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Normal subgroups and heights of characters
By

Masafumi MURAI

Introduction

Let G be a finite group and p  a prime. Suppose w e are given an irreduci-
ble character x  of G such that xN is irreducible for a normal subgroup N of G.
T hen every  irreducib le  character of G lying over xN is w ritten as = O for
a unique iri- educible charac ter 0  of G IN. L e t  B (resp. B) b e  the block of G
(resp. G/N) t o  w h ic h  (resp. 0) belongs. It is natural to ask how  B  and B  are
related. If x  is  the trivial character then B  is  ju s t a block which dominates B
and basic facts, including the relations between defect groups of these blocks,
are known (cf. [11, Chapter 5, Sections 8.2  and 8 .3 ]) . (W e note that w e have
shown, with no restrictions on N, tha t there  ex ists a block of G/N  dominated
by B  with defect group DN/N for a defect group D of B, cf. [10, Remark 4.7].)
W e shall show in Section 1 that, for an arb itrary  x , the situation is quite ana-
logous to that of the usual "domination" above. The sam e is true when x  is  an
irreducible  B rauer character. A ctually  th e  re su lts  a re  obtained in a m ore
general setting, that is, w e consider "V-domination" for suitable indecompos-
able G-modules V.

To explain the re su lts  in Section 2 w e need to introduce som e notation.
Let B be a block of G which covers a block b of a normal subgroup N of G. Let

be an irreducible character in  b. Let TG (b) be  the inertial group of b in  G.
A s in  [10] we call a defect group D of B  an inertial defect group of B  if D is  a
defect group of the Fong-Reynolds correspondent of B  in TG (b) . F ix  an iner-
tial defect group D of B. Let Irr (B I) be the set of irreducible characters in B
lying over In Section 2 we shall show that

min Iht (x) — ht ( )  IX Irr (BI)

is determ ined by information on DN and the TG (b) -conjugates of This ex-
tends some results in  [10]. As an application w e shall obtain a  result related
to  the  D ade conjecture [3] . W e sha ll a lso  ob ta in  a  sligh t extension of the
Gluck-Wolf theorem [5].

In Section 3 we shall give the modular version of the above.
Throughout this paper le t  (K , R , k) b e  a p-modular system . W e assume

that K is sufficiently large w ith respect to G and that k is algebraically closed.
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The maximal ideal of R is denoted by (r ). Let i) be the valuation of K  normal-
ized so that v (p) =1.

The author would like to express his thanks to Professor Y . Tsushima for
his interest in  [10] and to the referee for valuable suggestions.

1. Domination of blocks of a factor group

Throughout this section, N  is  a norm al subgroup o f a  finite group G  and
V  is  a n  indecomposable oG-module such  tha t VN is  indecomposable, w here 0
denotes R or k. The block of N to which VN belongs is denoted by b.

W e say that a block B of G dominates a block B of G/N through V  (simply

B V-dominates B) i f  th e re  e x is ts  a n  0 [G/N] -m odule X  in  B  such  tha t
VOInf (X )  ( = V 0o Inf (X ) )  lies in B, where Inf (X )  denotes the inflation of X
to G. So when V is the trivial module, "V-domination" coincides with the usual
"domination".

In  th e  follow ing w e understand it = O w hen o = k. A ll 0G-modules are
assumed to be 0-free of finite rank.

The following extends [6, VII. 9.12 (i), (iii)] slightly.

Lemma 1.1 (i) L et W be an indecomposable 0 [G/N] -module. If  o=R,
assum e that W /rW  is  indecomposable. T hen V e Inf ( W ) is  indecomposable. In
particular, V  0 Inf ( W ) i s  indecomposable f o r every projective indecomposable
module W.

(ii) L et W and W' be 0 [G/N]-modules. I f  V ® Inf (W ) I V 0Inf (IV ), then
W / 7rW

Proof. W e sha ll p rove  the  assertion  by m im icking th e  proof o f  [6, VII
9 . 12] . Put E= Endwv (V) .

(i) Let çb e Endoc (V 0 Inf (W)) be  an idempotent. Put m = rankoW. Let
{wi} be an 0-basis  of W. Let

wig = Z  a i,(g )w ,,a i,co , for every gE G.

Put

(1) OlVi)(P
=

V ç b i j  ® W i ,

A s in  [6], we get

E (g ) (Pik = E(Piig clik(g), for 1 k

Since E= olv+J (E) , we may take 4 E 0 , (E ) so that (Ai= 2i; 1v +
p i ;  for j. m. Then we get

E ai i  (g) /IA =  E 2i) a j k ( g )  (mod r ) ,  for 1 i , k

since rolv=olv rvE).
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Let A E M at. (k ) be  th e  m atrix  w hose (i, j )  - th  e n try  is  4 +  r o .  Since
Wbr W is  indecomposable, the above shows that A is the identity matrix o r 0.
W e may assume A=0. So (c,b,i) E M atm  (E)) = J (Matm (E)) . Since ( i i )  i s  an
idempotent, it follow s that (00 )=0 and hence 0=0. This completes the proof.

(ii) Let 0: VOInf (W) V O In f  (W )  and 0: VOInf (14P) V O In f (W )
be oG-homomorphisms such  tha t 00 is  the  identity m ap o f  V In f (W ) . Let
{wi} (resp. {tij,}) be an a-basis of W(resp. W). We may write

Otot) 0= Evçb 5  Ow 's, y E V,

where 0, s EE. Also

(v ow 's) 0= E vOs ,  ow„ v e v,

where 0 5 r G E. Then we get

E OisOsi= duly,

where 5i ; i s  the Kronecker delta. Put 015= 2is lv+ P is, O si= ,asr lv+  ash where
tisiE 0, Pis, asrEJ (E) . We get

E ili s tt s ; =. 50  (mod 7r),

as above. Now define the k-linear m ap Ø: W brIV 14/7 r147' by

w i0 — E 2 ,s  w 's ,

w here IT ,  = w i
- F rcW , /T s =tv' s a n d = /Ls +  ro. Similarly define the

k-linear m ap 0 :  W brW — 0 W hrW  by

w'50=E7i51 w

Then clearly 0 0 is the identity map of W brW. On the other hand, if we let

wig=  E (g )  E 0, and

tv' sg= E  b  sr (g)d r, bst (g) E ,  fo r  every g EG,

then we get

E co; (g) Op= E(brsg bsr (g).

From this we get as above,

E aii (g ) EA is  b 5 ( g )  (mod 7).

This im plies that 0  is  a  kG-homomorphism. Sim ilarly 0  is  a  kG-homomorph-
ism. Thus the result follows.
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Theorem 1.2. (i) A  block B of  G  V-dominates a block of  G/N if  and
only if  B covers b.

—(ii) Every block B of G IN  is V-dominated by a unique block, say B, of G. In
that case, for every o[G/M - module W in B, V O inf (10  lies in B.

Proof . ( i )  if part: If B  covers b, then (V N )  G h a s  an indecomposable sum-
mand U lying in B . Since (V N ) G  V  0[G /N ] , we have, by L em m a 1.1 (i), U

V 0 Inf (P )  fo r  some projective indecomposable  o  [G /N ] - module P . So B
V-dominates the block of G/N  containing P.

only if part: This is easy to see.
( ii)  Let B be a block of GIN. Choose a projective indecomposable o [GIN]

-module P  in B, then V  0Inf (P) is indecomposable. Let B be the block of G to
which V OInf (P) belongs. So B is V-dominated by B . To prove the assertion,
it suffices to show tha t for every 0 [G/N] -module W  in B ,  V  Inf ( W ) lies in
B . Suppose tha t w e a re  given projective indecomposable o [GIN] -modules P 1

and  P2 in  B  su c h  th a t V 0  In f (P I)  lie s  in  B  and  th a t  th e re  is  a non-zero
o [GIN] -homomorphism f: P i

 — 0 P2. Then 1 v  O f:  V 0 Inf (P1) — 0 V 0 Inf. (P2) is
non-zero. Since V  O  Inf (P2) is indecomposable, it follows that V OInf (P 2)  lies
in B . So, since V 0Inf (P) lies in B, the indecomposability of the Cartan matrix
of B yields that V 0Inf (Q ) lies in B for every projective indecomposable mod-

-
u le  Q  in  B . F o r  every  o  [GIN ] - m odule W  in B , th e re  is  a  surjection: V
Inf (Pw) —0 V 0Inf (W) 0 ,  where Pw is  the projective cover of W . Since V
Inf (Pw )  lies in B by the above, so does V Oinf (W). This completes the proof.

We need the following.

Lemma 1.3 L et N 1 b e  a norm al subgroup of  a group G1 and le t H  be a
subgroup of  G1 such that HIN1 1. L et b1 b e  a  G1-invariant block of N 1. If  B1 i s  a
block of H for which B1G ' is defined, then B1 covers b1 if  and only if  BiG  covers b1.

Proof. There are a kGi-m odule X  in  B1G '  and a kH-m odule Y  in B 1 such
th a t  Y  is  a  d ire c t summand of X H by  [11 , T heorem  5 .3 .10 ] (see  a lso  [10 ,
Corollary 1.7 (i)] ). This yields the assertion.

Theorem 1.4. L et B  be a  block of  G  covering b and  le t D  be a  defect
group of B. Then:

(i) For every block B of GIN  w hich is V-dominated by B, a defect group of

B

-  

is contained in DN/N.

(ii) Furthermore f o r som e block B

-  

o f  G IN  w h ic h  is  V-dominated by  B,

DN/N is  a defect group of B.

Proof. (i) If o=k, let W  be an irreducible module in B of height 0. If o=R ,

le t W  be an R -form  of an irreducible K [GIN] -module in B  of height 0 such
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that Whr W is indecomposable, cf. [4, I. 17.12] for the existence of such a W.
T hen  V  In f (W ) is  indecom posab le  by  L em m a 1 .1  (i) a n d  lie s  in  B  by
Theorem  1.2 (ii) . L et Q  be  a  v e rte x  o f  V  In f  (W ) . S in ce  V  In f (W ) is
QN-projective,

V  Inf ( W) I ( (V 0Inf (W)),QH) G -= V  (  (Inf ( W) ) QN) G  •

Clearly ( (Inf (W) ) eN) G I n f  {(WeN/H) "1 . Hence W/rW is  a  summand of

(WeN/H) " h r  ( W QN/N) G I N  by Lem m a 1.1. B y th e  choice o f  W  a n d  Green's
theorem, Wbr W is an  indecomposable module whose vertex is  a  defect group

of B. Since ( w w v a v ) G/N / / kW QN/N) G I N  is QN/N-projective and Q is contained
in a defect group of B, the result follows.

( ii)  P u t H = NG (D) N a n d  le t  B  be the  unique block of H  with defect
group D such that —B G =B . Since V N  lies in  b, b is G -invariant. So B  covers b
by Lemma 1.3. Hence by Theorem 1.2 (i) there is a block B1 of H/N which is
VH-dominated by B. Since DN/N is  norm al in H/N, it follows from (i) that
DN/N is  a  defect group of B1. Here we note tha t H = NG  (D N )  ,  i.e. H/N =
NG/N(DA  TAT) .  In fact, since b is G -invariant, if b is a unique block of DN that
covers b, then D  is a  defect group o f  b by [10, Lemma 2.2] a n d  b is N G (D N )

-invariant. Hence the  "Frattini argument" shows that H=NG(DN). Thus if we

put B =B1", then B has defect group DN/N by the  First Main Theorem. So it

suffices to prove that B is V-dominated by B.
Let W be a module chosen as in the proof o f  (i) for B1. Then V  H e In f  (W)

is an  indecomposable m odule in B  as above. (Here Inf (W) is the inflation of
W to H .) By the  proof o f  (i) we see there is a vertex Q o f VII ®Inf (147) such
that QN = DN . Now le t  U be the G reen correspondent of W w ith respect to
(G/N,DN/N, H/N). (Note that DN/N is a vertex of W .) Then U lies in B by
the  Nagao-Green theorem [11, Theorem 5.3.12] . Clearly V H  Inf (W) I (V
Inf (U)) H, so there is a n  indecomposable summand X o f V  I n f  (U ) such that
V  H  lnf (W)IXH. Since CG ( Q )  NG (QN) = NG (DN) H, X belongs to B B by
the  Nagao-Green theorem again. Then V  Inf (U ) lie s  in  B by Theorem 1.2
(ii). So B is V-dominated by B. This completes the proof.

L et x  ( re sp . 0 )  b e  a n  irreducible character (resp. irreducible Brauer
character) of G such that X  N  e S P •  ON) is irreducible. We say that a block of

B o f G x -dominates (resp. 0-dominates) a  b lock  B of C /N , i f  x  C (resp.
0  0  0 )  lie s  in  B fo r  a n  irreducible character C (resp. an irreducible Brauer
character (,b) in B . (In this paper w e w rite x C  (or 95 00) instead of x C (or
0 0 )  to avoid unnecessary confusions.)

Corollary 1.5 Let x  and 0 be as above. For every  block B of G, let
B1 (B, x) (resp. BI (B , 0 )) be the set of blocks of G/N w hich are x-dominated
(resp. 0-dom inated) by  B.

(i. a) B I  (B , x )*  0  if and only if B covers the block of N to which X N
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belongs.
(i. b )  A ssume BI (B, 0  0 .  L et D  be a defect group of  B . Then for every

block B E BI (B, z), a defect group of B is contained in DN/N. Furthermore there is
a block B  Bl(B, z) such that DN1N is  a defect group of B.

(i. c) Every block B of  G/N is  x-dominated by a unique block, say B, of G.
In  that case, for every OEIrr (B), zOOEIrr (B).

(ii) ( i i .  a) BI (B, 0 )  *  0 if  and only if  B covers the block of N to which
ON belongs.

(ii. b )  A ssum e BI (B, 0) 0 0 . L et D  be a defect group of  B . Then for every
block B C B1 (B, 0) , a defect group of B is contained in  DN/N. Furthermore there

is a block B  B1 (B, 0) such that DN/N is a defect group of B.

(ii. c) Every block B of G/N is  q5- dominated by a unique block, say B, of G.

In  that case, for every OCIBr (B), 0) OEIBr (B).

Proof. (i) Let V be an R-form of a KG-module affording X . Then clearly a
block B of G/N is 2( -dominated by B if and only if B is  V-dominated by B.

(i. a )  By the above, the assertion follows from Theorem 1.2 (i).
(i. b) Similarly this follows from Theorem 1.4.
(i. c) As is well-known, X 00 is irreducible for every OCIrr(G/N). Theorem

1.2 (ii) yields that { 2( O lec Irr (B )} is contained in a single block of G.
The proof o f  (ii) is  similar.

2. Normal subgroups and heights of irreducible characters

For an irreducible character 2( lying in  a  (p-) block B of a group G, le t Ox
be the class function on G defined by

Ox (x ) , pd(s)x (x ) if x is p-regular,
=0 otherwise,

where d (B ) is the defect of B.

Lemma 2.1 Let B be a block of G. L et b be a block of  a subgroup H of G
such that bG =B and that d (b) = d (B). Let be an irreducible character of height
0 in  b. Then for every X C Irr (B), we have:

(i) v((Xu, Oc)u) =ht ( X ) .
(ii) There is a constituent ri E Irr (b) of w ith ht (n) (x).
Proof. ( i )  By Frobenius reciprocity (XH, Oc) x= (ex , CG ) G. A s in  [10, Sec-

tion i l ,  l e t  (cG )*, Ecc (x -1\)x, where x runs through the p-regular elements
of G . Then (Or, CG ) G IG 1/ (pd(B)x  ( 1) )  _  wx ((cG ) *.\) w here cox i s  the central
character corresponding to  X. S in c e  B-component o f  CG i s  o f  height 0 [10,
Proposition 1.8 (ii)], the result follows from [10, Theorem 1.3].



Heights of characters 37

(ii) This follows from (i), cf. [1] .

In the rest of th is section we use the following notation:
N is  a normal subgroup of a group G, is  an irreducible character of N, b

is the block of N to  w h ich  be longs, and B is a block of G covering b.
Let TG ( )  be the  inertial group of i n  G. Let Irr (B I)  b e  the set of irre-

ducible characters in B lying over that is,

Irr (B1) = Ix E Irr (B) I (X N , N  0} .

Let TG (b) be the inertial group of b in G.
The following generalizes Corollary 4.2 (i) in [10].

Lemma 2.2. For every x E  ( B I ) ,  we have ht (x) f r t

Proof. Let x EIrr (BI). Let 2C E Irr (TG I0 be such that X '
 G = X  and let

B ' be  the block of T  G () to  w hich x ' belongs. Then it follow s that ht (x ) =
ht (x') + d (B) — d (B') ht (x ') ,  since B'G =  B . S o  w e  m a y  assume is
G-invariant. Take a central extension of G,

1— •Z— *G— •G--• 1,

such that f - 1  (N) =Ni x Z, N 1 <  -G and that e x te n d s  to  a  character of G , say
under the identification of N1 w ith  N through f , and that Z  is  a  finite cyclic

group. Let B  (resp. x )  b e  the inflation of B  (resp. x )  to  G. Then there  is an

irreducible character B o f  G /N su ch  th a t x  = 0 0. Let B  be  the block of
G /N  to which 0 belongs. Then we get ht (x  ) =ht +ht (0) +d —d (b) -
d(B). Let .5 be a defect group of B . T h e n  13N/N contains a  defect group of B
by Corollary 1.5 (i), so we get d (B ) — d (b) — d (B) a O. (Note th a t D nN is  a
defect group of b  [8, Proposition 4.2] .) O n the other hand, since  G  is  a  cen-
tra l extension of G, BZ/Z is  a  defect group of B. This implies ht (X— ) =ht (X),
since a Sylow p-subgroup of Z  is contained in  B. Hence ht (x) ht

F ix  a n  inertial defect group D of B  a n d  le t  b  be  a unique block of DN
covering b. Put

a ( ,  B) =mintht (x) — ht () IX G  Irr (BV  ,

a ' ( , B) = min Olt (C) — ht (0 ICE Irr ( -i; I W°" ) }) } , and

{

Q is  a  subgroup of D such that

,a(, B) =m in d (B) - 1)(IQI) V extends to QN for some
t ETG(b)

—
where Irr ( b I { V . G( ")) deno tes the set of irreducible characters i n  b  lying over
a TG (b) -conjugate of

W e note that the quantities a' B ) and ,3(, B ) do not depend on a par-
ticular choice of D, since D is determined up to TG (b) - con jugacy
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We have shown in  [10, Theorem 4 .4  (i)] that if h t( )  = 0 , th e n  a ( ,  B)
= 0 if and only if /5'(, B) =0. Now we extend this as follows :

Theorem 2.3 W ith the notation  above, w e h a v e  a ( ,  B) =- a' ( ,  B ) =
13  ( , B ).

P roo f. a ( ,  B )  = a' ( , B )  : W e m ay assume th a t  G = T G  ( b )  b y  the
Fong-Reynolds theorem. First we show that for any x  e  Irr (B1) there  is a
character C e  Irr ( b 1 {

T

db)) )  such that ht (x) ht (C) . Let B  be the unique
block of N G (D) N with defect group D such that 7-3 G = B . By Lemma 2.1 there
is  a constituent X E Irr (B )  of xND)A, w ith  ht (z) ht (X ) . Since B  covers b
by Lemma 1.3, .i-j  covers b  (note that DN <I N G (D) N) . Furthermore, since b is
G- invariant, ..17 is  N G (D) N-invariant. So every irreducible constituent C of—
X DN lie s  in  b  and by Lemma 2.2 ht (X ) ht (C). Thus any such C is  a  re-
quired character. —

Next we show that for any C E Irr ( b I w(b))) , there  is a  character X
Irr (B1) such that ht ( x )  .ht (C). This is proved as in the proof of Lemma 4,,,3
in  [10] . In fact, let B  be the block of N G (D) N as above. Since b.  c o v e rs  b
th e re  is  a  character )""(  E Irr (B-  IC) . T hen , as is well-known, 1.) (jc (1) ) 5_
1)(ING (D)N/DNI) + v (C (1)). since -1-3 G = B, w e  have v ( —X B (1)) = v (x G ( 1 ))
w here x B denotes the B-component of z G ([4, V. 1.3]) . So there is an irre-
ducible constituent x  o f i 8 such  tha t 2.) (x (1)) - (x— G  (1)) . Then easy com-
putations show that ht (x ) _.ht (C) and, by Frobenius reciprocity, x E Irr W O  •
This completes the proof.

a' (, B)= [3(, B) : For every te TG (b) , put

a' i=min{ht(C) — ht () I CE Irr ( 7; IV) } , and

{

Q is a subgroup of D such that

St =min d (B) — 1) (IQI) V extends to QN •

Since a' = min (cerit E  TG (b)) and 13 B) = min (Alt E TG (b )) ,  it suffices
to show that a' t= St for every t C TG (b) . Fix t e  TG (b) and put V• Let Q
be a  subgroup of D such that QN has a character 72 with TIN

=
i. There  is an

irreducible constituent C of i)

(C (1) ) . 1.)(72 (1)) +v(IDN: QM) ( ( 1)) +v(ID : Q1)
Since 1.) (IDNI) d (B) =1) (INI) — d (b), we get ht (C) ±d  (B) (IQI) .
Since C lie s  in  b , it follows that d i  5_13t. Conversely le t C E Irr ( b . Since
DN/N is a p-group, there are a subgroup H with N H D N  and a character 72
E Ir r (H) such that 17N 1 t h a t  7 m

= C by [7, Theorem 6.22]. We have H
=QN with Q= DnH. Then ht (C) = ht ± d  (B) — 1) . Hence iSt a't. Thus
cét = i3t . This completes the proof.

In [3], E. C. Dade conjectures the following. Assume that Op (G) is central
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in  G and that Op (G) is  n o t a  defect group of a block B  of G. Then for every
irreducible character 0 of Op (G ) and for all integers h,

(*) k  (B, 1, (_1) (B', d (B') — d (B)4) 
B'

w here C runs th rough  a  c e r ta in  se t o f  "p-chains" w ith  IC > 0  and B ' runs
through the blocks of NG (C) with B'G  =B . Here k (B, h10) denotes the number
of irreducible characters in B of height h which lie over 0.

Put hi=min{1(C(1))ICEIrr (DI95)}.

Corollary 2.4 The equality (* ) is true for every h <h i .

Proof. Let h <h 1 . W e shall show that all the term s appearing in  (* ) are 0.
By applying Theorem  2 .3  with Op (G ) a n d  0 in  p lace  o f  N  and we get
min{ht (X) IX E Irr (BI0)) = h i . Hence k (B, hI0) =0.

If k (B', d (B') —d (B) +h195) *0 for some B', then, by Theorem  2.3, there
is  a  subgroup Q Op (G ) of a  defect group D' of B ' such  tha t 0  extends to Q
and tha t v(ID':Q1) d  (B') —d (B) +h . Let DI be a  defect group of B containing
D'. Then Q I) h ,  so  k (B, h 'I0 ) *0  fo r some h' h by Theorem  2.3.
This contradicts the above. Thus the result follows.

Now put

B) = max {ht (x) — ht () IX( B I .

For a solvable group X, le t dl (X ) be the  derived length of X. Define the
commutator subgroups of X by X(°) =X , X ( " = [X" - ", X" - 1 ) ] 1) . T he fol-
lowing is a slight extension of a theorem of Gluck-W olf [5 ] . (In fact, letting N
=1, we recover Theorem D  in  [5] .)

Theorem 2.5. Let D be a defect group of B. If G IN  is p-solvable, then
dl (D N /N ) 2r B ) + 1.

Proof. F irs t w e  assum e r B) = 0  and show  tha t DN/N i s  abelian. We
argue by induction on IG/NI •

W e m ay assume is  G -invariant. In  fact, le t X E Irr ( B I )
 a n d  le t X ' c

Irr (TG IV  be  such  tha t x 'G = X , and let B ' be the block of  TG ( )  to which
z ' belongs. Then ht (z) h t  (X') + d (B) — d (B') ht (x') h t  ( )  by Lemma
2.2. H ence equality holds throughout by assum ption. Thus B ' and B  have a
common defect group. For any 72 Irr 040 , we have nG E irr (.131 )  and ht (n)
=ht (vG) =ht .  Thus B') =0. So, if TG *  G, then the  result follows
by induction.

W e may assume Op' ( G I N )
 = 1. In fact, let  L IN Op' (GIN) *1. Choose r) E

Irr (LI) so  that the block of L containing 7) is covered by B. Clearly ht (n) =-
ht .  T his and  Irr (Bln) c  Irr (BI0 show  r (7), B) = 0. B y induction DL/L is
abelian and then so is DN/N, since LIN  is a p'-group.

Now let
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—
block o f  G  to  w hich O belongs. Let D  be  a  defect group o f  B  an d  p u t D =—
DN/N. Then, since ht (x) =ht ( )  ,  w e get tha t 5 is_a defect group of B and
that ht (0) =0, cf. the proof of Lemma 2.2. Now p u t 2 : =ZN/N. Let g l i - r (Z )
b e  a constituent of  z .  W e  m a y  re g a rd  i  a s  a  c h a ra c te r  o f  Z  in  a  natural
way. Since G/ Z -=- G/N, we see Op' ( G) =Op (Z ).  Then, since G  is p-solvable,
it follow s from  Fong's theorem  (cf. for exam ple [9, Theorem 0 .2 8 ]) that all
irreducible characters o f  G  lying over th e  character o f  Z  lie  in  B and
th a t  D  is  a  Sylow p-subgroup o f  G . So fo r every  O' E Irr (G1 4a - 1 ) , E
Irr ( -13-  le) by C orollary 1 .5  ( i)  and then O O' is inflated from a  character in
Irr (BIO , w hich im plies (as above) ht (60 = 0 and  O' (1 ) is  prime to p . Thus
by Gluck-W olf [5, Theorem  A ], D Z / Z is  abelian. Since DN/N=- .1-)NZ/NZ-",
D Z/Z , the result follows.

For the general case we argue by  induction on IG/N1 along the line of the
p roof o f  C orollary  1 4 .7  ( a )  i n  [9 ] . B y  th e  above , w e  m ay  assum e that
"r(, B) 1 and that DN/N is  nonabelian. Let N = Lo 4 L1 <1 •• • 1Ln= G  b e  a
chief series (of C /N ). T ak e  blocks bi o f  L i so  that bo b, bn =B, and bi covers
bi_1 f o r  1 i 5_n, L e t  Qi b e  a  defect group o f  bi fo r 0 i  n .  S in c e  DN/N is
nonabelian, we can choose j  1  s o  t h a t  Q2N/N is  nonabelian and Qi-IN/N is
abelian. (Note that then Li/L,_i is  an  abelian p-group.) By the above, there is
C E Irr (bil0 su c h  that h t (C ) — h t(0  1 .  T hen r(C, B) B) — 1 and  by
induction dl (D.Li /Li ) (C, B) +1. Put d= dl (DLILJ). So D ( d ) Dn.L). On the
o th e r  h a n d , Q; (1 )I ç 1 in L I -1, s in c e  L) / L i-i i s  abelian . S in c e  D n L ,  is
G-conjugate to Q; and Q , n L i  is Li-conjugate to QI-1. b y  [8, Proposition 4.2],
th e  fa c t th a t Qi_111 ) N  n o w  im p l ie s  dl(DN/N) d  ±  2 . T h u s  dl(DN/N)
2 ( 7- ( ,  B) —1) +3=2r(C, B) +1. This completes the proof.

3. Normal subgroups and heights of irreducible Brauer characters

In this section we shall show the modular version of Theorem 2.3.
Throughout this section we use the following notation:
N is  a normal subgroup of a  group G, is  an  irreducible Brauer charac-

te r  of N, b is  the block of N to which 0 belongs, and B is  a block of G cover-
ing b.

Let TG (0) be the inertial group of 0 in G. Let IBr (BI) be the set of irre-
ducible Brauer characters in B lying over 0.

The following is well-known in the case of (ordinary) irreducible charac-
ters, c f. [11, Lemma 5.3.1 (ii)].

f

b e  a central extension of G  a s  in  th e  proof o f  Lemma 2.2 . Choose any  e
Irr (B1 ) . Let B  (resp. )  be the inflation of B (resp. X ) to  G. P u t G = G/N.
T here  is  an  irreducible character o f  G  such  tha t x—  =  0  O. Let B be the
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Lemma 3.1. Let the notation be as above. Let 0  IBr (BI and let çb' E
IBr (TG (0 )10 ) be such that O'G = If  B' is  the block of  TG (0 ) containing 0',
then B'G is def ined and equals B.

Proof . B y  th e  F o n g -R ey n o ld s  th e o re m , w e  m a y  a ssu m e  t h a t  b  is
G -invarian t. L e t T ' =  n T  G  () ,  where ru n s  th ro u g h  Irr (b) .  Clearly
T' T G  (b) = G . A lso T' < TG (cl,'), s in ce  0  is  an  integral linear combination of
the irreducible characters in  b (on the set of p-regular elements of N). Let B1

be  a  b lock of T ' covered by B'. T h e n  b y  [10, Lemma 4.14 (i)] , =
Since B also covers B1, B =BIG b y  the same reason. Hence B'G  is  defined  and
equals B ([11, Lemma 5 .3 .1 ]).

Lemma 3.2. Let the notation be as above. Then
(i) ht (0) h t  (c,b) for every 0 E IBr (BI).
(ii) If  0 is G-invariant, then there is OE IBr (BI (,b) w ith ht (0) = ht (0).

Proof . ( i)  T he proof is m uch the  same a s  tha t of Lemma 2.2. But we re-
peat it here, since it is necessary for the proof o f  (ii).

Let 0 E IBr (B10). Let 0' e IBr (TG ((,b)I0) be such that  Ø
'G= q5 and let B'

be the block of T  (0 ) to which 0 ' belongs. Then it follows that ht (0) =ht (0')
+d (B) —d (B') ht (.0') , since B'G =B  by Lemma 3.1. So we may assume 0  is
G-invariant. Take a central extension of G,

I
1 Z  G  — •  G  1,

—
such that f -1 (N) = N 1 X Z, Ni< G  and tha t 0  extends to a  Brauer character of
G, s a y  0 , under the identification of N1 with N through f, and tha t Z is  a  fi-— —
nite cyclic group. Let B (resp. çb) be the inflation of B  (resp. 0) to  G. There

—
is an  irreducible Brauer character 0 o f  G /N such  tha t 0 = O. If B is  the

—
block o f  G /N  to  w hich 0 belongs, d (B)  — d (b) — d (B) 0 by Corollary 1.5
(ii). Since ht ( Y-5) =ht (0), we get ht (0) h t  ( 0 ) .

( ii) L et a, (,- .7), -1-3-  b e  a s  above. Clearly 1E3 covers b. So by Corollary 1.5
(ii) , we can choose a block B of G IN  w hich is ç5-dom inated by F3 and for

which d ( -B- ) — d (b) — d (B) =0. Let 0 be an  irreducible Brauer character lying
in B of height 0. Then çb019 is  an irreducible Brauer character lying in B  b y
Corollary 1 .5  (ii)  and ht (0 = ht (0). Since B covers the principal block
Bo (Z ) of Z and IBr (Bo (Z ) )  consists of only the trivial character, O is tri-
vial on Z . T h u s  0  0 is inflated from some OE IBr (BI0) and then ht (0
=ht (0 ) as above. So ht (0) =ht (0). This completes the proof.

—
F ix  a n  inertial defect group D  of B a n d  le t  b  be  a unique block of DN

covering b. Let T6 (b) b e  the  inertial group of b in G.
Put
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a ( ,  B) = mil-A t  (çb) — ht (0)10E IBr (B10)).

a' (0, B) =minfht(8) — ht (0)10E IBr ( bl{ cr (b ) ))) , and

{
Q is a  subgroup of D such

/3 (0, B)  = m in  d (B) — (1(21)1) that O f extends to QN for
some tE TG(b)

—
where IBr ( -;1 { e (b ) } ) denotes the  se t o f irreducible Brauer characters i n  b
lying over a TG (b) -conjugate of 0.

As in Section 2, the  quantities a' (0, B ) and 1E1(ç5, B ) do not depend on a
particular choice of D. A lso w e have shown in  [10, Theorem 4.4 (ii)] th a t if
ht (0) = 0, then a (0 , - =  0 if and only if 13(0, B ) =0. W e extend this a s  fol-
lows:

Theorem 3.3. With the notation above, we have a (0, = a' (0, =
13(0, B).

Proof. We may rewrite 13 ((,b, B ) as follows:

13  (0, B) = min ( i )  (ID: Dn T G ( (P)I) It E TG (b) 1.
In  fac t, if  0 t , t E T G  (b ) , i s  Q-invariant fo r  a  subgroup Q D ,  then Of

necessarily extends to QN. From this the above follows.
a(0, B ) = (0, B): By the Fong-Reynolds theorem, we may assume tha t b

i s  G -invariant. F irs t  w e  show  a (0, B) 5_13 (0, B) . L et t E  G  a n d  p u t Q =
Dn T G (V) • W e shall show there is 0 E  IBr (Bic!,) w ith  ht (0) ht (0) (B)
1)(1Q1) • W e claim there is a block B' of T = T G (V ) such that:

B' covers b, B'G  =B and Q is contained in a defect group of B'.

Since Q D, the re  is  a block B1 of NG (ON with BI G =B. Then B1 covers b
by Lemma 1.3. Choose 01 e IBr (B1100 and  le t 02 E  IBr (NG (Q)NnTIV) be
such  tha t 02G = 01. Let B2 be the block of N G (Q) N n T  to  w hich 02 belongs.
Then B2 covers b and, by Lemma 3.1. B2N ""=B 1 . Clearly B2 covers a unique
block b of QN that covers b. (Note that Q N < IN G (Q )N nT .) Since Q_DnN, Q
is  a  defect group o f  7; b y  [10, Lemma 4.13]. So a  defect group D2 of B2 con-
tains Q b y  [8, Proposition 4.21 a n d  then, since Cr (D2) --Cr (Q) N G(Q)N nT,
B2

T is defined. Put B' =B2 T . Then B' covers b by Lemma 1.3 and, since B2G =
(B2 " ) G =B, B' G  =B  b y  [11, Lemma 5.3.1]. Since a  defect group of B' con-
tains D2, B' is  a  required block.

By Lemma 3.2 (ii), there  is .75' E IBr (B100 w ith ht (0') =ht (00. Now let

0= O rG . Then 0 E IBr (B100 = IBr (B10) by Lemma 3.1, and ht (0) — ht (0) =
ht (0) — ht (0') d (B) — d (B') d  (B) (iQI) . Thus a(0, B) B).

N o w  w e  sh o w  th e  re v e rse  inequality. L e t  0  E  IBr (B10) .  L e t  0 ' E

IBr (TG (0)10) be such that O'G = 0 and B' the block of  T G  ((,11) to which 0' be-
longs. Let D' be a  defect group of B'. Since B'G  =B  by Lemma 3.1, we get that
ht (0) — ht (0') = d (B) — d (B ') and  th a t I f '  D  fo r  some t e  G. Then Dr`
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DnTG (V )  and v (ID : DnT G cool) —d (B') = ht (0) — ht (0') h t (0 )
—ht (0) by Lemma 3.2 (i). Thus the reverse inequality is also true.

a' (0, = pkb, :  Let tE TG (b) . Since DN/N is  a p-group and Ot be-
longs to b, IBr (1) 100 consists of a single character, say O. Since the ramifica-
t io n  index of  8  re la tiv e  t o  N  e q u a ls  1 , w e  g e t  ht ( 0 )  — ht (0) =

(IDN : DNnTG (0 ) I) . So

a' (0, B) =min{»(IDN : DNnT G (M I )  te TG(b)) .

Since v(IDN : D N n T  ((P)I) =  (ID : DnTG ((POI) the result follows.
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Note added on August 30,1995.
For shorter (module-theoretical) proofs of Lemma 2.2 and Lemma 3.2 (i), and related results, see
A. Watanabe: Normal subgroups and multiplicities of indecomposable modules, preprint.


