  to  Q  such  tha t 114 11*,Q A llull*,D?• W e set

nx , (x, y) e S„ ,

u„(x, y) =0 , ( x ,  Y) e T. ,

(x, y) e Un ,

1}
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then u„ E  BMO(D7) a n d  11u,, 11*,D?1 .  O n the other hand for every extension
of un t o  D3 it ho lds tha t 114. 11*, --+ co. Hence by linking these domains Dr,' in a
suitable way, we obtain our requirement.

N o te  t h a t  Wp i (Q, Q'), Q, Q' E g(1) 1 )  corresponds t o  th e  quasi-hyperbolic
metric

1d41kDi(z, z') = inf
d(C, OD1 )

where th e  infimum is  ta k e n  fo r  a l l  rectifiable curves y  joining
(50 2 (Q, Q'), Q, Q' e g(D 1 )  corresponds to  the following metric

d(z, 3D2 ) d(z', 8D2 )kr,2 (z ,  z l o g  d ( z ,
)  d(z', ODi )

z  t o  z ', and

lz — z'l d(z, OD2 )/2 ,

iz — z'l < d(z, OD2 )/2 ,
z') =

log (1 + d
i
(
z
z=o p

z'1
0 )(1 + d

i
(
z
z ,=a

z
D

'i
o )

Hence the condition (2) of theorem 1 implies;

1c0 i (z, z') z') + L, z, z' E

§ 3. Proof of Theorem 1

Lemma 5. L et Q, Q' E d (D ) and u a  BMO(D) function then

luQ — 11511uli v4(12, Q')

P ro o f . L et Q = Q 0 , Q 1 , Q„ = Q' be  a  geodesic admissible chain in  D.
First of all we estimate u,2„1 — u(2,. W e may assume 1(21 4.1 ) 1 (Q ),  then Qi+, U
Q. 3 Q i OE D , hence

luQ, u3Q,i m(Q1) J(2;
— u3 Q ,Idm

9
1/(3Q,) 13.2,

Similarly we have 1 u3Q, — 1 36 11u11*,D, hence

n -1 n -1
114Q,  -  U Q 1 E E 450411*,D 45111411*,D6D(V V) • Q.

E .D .

i=o i=o

Lemma 6  (cf. [RR], [ J ] ) .  L e t /4  E  a c (D ) b e  a  function which belongs to
BMO(Q) f or every square Q in D such that d(Q, OD) > Al(Q) (), 1 )  and K
then u is  in  BMO(D) and  Mull * . D  < A 6 1(2.

Pro o f . W e se t [3/1 + + 1 = s. L et Q be arbitrary square in  D .  We
may assume its center is th e  o r ig in . W e set 1(Q) = 1. Let Q„„ m = 1, 2, ... be
squares having th e  origin a s  its center a n d  1(Q„,) = (1 — 2- '")l. W e deompose

1U — u3 Q i ldm 9 11u11*,D
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Qm , m  > 2 in to  congruent subsquares with side length 2- m- 1 1 a n d  g  denotes
the  se t o f every such subsquare w hich is not contained in  Qm _i . Concerning
Q1 , we decom pose it into 4 congruent subsquares which we denotes .9,, then
# g m  = 2"1 + 3  — 12. Further we decompose each square of g m  in to  s2 congruent
subsquares by decompose its sides into s pieces, which is denoted by ,,'  =

s2(2-+3 — 12). L e t  Q„,,,n 0  0  th e n  1/2 < 1(Q„,,,)/1(Qm ,,,,) 2. We
m ay assume 1(Qm ,1) Then Qm ,,U 3Q,,,, and

d(3Qm ,,, 0D) d(Q„,,,, OD) —
1(312„,,i) 31(Q„,,1)

21(Q„,, 1) s — 2
3 > A .

hence 3Qm , 1 satisfy the condition of lem m a. It follow s lu(2_  — UQ m , i
j < 45K by

the same argument as lemma 5. Let Q , be one of the square in {Q 1,1} containing
th e  o r ig in . Then w e can jo in  every  square  in  Q,,,,, t o  Q0 b y  a  chain which
consists of a t m ost m s squares, hence

IQ — uQ o ldm E — + U Q  —  uQ .Ddin

< E ,)K + m(Q,,,,,)45Kms)

< E m(Qm ,1)46Kms

co= E 12s-22-2.-2, 46Kms • s2 (2m+  3 —  12)
m=1

CO

< 92/2 sK E  m2- m < AK1 2 2
m=1

and so  m(Q) - 1 lu  —  u id m  2 m ( Q ) - 1 l u  —  u Q 0 1 dm A K A . Q.E.D.f Q

4 4

Lemma 7. L e t Q , be a square  in  g (D ). W e se t a function FQ °  E 14,,c (D) as
follows;

FQ.(x) = WD (Q, Q0 ) , x eQ e g(D ) .

Then F,2 0  i s  a B M O(D) function an d  V Q .II.. *,D A7.

P ro o f . Let Q e si(D), then the proof of lemma 3 shows tha t Q intersect at
m ost 36 squares in g(D ), hence 11FQ .11,,,,c2 < 36. Therefore we have 11F,20 11*,Q
A 6  36.32 by lemma 6. Q.E.D.

L e t DI b e  a  subdomain o f D2 . Assume that every  BMO(D i )  function is
the restriction to D , of some BMO(D2 ) function. Then by open mapping theorem
there exists a constant N  > 1  such that for every u e B M O(D,), we can find an
extension Us e BMO(D 2 )  of u satisfying

1111 11*,D, N11/4 11*,/), •

‘ ( D 2 ,  N ) denotes the set of a ll subdomains of D 2 which satisfy above condition.



hence

d(Q0, Q.) )2n  <  21 iM A 3A 2  log (-1 1(Q0)
d(120, Q. )

1( 20) -
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Lemma 8. g ( E 0
2 , N) c oli(D 2 , A 8 N).

P roo f. Let D1 e  ‘(D 2 , N ) and fix a square Q0  e  9(D 1 ). Let FQ 0  b e  the func-
tion in  lemma 7 , then 11FQ° 114 , ,D , ._' A , by lemma 7. Hence there exists an exten-
sion PQ .  of FQ° su c h  th a t 114 0 II*,D2 < A7N by hypothesis. L et Q 1 E g(D 1 )  then
lemma 5  shows

WD, (Q l,Q0) — R P Q 0 )Q i (4 .) .2 0 1

A5114 °  11*,D2
6 D2 (21 , Q0) /15,4 7N 6 D2 (21, $20)

hence by lemma 4

(51)1(12, 42' ) 2A4A5 A 7 N6D2 (Q, Q' ) Q, Q' E sé(D i ) . Q.E.D.

Lemma 9. Let Q0 , Q 1 , ..., Q ,, be a geodesic Whitney chain in D I E 01.1(D2 , M)
such that 1(Q0) = 1(Q8 )  and d(Qo ,B 1 ( M ) 1 ( Q 0 ) .  Further assume there exists
a square 0. such that Q0 U Q„ c  2 0  c  D 2 .  Then there exists an integer i such
that WO = 21(120).

P roo f. L et B i (M ) >  0  b e  a  constan t such  tha t t >  2 1 2 M A 3 A 2  log (3 + t)
holds for every t B i (M ) .  By lemma 1  and  3,

n =  WD,(Qo, Q.) A36D 1 (Q0, Q.) MA36,3 2
(20, Q.) MA3A2tP(Qo, Q.)

= 2m A 3 A 2  log (3  +  d ( Q
1 0 2

° '0 "))

O n the  other hand if IWO ' 1(Qo) for every Qi then

n-1
c1(205  Q n) E 21(Qi) YIN/i/(Q0)

which is a  contradiction. Hence there exists an integer i such that 1(Q1) = 21(Q 0 ).
Q.E.D.

Lemma 1 0 .  Let Q0 , Q 1 , ..., Q ,, be a geodesic Whitney chain in D, e V(D 2 , M)
such that 1(Q .)= 21(Q0)  and 1(2 1) < 1(Q„), i  n  —  1 .  Further assume there
exists a square .0  such that Q0 U Q 1 U • • • U Q„ Q  c  2 0  c  D 2 .  Then we have

d(Q0, Qn) <  B

1020) — •

Proof S ince 1(2.--1) = WO, we have d(Qo, Q.-1) < B1(M) 1(Q0) by applying
lemma 9  to  the  geodesic Whitney chain Q0, Qi, • • • , Q n — l•  Hence

d(Q 0 , Q.) d(Qo, Q.-1) + N . 1(12.-1) B(M)1(420)

n B 2 ( M )
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Further

n = W 3 1 (420, MA 3A  20(20, .1)

< 2MA 3 A2 log (4 + 61(Q
i (Q

° "))  = 2MA 3 A2 log (4 + B ( M ) ) .  Q.E.D.

Lemma 11. Let Qo , Q1 , • • Q „ b e  a geodesic Whitney chain in D, e V(D2 , M)
such that l(Q ) < 0 < i n  —  1 . F u rth e r assume there ex ists a square
such that Q0 UQ 1 U•• • U Q„ c "Q: c  2 -0 c  D 2 .  Then we have

n  B 4 ( M )  l o g  

/ ( Q . )

 ,

/(120)
d(420, <  B 

5

( M )
102n) —  

P ro o f . L et 1(Q .) = ri(Q 0) and set

= min = 2k1 (120} , 0 < k  m .

By applying lemma 9 to the geodesic Whitney chain Q s k , ,  we have

d(Qs„„ 02 0  < B 3 ( m )5k+1 — sk B 2 (M) , w s k )  

hence

m-1 1(.1 )
k  0n  = E (Sk+1 Sk) M B 2 ( M )  B(M) log 1 (Q 0 ) .

And so
m-1 m-1

d(Q0, Qn) +  E ,/21020
k = 0k = 1

m-1
< B 3 (M) mE 1(42,

k

 )  + E 2l(Q,k )
k =0 k=1

m -1
(B 3 (M ) E 2k1(Q0 )._ B(M)l(Q,,) . Q.E.D.

k =0

Lemma 12. Let Q0 , Q 1 , Q„ be a geodesic Whitney chain in D, e al1(D2 , M)
and 0- one of the largest square in this chain. T h e n

log  (2 + 1
1
(
 (

-Q :3) ) ) (2 + i
i
(
(gn

)
)  ) A n .

Further if there exists a square -0  such that Q 0 U Q,U • • • UQ„ c Qc2Q c D2 then

n 1 3 6 (M) lo g  (2  + 
1(0   ) (

2 +
1(Q0) 1(02, )

/(0)

) d(Q0, Q.) 137(m)1(Q)

Pro o f . The first inequality is trivial since 1/2 i(Qi+1)//(Qi) 2. Next as-
sume there exists a  sq u a re  -0-  su c h  th a t  Q , U Q1 U • • • U Q„ Q c 2Q c  D 2 .  We
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set S = {i10 < i n , l(Q ) = 1(0)1 , i = min S, i2 =  max S. Lemma 11 shows that

1(Qi,)
B4(M) log 1(Q0) ' d(Q1(°Q' 1Q,)1) < B5(M) •

n— i 2 B 4 (M) log 1020 ,

and lemma 9  shows that

d(Qi„ Q.) < B  ( m )

WOI —  5

d(Qi,, Qi 2) < B  ( m )

•1020 

Hence

i2 = Qi2) MA3 6 D2(Qi c  Qi2) M A 3 A 20 (Q 1 1, Qi 2 )

= 2MA 3A2 log (3  +  d ( Q `I' Q i2 ) )  2MA 3A2 log (3 + B i (M ) )  B(M) .
1(Qi,)

And so

n =  (n — i2) + (i2 1)

< B 4 (M) log 
1 (Q i

2
)  B (M ) + B 4 (M) log 

1 (Q i
1
)

1(Q) 1(Q0)

B ( M )  l o g  ( 2  +  
 1(Q) )  (

2+  —

10 )

)/(120) 1(Q„

further

d(Q0, Q.) d(Qo, Qi,) +1 -1(Q„)+ d(Qi,, Qi 2 ) +  N/i1(Qi2 ) + d(Q12 , Q.)

B5 (M)1(Q, i ) + + B 1 (M)1(Q11 ) + ,/21(Q, 2 ) + 135 (M)1(Q12)

< B(M)1(0) . Q.E.D.

Corollary 1. Let D e 0/1(R2 , M) and Q, Q' E 9 (D ) . And Q is the largest square
in a ginven geodesic Whitney chain joining Q and Q'. Then

B6 (M) -1 Wv(Q, Q') log (2+ 
4 0 ) ( 2

 +  
/0 )

) A9 WD(42, Q ') .1(Q) 1(Q')

L em m a 13. Let D1 E a/0 2 ,  M ) and Q, Q' E 9(D 1). Assume there exists a
square -0  such that

Q U  Q ' Q  6 -0 D2 d(Q, Q ')
1(0)

Let Q  = Q 0 ,  Q 1 ,  • • • ,  Q .= Q ' be a  geodesic Whitney chain in D1 . Then there
exists an integer i  satisfying

1(42i) B8(M) 1(0') Q. c  3
 -0 •
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Proof. In the case that Q0  U Q1 U • • • U Q,, 3Q-, since 2(3 ) = 6 D2, lemma
12 shows that there exists a n  integer i  such that

d(0 0 , Q.) >  1(Q)

QoUQ1U—UQmc Qm+1

If  1(Q„,) < 1( )/12 then

1(0) d(20, a( 3 0)) d (Q o , Qm) + ,\/1(Qm) +

d(Q0, Qm) + 
N (Q )  

+ -  d(Qo, Qm) +12 12 4

hence

(

1 )  /(0.) d(Q0 , Qm ) .
4

A nd so by applying lem m a 12 to  0 0  U Q1 U • • • U Qm it follows that there exists
a n  integer i, 0  i m such that d(Q0 , Qm ) B7 (M )l(Q) therefore

1(Q) .
d(Q0, Q . )

 >
( 42 ) 1 ( 6

 >

1(0) 
B7 (M) B7(M) 4B7(M) •

It follows that the constant

1 1  }
B8 (M ) - min 

{
4B7 (M)

,

 12

satisfys our assertion. Q.E.D.

Let D1 e V(D2 , M ) .  In  th e  following we set D' = D2 \ITI  a n d  g(D ') denotes
its  Whitney decomposition.

Lemma 1 4 . L et D1 e M ) and Q a square in  D2. Then there exists a
sq u a re -0' e g(DOU g(D') and  a  dyadic square Q' such that

Q' c  '  f l  Q , 1 ( Q ' )  B9 (M)1(Q)

Proof. W e may assume that 2 Q  D2 by considering (1/2)Q instead of Q if
necessary. L et Q = [a, a + 1] x [h, b + 1] and set

Qc, =[a + a + 1 1] [b  +  1 5, b + —  ,
3 12 3 12

Qfl = [a  + —
7

1, a + -2 x  [b  + —7 1, b + -
2

11 .
12 3 12 3

1(Qi) B(M) 4B7 (M)

Next in the case tha t Q0  U Q1 U» • U Q, ct 3 -Q then there exists an  integer m
such that
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In  the case tha t Q Œ ° c  D 1 ,  le t Q ' be the dyadic square in  ' ( Q Œ )  containing
the center of Q .  T h e n

(

1(Q') —

6 6
d(V , 0,2.) 

6 6  2

1(Q.)
 — 1(V ))

1
and  s o  1(Q') 1 4 l(QŒ ) — 

1 6

1

0 8
1(Q). A nd since Q Œ ° c  D ,  there exists a square

E 2(D 1 )  containing Q'.
We can prove similarly in the case that Qa °  c  D', Q f l ° c D 1 , Q p ° c D ', hence

we may assume tha t QŒ° n a D1 0  0  and Qf l ° f l a D1 0  0 .  In  this case we can find
two squares

 Q 'Œ
 e g(D 1 ), Q'p  e  (D 1 ) such that Q 'Œ

 c
 Q Œ , Q ' f l c  Q .  H e n c e  if we

A  1
set = Q  then

Q'OE UQ' f i c Q OE UQ f i c 0 c 6 0 c  D2

1
d(QÇ, Q ' )  d (Q ,„ Q p ) =  2   1(g) 

and so lem m a 13 implies that there exists a  square Q'(= e 2(D 1 )  such that

Q' c 30 = Q 1(V ) B 8 (M ) 1(0) = B 8 (
3
M ) 1 (Q)

 
Q.E.D.

Especially no  poin t of (OD,) n D 2 is  the density point for (0 1 ) n D2, hence

Corollary 2. L et D 1 e  1l4D 2 , M ) then m((0D 1 ) n D2 ) = 0.

Lemma 15. L et D 1 e V (D 2 , M ) and .9(D 1 )  contain arbitrary  large square,
then f or every square Q ' e  (D ') such that d(Q', OD 2 ) B i o (M)d(Q', OD' n D2 ) there
exists a square Q e 2(D 1 )  and a square D 2 such that

1(Q) = 1(Q') , d(Q, Q') B 1 1 (M)1(Q') Q U  Q ' c  c 2 D 2 ,

Pro o f . W e  s e t  L(M) = max {4B7 (M), 300} a n d  c h o o s e  tw o  constants
B10 (M ) 1 , B 1 1 (M) > 0 so that

Then

32B10(M) — 132 — jj.L (M ), B i i (M )>

d(Q', OD2 ) B i o (M)d(Q', OD' n D2 ) d(Q', OD' n D2 )

and so d(Q', OD' n D2 ) = d(Q', OD'). Hence there exists a square Q0  e g(D 1 ) such
that

d(Q', Qo) 2d(Q', OD'), 1(Q')

therefore by lemma 2

d(Q', Qo) 2d(Q', OD') 1321(Q').
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Let be a square having the same center z0 as Q0 and 1(0) = L(M) 1(V ) .  Then

d(zo , (D2 )c) d ((D 2) c, V) — d(V, Qo) 2 l 0 )

> (32B 10 (M) — 132—
f

2

2) 1(Q') >   1(20)2 2

hence 2 -0  D2, further

L (
2
1t4) 1(Q') = 2

1 1( ) = 0, On 2 +  d ( 0 0 ,  0') + .N/ i l (V )  c i(V

1(Q') + 1321(Q') + .\/21(Q') d(Q', ( -0)`)

hence

( )C

) ( "
2
V1) 1 3 2  

3,/i) i(Q,) 
>0

2  )

and so Q' . Since g(D 1 ) contains arbitrary large square there exists a geode-
sic Whitney chain Q0 , Q 1 , , Q„ in DI such that

00, 01, 42,1 Q. .#
We will show that 1(Q1) = 1(Q') for some integer i, O < i < n —  1. We may assume
1(Q-1) < Then l(Q ) 1 (Q ')  and so

L(M) 1
1(Q') = 

2
1(Q) = d(Zo , aQ)  ±  023 , Qn-1) j i l (Q 1 )  N / i1 (1 2 n )2 2

< 5  ` / i
 1(Q') ± d(Q0, Qn-1)—  2

hence

7 L (M ) 5,/2\ L(M)
d(120, 0n-1) l(V) 1(V)2 2 4

Therefore by applying lemma 12 to Q0 , Q 1 , ..., 0 .-1 2 -0  D2, there exists
some j, O < j < n — 1 such that

d(Q0, Qn -
i

) L (M )
  1(Q') > 1(Q')1(Qi) >

B7(m) 4137(M)

and so there exist some i, O < i < n — 1 such that 1(Q1) = 1(Q').
Moreover since Q' U Q . c -Q.  we have

d(Q', Q i) . 1 2 1 ( 0 )  N/2 -L(M)1(Q') B 11 (M)1(Q') Q.E.D.
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F or domains D, e V(D 2 , M ) such that g(D 1 )  contain arbitrary large square,
we set

g(g),, = {Q ' e g(D')Id(V, .0D2 ) _. B l o (M)d(Q', OD' n D2 )},

g(D ') f i = g(D ')\9(D ') OE , D'OE =  U  Q  , D p  =  U  Q •
Q e ( D ' ) . Q e 9(D'),

And for each Q' e 3(D)„, T (Q ') denotes one of the square Q in  g (D ,) obtained
by above lemma.

Let u E L U D O . W e extend th is function to  D2 \D'13 by setting

û(z) = u., ( 2 ,) , z e Q' e 0(D')Œ

on D .  N o t e  tha t ii is defined almost everywhere o n  D2 \gp  by corollary 2.

Lemma 1 6 .  Let D, e 0/1(D2 , M) and g(D ,) contain arbitrary large square. L et
U e BMO(D 1 ). T h en

laQ, — U(2,1 -- Bi2(M)liull*,D, 6D2 (Q25 Q1) 5 Ql, Q2 E g(D i ) U g(D')„ .

P roo f. W e w ill prove this lem m a only in  the  case  02
1
,  Q2 e g(D ') Œ, since

w e can treat the  other case as the same way.
Because of lem m a 1 and 15

6 D2(21 , T(Q1)) A2 (°21 , T (Q 1 )) =  2A2 log (3  + 4 2
 1
1
(
'
Q
T
 1
(
 )
Q 1 ) ) )

2A2 log (3 + B i  i ( 4 )) ._-ç_ B(M) .

Similarly we have .5.0 2 (Q2, T(422)) B(M), therefore

61)2 (1V 2 ) , T(Q1)) 6 D2 (t(Q2), Qz) + 6D2 (Q25 Q1) + 4 2 (Q15 T(Q1))

< B(M) + (5D2 (225 Q1) B (M ) (5D2 (Q25 Q1) .

And so by lem m a 5 w e have

111,Q2 — 11Q1 1 = lu ( Q 2 ) — uT0201 11 5110 f 5 (  ( 0  )  ( 0  ))Di -D,,T,..,2,, T,,i„

_.< A 5144 4, ,DI M 6 D2(t(Q2) ,  '4 1 ))  ' r A511 14 11*,D I M B (M )4 2 (Q27 Q1)
Q.E.D.

Lemma 1 7 .  Let D, e V(D 2 , M) and g(D ,) contain arbitrary large square. L et
Q  be a  dyadic square such that Q c D 2 \Dp a n d  2Q c D 2 .  L e t  u e BMO(D i ).
Then

1
la —  aQ Idm Bi3(m)Ilull*,D, •

m(0 f Q

Proof. Let s > 0 be the smallest integer such that 2sB9 (M) > 1. W e decom -
pose Q into 2 2 5  congruent dyadic subsquares by dividing its each side into N = 2'
pieces. Then by lem m a 14, at least one  of such N 2 subsquares 0 satisfys the
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condition

c Q ' n Q ,1 ( 0 )  =  —N1 1(Q)

for some Q' E 9(D i ) U  g (D ')„. L et {Q ii  } i
,

1 , 2  , ............ N 2 -
1  b e  the set of all such sub-

squares except for Further, we decompose each 12,1 in to  N 2 congruent dyadic
subsquares by dividing its each side into N  pieces similarly, and  ai a n d  Q , e
.9(1)1 ) U  g(D ') are tw o squares which satisfy

Oit Qi 4 1 )  =  —N1 1(211) •

Let 0
l i 2

,I./2
=1

,
2 ............ N 2 - 1  b e  the  se t o f all such subsquares o f g h  except fo r Oh .

, .■ '.i 

And by repeating this process, we obtain three families of dyadic squares Q 2e
g(D i )U g(D') OE and such that

=  Ui„ QiIi2. U
•  • i n - i

-0 i1 ./ 2 • • • in I i 2 .  •  • i n
n

 Q i 1 . 1 2 . •  • i n 1 ( a l i 2 .  •  • i n
)
 =  —N I(Qh.i2. • „in)

Then

E  i n ( Q i i i 2 • • • i „ )  =  (
1
2 ) E m (Q 1 2 1) — • • •

i lh •
 

•
• • i„ N

n-1 1 n

= ( 1
E )  =  ( 1  — in(12) •

iN 2 • N 2J1

hence, by regarding Q 2=  Q, =  0  when n = 0, w e have

\ 1 1 n

E  m ( a i i i 2 • • • i n )  =  NT2 E  n / (2 . i i i 2 • • • i r )  —  N 2 
1

N 2 i n ( Q )  •
id2•••.;” i1i2• • • i„

Therefore

oo

n= 0  j l i2 •  •  • i r e
E E  n i ( O h i 2 • • • ; „ )  =  in (Q )  •

Hence the  family {a i i h . . . ; „} make a  decomposition o f Q.
Here we will show th a t u , ,  — B(M) u *.D, -

(Case 1) 0
• 

When E 91'(D1 )  then

ai l i2 .•  •  • i n  
U
 6

i 1 j 2 • • • i n - 1 • •  • i n - I 2 Q . .;  I i2 • •  •  i n - I

hence by lemma 5 a n d  1

- u 11*,.,2„6
D , ( a i i 2 . • • J „

,

A 5 A 2  u * ,D  P O j i j 2 ... j„ ,  O j i j 2 ... j„_,)
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And when Q 1 2 1  E ( D ' ) û  is  a constant function on Q 1 2 1•  •  • , n - I  
hence

it follows that 1 û — û .1 = O.
( C a s e  2 )  V i 

I i 2  •  •  •in-1 Qi1:12 • • • i n -  I .  
Then Q 2 c ,  h e n c e

Q 1 2 U I i 2 .  •  • i n - 1 Qi 42 2 Q D2 •

When Q 1 2 G g(1 ) 1 )  then

11:10
i1 .1 2 . • • i n aq i 1 j 2 =  114

0 i l i z  i n  — - 1 
I

1
— ug h h . . . . jdm

m(Q 2 )

1
<N4  II U U Q J

tn(Q' • • •

And when V i 1 i 2 ...j„ e g (D')Œ th e n  lac , .  —
in

 = O. Therefore we have

IU J J J — N4 II u *, D,

in  either c a se . Similarly we obtain

1170
: 0 1 i2 . • • i n

N2 dull *, Di

Further by lemma 16 and 1

IUQ , D  . - - - , I... 2 •  •  • , n 9 •  •  • , n - 1
— B12(m)A2 tli( Q ; Q; B(M)Ilull*,D, •

It follows that
111.0

i 112. • • in 4 0 .  112. • J . O k i :  in i d ,  • • in
i
l i k ; l i z  •  •  • I n t h. • • in

la
V iii i• • •  I n -  —

*, Di •

And so

1710 — E , nB(-111)Ilull *, •

hence

lu —
n = 0  l i2 •  •  •  in f  a h h . „
E E — + — 1-4- 61)dm
co

i E (110*,D, + nB(M)IIIIII*,u,)m(0 . • • )n=0 j i j2 . . . j „

_... i nB (M )11 14 11*,D in 0 (1 — _-
1

) nin(Q) B (M )llU llD ,M (Q ) .
I N 2N 2=

Q.E.D.

I dm N 4  11 u •
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Lemma 1 8 .  L et u e 140,(Q) satisfy  the following condition;

1 
m(V)

lu — uo ddm < K Q'E g ( 42)

luQ, — u(2
, 1 K ,

then u E L 1 (Q) and

Q' Q" e g(Q) Q ' n  Q "  0  .

1
lu — u l <m ( Q )  f Q d m  A—  10 K •

P ro o f . Let Q0  b e  the  largest square in (Q). Set

1g7„, = IQ' e g(Q)I 1(V ) = 2 .-1 1020} 1 < <  0 0  ,

then we can show the following estimate easily;

E  m(Q') A 2 - "Im(Q),
Q 'e

W Q (Q ' , Q 0 ) , Q' e .

hence

lu — u(20 Idm E E — uQ ,1 + UQ — uQ 0 1)drn
m =1 Q ' Q,

E  E  (K + KAm)m(Q')
m=1 VE.F„,

< A K  cic
. = 1

 m (Q ) A K m (Q ) ,
2'

and  so m(Q) - 1 l u  — uQldm 21140 - 1 lu  —  u Q o ld m  A K .

CO

Q.E.D.

Lemma 1 9 .  Let D, e g1(D2 , M) and 2l(D1 ) contain arbitrary large square. Let
Q be a square such that Q c D 2 \D'fl and  u E BMO(D„). Then

m(of Q—  14 * ,D , •— <  B 04)11ull

P ro o f . L et 021, Q2 e g(Q), Q 1 n Q 2  0  0 . By lemma 17 a n d  18, it suffices
to  show tha t laQ, 11Q21 < B(M)llul, D1 . B y  the proof of lemma 17, there exist
two dyadic squares Q ,  (i = 1, 2) in Q .  a n d  two squares V e g(D i )U g(D')„ such
that

c Q f l Q , l( ) = W I) •
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(Case 1 )  I f  1(T )  4 1 ( Q 1 )  a n d  Q', e g(D 1 )  then since Q 2  C  2Q '  ho ld s  tha t
Q', fl Q '2  0  0  and  Q 2  C  Q'2 . Hence Q1 ,  Q 2  is  an admissible chain in  D , and  by
lemma 5

Qi - 11.22 1 A 511u11*,D, •

(Case 2 )  If 1(V 1 ) 4 1 ( Q 1 ) and e 9(Y)„ the same argument as in case 1 shows

, Q'2 e g(Y ). Q1 Q 2  Q'2 Q'2 # 0 .

hence by lemma 16

1U-(21 — 11.221 = 111 .2 -  1 7 .2,
2 1 /3,2(4)11u11*,D i •

which also proves this lemma in the case 1(02'2) 41(Q2), and  finally
(Case 3 )  Assume 1(V 1 )  21(2 1 ) and 1 (V2 ) 21(Q 2 ). In  the case 121 then
by lem m a 17

N2
UQ I - < N 2 B, 3 04)11u11*,D,- , d m  

in(Q ) (21 M (Q 1)1Q 1

Next in the case Q1 c  Q '1 then also  by lem m a 17, ifiQ l — ûQ 1 1 < 4 B13 (114) 1114 11 D, •
Therefore u  — B(M)Ikill*,D, ho lds i n  e ithe r case. Sim ilarly w e have
UQ — /7.22 1 B(M)111411*,D1 - Moreover since

—
1

1(Q.) < 1(V) < 21(Q.) 1(V ) < 41(Q 1 1) ,  d ( g "
—

. Q <.) 3 1(Q1), i  = 0, 1 .
N " 1-"  

it holds that

tp(v  Q )  < 2 log {1 + N(4 + 2 + 3,./2)} B(M) .

and since Q'1 U 9Q1 18Q 1 c  D 2  lemma 16 a n d  1  show that

1/IQI u 1312(M)11/411*,D16D2(Vi, V2)

Q'2) B(M)Mull*,D,

Hence

-  174211 + uQ -  Û Q 1  + uQ -  ÛQ 2 I B(M)111‘11*,01 •
Q.E.D.

Lemma 2 0 .  Let D, e ql(D 2 , M ) and g(D,) contain arbitrary large square. L et
U e BMO(D,) and Q e g(D') f l . W e set

S(u, Q) = sup fil(Q') — /312(M)dull*,D, 6D,(Q, •2')112' e

where 131 2 (M ) is the constant in lemma 16, then S(u, Q) < oo and  if  we define the
extension a  o f  a  to  D2 by setting

ti(z) = S(u, Q) , z eQ e  g (D ') f l ,
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on D'o ,  then

II2Q2 — 12Q,I 1312(M)Ilull*,D 1 WIY(122, Q1) , Q i, Q2 E 9 (D' ) •

Proo f. Let Q e g(D') p . First of all w e show S(u, Q) < co. Let Q0 , Q1 b e
arbitrary squares in g (D')Œ , then  by  lem m a 15

— ac h B ,2 (m ) I lu ll* ,D 1 6D2 (Qi, Q0) Bi2(m)Ilull*,D 1 bly(Qi, Q0)

< 2 (M ) *,D,(6 1Y (Q1, + (5D4Q, Q o ))

hence

— Bi2(M)Ilull*,D 1
6 D4Q1 , Q) 1•1Q0 + 1312(M)Ilull*,D 1

6 1y(Q, Qo) •

and  so  S(u, Q) 11Q0 +  B 12(M ) u  4, ,Di
6 D(2 , Q0) < CO.

N ext le t  Q 1 ,  Q2 E g (D ' )fi b e  squares which adjacent to  e a c h  o th e r . Let
Q' G  g(D ') Œ,  then i2,2 i f ir(Q') —  1312(m )Ilull*,D 1 61Y(Q1, Q ' )  hence

6Q 1  +  B i2 (M ) u i(V ) —  1312(m)Ilull*,D,( 6D,(Qi, Q') — (51) ,(Q1, Q2))

_• i(v) — 1312(m)Ilull*,D 1bly(Q', Q2) •

and  so  12(2 1 +  B i2 (M ) u 14,D, ° Q 2 .  Therefore by the symmetry for Q1 , Q2

112(2 , — c1/422 1 Bi2(m)Ilull*,D •

Next le t Q1 c  (D') /3 ,  Q2 e Q(D ')„ b e  squares which adjacent to each other.
Then

1-1.22 — B12(1)011*, D 1 6D,(Q1 , Q2) = fl (22 B12( 1 ) 111414,D, •

L et Q ' be  a n  arbitrary square in g (D')Œ . T hen  by  app ly ing  lem m a 16

'ÛQ' B12(M)11U11*,DAY(Q1, Q ' )

(ûQ2 + B12(M)11 14 11 ,I, ,D1
6 1)(Q2, Q ' )) B12(4)111411*,D1óD4Q1, Q ' )

01,22 + B12( 4 )1114 11*,D1 •

hence (4Q 1a n d  so  112Q1 — 12(22 I Bi2(M ) *,Di•
Hence by combining lemma 1 6  w e obta in  1122 , -11,2 2 1 /31 2 0011411 * ,D 1  fo r

a ll Q1 ,  Q2 c g (D ')  which are adjacent to each other. Therefore

1 LaQ2 — 0 .2,1 B i2 (M )  u  * ,  WD,(Q2, Q1) Q1, Q2 E ( D ' ) .Q . E . D .

Lemma 21. Let D, e W (D 2 , M ) and g(D ,) contain arbitrary large square. L et
u  e  B M O (D ,). Then 14 belongs to BMO(D 2 )  and it holds that

11611*,D2

P roo f. W e set

L (M ) = 4(66B 1 0 (M) +
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Let Q  D2 be  a square such that L (M )I(Q ) d (Q i,  3 D2).
(Case 1) If  Q  D 2 \D'f i then  by  lem m a 19

1
—  Idm < Bm(Q) ûQ dm 14 *,D, •

(Case 2 )  If Q  D 2 \D'p  then there exists a square Q0  e  g (D ) fi such that Q0 C1Q
0. W hen d(Q0 , 3D2) d(Qo, n D2 )  then

0 2 0 , 3D2 ) = d(Q 0 , a u ) 661 (Q0)

and when d(Q 0 , 3D2) > d(2 0 , au n D2 )  then

d(Q0 , 3D2 ) B 1 0 (m)d(Q0, n D2 ) = B 1 0 (m)d(Q 0 , a u ) 661310(M)1(Q0) •

H ence it holds that d ( 2 0 ,  0 2 )  661310(M / (2 0 ) in either c a se . A n d  so

66 B10(M) 1
(Q0) d(Q0,

 3
D2) d ( Q ,  3D2) N /l(Q 0 ) 1 (M )1 (12 ) N / i1 (420 ) •

hence

L(M) 
41(Q).

66131 0 (M) + \ /2

therefore Q is covered by at m ost 4  squares in g(D '), hence by lemma 20

Lmoo 1 2 111 _ ûQ dm s u p  114(z2 ) — 12(z 1)I 41312(M)Ilull*,D1

Z j  Z2  E

And so by lem m a 6 û  be longs to  BMO(D 2 )  and

4,,D 2  A 6  max IBI4(M), 4B12(M)1L(M) MUM * , D  • Q.E.D.

To remove the restriction for domain D I , we need several lemmas below.

Lemma 2 2 .  L et D , E W(D2, M) and  z , e  D ,. W e se t D', = D 1 \{z0 }, D'2 =
D2 \{z0 }  then D', e A ll M).

Pro o f . L et u  b e  a  function in  B M O (D ) then w e can easily show th a t u
is  in  BMO(D 1 )  and A which implies D', e g(D 1 , A ) (cf. [RR].)
Hence for 121 , Q2 E ,sz/(D )  w e have

6D1(21 , Q2) A 2 486D,(21, Q2) A A  M S  ro  o A A  M b  ro  o8 - - -8- -

by lemma 8. Hence DI e 011(D, AA 8 M). Q.E.D.

Lemma 2 3 .  Let f :  D —> D' be a conformal map, Q1, (i = 1, 2) admissible squares
in D  having zi a s  its  cen ter. Let Q ,  (i = 1, 2 ) be admissible squares in D' having
f(z 1)  as  its center satisfy ing d(oZ, 3D')/1(Z) = d(Q i , 0D)/1(Q1)  then

Al2 (
5D(21, Q2) 6,0.(qi, V2) Al2 6D(Q1, Q2)
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Pro o f . L et Q  be arbitrary admissible squares in D  having z o  a s  its center
and let Q' be the admissible squares in D' having f (z 0 ) as its center and satisfying
d(Q', OD')/l(Q') = d(Q, OD)/1(Q) then Koebe's distortion theorem shows that

1
—

A
Q' f  ( Q )  A Q '

hence we can easily prove our assertion. Q.E.D.

Lemma 2 4 .  Let D1 e 0/1(D2 , M) and f : D2 —> D'2, a conformal map, we set Di =
f(D 1 )  then Di e ql(D , A „M )

Proo f . Let Q'i ,  V2 e sl(D ') and Q 1 ,  Q2 admissible squares in D correspond-
ing  to  Q'1 ,  V2 in  lemma 23 . Then

(5v1(T, Q'2 ) -- A l2 6 1),(Q1, Q2)
 

'
4

12 11460 Q , Q2) A l22M 6D '2(21, /22)

hence Di e all(D, 
A l 2 2 M ) .

Q . E . D .

Proposition 1  ([R ], [J]). Let f : D  ,- D ' be a conformal map, then fo r every
u e B M O(D), u 0 f  belong to BMO(D) and Ilu 0 f  11*,D Al4 11U 11*,D' •

Lemma 2 5 .  W(D2 , M) c g(D 2 , B1 6 (M)).

Proo f . Let DI e V(D2 , M ) .  Let z o  E  DI and set D', = D 1 V z 0 1, g2 — D2\ {z()}
then by lemma 22, Di e  all(D , A ,,M ). W e set

f (z ) = 1
'

Di' = f(Di) , I); = f (D )
z — z 0  

then by lem m a 24, D' e 0/1(D, il 1 3 A I I M ).  L et u e BMO(D i ) , then by proposi-
tion  1

41111*,D1II u ° f - 1 11 K,D,,,A 1 u -- A1411:I 11 1*,DD, 7 .

and further by lemma 21 there exist some extension y of uof  - 1  to D2"  such that

11v11*,D1 131 5 (A 1 3A i i M) 111,1°.f -

hence ii --- y 0 f is  a extension of u  to  D2 such that

< AA14411*,u2 "111111*,u2A lle ill* ,D Aill4B15(Ai3A,IM)A,4114*.D,

which implies the assertion. Q.E.D.

Remark 1. L et D1 e 0/I(D2 , M ) then we constructed a  n o n  linear extension
operator o n  BMO(D i )  t o  BMO(D 2 ). I  don't know whether we can construct
such linear operator or not.
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