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Quasi sure quadratic variation
of smooth martingales

By

Jiagang REN*

1. Introduction

Suppose that M ={M;, t<1} is a continuous L”-martingale (»>2), where
I is an interval of R+=[0, ) (may be R. itself). By the well-known Doob-
Meyer decomposition theorem, there exists a unique increasing process <M >
={{M>:, tE1} such that M*—<{M> is a continuous L”*-martingale. More-
over, P. W. Millar [12] and D. Nualart [13] showed that the process <M> can
be obtained as the L?”%limit of sums of the form XM (4;), where {4} is a
subdivision of the interval I, as max:|d:|-0.

In the present paper we propose to study the quasi sure properties of the
quadratic variation of smooth martingales, a notion introduced recently by P.
Malliavin and D. Nualart [9]. We shall prove that the process of the qua-
dratic variation of a smooth martingale admits an co-modification, which can
be constructed as the quasi sure limit of sums of the form 2 M(4;). Our tool
is the quasi sure version of Kolmogorov’'s criterion for the continuity of
trajectories of stochastic processes (cf. [17]). Necessary estimations which
enable us to apply this criterion will be obtained. This makes the subject of
section 3. In section 4 we will be able to extend the results of section 3 to the
case of two-parameter smooth martingales. At last in section 5 we discuss
possible extensions and applications. We prove, in particular, that the
quadratic variation of the Brownian motion is quasi surely ¢.

The main results of this paper were announced in [21].

2. Preliminaries

Now let us recall and fix some notations and notions. We shall work on
the probability space (X, H, ), where X is the space of continuous maps
from [0, 1] to R? null at zero; H is the usual Cameron-Martin subspace and
# the standard Wiener measure. Denote by W# the Sobolev space of order
27 and of power p over X and W. their intersection over indexes p>1 and »
=0. For any natural number 7, two equivalent norms in W4 are defined
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respectively by

1Flp2r=I(—L)Fl»
and

IF

par=7*"Flo+|Fls,

where L is the Ornstein-Uhlenbeck operator and I the gradient operator (cf
[8], [20]). Given an open set O of X, its (p, »)-capacity is defined by (cf [7])

Co,-(O)=inf(|Flp2r; F=0, F>1 p-a.e. on O);
and for any subset A of X, by
Cp,r(A)=inf(Cp,~(0); O open and ACO).

Let {ws, 0<s<1} be the d-dimensional Brownian motion realized by the
coordinate process on (X, H, 1) and &, the o-algebra generated by {ws, 0<s
<t}. Then any {¥.}-continuous square integrable martingale M ={M,, 0<¢
<1} can be represented as a stochastic integral

d t
(1) M= fidws, 0<t<1.

Following P. Malliavin and D. Nualart, we say that M is smooth if the
following condition is fulfiled:

(C1) fs€ W(R?) for almost all 0<s<1
1 .
and l I /s'|3.2-ds<co  for all p, 7 .

(Note that we do not impose in the definition the condition guaranteeing the
quasi sure convergence in [9], since we work now on a finite time interval
instead of R..)

3. Main results

Let M be a smooth martingale represented as (1). Then by [9, Theorem
4.2], M admits an oco-modification, which will be denoted still by M for
notational simplicity. It is well known that the process of quadratic varia-
tion of M is given by

d t "
(2) <M>t=i2‘.=l'£fs ds, 0<t<1.

At first we give

Theorem 3.1. <M admits an co-modification.
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Proof. By [16, Theorem 3.1 and lemma 4.1] (cf. also [17]), it is sufficient
to prove the following two facts:

IKM>e—<M>s|b< Clt—s|P~t, p=2,0<s,t<1.
My.eW., Vt€[0,1] and Ossl,tlgl||<M>t”p,2r<oovp,7’.

But they are both trivial from the expression (1), condition (C1) in section 1
and Stroock’s commutation formula.
Q.E.D.

Denoting still by <M itself its co-modification, we can state the following

Theorem 3.2. The convergence:

2n—1
lim 2] (Mtx’inAt_Mn"At)2:<M>t

n-o =0
holds uniformly in tE[0, 1], q.s., where t"=i27".

Proof. To avoid surcharging the calculus, in the sequel all the constants
depending only on M, p and d, but not on # and the parameters s, ¢, -+, will
be simply denoted by C. Put

2n—1
X(Z_n, t): E)(Mtﬁmt_Ma”At)z ,

and

X@ " )+ (s—27)@2 =27 (X (27", t)— X (277D ¢))
X(s. )= if 27D <g<on

d e . B
lzzl'/o‘fu du if s=0.

Then it is sufficient to prove that X(s, ) admits an co-modification. By the
quasi sure version of Kolmogorov’s criterion (cf. [16, Theorem 3.1]; also [17]
and [18]) and [16, Lemma 4.1], and taking (2) into account, we need only to
prove the following inequalities:

(3) I1X(s, £)— X (s, )< Clls—s T2+t —'°2], Vp.
4) ssutpllX(s, Olper<oo, Vp.

We do the proof in two steps.
Proof of (3). Since it is trivial to see that

10, ) — X0, HE<Clt =[P,
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it is enough to prove that (note that X is piecewise linear in s)
(6)  suplX@7, - X O Cle—t1*T
and

(6) supl X (27", 1)~ X (0, )lp=< C275¢V

[(27¢] | _[2"¢]+1

We first look at (5). Put t,= i In R where [s] denotes the

maximal integer not bigger than s. We can of course assume ¢ <¢'. We will
discuss in the following two cases.
(A) The case t»=t,. In this case we have

Ix@ t)—x@2", )5
=M= M) — (Mo — Mo)l5
=M= M) M+ Mo —2M,)|5
< CI(Me— M5 Me+ M- —2M., |5

d t, : :
<CI3 [ fidwi s

SCJé{E([t,Ifuflzdu>p}llz (by Burkhoder’s inequality)

?

-1
2 .

<Clt—t|
(B) The case t»<tn. In this case we have

Ix@™", ¢)—Xx@™ )l

tn’zﬂ
;:l;:l(jl4tn+ - Mtn)z_ (Mt - Mtn)2+ i=;«zn(MtﬂlAt,_Mn"A t’)zlp

tp’2n
< CE|(Mer = M)(Mew+ Mc—2Mo)" + CEC 2, (Mutine=Meone V)"

The first term of the RHS can be estimated in the same way as in the case (A),

and is bounded by |t»*—¢[*Z". The last term can be estimated by using
Burkholder’s inequality for martingales with both discrete and continuous
parameter, and in both ways:

tnlzﬂ
E( > (Mtﬁmt'_Mtf”At’)z)P
i=tpton
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tran
<CE| 2 (Mune— Menne)?*
i=tyren

tn’

2p

=CE

d . .
y lfujdwuj

tnt J=

d vd p
<cHE| [ Bl

<C

t/_ tn+ip—l .
Hence
I1X(2°", )= X(27", D)< Cllta* — "7+t — t:*]P7"]

<Clt -tz .

Combining case (A) and case (B) implies (5). For (6) we have:

2n—1 ) td 3
%(Mziimt—Mti"At) “/(I Zlful du“p

thaint d

211 . 2 P
E}(Mt{in\t_Mt.‘”/\t) _/; Elfu du”p

At =

2n—-1 d thaint X .
5 [ (M M) fddw s

i=0 j=0Jt"NL

»
) (by Ito’s formula)

2n—1 reliint . .
S [0 M~ Musn ) fi o
7

i=0 At

d
sCf‘;o

P
p

p/2

d
SC%E

2n—1 tihnt . \2
([0 M= Marnd 2 dwid

=0 AL

(by Burkholder’s inequality for martingales
with discrete parameter)

d _2n-1| reaa . 1P
< CZ"(%“)EE Z / t(Mu—Mt.-"/\t)fuldqu
=2 S0l anae
(by Hélder’s inequality)
d 2n-1 tlhint . b2
<crlty 3 E( / (Mu—Mt,w)zlfquzdu)
Jj=1 i=0 tiAt

(by Burkholder’s inequality for martingales
with continuous parameter)

gcz”(g‘l)Z‘"(g“‘)zd} Z”z_:l'/t't“mtE|Mu_Mnn/\t|p|fuj|pdu

J=1 i=0Jti"AL

(by Holder’s inequality)

195
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d 2n-1 rth

t
< C 2 " (ElMu_Mt,'l/\t|2p)l/2(E|fuj|2p)”2du .

J=1 =0 Jti"AE
(by Hslder’s inequality)
But for uE[t”"At, tHiAt], we have

® E|My—Menne*

d u X |2p
=F dewUJ
J=1J At

<cx(/ tﬁl/\t|fv’|2dv>p

J=1 At

n a rtfane
<crien s [ ppea
J=1JtinAt

< Cz—%(p—n )

Substituting (8) into (7) and taking (C1) into account, we get

2n—1 . td . p
(9) E(Mtf"u/\t_Mti"/\t) —/ Eful du“
i=0 0 i=1 P
n d 2n—1 relint .
<coies (BIfP7) ds
J=1 i=0JtnAt

n d [l .
< CZ-@(P—I)EI’/O‘ (E'flezp)llzds

n d 1 ) 1/2
< 62_7(‘0_1)§1</0 E|fle2Pds)

< CZ‘%“"”
as desired. (6) is thus established.

Proof of (4) To prove (4) we need the following result which is easily
deduced from [6, lemma 2.2].

Proposition 3.1. Let /€ Wo(R) (=1, -, d, u<[0, 1]) and define
d t ) X
A}lltz‘lg1 b fququ .
Put fu=(f, -, ). Then we have

d t i ) tA.
rM=3 fo V"f,;dw,;wfo P ldu . >l
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t
Now we turn to the proof of (4). Since it is trivial that sgp“ /0‘ flldu

b2r
< oo, it suffices to prove that

2n—]
(10) Sr}l?“ ZE)(M“'““ —Munpe)llp2r <0, Vo, 7.

First we look at the derivative of the second order. By the chain rule of L
it follows that

2n—1
(11) L(E}(Mte’imt_MtﬂAt)Z)

2n—1
= Z;) Z(Mtl‘n/\t _Mtg"/\t)L(Mh"H/\t _Mt,-"/\t)+ “V(Mtinﬂ/\t - Mti”/\t)"HZ
EL"+L".

By [17, lemma 4.3], LM is also an L?-martingale. Hence we have by Millar
[12] (cf. also [13]):

lim sngIIl”(t)l"zsngKM, LM>,|?<co.

Consequently

(12) S’}JPE|11n(t)|p<OO.

Now we deal with L". From Proposition 3.1 we deduce that
d rthainat . . thintA-

13)  PMane—Mend=2 [V hidwi+ [ fudu

J=1JtitAt LMAEA.

Therefore

2n—1
(14) [Z()”V(Mtﬁl/\t—Mti"/\t)”iI

d 2n-1 thant . |2 d 21-1 rtfant
<> 2> / v fldw +2 2/ W du
j=1 i=0 [|Jetnne H =1 i=0Jtiat
A
=0+ 15

For I#i we have

2n—1

ElnP<2E( 2

=0

thant ) .
'/t‘ Vfujdqu

AL

2\p
H) ’
By Burkholder’s inequality for Hilbert-valued martingales with discrete
parameter it is bounded by
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>2p
" .

Therefore (again by Burkholder’s inequality, but in reverse way)

C d E thant ; ;
o[t

(15) ElB(1)r < cél E( Ji ‘||17fuf||H2du)"

d 1 )
<C3E / |7 £l 4% du < 00 .
J=1 0
And for I#% we have

(16) E|12';|P=E( [z fu“du)p

d [l )
<3 [ ElfiPrdu<co.
J=1J0
A combination of (14), (15) and (16) yields
2n-1

S}ZIPE( Z}) 17 Mz ne — Menad)|7)? < oo .

Hence
2n—1
Sr'{lP" EO(Mts'imt_Mt:"/\t)2||p,2<°° ,

proving (10) for r=1.

Now we proceed to estimat the derivative of the fourth order (i.e, » =2 in
(10)). For this we need one more lemma whose proof, which we omit, can be
done in the same way as in the scalar case (cf. e.g., [8]).

Lemma 3.1. Let f,9E WolH). Then (f, 9)uE W and
L(f, 9)=(Lf, 9)+(f, L)+F £,V @nueu .

By this lemma we have

2n—1
(17) Lz(igo(Mtfnu/\t—Mt:"/\t)z)

2n—

1
= {2((Mti"+1/\t _Mu"/\t)Lz(Mt:imz —Mtﬂ'/\t)“f’(L(Mtﬂmt _Mti"/\t))z

l

+(I7(Mt}h/\t—MnnAt), VL(Mtﬂq/\t_Mtg"At))H
+(LV(Mt§'+lAt_Mt1"/\t), V(Mt;’in/\t_Mt,nAt))H)

+ ||72(Mt{imt - Mta”At)"H@H}
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A 5
_—'Z:l]j" .

The estimation of J;* (=1, 2, 3) being done in a way similar to that of /;” and
", we first have

(18) S,}}PE(III"|p+|f2"|p+|fs"|p)‘<°° .
For /" we write

2n—1
(19) |]4”|£ iEOHLV(MtiHH/\t_Mte”At)"%l

271
+ ig() "7(Mti"+1/\t - Mm/\t)”i!

S +Th.

J# will cause no problem, as we have seen above. To estimate Jii we first
make the following observation:

LU (Mine— Mepne)

i thaint PR ; thintA.
=3 [ (o s it Yawi+ [ L

J At AL

Then we obtain

2n—1
ig() ("LV(Mt."ﬂ/\t - Mtl"/\t)"%l)

<3 5

Jj=1 7=0

thint 1 . 2
/ (LVfuj_fouj>dezJ +
t: H

nA ¢

thintA. 2
| i qudu” )
LNAL AN H,

But the RHS can be estimated in the same way as for ,”, so we have

(20) Sy?EUﬁ'p <oo,

Finally for /5" we use the Proposition 3.1 to obtain

2

H®H>

2 thint A
HQH LA A

which can also be estmated in exactly the same way as for L". Therefore

2n—1

5=2(

=0

d rthant o, . thantA.
3 f P2 f i dwd + v fudu
J=1JtiAt

LMAE A

2

tihant s .

J J

Lu/\t VfudM)u >’
H®H

£C2”2—1<§

=0 \s=1

(21) S'}JPE|]5n|p<OO .
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Combining (17) (18) (19) (20) (21) we get

2n—1
Su?" 2 (Mepine— Menne)¥lpa<oo,
n, i=0

proving (10) for »=2. Doing the same thing for higher order derivatives, step
by step, we can complete the proof of (10).
Now the proof of Theorem 3.2 is finished.
QE.D.

4. Two-parameter smooth martingales

Different to the one-parameter case, a two-parameter Brownian martin-
gale does not always admit a representation of an ordinary Ito stochastic
integral in the plane: some additional term called stochastic integral of the
second type, which seems to be more difficult to handle, especially when
Malliavin calculus is involved, appears in the representation. It is for this
reason that we restrict ourselves in this section to the case of strong martin-
gales, which admit always representation of stochastic integrals of the first
type, i.e., the ordinary Ito integrals in the plane.

We still start by introducing some notions and notations. Parallel to the
one-parameter case, we now work on the probability space X = Cy([0, 1] X [0,
1]- R?), together with its Cameron-Martin subspace

*f(s, t)

H={f€X i exists a.e. and '[/0-1 0sot

' 0sot

dsdt <o

R

and the two-parameter standard Wiener measure g defined on the Borel o-
algebra & of X. Let {w(s, ¢),0<s, t<1} be the coordinate Brownian sheet
on X and ¥, the sub-o-algebra of & generated by the Brownian paths up to
time (s, ¢). Then any {Zs,:}-strong continuous L?martingale has a represen-
tation (cf. [3], [11])

d rt[rs .
2 Mu=3 [ [ Flodwl., 0<s <1,

With the same notations in Malliavin caculus used in section 1, we can state
the following

Definition 4.1. We say that M ={M;,, 0<s, <1} is a two-parameter
smooth martingale if

1 1
(C2) fi € Wuo(R?), for almost all 0<ux, v<1 and A‘£||fu,v||§,zrdudv<w
Vo, r.

Analogue to [9, Theorem 4.2], we have
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Theorem 4.1, Given a two parameter smooth martingale M rvepresented
as (22), then

(1) Ms.E Wo(RY), for all 0<s, t<0.
(#1) There exists a decreasing sequence {On, n=1} of open subsets of X
and a function M: (Un>10,°)X%[0,1)*-> R? such that

(@) M is continuous on O,°X[0,1], for each n=1.
(0)  Cpr(0n)—=0 as n>o for all p, 7.
(¢) Ms,.=Ms,: almost surely, for all 0<s, t<0.

Proof. Though the proof is similar to that of [9, Theorem 4.2], we give
it for completeness. First we have by Stroock’s commutation formula:

L<glf0t‘£sfi,vdw{;,v)=Jé{/;t/(;s<Lf5,v—%fz’),u>dw{;,u} .

Hence by Burkholder’s inequality for two-parameter martingales (cf. [15]), we
obtain

d ftrs ) 1,1 d
suPII_Ef / fé,ua’w?,,v”ﬁ,zéf f (ZNFol32)dudv<oo, ¥V p>1;
S, Jj=1J0 0 0 0 J=1
and in the same way
d [t s . ) 1,1 d o
suPIIE//fzi,udw{l,u"ﬁ,rS/ f (ZN£.001%,7)dudv < o
S, J=1J0 0 0 0 Jj=1

for all p, . In particular, (i) holds. Using again Burkholder’s inequality we
obtain for p=>2, s<s’, t<t":

||Ms,t_Ms’.t’“g,2
d st ) 1 .. pr2
SCE{E f [ |Lf,:,u—7f;,v|2dudv}

<C(t —t

d s oLt
s =50 (& [ [ 1l adudy)

<C(t' —t|P2+]s"—s|P7?).
And in general we can prove that
|Ms,: — M, oI5, < C[|t' — t|P~2+ s’ — s|?~%]

for all »>0. Therefore Theorem 3.1 and Lemma 4.1 of [16] apply and the
proof is complete.

Q.E.D.

The following result is the counterpart of Theorem 3.1, and we omit its
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proof.
Theorem 4.2. (M>={{M>s.0<s, t <1} admits an co-modification.

We still denote by M (resp. <M>) itself its co-modification M (resp. <M>).
Our main result in this section is the following counterpart of Theorem 3.2.

Theorem 4.3. We have the following convergence:

2n—1 2n-1

mS SV (M(J%s, t)))“’=§::1 A ) ﬁ L dudy

n-o =0 j=0

uniformly in (s, )E[0, 1% q.s., where A%(s, t)=[t"Nt, tFaAt)X[sAs, sPa A
S) and M(A?j(s, t))__—MtﬂM\t,s}'u/\s_Mtz"/\t,sifnl\s_Mtz'h/\t,s;"/\s+Mt1"/\t,sj"/\s~

Proof. The idea of the proof remains the same as that of Theorem 3.2,
though the calculus is more delicate. This is why we do not give all the
details below. Our effort will be concentrated only on those terms which
didn’t appear in the proof of Theorem 3.2. First, note that, as in Theorem 3.2,
we should define a random field parametrized by [0, 1]* as follows:

X2 s, t)+(£—2"")(2 " —2 " (n+1)~1
X6 s =] XX@T s H=X@ s ) if rrr<e<e,

d s t
kgl[; lfzf,vdudv if £=0.
where
2n—1 271
X@" s D=2 5 (Ms, D).
Then we can reduce the proof to proving the following facts:

p—1

(23)  suplX(& s - X(& 5, Ol <Cls—s17 +Cli—11"

(24) supl X(277, 5, £) = X(0, s, Dl < Jor

(25) sgpllX(s, Bllp,2r <0
Proof of (24). Put

N=(A5(s, t))=///j;yj(s'mx(u1, 1} Uz, V2)

& ! !
Xfux.vxfuz,vzdwshvldwuz,vz )

where
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0 if (w1, 11)<(uz, v2) or (uz, v2)<(u1, v1),

ur, U1 Uz, V2)= .
xe, v vz, v2) {1 otherwise .

Then by Ito’s formula for two-parameter processes (cf. [3], [11], [14]) we have

(26) ssupllX(Z‘”, s, )—X(0,s, t)I5

2n—1 2n

= 5 s, 0r- a’udv}H:

= SUP

ai(s, t)k 1

2"—12n
{;1/4.;1,(“21”(4 (s, 1)) [ vdwih o

= SUP

+ 3 Svears, o,

k=1 I=1

22 ], M, D) budwt|

i=0 j=0

gC d{
|3 Sveas o))

N d
= C KIS+

For K, we use Burkholder’s inequality for both two-parameter martingales
with discrete parameter (cf. [10]) and continuous parameter (cf. [15]) to
obtain, in the same way as in the last section,

27) E|K\[P<C4mPr=D

For K. we use again Burkholder’s inequality and the properties of double
stochastic integrals to obtain

(28) E|Ks|

2n

CH RE(E BN, DY)

IIMQ.

n—1 21—

SC4”(p’2_”zdf i 12;0 gElNk W an(s, )P

k=

d d —12" 1
=C4n(p/z—1)l§1 E g > ‘fff/ . t)ZX(uI, U1} Ua, V2)

k l k L
X ful,v1fuz,02dwlll,vldwllz,v2

—
~
-
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304"<P/2-”16‘"“’”“’é1Zd’ 2 22 ff/fms“*

X | f 01 F ik va| Pdutr dvy dut2dvs

< C4—?1(P/2—1)

Combining (26), (27) and (28) we get (24).

Proof of (23) and (25). The proof of (23) and (25) is completely similar
to that of (4) and (5), since now we needn’t to use Ito formula and so no term
with double stochastic integrals will appear (of course we should use Burkhol-
der’s inequality for two-parameter martingales instead of that for one-
parameter martingales). We don’t give the details. This completes the
proof.

Q.E.D.

5. Remarks and Applications

In this final section we would like first to remark that the above results
can extend to mutual quadratic variation of so-called smooth semi-
martingales. To be precise, let S\ and S; be two smooth semi-martingales of
the form

Sz(t)=~ as"dw +2 bs ds, (=12, t<[0,1].

Here a and b satisfy the condition (C1). Then the techniques used above
allow to prove that

(29) lﬂil’EZ(Sl(l‘le AE)=Si(t" NS tFaAt)— St N t))
d rt
:2 GSIJCZSZJ(ZS
Ji=1J0

uniformly in t€[0, 1], q.s

Now we consider the case of stochastic differential equations. Suppose
we are given functions 0€ C,"(R™" > R"®R?) and b= C»*(R™ > R™). It was
proved in [16] that the unique solution to the following SDE

dx(t)=0o(x(#))dw(t)+ b(x(2))dt
I(O)Zxo

has an co-modification. We will denote it by x(¢)=(x'(¢), ---, x™(¢)). It is
easily seen that every x* (£=1, ---, m) is a smooth semimartingale. There-
fore we have by (29)
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. t
lrllfgx(xtﬁllxt_xt;”/\t)(xt}il/\t_xtt”/\t)*:'/o‘ o(x(s))o*(x(s))ds

uniformly in ¢€[0, 1], q.s. In particular, in the case 0=14, b=0, where [, is
the d X d identity matrix, we get

(30) g{nz(uhﬁu\t - M)ti't/\t)(wt{'u/\t - wt.r"/\t)* =tly

uniformly in #€[0,1], q.s. It is remarkable that (30) establishes one more
quasi sure property of Brownian motion, of which several quasi sure prop-
erties have been already established (cf. [19]). In the context of Dirichlet
capacity over Wiener space, i.e., in the case (p, )=(2, 1), (30) was established
by Fukushima ([28]) using a different method (see also the recent book of
Bouleau-Hirsch [1]). Finally it is needless to say that all the above state-
ments have also their analogues in the two-parameter case.
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