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Generating functions and integral representations for the
spherical functions on some classical Gelfand pairs

By

Shigeru Watanabe

Introduction

L e t  F  b e  R, C or H  and a — ã
the following quadratic form in

th e  usual conjugation i n  F .  We define

(x, =  — .)700  +  iY j +  • • • +  xny„  •

Let U(1, n; F) be the group of the linear transformations g  in  P +1  which satisfy
(gx, gy)_ (x, y)_ for a ll x , y e F " " .  We define the  group G as follows.

I. I f  F  =  R, G is the connected component of the unit element in  U(1, n; R),
i.e. G =  S 0 0 (1, n).

2. If F = C, G is the group of all the elements g e U(1, n; C) of determinant
one, i.e. G =  SU(1, n).

3. If F  =  H, G =  U(1, n; H), i.e. G  = Sp(1, n).
L et B(Fn) be  the  unit ball in  Fn and S ( F )  b e  the  unit sphere in F .  T h e

group G  acts transitively o n  B(Fn) and  S (F ) a s  follows: for =  t( i, • „ )  e  Fn
and g = (9 pq )o < p ,q < 7 ,  E  G, we define

= g ,
where = '„), with

4 ( g o +  E g„& ,)(= goo + E goti q

qq = 1

)--1

L e t K  b e  th e  isotropy group o f  0 e B ( F )  in  G .  T hen  K  i s  a maximal
compact subgroup of G  and G K i•4 B (F "). L e t G =  K A N  be the corresponding
Iwasawa decomposition a n d  M  b e  the  centralizer of A in  K .  T h en  M  is  the
isotropy group of e l  = `(1, 0, ..., 0) e  S (F) in  K  and  K / M  S (F )  is  the Martin
boundary o n  G / K  B ( P ) .  Except for the case of real numbers, K /M  is  no t a
symmetric space, but it is known that (K , M ) is a Gelfand pair, i.e. the convolution
algebra of functions on K  bi-invariant by M  is com m utative. As is well known,
the spherical functions on K IM  play an im portant role in  the  harmonic analysis
o n  G/K.
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SO(n)F = R

K U(n) F = C

Sp(1) x Sp(n) F = H

SO(n — 1)F = R

M U ( n — 1) F = C

Sp(1) x Sp(n —  1) F = H

Let go be a zonal spherical function of the real case SO(n)/S0(n — 1) S ( R ) .
Then go depends only on (ri = r(n i , q „ )  E S (R )) a n d  there exists a unique
nonnegative integer p  such that

(pm  _  o p n -2 )/ 2 ( n v c (pn -2 )/ 2 (  i)

where C p( n - 2 ) /2 is  the Gegenbauer polynom ial. It is well known that a  generating
function fo r the  Gegenbauer polynomials Cp

( 4 - 2 ) /2 ,  p = 0 , 1 , 2 , . . . ,  is g iven as
follows.

(1 — 2tz + t 2)-(n -2)12 = c (n  -2 )/ 2  ( z ) t  p
— 1 < z  < 1 , —1 < t  < 1 .

p =0 P

This formula also gives a  generating function for the zonal spherical functions of
SO(n)/S0(n — 1).

The first purpose of this paper is to show that we can also give generating
functions for the  zonal spherical functions in  th e  complex and the quaternion
cases (The conclusions were announced in  [6]). In case of F = C, H, however,
the zonal spherical functions o n  K /M  are determined by two parameters while
those of the real case are determined by one parameter p. So we have to extend
the definition of generating function to the case of a  system of functions which
has tw o param eters. I f  F = C , we consider the  function F(z, w) defined in the
following as a generating function for functions Gp q (z) (z e D, D is a subset of C).

F(z , w ) = E GP9 (z)wPW4
p,q =0

where th e  right hand side absolutely converges for som e w e  C ,  w  0 .  Then
we see that

1 r  ap+q
Gp q (z) = 

p!g!LawPaITO
F(z, w)1

w=o

This is one reason why we consider the function F(z, w) as a  generating function.
In  the  generating function expansion, if we p u t w = re ', then we have

F(z, re") =  E G,„(z)rP+gei(P - 0°.
p,q =0

W e now  rem ark that the  function e "  ( k  is  a n  integer) is a  spherical function

=  'Oh, • • G S(R )
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o n  U(1) S(R2 ). Therefore the expansion of F(z, re i e )  by  the  powers of r  and
the  spherical functions o f  U(1) S ( R 2 )  can be considered to give a  generating
function expansion for the functions Gpq . This interpretation for generating func-
tion will be adapted to the quaternion case, i.e. le t E(z, w) be a  function defined
o n  a  subset o f  H  x  H  a n d  w e se t w = ru  (r > 0, u e Sp(1)). When we expand
the function E(z, ru) b y  the  powers of r  and  the  spherical functions o f Sp(1)
S(R4 ) (Sp(1) x Sp(1))/z1(Sp(1) x Sp(1)), E(z, ru )  is considered a s  a  generating
function for the functions of z which appear as the coefficients in that expansion.

The second purpose of this paper is to give integral representations for the
zonal spherical functions o n  K/M in  the complex and the quaternion cases. In
particular, those in  the  complex case will give formulas which are  analogous to
Rodrigues' formulas.

Suppose tha t n > 2 throughout this paper.

1. Complex case

1.1. Generating function for the spherical functions on K IM .  Let 1/ (; ), denote
the space of restrictions to S (C )  of harmonic polynomials f ( ,  Z )  o n  C" which
are  homogeneous of degree p in a n d  degree g  in  Z. T h e n  it  is  k n o w n  th a t
(cf. [2 ], [4]) lip(7)q is  U(n)-irreducible and moreover L2 (S(C")) = 0"p , q =0 lip(n2q. Let
4 1,  be  the zonal spherical function which belongs to 1/(

1,"!q . Then a  generating
function for the  functions ( P p( q  is given in  the  following theorem.

Theorem 1.1. I f  w, z E C , w  <  1 , z1 1, then

(1 — 2 Re (wz) + 1 w 1 2) 1 - .  _  E a (pna ; :: ( z ) w pvTg

p,q =0

where

12(„"(111) = (1) (4) (0 e S(C") ,

and

a

'

("

q

)  —  

F(n — 1)F(p + 1) F(n — 1)F(g + 1) •
r(n - i- n_1 ) F(n + g — 1)

T he series on the right hand side converges absolutely and uniformly f o r 1 z 1 1
and 1w1 p  f o r each p < 1.

Proof. T h e  function f  defined by

,f () =

is harmonic and  M-invariant in B (C ) .  Thus w e have the following expansion
which uniformly converges on every compact subset of B(C),

E hi(0
f = 0



)a ( n ) Q ( n ) (11)W P VT1q  .P9 P9/ (wII) = E E
/=0 ( p+q=t
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where the function h(  i s  a  harmonic polynomial on R2 "  which is homogeneous
o f degree t  a n d  M-invariant on B (C ) .  O n the  other hand, the function tit  is
expressed on B (C ) as follows,

1/1( ) =  E
p+q=/

where the function hp q  i s  a  harmonic polynomial on C" which is homogeneous
of degree p  in a n d  degree g  in

F o r ri e S(C) and  w e C, 1w1 < 1, if we put = wq, then we obtain

f ( w ri) = Avvri)
f =0 

h

= E E hp q (wr )
/ = 0  p+q=1

= E E wPWqhp q (n, .
l=0  p+q=t

T he  function f ( w )  i s  M-invariant a s  a  function o f  ri e S(C), a n d  s o  are the
functions h p q (ri, in. Thus there exist constants a C  such that

hp q (q, #) = a (
pndtp(

pnq ) (q) , for a ll ri e S(C") .

Therefore we have

Putting ri = e 1 ,  we can determine the constants ap( "q) .

cc
2 2 ,i =  E E

1 = 0  p+q=I

so we see that

F  a. a/3 2dn )  _2 1 1

cz!fl! LawŒ arti,fi w=0 •

O n the  other hand,

a .  a f i

aw .  a-o — wp 12 - 2  =" aa  (1 op
aw.' avo

Thus we obtain

.1- ( n  +  —  1) + 13 — 1)
a

(n) 
=  "f l F ( n  —  1)F(Œ + 1) F(n —  1)F( + 1)

I f  w e  p u t  n = t(z, 0, , 0, \ /1 — 1z12 ) e S(C) f o r  a  fixed z e C . 1z1 1, we
have the following:
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(1 - 2 Re (wz) + w  12 ) 1 - n E v  „ ( n ) n ( n ) ( , \ „ , p wq
" p c iV P 9 " ' !" '

( = 0  \ p + q 1

Finally, it follows from th e  definitions of (p (
pn: that 1V (z)1  <  1  for 1z1 1,

which implies the second assertion.

In the formula (1.1), if w e put w  = re ,  then w e have

(1 — 2r Re (e z ) r 2) 1-. _ .._(n),100 I  _■ - p + q (1.2)
p.Lq -o "P q Pq

This formula can be interpreted a s  follows. The zonal spherical functions yo;,"q
)

appear as the coefficients in the expansion of the left hand side of (1.2) by  the
powers of r and the spherical functions of U(1) S ( R 2 ). T h i s  interpretation for
generating function will be adapted to the quaternion case. See the formula (2.1).

1.2. Generalization of the formula (1.1). Let v be a positive num ber. Sup-
pose that z, w e C  and 114)12 +  2 1 z w  <  1 . Then we have the following expansion
which absolutely converges:

(1 — 2 Re (wz) + w1 2 ) =  E G q (z )w P io
p ,q = o

where the functions G p V  are  polynomials of z  and  f.

Lem m a 1.1. The function G;q h as  the following expression:

min (p,q) F(y + p + q —  o k z p - k e l - kG;q (z) =
kE 0 (p — k)!(g — k)!k!F(v)

Pro o f . We denote (1 — wz — i +  I w12 ) by Œ(z, w) and (a(z, w)) - v by A(z, w).
It is easy to see that

a P + q
G q (z ) =   A(z, w)1 .

p!g! La w '

By the way

A (z, w) = v(v + 1). ..(v  + p —  1)(z  —  ITIP(a(z , w)) ,
OwP

and

a P + q q

 ( q)

 a"a q - k

a i T g a w P  
A (z, w) = v(v + 1). ..(v + p 1) X 0  k  avT)k( z vv-)P avv-q - k ( 1 ( z ' w

) )

- v - P

min )(p ,q

E A p ,q ,k (z  _  w )P—k(f  _  w ) -k ( c ( z , w ) ) --v -p -q+k
k=0

where

A  p,q,k = (_  0 , ( kg) ( p p !  o l F(v + p + g —  k)
ny)
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Therefore

r a , +q okzp-kfq-kA(z, w)1 =
w i

m in i" In v  P k )La awP „,,,k =0 (p — k)!(q — k)!k!r(v)

which implies our assertion.

Lemma 1.2. Suppose that p q .  T h e n  fo r  — 1 < x  < 1 w e have

1 ri nv + 13)   x p-q F i (_ q , v p; p — q + 1; x 2 )ŒiNi(x
)  = I(v )1 (p  —  + 1 19! 2

P ro o f . From Lemma 1.1, we see that

1 F(v  + p + — okxp+,2kG' (x ) = 
P q F ( v )  k4 0  (p — k)!(q — k)!k!

1 q F ( v  +  p  +  e)
=  L ,  F(v) r=o(p —  q + e)!e!(q — ey (

 1 ) q  ( X P  + 2 1

— 1Y1XP – q F ( y  +  p  +  e ) (
F(v) (40 F(p —  + e + 1)F(g —  e + 1)e!

1 ) ( x 2 f

( - 1 ) xP - q vg F(v + p + e)(— q)1 y2t
F(y) 4-1) F(p —  q + ( + 1)g!e! -

which implies the assertion.

We remark that
1. Gp"q (e z )  = e i( P- q) e Gpvq (z) for 0 e R and z e C, 1.
2. Gpvq (x) = G ( x )  for — 1 x 1.

Proposition 1.1. The functions G"p ,  have the following orthogonality relation:

G yp q ( z ) wp ,q ,(z ) ( 1  _  I z 12 )v  i dx dy  = p p '6 9 9 ' (p lt+F(1(P++VV)p)rkl(q! [F+(

w ith z  = x + iy.

P ro o f . First of all,

G;q (z)G q ,(z)(1 — 1z12 )" 1clxdy

d0

flz151

Jo o
C. (r)G" (r)r(1 —  r 2 )" - l dr .e

i(p –q)43
e
- i(p ' q p,q,

2n 1

This integral is obviously equal to zero when p — q p ' —  g'.
We now suppose that p — q = p' —  q' and set m = p — q p ' —  q ', a = m  + y

and y = m + 1. I f  m  >  0 ,  by Lemma 1.2, we have



_ ( _Spi h) erri(cva+1 fpu) nrc ty _ioi Gns ( c t  y .  1 . 2 )1 1 3 1

G;q(r) r(v)r(y)q!

( _ i)"F(v + r y  -1G - ;  r2 ) ,G;,q ,(r) = 
T(v)T(y)q' !

where the functions Gq (a, y; 0  are  the Jacobi polynomials defined by

Gq (a, y; 2 F '1 ( — q ,  a  + q; y;

F(y)
F ( y

V(

+

1 —

q )

0Y - '

 d

d'
q

U y  + q  - 1 (1

and have the following orthogonality relation:

Y  - 1 11 — 1`1 - Y Gq (cc; y; )G q
, (0t; y ; ) ( k

q!r(q + a — y +  l) [['(y)] 2

u q q . (cc + 2q)F(a + q)F(y + q) •

Thus we see that

( — F(v + p)r(v + p')

J0
G;q (r)G (r)r(1 — r 2 )" 'd r =

[F(v)3 2 [F(y)3 2 q!ql

J

1
x G

q

 (a
'  '
y• r2 )Gq ,(a, y; r2 )r 2 v - 1 (1 — r2 )" - 1  dr

o 

F(p + v)r(q + v)
6 "' 2(p + q + v)p!q![F(v)] 2

This indicates that our assertion is true for m > O. F o r m < 0, our assertion is
proved by the formula G; q (r) = Gqi ; (r).

1.3. Integral representations and Rodrigues' formulas for the functions Q(; q
).

Let v be a positive n u m b e r. For z, e C, we define the function Fv(, q, z ) by

Fv g, z) = (1 —  z  — j  + v•

If  1z1 < 1, then we have

+ ?if — (1 1 +1)(1q1+ 1) -  1 .

Thus fo r  a  fixed z E C, 1, th e  function F g ,  z )  is  holomorphic o n  U =
?1) e C2 , 1 1 < 1/3 ,1111 < 1/3} with respect to I/ and has the following Taylor

expansion on U:

CO

F A , z) E F;q(z) Pre ,
p , g  0

cl

Jo

where



(1.4)

Q(n)
47 9• And
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P +qF ( z )  =  

p!g! W Ong
1  [

F g , i ,  z )] .
4- n=o

O n the  other hand, from the proof of Lemma 1.1, we see that

a P + q F,( z)] —aPanq
[   a P + q

aw ,qawp A(z, w)]
w =0

with A(z, w) = (1 — wz — vtiff + 1w12)- ". So we obtain that

F;q(z) = G;q(z) .

And from the Cauchy integral formula, if 0 < r 1 ,  r2 <  1/3, we have

1 F(c, ij, z)
F;q(z) — (2 n .,2

i) 141=ri Inl=r2

(v ) p r ( z  _ ri)P(1 — p rv -P  
d n

2 niP! J iql=r2
n q +1

W e suppose th a t v = n — 1. Then we have

F 1 (z) = G' 1(z) = a(g Q (z )  ,

which implies

(n — (z — n)P
a (pnd ( z ) —pq   

21riP!
0+10 l )n+p-i

dn

L et 1z1 < 1. If we m ake the substitution

z —
1 —

then (1.3) transforms into the following integral:

(n — 1) ___ +q —2

a(")Q(")(z) = P (i z 12 02—n 4P9 P9 2nip! K-zi=r (C — z)q + '

w ith  r > O. The form ula (1.4) gives a n  integral representation for
moreover, from (1.4), we see that

c to 0 1 2 0 )(z ) =   p !g !

( n  —  1 )
p z 1 2 02-n [ d g  

 [c po  _  o n+q - 2] ]
P9 P9 4 g

(n — 1)
P  (1z1 2  —  1)2 — n  — q  [zP(zf — on+q - 2 ]

p ! q !

,

azq

where

0 1 ( 0 . 0
Oz 2 V x  0 y )

This formula gives Rodrigues' formula for V .

z  = x  + iy . .

(1.3)
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Theorem 1.2. The function Vpn q)  h as  the following integral representation and
Rodrigues' formula.

cp(cf 

—  z  
(n — 1)

a
( n ) n ( n ) ( , 1 p ( zlz 1)2—n
P9 119 27rip! q+1)

=

( n  —  1 )
p z i  2 112—n 

 a  
rz„,,,i2

p!g! azq L "`

where 1z1 < 1.

2. Quaternion case

2.1. Generating function for the spherical functions on K I M . A zonal spheri-
cal function go of K IM  depends only o n  ni ,  m ore precisely on Re (n1 )  and

= e S(W)), and there uniquely exists a  pair of nonnegative integers
(p, g) such that

9 ( 1 )  = c p q c ,pi (Re (n,))
11711P2F1(— q, p + q + 2n — 1; p + I1d 2 ),

where

c  =

( - 1 ) q ( p  +  2 )

4 [C i  ( 1)] - 1  .
(2(n — 1))qP

See Theorem 3.1 in  [4 ] , p .  144 and the form ula (16) in  [1 ] , p .  170 a n d  we
follow the  nota tions in  [5]. From  now  o n , w e denote (p b y  ( P p( "q)  W h e n  w e
denote {f * cpp

(71
) If  e L2 (K/M)} by H ,  H p

(")
q  is  K-irreducible and moreover HI' )

C D p + 2 q = k  T4711, L 2  (S ( f i n
) )  =  0  p

"
. q  = 0  H Z , where 1-11,4 " ) i s  th e  space of restrictions

to S (R 4 )  o f harmonic polynomials o n  R4 "  which a re  homogeneous o f degree
k. A generating function for the functions yop

("q) is given in the following theorem.

Theorem 2.1. If  z  c  H , Izi 1, u e Sp(1) and 0 < r < 1, then

iSp(1) 11,9 =0

[1 — 2r Re (vzv-
r 2 ] 1 - 2 n d v

E  
n ( n )  D  ( n ) (

C..' " (Re (u))rP+2
1 q , (2.1)PP9 1 ‘139k h

) p

w here dv  is the normalized Haar measure on Sp(1) and

and

R( n ) 01 (P(n)(11)1 — pq 5P9 e 5(W ),

fl(n) p + 1 (2n — 1),,, q (2n — 2)q

 •1 11) + q + 2) g!

co

T he series on the right hand side converges absolutely and uniformly for 1z1 1,
u c Sp(1) a n d  r  p  f o r  each p < 1.
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P roo f. The function f  defined by

f ( )  = 11 — ei112 - " ,

is h a rm o n ic  i n  B (H "). T herefore  w e h a v e  th e  following expansion which
uniformly converges on every compact subset of B(H"),

= E  too,(=0

where the function /It  i s  a  harmonic polynomial on 1 2 ' which is homogeneous
of degree t.

For n e S(H"), u e Sp(1) and 0  r  <  1 , if we set = rriu, then we obtain that

f ( ru )  = Ee ° r f hf (nu).
(=o

First of all, we p u t u = 1,

f (r1) = E r ( h,(n).
(=o

The function n f ( r )  is M-invariant, and so are the functions n M O .  Thus
there exist constants ot(" E R  such that

/ow = E  a (pq(P (pnq) ( 11) for a ll ri E S(H").
p+2q=1

So we see that
CO

f (rnu) = E r f  E  01,)(40 7/4). (2.2)
C=0 p+2q=1

We now determine the coefficients oc(i, using the  following fo rm ula . See [3].
If y > A > 0 , then w e have

[(a]
cA o=  E 4()(v, ))C•('_ 2q (t),

q=0

where

4 ( ) ( v ,  A )  —

(2 + —  2q) (y) i _q (y — 11)q

(A + e — g) (A) _ g!

Putting n -= el i n  (2.2), we obtain

(1 — 2r Re (u) + r 2
) 1 - 2 n E E  O E r c pio s--1Cp

l (Re (u))
1=0 p+2q=1

= E 7.1 E  flpoix„i (Re (u)),
1=0 p+2q=1

with flp
("q) = 0,4;2, [Cp

1 (1)] - 1 . O n the  other hand, we have
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(1 — 2r Re (u) + 1.2) 1-2. = ■-"2,2  —C i n  l (Re (u))r i  .
1=0

So we can conclude that

Cn - l (Re (u)) = E [1(") C
P

1 (Re (u)) ,P9 p+2q=1

and moreover

r  p  +  1 (2n — 1)p + q (2n — 2)q

P q  F (p  +  q  +  2) q!

Next we think of the  integral

fm  cpp( nq ) ((mn)u) dm

Put

0
O

k' = 0 1 e K ,
o

a n d  n = ke i , k e K .  T hen (mn)u = k'(mn) = k'mke 1 . B y  th e  function equation
for go(

pnd, we obtain that

IM =  IM cpp("q)(k'mkei)dm

= go(
111

) (ic'e1)(P (pn,;(11)

= C;, (Re (u ))[C (1 )] - 1 (p(
png ) (n) .

Taking the average of (2.2) over M  about /7, we see that

f(r(mn)u)dm = E r" E /
9

3(")C
P

i (Re (u))(p ( n) (n)P P9 •
1=0 p+2q=1

O n the  other hand, we have

f(r(mn)u)dm = i [1 — 2r Re Om,
l u )  r . 2 ] 1 - 2 n d v

Sp(1)

Thus we obtain that

f 1=0 p+2q=1
[1 — 2r Re (vzC 7.l u) + r2 ] i 'd v  =  E " E /30)cl (Re

5p(1) 
(U )) R ( n ) (Z )P 9  P P9 •

Finally, it follows from th e  definitions o f OA )  th a t  liep"(z)1 < R(1) = 1 for
zl < 1, which implies the second assertion.

1.
1.

The formula (2.1) m eans that the zonal spherical functions cpp
("q) a p p e a r  as
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the coefficients in the expansion of the left hand side of (2.1) by  the powers of
r  a n d  th e  spherical functions of Sp(1) S ( R 4 ). So we can consider that (2.1)
gives a  generating function for the functions (p (

pn,".

2.2. Generalization of the form ula (2.1). F o r  a  fixed n > 2 , w e  suppose
that v > 2n —  1. First o f all, for u e Sp(1), 0 r<  1  and  z e H , I z I 1,

f =0 ,Sp(1) m Sp(1)

[1 — 2r Re (vzu - i ti) +  r 2 ] v d v  =  E  rm

Using the following formula,

GO

C,VRe (vzv - l u))dv . . (2.3)

[m/2)

C m
v  (X ) =  E  yq

( m) (v, 2n — 1)Cm (x)
q =0

we have
[m/2]

C„," (Re (vz.v - i u ))dv =  E  4 (v , 2 n  —  1) C (Re (vzt) - 1 u))dv. . (2.4)
1 S p (1 ) q= 0 SP(1)

A nd it follows from the formula (2.1) that

J
c m 2 n - 1 ( R e (vzv - i u))dv E  0)C1 (Re
Sp(1)

(u))/4n)(z) .
k+ 21= m

From (2.4) and (2.5), we obtain that

J Cmv (Re (vzv -
l u))du = E  yr(v, 2n —  1) E  fl )C1 (Re (u)) n ) (z )

Sp(1) p+ 2q= m k + 2 (= p

=  E  E  (m ) (v, 2n — 1),Ors _,C,I (Re (u))Rin )
s ,(z )

k+2s=m r=0

=
[ s

E E  ,),? +r2spv,i 2n — 1)/3VM. ) (z )  CI, (Re (u)) . (2.6)
k + 2 s = m  r  = 0

Here we have

E  , y(k +r 2s)r v ,( 2n — 1)13;,",.) Rinr
) (z)r 0

1
= ( - 1)

17!
[cRonv)k+sc,l(

Re (z )

 )1z1k1z1
s

x
1E  — p, ) (k, n, y) 2 F 1 (— r, k + r + 2n — 1; k + 2; Iz12 ),

r =0
(2.7)

where

p (. ) (k, n, y)

( — 1)r - ss!(2n — 1 + k + 2r)I(k + r + 2n — 1)(v — 2n + 1 )s - r(k  + s +  v )r

(s — r)!r!F(k + s + r + 2n)

(2.5)
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Lemma 2.1. I f  a, f i, y > 0, fi — y + 1 > 0, then w e have

Gs (a, y; t) = 0-,!s ) (01, fi, Y)G,(16, y; t),
r =0

where

s!(I3 + 20E(3 + r)(a + s)r( S - 0( +r — s+ 1 ) s - r
(O a ,  y) = •-  r)fr!F([3 + r + s + 1)

In particular, putting a = k  + A (A > 0), 13 = k + 2n — 1, y = k  + 2, we have

Gs (k + k  + 2; t) = p;, ) (k, n, 2)G,.(k + 2n — 1, k  + 2; t),
r =0

where

n, A)

(-1)r - ss!(2n —  1 + k + 2r)F(k + r + 2n — 1)(.1 — 2n + 1),_,.(k + s + A),
(s — r)!r!F(k + s + r + 2n)

Pro o f . We define c(/, r) by

=
c ( ,  r)Gr (I3, y; t) .

r =0

W e have
1

c(e, r) = f  t
/ G 4 , ()( Y - 1 (1 — t)fl - Ydt x [Gr(fi, Y; tn 2 0 - 1 (1 — t) - Ydti 1

First of all,
1

y; tfl 2 C - 1 (1 — t)
- dt — 

r!F(r + fi — y + 1)[F(y)] 2

o (fl + 2r)F(fi + r)F(y + r)
v 

(see the proof of Proposition 1.1). Secondly

Gr (I3, y; t)t " (1 —  t) Ydt —  1 - 4 ) t f  — dr [t Y  + r - 1  (1 —  0 1 3  +r - 1 d t
fly r) 0d t r

( -1 )T (y )F ( (  + 1)
tr r " d t

F(y + r)F(e —  r +
t(+Y-1(1 —

o

(— 1)rF(y)F(( + 1).I(' + y)F(I3 + r — y + 1)
F(y + r)F(e —  r + 1)F(e + fl + r + 1)

So we obtain that

(— 1)"F(t + + y)(fl + 2r)F( 1(3 + r)
c(e, r) — F(y)F(t —  r + 1)F(1' + fl + r + 1)r!

1. 10

Thus
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G5 (Œ, y; t) = 2F1( — s, a + s; t)

S( —  s ) t (ct + s) (

= c ( e , r ) G r ( 1 3 ,  y ; t )  . E E 
=0 (=r (7)r11

Here we have

s (— s ) ( (Œ + s)( (_1)r(/3 + 201113 + r)( —  s)r (a + 5),E c(e, r) —
f=r (7)/ 11 r!F(fl + 2r + 1)

x 2 F1 (— s + r, + s + r; fl + 2r + 1; 1)

s!(13 + 2r)F(fl + r)(ot + s),(fl — + r — s + 1) s „
(s — r)!r!F(fl + r + s + 1)

This implies our first assertion.
N e x t ,  p u t t in g  a = k + A, 13 = k + 2n —  1, y = k + 2, it fo llo w s  f ro m

(13 — ct + r - 5 + 1 ) , ,= ( — (2 — 2n + 1),_ , th a t  o u r  second assertion.

From  (2.7) and  Lemma 2.1, we obtain that

E  7 s(k +,2s)(v, 2n — 1)flinr ) Rinr ) (z)
r =0

= n s ( v

k
)

!
k

S+!
s  [ c " ] i c , 1 1

( (

R
z

(
i z ) )

IzIk 2F1( — s, k + s + v; k + 2; I z12 )

We now define c„ (v ), fi„ (v ) and 0 1;,q by

c„(v) —
 ( _ ) ( p  +  2 )

q [CI; (1)] _1 ,
(v —

p + 1 (v), + q (v — 1)q

f l P q( v ' F ( p  +  g  + 2) g !

°;q(z) = cpq(v)C 
Re (z)

 ) 1 z 1 P 2 F 1 (  q, p + g  + v; p + 2; z 2 ) .

Then we have

E  y s(k±r 2n — 1 ),VRIV(z) = fiks(v)Olv,s(z).
r = 0

Therefore from (2.6),

C„," (Re (vzir l u))dv = E
f S p(1) k + 2s =m

flks(v)cl (Re ( u) ) 0 5 ( z) .

This equality holds also for Re (v) > 1 because of the analyticity with respect to
E C.

Thus, from (2.3), we obtain the following theorem.
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Theorem 2.2. I f  y  > 1, then we have

[1 — 2r Re (vzv'u) + r2 ] - "dv = E E f3„(v)C11- (Re (u))0Z,(z) ,
Sp(1) m =0 k +2s=m

f o r  u e Sp(1), 0 r  <  1  and z e H, <  1.

Here we give the orthogonality relation of the functions O p
v

 g . We set Vii,vg
flim (v ) pvg •

Proposition 2.1. F or y >  1, we have

n 2  f l p ±  V  —  J)
Tv nv,(z)(1 — 1z1 2 ) "  2 dz — 6 pkuq t E n v ) ,2,_ -r zq + y(q1F(p + q + 2)z i , ,

where dz = dz 1dz2 dz3 dz4 , z = z 1 +  Z 2i Z 3 j  Z 4 k •

P ro o f . By the definitions o f 0; q ,

fz1 , 1 n q ( z ) n vt(z)( 1 — zl 2 r 2 dz

( — I )  (V) p 1) ( (V ) k (
 n

2
6 pk

( p 1)!q! (k  +  ov!

x t 1 (1 — t)v - 2 Gq (p + y, p + 2; t)G ( (p + y, p + 2; t)dt .

This completes the  proof.

2.3. Integral representations for the functions V png) • We consider integral rep-
resentations for the spherical functions R(

png) . First of all, we shall give relations
between the functions /VA)  a n d  Qi2

( ") . In what follows, we shall use the following
notation for z e H:

z  = z1 + iz2 + jz 3 + kz4

where zv (1 < y  < 4) e R.

Proposition 2.2. F o r  z e H , 1z1 < 1, w e have

R(n)R(n)( 7 1 ,(2n)
r i a " l , k + t  s p ( 1 ) Q ,

(2kn)+ i(vzv- 2
1 ) )dv

a1 _1 k+(+1 .k + (+1 (Z  + i(V Z V - 1 )2)dV

with = 0 a n d  a(12 ( 2 i,)k +1 2;?k+i = O.

P ro o f  In  Theorem 2.1, if we pu t u = e 8 (0 e R), then w e have

[1 — 2r Re (vzv- Iu) + r2 r 2 "dv = r'n E ,q(n)R0)(z)ci (cos 0) . (2.8)k t k
fS p(1) m=0 k +2/=m

(2n) 0 _2"?
f S p ( 1 )



1140 Shigeru Watanabe

O n the  other hand, by Theorem  1.1,

[1 — 2r Re (vw - l u) + r 2 ] ' - 2 "dv
Sp(1)

=1 [1 — 2r Re {(z 1 +  i(vzv -
1 ) 2 ) e i e l  r I 1 - 2 n d v

,,,o)

= E  r m  E  a (p2qn)e i(p- q )0 Q (2 n )(z i(V Z V -1 )2 )d ll .
m =0 p +q=m Sp(1) P q

Comparing the coefficients of en in  (2.8) and (2.9), then we obtain

E  "-(2n),.. q)0 Q(p2qn)( z i(V Z V -1 )2 )d VPq

(2.9)

p+q=m . ) Sp(1)

=  E  )6(
kn)KnAZ)C1

1, (COS 6 )
k +21=m

[m12]n i  - 2/ e i(2r +21-m )0 e -  i(2 r +2 1 -m )0

= E /3(: )-2f, ( (z )  E  
( 0 r 0 2

Here we used the following formula:

C l  (COS 0 )  =  E cos (2r — k)0.
r =0

Thus we see that

1? --s(2n)a( 2 " ) e i ( 2 P- 1 " ) 9 v p , m _ p ( z ,  +  i ( v z v - 1 )2 )dvP
p =0 Sp(1)

(m min (p ,m -p )

= E E fi',.( n_) 2/,, k mn )- 2 f ,  (Z )  

Comparing the coefficients of e i (2 P- m)O i n  both sides, then we obtain that

min (p ,m -p )

a(
2 n (2 n ) (Z i(VZV-1 )2  )d ll  = (t)-- 2  /RV-2/, AZ)

n )

V p ,m - I ) .  1
fS p (1 ) 1 =0

rm l
in particular, if 0 < p

a
( 2 0

Q _ (z1 i(VZV-1 )2 )dV =  E
Sp(1) 1= 0

which implies our assertion.

A n  integral representation fo r  th e  function k p"), is  g iven  in  th e  following
theorem.

Theorem 2.3. F or z e H, i <  1 ,  we have

p =0 (=0



Pk") Rin)(z) " I ,k  - !
,(2n)

02,V+ I(Z1 iN / Z i  Z i  Z I  cos 0) sin Od02 J o
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,(2n)
" t-1 ,k+ (+ 1 n

02-1 ,k+ 1+ 1(Z1 iN / Z i  Z i  Z i  cos 0 ) sin Od0

= f 7,T, 1; ) (z, + iN/z3 + zi + zi cos 0) sin Od0 ,
0

where the functions T ( c )  are defined f o r  e C as follows:

Tk(7() = Sk nf — f - 1  ( ) V > 1)

Tk( ( ) = Sinô( )

and

)f (2n — -Si7)(0 = ( — 1 )k+ 1 (e  +  ) 2 F 1 (—t, k  + e + 2n — 1; k + 1; 11 2 )4k!e!

P ro o f . If z  = z  + iz 2 ,  i.e. z3 =  z , = 0, b y  Proposition 2.2,

O R IV (Z i i Z 2 )  =  
, ( 2 n )

P "I,k+ !
n(2n) j_ ;,, I d ,v . /A ± /1..1 j a . u .

,(2n) ,-+(2n)
“ / -1 ,k + /+ 1  

f so(3) 
Y t _ i , k+1+1(Z i iz 2 (ge 1 )1 )dg

-
, l k

(2n) n(2n) tko,
- - , w , k  o sz,i ..2(...1).).3kwy

f S(R 3 )

(2n)
—  al -1,k +(+1 02_nl,k+1+ 1 (z i + iz 2 b 1 )da3 (b)

S(R3)

a(Z 1, ):.,. n
V / 2 17).} AZ iZ 2 cos 0) sin Od0

2 0

,(2n)
"1-1,k+(+1

)4( _i , k .4.11.1(Z Z 2 co s  0 ) sin Od0 ,2

where dg is the normalized Haar measure on SO(3) and do-
3 (b) is the normalized

element of surface area on S(113 ).
On the other hand, the function R(

k") is real-valued, so we see that

f3(n)Rfn)( 7  4_ i 7k/ ...2) —

,(2n)
1.41 k

Re [Q (,;:)+ 1 (z 1 + iz 2 cos OA sin Od0
+ f

 j2 0

(2n)
a t-1 ,k + /+ 1  E Re

2 [02-n , k +  +  (z i +  ( z2 cos 0)] sin Od0 .

2

fS 0 (3 )

From  Lem m a 1.1, for e C,
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2 a (t2 i7+1 Re [0 2 7)+ r()]

= a (t ! in  (0 2,V+ (() + 02,VA - /11)

F(2n — 1 + k + 2e' — m)
F(2n — 1) „,=0  (e — m)!(k + t  — m)!m! l r  1 2 ( -  2 m

e F(2n — 1 + k + + p)
F(2n — 1) p=o p!(k + P)!(t — P)!

(-1 )/  (e + e ) (—e) p F(2n — 1 + k + t  + p)
F(2n — 1)e! p=o (k + p)!p!

=

( - 1 ) /  ( 2 n  —  1 ) k -  f i

+  e ) 2 F 1 (  —e, 2n — 1 + k + e; k + 1; 11 2 )kV!

This completes the  proof.

We should notice that our assertions for t  = 0  are nothing but the  integral
representations for C  w hich  are well known. See the formula (31) in [1], p. 177.
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