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O. Introduction

Given an associative ring spectrum E  w ith u n it, a  C W-spectrum X  is said
to be quasi E* -equivalent to  a CW-spectrum Y if there exists a  map f :  Y  E  A  X
such  tha t the composite (p A 1)(1 A f ): E  A Y—> E A X  is  a n  equivalence where
p :E A E — E d e n o te s  the multiplication of E. We call such a  map f :  Y --* E A X
a  q u a s i  E .-equivalence. L e t  K O  a n d  K U  b e  t h e  r e a l  a n d  t h e  complex
K -spectrum  respectively. Since there is n o  difference between th e  K 0 * -  and
KU.-localizations, w e denote by SK  the  K.-localization o f the  sphere spectrum
S  = E ° . Recall th e  sm ashing theorem  [B I, C orollary 4.7] (o r  [R ])  th a t  the
smash product SK A  X  is actually th e  K.-localization o f  X .  T his implies that
two CW-spectra X  and Y  have the same K.-local type if and only if X  is quasi
SK .-equivalent to Y

In  [Y 2] we studied the quasi KO.-equivalence, and moreover in [Y 3] and
[Y 4] we determined the quasi K O.-types of the real projective spaces RP" and
the stunted real projective spaces RP"/ RP " = In  th is note we shall be
interested in  t h e  q u a s i  S K .-e q u iv a le n c e  in  advance  o f  t h e  q u a s i  K O ,-
equivalence. The purpose of this note is to determine the K .-local types of the
stunted real projective spaces RP"/ RP"' along the line of [Y 5], in which we have
already determined the  K .-loca l types o f the  rea l projective spaces R P" [Y5,
T heorem  3]. Our proof will be established separately in the following three cases;

R p 2 s + n  R p 2 s  ( 2 n 0 0 ) , i ) )  Rp2s+ 2t Rp2s—  1 (t > 1) and
ii i) R p2s+  2 t +1  

/ R P ' '
1 <  t <  co .

In  th e  proof of [Y 5, Theorem 3] we first investigated th e  behavior of the
Adams operations 114 and  114 for the real projective spaces RP", and then applied
a  powerful tool d u e  to B ousfield [B 2, 9.8] (o r see  [Y 5 , T heo rem  4 ]). B y  a
quite similar argument to  the old case we shall determine the K .-local types of
RPL' +

÷ q (2 < n < oo) and the Spanier-Whitehead duals DR P3; + '  (t > 1) (Theorem
2 .7  and  P roposition  2 .8 ). Since tw o finite spectra X  a n d  Y  h a v e  th e  same
K.-local type if and only if their duals DX and DY have the same K.-local type
[Y5 . Lem m a 4.7], it is easy to determ ine the K .-local types of  R P '' ( t  >  1 )
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(Theorem  2.9). l n  o r d e r  to  observe the re s t case  w e shall construct m aps
o s t :  E 2 s  Ys t  modelled on the bottom cell inclusions i: El R p iss + t + 1 where
Ys ,  is  a certain elementary spectrum with a  few cells appearing in  Theorem 2.7
admitting the same K.-local type as R11 r  .  By proving that each cofiber
C(g 1) has the same K.-local type as E 1 R PL ' 2 t we shall determine the K.-local
types of RP3Z + 2 '  ( 1 t oo) (Theorem 3.8).

I. Some elementary spectra with a  few cells

1.1. The M oore spectrum S Z /n of type Z /n (n > 2) is constructed by the

cofiber sequence E ° 11S Z / t t  4 E l . Let M2,„ M 2' m, P2m and 1 „, denote the
cofibers o f the  m aps in : I '  SZ/2m , nj: SZ /2m E o 2 m : L SZ/ 2 /7/ and
1 2 m  E' S Z /2 m  E ° respectively  [Y 2, 1 .4 .11 . H ere  n: E °  i s  the stable
Hopf m ap of order 2 , and  62 ,n a n d  6 2 „

1
 a re  an  ex tension  and  a  coextension of

n  satisfying 62 , i  =  n  and f6 2 „, =  rt. H e re a f te r  the  subscript "2" in  the  symbols
62  a n d  172 are dropped as u  and  6. Notice tha t 1) ,  and  P4 1  a r e  respectively
quasi KO.-equivalent to Z 2 M 2 ,„ and Z - 1 M m , and P2' =  CO and P 2  =  C(ii) are
respectively quasi KO.-equivalent to  .E4 and E '  [Y2, Corollary 1. 5.4] and
[Y 5, (1.2)]). M ore precisely, it follows from [Y5, Theorem 1.2 i)] that E - 30 -i)
has the same K .-local type as C(6).

Denote by V2 m , V2',„, U2 „, a n d  r 2 „, the cofibers of the m aps in: SZ/2
SZ/m, Z iS Z / in  S Z /2 , n 4 ,„1 2 : S Z /2  S Z  /4 m  and  ii.4m/2 : E 2 SZ/ 4171

S Z /2 respectively where 64 m / 2  i s  a  coextension of i w ith  j6 4 ,„1 2  = 7  and ii4m/2 is
an extension of 6  w ith  64 1 0 2 i = fl. T h e n  th e y  a re  exhibited by th e  following
cofiber sequences

oC O D V2„, E 1 ,
E2 co-) 1

.21%).' E 3 ,

E °U 2 r n COD, E .

Here T: —> C(6) and j: C(6)—>E 3 denote the bottom cell inclusion and the top
cell projection, and ;t: c( j ) -0  E° a n d  ; :  E 3 —*C(ij) satisfy the  equalities 4
and j ;  =  4 .  By virtue of [Y 5, Theorem 1.2 ii) with (1.3) and (1.4)] w e observe
that Z - 2  V2 ' A CO, U2 m  A  COD and Z - 3 (./ „, have the same K.-local type as V2 m .

Denote by M P 2  the cofiber of the m ap  ij y  6 2 m : E 1 y  E 2 —> S Z /2 m . By
use of [Y 2, Lemma I1.1.1 ] we have a cofiber sequence

M 7
i217t 1M t , P(1.2) Iv, 2m Iv' r  2m

where S Z / 2 m  M2m denotes the canonical inclusion. N ote that E 4 MP2m is
quasi KO.-equivalent to M P 2n , [Y 4, C orollary  2 .7]. In [Y2, Propositions 1.4.1,
1.4.2, 11.1.2 and 11.1.3 and Corollary 1.4.6] the K U - and KO-homologies of some
elementary spectra with a  few cells are  com puted . In particular, for X  = M 2 ,

V2 M  P 2 m  we have
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(1.3) i )  The KU-homologies K U.X  (i = 0, 1) are tabled as follows:

KU 111/12 „,.1- Z C) Z / 2m 0 KU;114„, Z Z /2m
KU,V Z /2m 0 KUiMP2  Z  Z/m  Z

ii) The KO-homologies K O  X  (0 <  i < 7) are tabled as follows:

= 0 1 2 3 4 5 6 7

KO,M 2 m Z/2m 0 Z C) Z/2 Z/2 Z/4m 0 Z 0
KO i M m Z Z /4m Z /2 Z /2 Z Z /2m 0 0
KO,V2 n , Z /m 0 Z /2 Z /2 Z /4m Z /2 Z /2 0

KO,MP 2 m Z /2m 0 Z Z Z /2m 0 Z Z

Consider the two composite maps

(1.4)
= j 2 , — > S Z /2 — > S Z /2', = S Z /2  --> S Z /2"

where the map J 2 : SZ/2 -4 S Z / 2  i s  the obvious m ap associated w ith the
inclusion Z / 2  c  Z / 2 ' .  Evidently ç,,(1) = 1/2 E K U , S Z / 2 "  Z / 2 ' and
= 1/2EKU 2 S Z / 2 "  Z / 2 " .  Since [SZ/2 ', E 2 K O] =0 , it is immediately shown
that

(1.5) the cofiber C(Ç) is quasi KO.-equivalent to the wedge sum y S Z /2 '.

On the other hand, the K U - and KO-homologies of the cofiber C ( i )  are easily
computed as follows:

(1.6) i )  KU 0 C ( F )  Z / 2 '  and K U ,C ( ,) - -  Z.

ii) KO1C(i 09 ) Z /2 ', 0 , 0 , Z  according as i 0, 1, 2, 3 mod 4.

1.2. Let X  and  Y  be CW -spectra w hich admit the sam e quasi K O.-
ty p e . Let f :  - >  X  and g : E ° -> Y be maps related by the equality (r u A l)f =
(e, A 1)hg for a suitable quasi K0,-equivalence h : Y -* K O  A X  where tu : E ° ->
K U  denotes the unit of K U  and eu : KO -> K U  the complexification. Thus
,f* (1)EKU 0 X  and g* (1)EKU 0 Y coincide when K U ,X  and K U , Y are identified
via the quasi K0,-equivalence h. I f  e " :  KO 0 X  -4 K U ,X  is a monomorphism,
then there holds the equality (to  A  O f h g  where to : -> K O  denotes the unit
of K O .  In this case it is easily seen that

(1.7) the cofiber C (f )  is quasi K0,-equivalent to  C(g).

C onsider the cofiber sequence L ' Z  SZ /21n-c->lT h e  cofiber
C(m i) is evidently  decom posed into the w edge  sum  E ' y  S Z / m .  Since the
composite L iS Z /2  C ( m i)  is expressed as (0, S Z / 2  SZ/m,
we obtain two cofiber sequences
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E ° mk v 2 m k A , 1
(1.8) E - -->  v4 „, X i y V a n d  2. -- > E 1  y  M2„, - ) . E 1

where k v : --*SZI2m—* Vi ,„ and km : E ° -- S Z I4tv -- M 4 ,, denote the bottom
cell inclusions. C hoose a  map E2 —> 1/4 „, w ith  iJ17  I  V  , 4 n i =  1  •  T h e n  [Y5,
Lemma 3.6] asserts that

(1.9) the cofiber C(i 4 „,) is quasi K O -equiva len t to  E4 P- 4m •

By the aid of (1.7) we show

Lemma 1.1. L et Y  be  a  CW -spectrum w hich is quasi KO.-equivalent to  the
follow ing spectrum  X : I) E °  y  SZI4m, 2) L.'  y  1/41„, 3) 4) E - 2  y  Z - 2 SZ/4m,
5) 1 -.2 Va,,, o r  6) E - 2  M 4 , , , .  I f  a  m ap  g: E ° —> Y  satis f ie s  th at g(1 ) =
(0, 2m)E KU, Y  Z  Z I 4 m ,  then its cofiber C(g) is quasi KO.-equivalent to  the

v 2 m ,f ollow ing spectrum  W :1) .E ° y  E ' y  SZ/2m, 2) E 4 y y 3 ) y m 2 ,

4 ) E - 2  y P4m ,
5 )  E2  E 2 P4,, o r 6) E - 2 MP,„, corresponding to each of  the

abov e cases 1)-6).

P ro o f .  In  each  case of 1)-6) w e consider the m ap f :  1 0  X  given as
follows: 1) (0, 2mi): L'° —> SZ/4m, 2) (0, ink y ): —* E  y  V44,„ 3) 2mkm :

M41,,, 4 ) (0 , i74 ,„): X° —> E 2 V  Z - 2 SZ/4M , 5) (0, ) 1 ° y
6) Z° —>.E - 2 M 4 ,,. By means of (1.2), (1.8) and (1.9) we observe that each
cofiber C ( f )  is itself the spectrum W stated in the lemma except the case 5).
and i t  is  quasi K0,-equivalent to  W =  1 2  y  1 2 P4 1,, in the rest case 5). Then
it is  e a s i ly  s e e n  th a t  K U ,C (f )_= Z C )Z I2m  and K U ,C (f )L - Z , and hence
.4(1) = (0, 2m )E  K U ,X  Z  C ) Z /4m. Since K O, X  = 0 in the cases 1), 2), 3), 5)
and 6), (1.7) implies our result immediately except the case 4).

In the case 4) w e shall next show th a t  (1.7) remains still valid although
: KO 2 E ° y  S Z I4m -+ K U 2 E ° y  S Z I4m  is never a monomorphism. The map

f  = (0, 1.74 ,„): 1 0 _ + 1 _ 2  y  S Z /4m  satisfies that f,(1) = (0, 1, 0)E KO 2 E
°
 V  SZ/

4m '- K 0 2 1'° C)K 0 1 1 ° C)K 0 2 1 0- Z I2C )Z 12C )Z 12. Identify KO.Y  and KU.Y
with KO * E '  y  E 2 SZ/4m and K U . E '  y  E -2 S Z /4m  respectively via a quasi
KO.-equivalence h: K O A  (E -

2 y  Z -
2 S Z I4 m ). Then it is easily seen that

g .(1 )=(a,l,b )E  Z I 2 C ) Z I 2 C ) Z 1 2  for som e a  and I) because g.(1) —
(0, 2rn)EKU 0 Y ZC)Z14111 by  our assum ption . H ere  bo th  a  and b  may be
taken to  be 0 by replacing the quasi KO-equivalence  h  without the change of
the complexification (E, A 1)h: Y —* KU A (E-2 - 2 S Z  /4111). Thus .4 (1 ) and
g4 (1) have the same expression in KO, Y - - K 0 2 1.° y  S Z I4m  Z / 2  Z / 2  Z I 2
as desired.

Similarly to Lemma 1.1 we obtain

Lemma 1.2. L et Y  b e  a CW -spectrum w hich is quasi KO.-equivalent to  the
follow ing spectrum : 1 )  S Z I 2  o r  2) E - 2 S Z / 2 ' .  I f  a  m ap g : E ° Y  satisfies
that g,(I)= 1/2e K li o Y  Z I 2 ',  then its cofiber C(g) is quasi K O-equiv alent to
the .following spectrum : 1) L. ' y  S Z I2x ' o r 2) E -2 C(ii„) corresponding to each of
the abov e cases 1) and  2).
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11 4,+ 1 = .Z8r+1 z o ,
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P roo f. Set f = - > S Z  /2  in the first case and 1 = E °  - - + S Z  /2 '
in  th e  s e c o n d  c a s e . T h e n  w e  c a n  a p p ly  (1.7) t o  sh o w  our resu lt since
K O ,S Z  /2 ' = 0 = K O ,S Z  /2".

1.3. Let f :  E 21- A Y be a  map of order 2 and f : Z 2 t - i  X A  S Z /2 -> Y and
f : 1 2 r x  Y A SZ/2 b e  i t s  ex tension  and  coextension with f  (1 A i )  =  f  and
(1 A .j ) f  = f . Then there exist maps

: 2 ' C ( / ) XX  and : Y C (  )

of order 2 w hose cabers  C ( q )  and  c(i ) coincide with E - 2 `C ( f )  and  Z 1 C (f )
respectively. The bottom cell inclusion i: S Z  /2 has an extension 120 : C(2g)
-* X  A S Z  /2 whose cofiber is C(g) for any m ap g : W -> X .  Similarly the top
cell projection j: S Z  /2 -> E 1 h a s  a  coextension h g , :  Y  S Z / 2  C (2 g ')  whose
cofiber is  C(g') for any m ap g': Y -  W  Consider the composite maps

g (70 E  - 2t -
' C ( 7 )

n o , j :
 -  o g ,)) ,

f i 2g : E 2 I- 1 C (2 g ) - -+ Y, j2g. j: 272 1 C(2g')

where ig : X  -+ C(g) and j g ,: / - 1  C(g') -> Y denote the canonical inclusion and the
canonical projection respectively. By use of Verdier's lemma we can easily show
the following equalities among the cofibers of the above maps.

Lemma 1.3. C (i g g0) = E -
2 `C ( f

1
29 )  a n d

 COO,» = CLi2 g 1 )•

Choose maps h : V S Z /2 -> C ( t i) , k : V S Z /2  C (1 j) , E l C SZ / 2 and
k C (j ) S Z  /2 such that jh = j ,  jk  = ij, hT  = i a n d  0' = ri o where j :  C(ij) ->
Z 2 S Z  /2 and  T: SZ/2 C ( )  denote the  canonical projection and the canonical
inclusion respectively. The maps h and  h have order 2 and  the  maps k  and k
have order 4 (use [AT, § 4 ] ) .  Using a  fixed Adams' K,-equivalence A 2 : S Z  /  2

SZ / 2 [Ad2] we can obtain seven kinds of maps j ; ( t  > 1) [Y5, (1.13)]:

1 4r+3
 =  k A r2 1 8 r  +  5 (i7), + 32  c ( i i )

Denote by f t : L' 2 1 - 1 S Z / 2  W  the  map obtained by omitting the  " i "  from
the composite components of the map ft

:  E 2 t  — 1  

—> W for f  = a 4 „  pt„,. + 1 , a4 2  o r
m4 ,.+ 3 , and similarly by 2t S Z  /2 the map obtained by omitting the "j"
from the composite components of the map f t ': E .21 — 1 14 zo  for f t ' = ik4r7 r  +  I •
a,' 2 or m,. + 3  (see [Y5, (2.3) and (3.2)]). Then there exist eight kinds of maps

f  t-  2 t -  1  c (  f t ) -0 and f i t :C ( . 4 )

as given in  [Y5, (2.5) and (3.4)]. Among the cofibers of these maps there hold
the equalities a s  C(f_ r) = Z 2 `C ( f )  and  C ( f . , ) =
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Choose a  coextension h 2 1 2 : Z 4 SZ / 2 -> SZ /2 A CO of h  with ( j  A 1)112 / 2  =  h
and an extension  h212 : S Z / 2  A  C (i ) S Z /2  of h with r/212 (i A  1) = h. Setting
4 + 2  = jArj/ 2 / 2 : Z 8 rSZ/2 A C ( i ) - >E

°
 a n d  5 4 ,..„2

 = h212Ar2i: E 8 r + 4 _+SZ/2 A C(4),
we obtain the following maps similar to (1.11):

(1.12) b _ 4 r _ 2 8r- 5 C(C
4 r+ 2) E - 3 C ( )  a n d  h'_ 4 ,._ 2  COD C (a4 r + 2)

such that C(b 4r 2 . -_ z - 8 r - 4 c ( a , s
4 2 )  and C(b 2) = C(aar+ 2) (see [Y 5, (2.5)- 

and (3.4)]).
Since [Z 3 SZ/2, [Z5 SZ / 2, V ]  [SZ/2, c o ]  Z /2  and  [V SZ /2 ,

C (i)] =  0 ,  t h e  m aps j : S Z / 2 -> E ', 4: E'SZ/2 h: E 3 SZ/2--> C O  and
k: SZ / 2 -> C O  give rise to the following two kinds of coextensions:

j 2 ,2 „,: SZ/2 SZ/2m, jV,41,112 : SZ/2

t iV .2 m /  2  
: S Z / 2 V2„„114m/2 : SZ / 2 ->  SZ /4m ,

h 2 „,12 : E 4 SZ/2 SZ/2m A C(17), h u . 4 m 1 2 :  Z 4 SZ/2 U4m.

: L 6 SZ/2 ->  SZ /4m  A C(rj), 
k U , 4 m / 2 :

 V S Z / 2  ->  U44,,,

such  tha t iViV,4"117 i5 , i )14m/2 :1141V,21)112 Li A  1 )h2,812 = h,
j u h u ,4 1 2  =  h, ( j  A 1) k4„,/ 2 = k and j u k u , 4 / n 1 2 k .  Here . i 2 , 2 m  i s  the obvious map
associated with the inclusion Z/2 c Z/2m.

Compose the above eight maps after the  m ap 5 4 r =  Ar2 i, and also the  first
tw o m aps after the  m ap f „ + , = Ar2 ij, + 2 =  A h  o r  rh '4 ,.+ 3  = Ar2 k. Then we
obtain the following several coextensions given into the concrete forms:

(1.14)

Es"

z8r + 2
1714r+ 1./

. 8 r + 40 4r+ 2I • '-'

. y8r + 66-14r + '-'

->  SZ /2', 5 4 r . V,/
: z 8 r

--> SZ/2‘, rt4r -4- 1,V,1 
:  E8r -I- 2

->  SZ /2 1 A C (4) , a 4r + 2,(1.1 : E 4

---> SZ/2' A C ( u ) ,  FT/4r+ 3.U./ : E 8r + 6

V2,

- >  V 2 ,,

U2

- U21,

(1.13)

/: E 8 r  + 2 S Z / 2 ' ,

6
4+ 2,1

E 8r + 1 (1 ) SZ/2',' 

z8r + 3 c,kill SZ/2',

ti4r + 1, V ,/  •
 •  8  +  2 -  1 / 2,,

r + 2, V,/
1-• 8 r + 1 

C ( )

r + 3 V . /  
z 8 r+  3  c ( -i) 1/2,, 

whenever 1> 2. A l l  the maps z 2 t  x W21 given in (1.14) satisfy the following
condition:

(1.15) (o,,,*(1) = 2' 1 e KU 2, W21 Z/2`.

F o r  th e  M o o re  spectrum  SZ /2 ' o f  ty p e  Z /2 ' th e  bo ttom  ce ll inclusion
-> SZ/2' and the top cell projection j: SZ/2' -> E l  a r e  sometimes written as

i, and j ,  w ith the  subscript " 1 " .  Similarly the  m aps iw , , j ,  and j w' (W = U
o r  V ) appearing in (1.1) are written a s  63%1 , jw , ,  and j „ , ,  with the  subscript
"1" when 2m = 2'. Applying Lemma 1.3 to the maps given in (1.11). (1.12) and
(1.14), we now obtain
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L e m m a  1 .4 . i)  C ( f t j i _ i ) = C(1: 1)  and  C( .f . v,1 - 1) — C(.1',) f o r I >  2,
where f' 1 r , t t r + 1 , 4 + 2  o r  M4' , + 3  with cC4,. = aar•

ii) C ( b '.-4 ,-2(it-1  A 1) )  =  C (5 4 r + 2 ,1 )  
a n d  C ( b

4r—  2,i(„1,1-- 1) —  C( 5 4 r +2 ,U ,I )  for
/ > 2.

By virtue of [Y 5, Lemma 3.6 ii)] we can show

(1.16) i) cr..,a 4r +1,1) and C(ii4r +1 I )  have the same K,-local types as Oil:,
r  +  1 , 1 )

and Ctit., 4 r+ 1 ,V , / )  respectively.
ii) C ( 31- 4,+3,/) and COT). 4 r +  3.L.1./) have the same K,K-local types as C(T14.' r + 3 . V . / )

and  C(.644'r+ 3 ,/ ) respectively.

Similarly to (1.13) th e  maps j: SZ /2 —> Z i  ,
COD and  k: E 5 SZI2 -3 C(4) give rise to the following maps:

: SZ 12 SZ  12, E2 SZ 12 SZ

SZ 12 SZ  12 A C(6), k 2 :S Z / 2 SZ 12' A COTO.

Composing the  above four maps after the  map and  also th e  obvious map
I2,  a f te r  th e  m ap  ar 4r+1 , 5 4' r + 2  or fil:

4 r + 3 , w e obtain  seven kinds o f  m aps as
follows:

E8" SZI2",
E 8r+2

1, SZ 12' , ii,4r+ L o b  z 8 r  +  2 S Z /2 ',fi4r+ co

5 4 r + 2 , c o :  E 8 r + 4  - - - S Z 1 2 ' A C ( g ) ,  a'4,2-co Z 8 r  + 1  COD SZ ,

rri4 , + : E s ' SZ /2' A CM , Z81-"C(ii)

All the maps Cpt ,00 : E 2  ̀X 1/IÇ, given in (1.18) satisfy the following condition:

(1.19) rP (1) =  1 /2eK U 2 , W,, Z / 2 '.

2. The K * -localizations of RPLs .'4 .1  and RPiss
+ 2 t

2.1. Let X ,, (n  >  1) denote the suspension spectrum E - "SP 2 S" whose n-th
term is the symmetric square SP 2 S" of the n-sphere as in [Y3, §2] or [Y5. §4],
a n d  X x  d en o te  the  union  of X „ .  In  o th e r  w o rd s , X  is  th e  spectrum whose
n-th term is SP 2 Sn for each n > 1. For every n > 1 the Spanier-Whitehead dual
DX n  is denoted by X_„ for convenience sake. From [U, Theorem 3.3] (or [Y3,
Proposition 2.6 i)]) we recall the KU-homologies of  X ; ; (n 0) that KU 0 X „  Z ,
Z  Z  o r Z [1 /2 ] according as n = 2t — 1. 2t o r  co and K U,X „ = O. For each
k 0 the complex Adams operation (P I, behaves in  K U ,X  „  (n  0) as follows (see
[Y5, Lemma 4.1 i) and Corollary 4.2 i)]):

E 1 SZ 12 -3 .  E 3 SZ 12 —>

(1.17)

(1.18)

(2.1) t/J ', = o r  1  according a s  n = 2 t o r  otherwise.

Here A
k , t  

=  
1 — 

1 / k t

121(̀  1
Ci ), which operates on (Z Z) 0 Z[11k] as left action.
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For each n (1 < n < x,) the real projective n-space RP" is related to the above
spectrum  X „,_  , by  a  c o f ib e r  sequence RP" —> L.° —> X „, —> R P "  [JTTW].
Therefore the stunted real projective space RP"/ RP'" (0 < m < n < cc) is exhibited
by the following cofiber sequence

(2.2) RP"/RP" —* X„, + , X „ + 1 —>E1RP5/RP".

F o r  simplicity RP"/ RP" is often abbreviated to  be RP,"„ + , a s  usual. w e first
investigate the behavior of the complex Adams operation tg on  KU * RP,' + , and
KU* RP„ + ,  (cf. [Ad 1]).

Lemma 2.1. i) T he KU-homologies KU * RP:'„ + , (0 < in < n  < co) and their
A dam s operations 0 1,', .16r each k 0  are tabled as f t.-Wows:

p  p2s+2t+ 1 p  p 2 s + 2 t Rp D  D2s+ 2t +1 p  p 2 s 2 t RpooX + .x' IN, 2s 2s 2,2s+ 1 ' " 2 s+  1 2.s+

Is:1/0 X'L-- 0 0 0 Z Z Z

= 1/k5 1/10 1 1 ks
K U_,X -1---' Z  S  Z IT Z12' Z I2 Z .0  Z12' Z/2' Z / 2 '

1/4 — 4k.s+1+1 1 1 Ak,5+(+1 1 1

ii) T he K U-cohom ologies KU* R1:), + , (0 < in <  n  <  co ) and  the ir A dams
operations tli. f o r each k  0  0  are  tabled as follows:

X = R p22 ss ++ 21 + R piss ++2 1  t Dx, + 1 R p p s-i- 2/ + 1 R p i ss + 21 R Ps'

KU ° X Z/2' Z/2' 22 Z  Z  / 2 '  Z z  2 2

= A k ,_ , Ak,—s

KU - 1  X Z 0 0 Z 0 0
14 , = 10+1+1 ks+t+i

where Z.
2
 denote.s . t h e  2-completion of the integers.

Pro o f . i) The s = 0 case has been proved in [Y 5, Lemma 4.1 ii)]. Recall
t h a t  K U 0 R /T +

+ '1 =  0  a n d  t h e  sequence 0 —> KU _  R P 2 s —> KU _ „ RP's ± " —>
KU _ — >0 is e x a c t fo r  e a c h  n. Since th e  A d a m s o p e ra t io n  tg  on
KU _ 1 RP 2 ' "  0  Z [ l  / 2 ]  behaves a s  tg  =  Ak ,5 + ,± 1  o r  1  according a s  n = 2t + 1
or otherwise, the X  = RPL +

+ ',' case follows immediately. O n the other hand, the
cofiber sequence L 2 s —> R n + " —> RPiss++q z 2 s +  induces two isomorphisms
KU _ 1 3  KU _,RP3s,Vi and KU,D

E 2 s 3  K U o R Pi ss+ " for each n. Hence the
X  = R P "  ca se  is immediate, too.

ii) T h e  s  = 0  c a s e  has been  p roved  in  [ Y 5 , C o ro lla ry  4 .2  ii) ] . Note
that there exist isomorphisms KU - 1  RPL +

+ '1 3  K U  
1  R p 2 S +  n  

and  K U  RPLs ++ 1
KU -1 RPiZ + "  fo r  each  n. O n  th e  o th e r  hand , the  cofiber sequence (2.2)

induces an exact s e q u e n c e  0  K U ' R P  — >  K U °
 X  2 s + n  +  1 

KU° X
 2 s  + s +  1 — )•

KU ° R f t +
+ ," —> 0 for each n  where t; = 0 or I .  O u r  result is now immediate from

[Y5, Corollary 4.2].
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2 .2 .  In [Y5] we dealt with CW-spectra X  satisfying the following property :
(12 „,) K U , ,X  Z/2m  o n  which tpi. =  1 and  K U ,X  =0;
(12 , ) K U ,  X  Z / 2  o n  which =  1  and  KU , X  = 0 ;  or

KU0 X  Z  Z /2m  o n  which v 4 =  /1„,, and  K U,X  = 0
1/1(̀ 0 )

-  121e  1
where A„,, = ,  which operates o n  (Z 0  Z / 2  m )  Z [11k] as left

1 
ac tion . A s an  immediate result o f Lemma 2.1 we notice that

(2.3) Z 1 R /Vs 1:;:, RP '  a n d  DRPiss +  2 ' s a t is fy  th e  property
(I 2 ,), (12 .) , and (11 2 ,)_ , respectively.

I n  order to  determ ine th e  q u a s i K 0 ,- ty p e s  o f  RPP,V 1 (1 n c o )  and
DRP3: + 2 ` (t > 0) we need the  following calculations (see [FY] o r  [Y 4 , Lemma
3.4]).

Lemma 2.2. i) K O = 0 = K O L ,R PZ +_n, i f  n 1, 2, 3, 4, 5 mod 8,4 m  1 4 m +1

and hence if  n = oo.
ii) K 0 4 „,„R P ± 1 = 0 = n 0, 1, 5, 6, 7 m od 8, and

hence if  n = co.
iii) K 0 4 „, + 6 RP q = 0 =
iv ) K o 4m- 3 R p :nmi + 2t

y )  K O 4 m -  
R p tnnt+ 2t

Vi) K O '

P ro o f . T he first three parts have been shown in  [Y 4 , L em m a 3 .4 ]. The
latter three parts are similarly shown by a  dual argument.

Proposition 2.3 (cf. [Y4, Theorem 2 i) and iii)]). j ) R  p:mm ++ 11 is quasi
K 0,-equiv alent to  SZ/2 4 r , M 2 4 „  V,

z 4 r + 1 ,  E 4  V  V24r + 1 V 2 4 r  2 5 M 2 4 r SZI2 4 r+  3  ,
I °  y  SZ124 r±  3  according a s n = 8 r, 8r + 1, ..., 8 r +7. In  addition, E - 4 m +  R PL ,+,
is qua si KO.-equivalent to  S Z I2 '.

ii) -  4m + 1 R  p r. + 2

S Z / 2 4 r +  , 24r* 1, V 2 4 r +  2 ,  E 4  V  V24r+ 2, V 2 4 r  + 3 ,  M 2 4 r  3  according a s  n = 8r,
8r + 1, ,  8  r  +  7. In addition, E.- 

4 , n +
,  is quasi K 0,-equivalent to SZ I2'.

iii) E 4 m D R P t , ' is quasi K O.-equivalent to E .° y  SZI2 4 r, E °  y  E 4 V2 ..,-■.
z o E 4  V2 4 r  , 2 ,  1 °  y  s z i2 4 r+3  according a s  t = 4r, 4r + 1 , 4r + 2, 4r + 3.

iv) Z 4 mDRP
+ 3 t - 2  

is quasi K O -equiv alent to  M 2 4r, M_ , E 4 M 2 4 r 2 .

E 4 M 2 4 r + 3  according a s  t = 4 r, 4 r +1 , 4 r + 2, 4r + 3.

P ro o f . Use Lemmas 2.1 and 2.2, and then apply [Y3, Theorem 2.5] when
n  o r  t  is finite and [B 2, Theorem 3.3] when n  is infinite.

Proposition 2.4 (cf. [Y4, Theorem 2 ii) and iv)]. E- 4m + 1 Rptn, + n is quasi
K 0,-equivalent to E . ' y  S Z I2 4 ", 172 4 ,+ i, E ' y  E 4 V 2 4 , - 4 1 ,  E. '  y
V24r , 2 ,  E l  V  M24.-+2, E I s z i2 4 r+3 , z i S Z /24r + 3 according a s  n = 8r,
8r + 8r +  7 .  I n  addition, E-4"1+

 1
 R PZ „ is quasi K 0,-equiv alent to

S Z I2".

R p t
t n 2 t
n +  

K 04„,+6R P_"1 f o r  all n.
= KO 4 m R P:,m ,!i .t  i f  t -a 1, 2 mod 4.
= KO 4 n- 7  R P t 3 `  i f  t  -_= 0, 3 mod 4.
=  KO4 'n- 5 R P t i l  f o r a l l  t .

is q u as i K O -e q u iv ale n t  to  SZ/2 4r, E ° y  SZ /2 4r.
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io  z  — 4 m +  1  R P - 2— is quasi K 0,-equivalent to 2.° y P 2 4,2 4 ,- , P 2 4 r  -  2 ,

M P 2 4 r  2 ,  .E4  P 2 4 . 3 ,  E 4  V  ,E 4  P24,, 3 9 2 ' 4  P 2 4 ,  4 ,  E 4  M P 2 4 r  4  according as n = 8r,
8r + 1, ... , 8 r + 7. In addition, 2—  t4n+ 5 R p 2  is quasi K0,-equivalent to CO-

P ro o f  According to [Y2. Corollary 1.1.6], X  is quasi KO.-equivalent to  Y
i f  a n d  o n ly  if the Spanier-W hitehead d u a l D Y  is  quasi K O .-equivalent to
DX . H e n c e  Proposition 2.3 iii) and iv) imply immediately our result when n  is

s ss +  +  even. W e next use the cofiber sequences E2 R pp+t+ R p i 2t 1  E 2 sE 2 -

and E 2 s-  f =4-  JU L _ R P 'L  Z 2 s. F rom  L em m a 2.1  i) it fo llow s that fs . ,.(1)
= (0, 2t)e KU 2 s _ Z  () Z / and f s .o .,.(1) = 1/2 E
Z / 2 " .  Applying Lemmas 1.1 and 1.2 with the aid of Proposition 2.3 i) and ii)
we can easily obtain our result when n  is odd  o r  infinite.

2.3. Recall the behavior of the real Adams operation V, on K O,X „O Z [l/k ]
(0 i < 7) for each k 0 (see [Y5, (4.3)]):

(2.4) i )  When n is odd or infinite, 0 1,', = k 2 o r  1  according as i = 4 or otherwise;
ii) When n = 4s + 2, 1i4 = 1, 1/k2", 2

K  or 1/k 2 " 2 according as i = 0, 2, 4 or 6:
iii) When n = 4s 0  0, 1/4 = Ak, 2„ k 2 A1 . 23 or 1 according as i = 0, 4 or otherwise.

We here investigate the behavior of the real Adams operation te, for R P '±
± q

(1 < n < c r ) and  DRP  ( t  >  0), which is useful to determ ine their K.-local
types.

Proposition 2.5. W hen X  = 4m+ 1 - 4m + I R p t  9  E 4m D R p t +

o r  I 'D R P t t i l ,  the A dam s operation 14 acts on K O i X  0  Z [11k ] (0 i 7 )
f o r e ac h  k  0 0  as .follows:

i) T h e  X  =
4m + 1 R 1 

4 , i
cases: I) When n is even

k 2  or 1 according as j = 4 or otherwise; 2) W hen n = 4s + 1
k 2, /  k 2 m +  2s— 2 or 1 according as i --- 2, 4, 6 or otherwise;

/k 2 m1/4 =  A 1 r  1 according as i =" ,2m  +  2s+ 2 , k 2  A lc, 2m+ 2s+ 2 O

ii) T he  X  = l 4 '"DRP,,"„; + 2  case: k2m 1/-"R = 2 „ „  k 2 o r  1
a s  i = 0, 4 or otherwise.

iii) T he X  = Z 4 n1D R Ptn ,j` c a s e : k 2 " /4 =  k 2 m  k 2  k2m + 2 or 1 according as
i = 2, 4, 6 or otherwise.

P ro o f .  Use the cofiber sequence R  + X,,, X ,, E1 R P;'„ + of (2.2)
and  its dual sequence E - 1 DRP:',, + , -4 _,,_ — > X  By a  quite
similar argument to [Y 5, Lem m a 4.4] w ith the  a id  of (2.4) our result is easily
shown.

To determine the K .-local types of  R P " " (0 <  n  <  DO) we shall not need
to investigate the  behavior of their real Adams operations V ,̀. Neverthless we
dare to give the following result, whose proof is almost the same as in Proposition
2.5 (or [Y5, Lemma 4.4]).

Proposition 2.6. W hen X  = 4m + 1 R P '
ti or E '1 '"  p  p4rn + n  th etne4m — 2

or infinite, 1 / k 2m 111R =
, /k2m1/l;z =  /k2m + 2s

3) W hen n = 4s + 3,
0, 4 or otherwise.

according
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operation acts on K O  1 X  Z[l / k] (0 <  i <  7)  f or each k  0 as follows:
i) The X  = RP:;;;+" case: 1) W hen n is even or infinite, 111: 2' 4  =

1/k2 m, k2 ,11k 2 m- 2  o r 1 according as i = 1, 4, 5 or otherwise; 2) W hen n = 4s + I.
1/k2 m11,k  = 1/k 2 "1, I  / k 2m+ 2s , k 2 / k2m -2 ,k 2 m +  2 s - 2  o r  1 according as
i = 1, 2, 4, 5, 6 or otherw ise; 3) W hen n = 4s + 3, 1/k2 m ';, =-0 A  k ,  2 m  +  2 s +  1 ,  

/k2m,

k 2 Ak2m + 2s + 1,
 / k 2 m  -  2  or 1 according as i = 0, 1, 4, 5 or otherwise., 

ii) The X  = E - 4 "1 + 1  RP +  case: 1) W hen n is ev en or inf inite, 1 / k2 "'(14 =
/k2'" -2 , k 2 ,  / k 2 " '  -  4  o r  1 according as  i  = 3, 4, 7 or o therw ise; 2) When

n 4s + 1, l i c 2m0 1.;z1 ,  1  / k 2 m +  2 s , 1 /k 2 m - 2 , k 2 ,k 2 m  +  2s- 2 ,k 2 m -  4  a c c o rd i n g

as i = 0, 2, 3, 4, 6 or 7 ; 3 )  W hen n = 4s + 3, 1/k 2 " /4 =  
A k , 2 m +  2 s  +  2 ,  

/k2m  - 2 ,

k 2  Ak,2m + 2s+  2, 1 / k2 m-  4  o r  1 according as i = 0, 3, 4, 7 or otherwise.

We now determine the K * -local types of R I :t ±
± 1  as the first part of our

main result (cf. [DM, Theorem 4.2]).

Theorem 2.7. The stunted real projective space I I R f t +
+ ;̀ (2 < n < (r) has

the sam e K ,-local ty pe as the  elementary spectrum tabled below:

s

4m - 1

4m

8r 8r + 1 8r + 2 8r + 3

SZ/24'

SZ/2 4 '

C(i4 r014 .+  4 r)

C(i4,P4m+4,-, I I

S Z / 2 4 ' '  i C(14,4,1 /14m ■ k ,)

V2.C l i v , 4 , - ,  l a 4 ,  4+ 2)

4m + 1 SZ/2 4 ' A  00 n ( 1 4 ,  A  1 )a4m+4,, 2) SZ/ 24 "  1 A  no c ( ( i4 r ,  i A  1)m4 „ 4 , ± 3 )

4m + 2 SZ/2 4 ' A  C(ri) C o i 4, 1 1
4 r -  .,I)7 4 .4  4 r+  3 ) U 2 4 ,- , C ( 1u,4r+1.24ni+4r+4.)

n 8r + 4 8r + 5 8r + 6 8r + 7

4m - 1 C ( iv ,4 ,2 a 4 , , , ,  4r+ 2) C ( iV . 4 1 . 4  3 1/14,1,-, 4 ,+ 3 )

17
2 4 ' .  = C (1 1 % ,4 ,- ,  2 111 4 . - f - 4 , 1  3 ) S Z / 2 4 r ' 3

4.+ 4'-fr

4m + I n i 1.1.4r + 2 /4rn +4r ,4) U 2 ,+ 3 3144r. 5)

4m + 2 C ( f11.4r
, 2 /14411+4r+ 5) S Z /2 4 " 3 A  C(6) C ( ( i4 ,4  3  A  1 )( 14„,}4 r+

4m - 1 4m 4m + 1 4m + 2

OC, S Z  /2 ' S Z  /2 ' S Z  /2 ' A  C(ri) S Z  / 2 ' A  C(ri)

P ro o f . Put (2.3) and Propositions 2.3 and 2.5 together and then apply [Y5.
Theorems 1.2 and 2.6 with (2.8)] as in the RP" case [Y5 . Theorem 4.6 ii)].

Applying [Y5, Theorem 2.6 with (2.8)] we can similarly obtain

Proposition 2.8. The Spanier-W hitehead dual D R P r  2 1 (1 > 1) has the same
K ,-local ty pe as the cof iber of  the map tabled below:
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ss\ t ,

4m

4r 4r + 1 4r+ 2 4r + 3

CX - trF iU.4r +1 1 -4m 1t1.4,-22 -4m 14r + 3 OE -4m

4m + 1 i 1.1,41, + 1 ti 4rn- 1 i4r + 2P —4m— I i4r + 3 P-4,1-1

4m + 2 (
i 4 , A  1) 13

- 4m- 2 1 U ,4 r 1 -1h -4m -2 iU .4r 2 11 - 4m- 2 ( 14 r+ 3  A  O b - 4 , -  2

4m + 3 i4 r M  -4m  -3 i4 r  + 1 M  -4 m -3 iU .4r + 2M  -4m  -3 iU .r + 3M  -4m  - 3

According to [Y5, Lemma 4.7], two finite spectra X  and Y  have the same
K * -local type if and only if their Spanier-Whitehead duals DX and DY have the
same K * -local ty p e . A s  a  dual of Proposition 2.8 we can show immediately the
second part of our m ain result by using Lemma 1.4 and (1.16) with the  a id  of
[Y5, (2.7) and (3.7)].

Theorem 2.9. T he stunted real projective space E l pR 2 t ( t >  1) has the
same K * -local type as the cofiber of the map tabled below :

sN _ 4r 4r + 1 4r + 2 4r + 3

4m

4m + 1

4m + 2

4m + 3

5
4 , 4 ,+  I 54m. V,41. + 2 54m.11.4r + 3 54m.4r +4

+ 1.V .4r r I 1714/n +  I.V 4 r  2 f--14m + 1 . 4 ,  3 1714m + 1.4. 4 4

a4m+ 2,4. +1 54m + 2, (1,4, + 2 5 4m + 2 .1 / ,4 r 1  3
a 4 + 2.4r 4

61 ‘trn + 3.11.4, +1 ti ‘trn + 3.1,4, + 2m 4 , + 614rn + 3.4r +4

3. The 1(* -localizations of R n
+  2 t +  1

3.1. Let p  be  a  fixed prime and r  be a positive integer such that r ±  3
m od 8 w hen p = 2  a n d  r  generates th e  g roup  o f  un its  o f  Z / p2  w h e n  p  is
o d d . D e n o te  b y  f (p) t h e  fiber o f  th e  m a p  titri? — 1: K OZ ( p ) -+ KOZ ( p )  w here
K OZ ( p )  =  KO A SZ ( p )  i s  the real K-spectrum with coefficients Z ( p ) . Consider the
m ap K (p ): f  (p ) —> SQ inducing a n  isomorphism 1C(p ),: 7r _ j ( p ) C) Q -4-  7r,SQ
Q .  According to [BI, Theorem 4.3] (or [R]) the fiber of the map K (p ) is actually
the KZ (p )* -localization of the sphere spectrum S. Thus we have cofiber sequences

13 .0 S Icz(, (p) - 1 s Q 1

4 ? -ii) f (p)
 I2 KOZ(p)

1

 K O Z ( p ) >7` f(p )

where S K, ( , ) =  S K  A SZ ( p ) fo r the  K * -localization SK  of S. The unit to :  S  KO
is factorized through 5, as 10  = 1 K  1K  for the K * -localization map 1K : S S K .  Note
th a t the composite 12 11 : S, z ,p) K O Z (p ) i s  ju s t  th e  m ap  1K: SK —  K O  smashed
with SZ ( p ) .

L et J  b e  a  se t o f p rim es. T he  obvious map / ( j ) : S SZ ( J )  associated with
the inclusion Z  Z 1  g iv e s  r is e  to  the SZ ( j ) * -localization map /(,) A  1: X  4
SZ ( j )  A  X . For each map .f :  Y —■ X  we denote by f ( , ) : Y—> SZ ( j )  A  X  the J-local
map given by the composite (/ (J ) A I )11
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Lemma 3.1. L e t  J be a ,f ixed set o f  prim es, W  and X  be CW -spectra with
W  f in ite  an d  f : W  S K  A  X  b e  a  m ap such that the composite ( I ,  A  1)f: W
KO A X  is trivial. A ssume that [E 2 W, SQ A  X ] = 0 and [E' W  K OZ ( ,) A X ]  =  0
for each p rim e  p c J.  Then the J-local m ap fa) :

 W —
 S K Z (J  A  X  becom es trivial.a )

P ro o f . Under our assumptions it is immediate that ( I ,  A [ W, SKz ( p )  A  X ]
->[W , K OZ 0 4  A  X ] is  a m onom orphism  for each p e  J .  Therefore the p-local
map .f(p): W - 4  Sicz,
isomorphism [W SK A  X ] ® Z ( p ) 3-  S i c z ( , )  A  X ] under the assumption that W
is finite, w e can find a positive integer nt , prim e to  p  such  tha t np f  =0E [W ,
SK A  X ]  for every p e J .  Consequently we get a positive integer n  prime to all
p  e J  s u c h  th a t  nf  = O E[W , SK A  X ] .  T h is  im p lie s  th a t  th e  J - lo c a l  map

W  S K , ( j )  A  X  is trivial as desired.

Lemma 3 .2 .  L et p  be a f ix ed prim e and W , X  and Y  be CW -spectra. Let
f : W -  SK A  X , g: W -> Y and h': -> SK A  X  be m aps such that f  and hg coincide
w hen they  are carried into [W  S K z 1 , 1 ,1  A  X ] an d  [W  KO A  X ]. A ssu m e  that
[1 2 W , S Q A  X ] = 0 = [Z 1 Y, S Q  A  X ]  a n d  g* : [Z 1 Y , K O Z ( p )  A  X ]  [2' W.
KOZ ( p )  A  X ]  is an  ep im orphism . T h e n  th e re  e x is ts  a m ap  h :  Y -> SK A  X

satisfying f  = hg c [ W, SK A  X ] .  Further the m ap h  is tak en to  be a quasi SK *
-

equivalence whenever h ' is so.

P ro o f  Consider the commutative diagram

(n2  A  1). (i,  A  1).
[E'' y  Koz ( p)  A  X ] [Y, f (p ) A  X ] [Y, S K ,, p , A  X ]

9*I 19*

[E l  w, KOZ ( p )  A  X ]  - - >  [ W ,  (p) A  X ]  <—
(n 2  A  1),

[ W  SKZ ( p )  A  X ]u, A  1),

i n  which th e  left vertical arrow  g *  a n d  th e  r ig h t u p p e r  a rro w  ( /  A  1)*  a r e
epimorphisms and the right lower arrow (i l A  1)*  i s  a  m onom orphism . B y a
routine diagram chasing we can easily find a  m ap h" : Y  S K z ( , ) A  X  such that
f o,) =  h"ge[W , SKz ( p )  A  X ]  a n d  OK  A  Oki ) ) =  (1K  A  1)h" e[Y , K O Z (, ) A  X ]  since
OK  A 1 )f(p ) =  1) kp)yE [ W, KOZ ( p )  A  X ] .  Note that the rationalizations of h'
a n d  h" coincide. Using [131, Proposition 2.10] w e then obtain  a  un ique  map
h: Y -> SK A  X  such that h  h" e[Y , S K z ( „)  A  X ] and h( „) = h ' (6 [ 17 SKZ[11p] A  X ]
where pc denotes th e  complement o f the  sing le  p rim e se t {p} . Evidently this
m ap h  satisfies the desired equality hg = .f e[W  SK A  X ]  b e c a u s e  h g  = f(p) [ W
SKZ( p )  A  X ]  an d  k pc) g = , p 9 E [W , SKZII/p] A  X ] .

If the old map h': Y -  SK A  X  is a quasi S K * -equivalence, then it induces an
isomorphism /4' :1( * Y--> K,K S K  A  X 41 --- K ,X  where K  = K U  o r K O . This implies
t h a t  14" : KZ (p) ,Y  -> KZ (p) .S K z ( p )  A  X 4=---  K Z (,,),, X  is a n  isomorphism because
(1,, A 1)14 )  =  ( 1„ A  1)h". Therefore we can observe tha t h,: K ,K Y  -> K,S K  A  X 41

K ,,X  is  a n  isomorphism since k m = h "  a n d  h( „) = 11(' p c) . T h u s th e  new map
h: Y -> SK A  X  becomes a quasi S K * -equivelence, too.

A  X  becomes trivial for each p e J .  Since there exists an
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Putting Lem m as 3.1 and 3.2 together we obtain

Proposition 3.3. L e t  W , X  a n d  Y  b e  C W -spectra w ith  W  f in ite , and
f : W -> S K A X , g : W -> Y  and  h': Y -* S K A X  b e  m ap s re lated  b y  the  equality
(I, A =  A 1)h' g E [14< KO A X ] .  A ssume that the M owing three conditions
are satisf ied f o r  a  certain prim e p : i)  [E 2W  S Q  A X ] = 0  = [1 .' Y, SQ A X ],
ii) [ Z 1 VV, KO A X ]  Z[11 p ] =  0  a n d  iii) g* : [E ' Y , K OZ (p ) A X ] -> [E ' W,
KOZ (p ) A X ] is an epim orphism . Then there exists a map h : Y  SK A X  satisfying
f  = hg e[W , S K  A X ] .  Further the m ap h  is tak en to be a quasi SK * -equivalence
whenever h ' is so.

Proof. T a k e  J  in  Lemma 3.1 as the set pc of a ll primes but only the prime
p  a n d  f  i n  L em m a 3 .1  a s  th e  m a p  f -  h 'g .  T h e n  L e m m a  3 .1  asserts that

-  kp ,)g E [ W  S K Z [l / p ]  A  X ] .  Since th e  assum ptions i n  L em m a 3 .2  a re  all
satisfied, w e can now  apply Lem m a 3.2 to  g e t  a  desired m ap h : Y  5 ,  A X.

A s an im m ediate result of Proposition 3.3 w e can  show

Corollary 3.4. L et W , X  and Y  be CW -spectra w ith W f inite, and f : W -  X
an d  g : W -> Y  be  m aps. A ssum e  that th e  conditions i), ii) an d  iii) stated  in
Proposition 3.3 are  all satisf ied f o r  a  certain prim e p. If  there ex ists a  quasi
S K * -equivalence h': Y -*  SK A X  satisfy ing (10  A  1)f  = (I, A 1)h' g E [ IV, KO A X ].
then  the cofiber C ( f )  is  quasi SK * -equivalent to  C(g).

3.2. Concerning the conditions i), ii) and iii) sta ted  in Proposition 3.3 we
have

Lemma 3.5. L et Y  be a  CW -spectrum w hich is quasi K 0 4 -equivalent to the
M ow ing spectrum  X : 1) E ° y  SZ/4m, 2) E 4  y  K,„, 3) M e ,,,, 4) E 2  E 'S Z  I4 m .
5 ) E 2  z- 2 v 4 „  6 )  2  m 4 , 7 )  S Z  1 2  o r 8) E - 2 S Z / 2 ' .  L et g: E ° -> Y  be a
m ap satisfy ing the following condition: g* (1) = (0, 1) e K U , Y  Z  Z  I 4 m  in  the
c ase  1); g * (1) = (0, 2in) c KU o Y  Z  Z  I 4 m  in  th e  cases 2)-6); g * (1) = 1/2 e
K U ,Y  Z 1 2 "  in  the  cases 7)-8). Then KO, Y ®  Z [1 /2] =  0 =  [E ' Y , SQ A Y ]
and g* : [E ' Y , KO A Y ] -> ,  KO A Y ] is an epimorphism.

P ro o f . It is obvious that K O  Y  Z  [1 /2] KO , X  C) Z[l /2] =  0 and [E ' Y,
S Q  Y] H o m ( i r , Y O  Q, n i Y C) Q) =  0  because KO 21 ,,, YC) Q  K O 2 i+ , X

C)Q = 0  for each j. A s is observed in  th e  proofs o f L em m as 1.1 and 1.2, we
can  ch oo se  a  ce rta in  m ap  f : 1 .° -> X  su c h  th a t  (10  A  1).f  =  im  w ith  a  suitable
quasi K O -equ iva lence  h :  Y -* K O A X .  F o r  a n y  C W-spectrum W th e  quasi
KO-equivalence  h  induces a n  isomorphism [X , KO A IV] [Y , KO A  W]
defined by le (x )=(p  A 1)(1 A x)// where p : KO A KO -> KO denotes the multiplica-
tio n  of K O . Therefore it is sufficient to show th a t  the  m ap f : - >  X  in  place
of g: - >  Y  induces an epim orphism  *: KO A X] -÷ [E ',  KO A X ] .  In
the cases 2), 3) and 7) our assertion is trivial because KO, X  = 0 for X  = E 4  y
A/ 4m ,  o r  SZ/ 2' .
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In the non-trivial cases w e recall that the  map f : E  - 4  KO A  X  is chosen
in  th e  proofs o f  Lem m as 1.1 a n d  1.2 a s  follows: 1) (0, i): z°->E° y  SZ/4m;
4) (0, E-2 y  1- 2 szi4m; 5) (0, iiv.4m): O  Z 2 y  E - 2 174 ,n ; 6) im 114m
z o z -2 m 4 m ;  8 )  j 2 . , c z o z A s  is easily checked, th e  induced
homomorphisms i* : [E l  S Z  I4m , KO A (E° y  SZ I4m)] , KO A (E° y  s z i
4 0 ] ,[ Z 1 S Z  I 4 m ,  KO A  SZ/ 4/11] [E 3 , KO A S Z /4m ], [E ' V4m ,

KO A V4 m ] -+ [E 3 , KO A  K m ] ,A 1 4 , „ ,  KO A SZ I4m, KO A  M4mi
a n d  Film : [E'S Z I4m , KO A  M 4 m ]  [E 3 , KO A  M 4m ] a r e  a l l  epimorphisms.
F urthe r jl, 00 : [Z 1 S Z 1 2 ',  KO A  S Z I2 ']- > [271 SZ/2, KO A  S Z 1 2 ']  and
[ I l S Z 12, KO A  S Z  1 2 ]  [ E 3 ,  KO A  S Z I 2 ']  a re  isomorphisms, because there
exists a n  isomorphism [ W, KO A S Z  1 2 ]  Hom (K 0 4 W , Z/2') fo r  a n y  C W-
spectrum W(use [Y1, (3.1)] or [A n ] ) .  Consequently we can verify that 1* : [E ' X ,

K O A X ] ->[E 1 , KO A  X ]  i s  a ls o  a n  epimorphism in  the non-trivial cases
1), 4), 5), 6) and 8).

Fix non-negative integers m and r, and then for simplicity set the elementary
spectra appearing in  Theorem 2.7 as follows:

C (
1
4r +1/1 4m +4r+ 1)

C(i V ,4r + 2
0

4m+ 4r+ 2)

C (
i
 ,4 r +  3M 4ni + 4r+  3)

C ( 14r+ 4 4m + 4r +

C
(
i
V,4r + 1 

(1
41n + 4r + 2)

C ( iV ,4 r+  2 " 1
4m+ 4r+ 3)

C (i 4r + 3OE4m+ 4r + 4)

C ( i4 r+ 4 P 4 m + 4 r+  5)

Y 2 1  =  C ( ( 4 r  + 1 A  I ) + 4r + 3)

Y2 2  =  C(i u4,+2OE4,,,+4,+ 4)

Y2 3  =  C ( i U.4r+31U4m + 4r + 5)

Y 2 4  -  C ( ( i 4 r  + 4  A  1 ) a4m+ 4r +

Y3 1  -  C
 U ,4 r  1 4 m +  4 r  +

Y 3 2  - U,4r + 2114m+ 4r+  5)

Y3 3  -  C ( ( i4r + 3 A  1) a4m+ 4r+ 6)

Y 3 4  -  C ((i4 r  + 4  A  1 ) M4m + 4r+ 7)•

(3.2)

YO1 =

Y 0 2 =

Y03=

Y04=

Y 11 =

Y12 =

Y 13 =

Y 14  =

T he  elementary spectrum Yo i i s  quasi K O -equiva len t to E4 V Kar-2,

M 2 4 r .  3  o r  E° y  SZ/24 r+ 4  a c c o rd in g  a s  j  =  1, 2, 3 o r  4 , a n d  Y u  is  q u a s i
K0 * -equiva1ent t o  L . ' M 2 4 r +  E° y  SZ/2 4 r+ 3  o r  M 2 4 r  +  4  according as
j  =  1, 2, 3 o r  4. O n  t h e  o th e r  h a n d , Y 2 i  a n d  Y3 1 a r e  respectively quasi
K0 * -equiva1ent to  Z 4  Yo i a n d  Z 4  Yu  fo r  each 1(1 < j  < 4).

F o r  each  p a ir  ( i ,  j) ,  0 <  i <  3  a n d  1 < j < 4, w e consider th e  following
coextensions 4m+ i, 4 r + j

(5 2 •8 "  +2i given in (1.14):r 

(3.3)

i4 m 4 r +  1  E 8mS Z /  24 ' -1- 1

5
4m. V .4r. + 2 :  E 8 m 2 V2-1r4 2

5 4m,v,4,-+ 3  E 8m - ÷  V241- + 3

5
4m,4r + 4 .E 8mS Z /  2 4 " ± 4

1 7 , 4 ,
ri 4m + 1 . V ,4r + 1 

z8m + 2

1i4n1+ 1,V ,4r+ 2  2 -8 m +  2 V24r + 2

5 4m + 2,4r +1 
E tim  + 4 _ - )  S Z / 2 4r +1  A  0/1 )

rU 2 4

 U 2 4 r *  3

Ci4m + 2,4r + 4 E 8 " ' 4 4 S Z 1 2 4 r 4  4 A  C(4)

+ 3. U. 4r + 1 
E 8 m +  6

24,- , I

15-14 .1+  3 , U .  4 r  2  E
8 'n  + 6

45
4m + 2, U.4r + 2  E " " '  + 2

+ 45 4m+ 2 V. 4r + 3 
Lqini
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. + 2 - - >  S Z /  2 4 " -  3
g4m + 1,4r + 3 • •""

4m+1,4r+4 L8m + 2 SZ/ 2 4 r  + 4P 

r714n1+ 3,4r + 3

4m + 3,4r + 4

z8m + SZ/24r + 3  A C O
Ism+6 SZ/24r4 A CO.

B y com posing th e  canonical inclusion W24,4 Y i i  a f te r  th e  above map
P4m+i,4r+j E + 2 i  – 4  W 2 , . +  i ,  we introduce the following map

E8m+ 2 i W2 4 ,(3.4) gi; - i, 4r + j

From  (1.15) it fo llow s tha t a ll th e  maps Efim + 2i I', s a t is fy  the  following
condition:

(3.5) = (0, 2 4 r+ i -  i )E KU 8 „, + 2 , Z  0 Z/2 4 r+ i.

S e t Yo x  = =  S Z / 2  a n d  Y 2 ,  =  Y 3  =  S Z  12' A C O ,  a n d  consider the
following maps g io 0 :  Z " '+ '  - + Y  given in  (1.18):

(3.6) g o . = 5 4m, co , g  toe — 114m + g 2 , — 5 4m+ 2, g3oo /5-14m + 3, •

Then Lemma 3.5 with (3.5) and (1.19) implies

Lemma 3.6. i) K O , Y i ;1 'Ø Z  [l/2] = 0 = SQ A Yi i ] ,  and
i i m +ii) t h e  maps g :  E 8 2 1 1, given in (3.4) a n d  (3.6) induce epimorphisms

[1 1K O  A Yi j ] [E 8 m+ 2 ' ,  KO A Yu]  i f  (1,1) is neither (0, 4) nor (2, 4).

3.3. W e nex t d iscuss th e  m aps go ,  = 04 4m, 4r + 4 18m  SZ/ 2 4 r  ± — > Y04

a n d  a  =  2 4 4 m + 2  4 r + 4 E 8 4  S Z /  24 r  + 4  A C(4) -> Y24. R ecall tha t 5
4 m , 4 r  + 4i  

= 12,2qA2 1 : E 8 m  —> I sm SZ 12 -> SZ 12 S Z  I 2 g  and 2,4„_, 4 = h2 q 1 2  A T  z8m+4

-> Z s m+ 4 5Z /2 -> E 4 SZ  12-> SZ I2q A C O  w ith  g  = 24 r+ 3  w h e r e  12 . 2q  i s  the
obvious map and h2 q 1 2  is  the extension of h obtained in (1.13). Using the cofiber
sequences (3.1) it is easily computed (cf. [B1, Corollary 4.5] o r [R, Theorem 8.5])
that

(3.7) no SK  n o KO 0 7r K O  Z C)Z12,

nO SK A  SZ/2 7r,, S 5  A SZ 12 K 0 8 S Z I2 e Ko8„,+ 1
 SZ 12 Z / 2  C) Z12.

7t8m  SK  A  S Z I 2 g  Z/2' 41- e Z/2 c K 0 8 S Z I2qC ) K 0 8 , ,S Z I 2 g

Z I2g e Z 1 2 , and

718m + 4 S K  A  S Z I2g  A  C O  Z I8 C)Z 12

K 0 8 „, „S Z I 2 g  A C(4) ( )  K 0 8 „, + 5 S Z I2g Z I 2 q  Z I 2

where y =  Min {4r + 3, v 2 (8m)} with v2 (81n) the exponent of 2 in the prime power
decomposition o f 8 m . Further we can compute that

(3 .8 ) zamSK A  Y03 Z / 2 " '  c  K 0 8 1„ Y03 Z  I g ,

7r 8m + 4 S K A Y23 Z I8 c K O 8 m + 4  Y23 Z Ig,

n8m S  K  A
 

Y04 ZI2" + ' Z / 2  Z / 2  K 0 8  Y04 K 0 8 m  +  1  Y 0 4

Z  Z I2 q  C )Z 1 2 0  Z / 2  and
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71 8m+4SK A  Y24 Z18 C) Z/2 (D Z/2 c K 0 8 „1± 4  Y  Al) KO-24 - -  8 m +  5  Y 2 4

Z  Z I 2 q  O Z I 2  Z I 2

where u = Min {4r + 2, 1 ,
2 (8m) } a n d  /3 = Min {4r + 3, 1,

2 (8m)} , because 4 = 1
o n  KO 0 Y03 Z  q , — k2 o n  KO 4  Y23""2'=  Z I q, 1,14  — A k ,4 ,n + 4 r+ 4  on K00 Y04

Z I2 q  and t/4  = / 2  Ak,4m +4r+ 6 on KO4 Y-24 Z O Z I 2 a  for any k  prime to 2
(see [Y 5, (2.1) and  Lemma 2.2 i)]).

Lemma 3.7. T he m aps g 0 4 :- — 8 m  —> Y04  an d  Y24: E8.+4 
Y24 satisf y  that

g 0 4 ,, (1, 0) = (2v, 0, 0)E7r,,,S K  A Yo 4 Z12," + l e Z/ 2 C) Z/ 2  an d  g 2 4 * (1, 0) = (4, 0,0)

en's.+4 ,SK  ̂Y24 Z/8 C) Z/2 C) Z/2 where (1, 0)e n o S ,  Z  Z/2 stands f or the
element represented by the localization map lK : S SK.

P ro o f . A  ro u tin e  computation show s that th e  cofiber C(h 2 q 1 2 )  is quasi
KO.-equivalent to L 'S Z I g  since COD a n d  C (h ) a re  q u asi K0 4 -equivalent to
E 4 . A s  is easily seen, t h e  induced homomorphisms 7 c 8 m S K  A  SZ /2 —>
7 8.Sx A  S Z I2 q  and  Ti2q/ : 7r 8 m SK  A  SZ/ 2 —3, 7T8m + 4 S K  A  SZ I2q A  C ( )  a re  respec-

tively expressed a s  
( )

( 4  0  )

o 0  0 )
: Z/2 C) Z/2 Z / 2 '  ( )  Z / 2  and : Z/2 .0

Z/2 -4 Z/8 C) Z/2. Using these expressions we verify immediately that the
induced homomorphisms : 70 SK i r , „ , S K  A Y04 and g 2 4 1 ,: 78,„+4S,

2 0 / 4 0

Y24 are expressed as 0 0 : Z () Z/2 -4 Z/2" ± C ) Z /2  3 0  Z /2  and 0 0

0 0 \ 0 0
Z C) Z/2 Z/8 C) Z/2 C) Z/2 respectively.

By virtue of Corollary 3.4 and Lemmas 3.6 and 3.7 we finally determine the
K-local types of RPLs + 2 t+ 1  a s  th e  last part of our m ain result.

Theorem 3.8. The stunted real projective space
R p i s s +  2 t + 1  

(0 < t <  oo) has
the sam e K * - l o c a l  ty pe as the c o f ib e r  o f  the map tabled below:

S 4r 4r + 1

4m i4r + 11 14rn + 4r + V  
5 4m.4r+ I + 2 a4 n t A- 2  V  .5 4m,4, +2

4m + 1 i t ' ,4 r+  I a 4 m + 4 r + 2  V  f i4 rn +  I.V .4 r + 1 il'.4r +  2 M441+ 4r +3 V  0 4m+ I V.4r + 2

4m + 2 ( i4 r+ A  
1 ) / 1

/4 , - 4 ,1 -  3  V  (14,+ 2 4 ,  +1 it1.4r + 2 1 4r4+ 4r +4 V  5 446÷ 2.U .4 r + 2

4m + 3 1
 [1,4r + 1 4),I+ 4, + 4 V  61

4 .  ' f1.44 + 1 4,2 0 4 r n  +  4,+ V  61 4rn 3. U.4r 2

4r +  2 4r +  3

4m 4 , 4 r +3 171
4m + 4r +  3 V  644 ,n ,l, ',4 r  +3 i 4 r+ 4 1 4n ,4 r  + 4  V  5

461.4r +4

4m + 1 i4 r 3 7 4 4 1 + 4 r +  4  V  fi4m + 1,4r + 3
1
4r +4 P4nt +4r 5  V  0 4en+ I .4r +4

4m + 2 i 3 0 4 m 4 r  +  5  V  i '14,n+ 2, U.4r 3 ( /4, + 4 A  1 ) 0
4 m i  4r 6  V  

5
44t 2 .4 r 4

4m + 3 1
4r+ 3 A  1 ) 4 1 4 ,4 + 4 ,4 6  V  1114m 3 4 , + 3 ( i4 , 4  A 1)//240, 4r + 7 V / ././4 „ , 3 ,4 r  1 4

s \
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rN  4 m  4 m  +  1  4 m  +  2  4 m  +  3

5
4m . s ri4rn +  1. 5 4n■ + 2, 15.14rn+ 3.

P r o o f .  T he t = 0 case is obvious because RP '  E 2s E 2s+ So we
m ay assume th a t t > I . W h e n  ( s , t + 1) = (4m + 1, 4r +1) o r  (4m + j , oo) we
shall show tha t 

Z i R p i s s + 2 ( + 1  
has the  same K * -local type  as the  cofiber C(go )

o f  th e  m ap  gii
:  E 8 m +  2 1

 ‘ r ri
i  

given in  (3.4) o r  (3.6), because th e  cofiber C(g 11)
coincides with the  cofiber of the  m ap tabled in  th e  theorem (use [Y2. Lemma
11.1.1]). W e first take  th e  maps f  a n d  g  in  Corollary 3.4 a s  th e  canonical
i n c l u s i o n  £ 25-i  R p 3z+  +1 and the above map g o : £ 8 m'  Y o  respectively
where (s, t + 1) = (4m + i, 4r + j )  o r  (4m + j, o o ) .  According to Theorem 2.7

RPP,H - r  h a s  th e  sam e  K * -local ty p e  a s  th e  s p e c tru m  Y . N o te  that
7 2,+1 R Pi ss+  + 1  0  Q = 0 whenever t > I . T hen  L em m a 3.6 shows that all of the
conditions i), ii) a n d  iii) stated in Proposition 3.3 a re  satisfied for the prim e 2
unless (s, t) = (2n, 4r + 3). Therefore we can apply Corollary 3.4 to  observe that
E l WV 2 (  + 1 and C(g 1 ) have the same K * -local type unless (s, t) = (2n. 4r + 3).

W e shall next show  th a t o u r  assertion is valid even in  the  case  when (s.
1) = (2n, 4r + 3). Consider the commutative diagram

81 5 .
4n 

+
- 1

r + 5
SK 7 r 4 ,  SK A  RP +  7, +5 K O  -1

 R p

2 ro sKT c 4 n _  I SK A  R iD + 8 r + 7 Rp4n+ 8r+ 71 (0 4n - 1 4n - I1K*f  7*

where f k 1 R p tt,i + r + k  ( k  =  5 , /) denotes th e  canonical inc lusion . Recall
th a t  Ei Rpt:±7r+k ( k  =  5  a n d  7) a re  respectively quasi SK * -equivalent t o  Y„
and Y 0 4  w h e n  n  is  even , a n d  they  a re  quasi SK * -equivalent t o  Y23 a n d  Y 2 4

w h e n  n  is o d d .  F r o m  (3.7) a n d  (3.8) it f o l l o w s  t h a t  70 S K  Z  Z /2,
7
T4,- 1 S K  RP +  Z / 2 " ± i  a n d  n4 „_, S K A RP::: + 7r+ 7  Z / 2 " + 1  C I Z/2  Z/2
where u = Min {4r + 2, v 2 (4 0 } and r  =  Min {4r + 3, v 2 (4 n )}. Since .f5 * (1) =
24 r+  2 E KO4 _ 1RP:;: + 7r+ 5  =  Z/24 ' ,  it is easily seen that f 5 (1, 0) = 2" e 7r- - 4 n -l S K

RP:'„' + '," - 5Z  / 2 " + ' . T h is  im plies im m ediate ly  that f 7 * (1, 0) = (2', 0, Ole
7E4,, - SI< A  RPt: 4- 7 r+  7 Z/2" + Z / 2  C I Z/2 . O n  th e  o ther hand. Lemma 3.7
asserts that the m ap g 14  z8 m +  2 i _> (i = 0. 2) satisfies the equality g1 4 * (1, 0) =
(2', 0, 0) E 7r8 „, + 2 ,S K  A  1 4  Z / 2 " 4 1 10 Z/210 Z/2 where r  =  Min {4r + 3. 1.2 (8m);
o r  2  according a s  i = 0  o r  2. Theorefore t h e  m a p  (/K A  O f , :  1 - 4 " S K

R Pt I r +  7 coincides w ith the  m ap (/, A  1)g4: £8m+ 2i o  K A rS< i i 4  for j =  u  or
2 when SK A  Z i RP1,: + 7r+ 7  is identified with SK A 1 4  (i = 2n —  4m) via a  suitable
quasi S K -equivalence. Hence we can easily observe tha t E 1 RP '  has the
same K * -local type as the cofiber C(g 0 4 ) or C(g 2 4 ) according as n = 2m or 2/11 + I.
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