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Normal subgroups and heights of characters
By

Masafumi MURAI

Introduction

Let G be a finite group and p a prime. Suppose we are given an irreduci-
ble character x of G such that yu is irreducible for a normal subgroup N of G.
Then every irreducible character { of G lying over xu is written as {=x @ for

a unique irfeducible character 6 of G/N. Let B (resp. B) be the block of G
(resp. G/N)to which {(resp. 6) belongs. It is natural to ask how B and B are

related. If x is the trivial character then B is just a block which dominates B
and basic facts, including the relations between defect groups of these blocks,
are known (cf. [11, Chapter 5, Sections 8.2 and 8.3]). (We note that we have
shown, with no restrictions on N, that there exists a block of G/N dominated
by B with defect group DN/N for a defect group D of B, cf. [10, Remark 4.7].)
We shall show in Section 1 that, for an arbitrary yx, the situation is quite ana-
logous to that of the usual “domination” above. The same is true when X is an
irreducible Brauer character. Actually the results are obtained in a more
general setting, that is, we consider “V-domination” for suitable indecompos-
able G-modules V.

To explain the results in Section 2 we need to introduce some notation.
Let B be a block of G which covers a block b of a normal subgroup N of G. Let
&€ be an irreducible character in b. Let T¢ (b) be the inertial group of b in G.
As in [10] we call a defect group D of B an inertial defect group of B if D is a
defect group of the Fong-Reynolds correspondent of B in T¢ (b). Fix an iner-
tial defect group D of B. Let Irr (B|€) be the set of irreducible characters in B
lying over &. In Section 2 we shall show that

min{ht (x) —ht (§) [x EIrr (B|€) }

is determined by information on DN and the T¢ (b) -conjugates of €. This ex-
tends some results in [10]. As an application we shall obtain a result related
to the Dade conjecture [3]. We shall also obtain a slight extension of the
Gluck-Wolf theorem [5].

In Section 3 we shall give the modular version of the above.

Throughout this paper let (K, R, k) be a p-modular system. We assume
that K is sufficiently large with respect to G and that k is algebraically closed.
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The maximal ideal of R is denoted by (). Let v be the valuation of K normal-
ized so that v(p) =1.

The author would like to express his thanks to Professor Y. Tsushima for
his interest in [10] and to the referee for valuable suggestions.

1. Domination of blocks of a factor group

Throughout this section, N is a normal subgroup of a finite group G and
V is an indecomposable 0G-module such that Vy is indecomposable, where o
denotes R or k. The block of N to which Vy belongs is denoted by b.

We say that a block B of G dominates a block B of G/N through V (simply

B V-dominates B) if there exists an o [G/N] -module X in B such that
V®Inf(X) (=V ®,Inf(X)) lies in B, where Inf (X) denotes the inflation of X
to G. So when V is the trivial module, “V-domination” coincides with the usual
“domination”.

In the following we understand # =0 when o = k. All oG-modules are
assumed to be o-free of finite rank.

The following extends [6, VIL 9.12 (i), (iii)] slightly.

Lemma 1.1 (i) Let W be an indecomposable 0 [G/N]-module. If 0=R,
assume that W/TW is indecomposable. Then V ® Inf(W) is indecomposable. In
particular, V ® Inf (W) is indecomposable for every projective indecomposable
module W.

(ii) Let Wand W’ be 0[G/N]-modules. If V ®Inf(W) | V ®Inf(W"), then
W/aW|W/zw".

Proof. We shall prove the assertion by mimicking the proof of [6, VII
9.12]. Put E=Endw (V).

(i) Let ¢ €Endo (V ®Inf(W)) be an idempotent. Put m = rank.W. Let
{w;} be an o-basis of W. Let

wig =2 aij (g)wj, a;;€o, for every gEG.
i

Put
(v ®w;) ¢= 22 v¢hi; ®wj, P EE.
j

As in [6], we get
Z aij (g) Qix= Z(bu‘g Ak (g), for 14, k=m.

J J
Since E=0ly+J(E), we may take 1;;€n, 0i; €J(E) so that ¢;=2;; 1y +
0ij for 1=14, j=m. Then we get

2ai; (@) An=2 Aij ajx(g) (mod 7), for 1=i, k=m,
j j

since moly=o0ly M J(E).
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Let A € Matn, (k) be the matrix whose (i, §) -th entry is A; + mo. Since
W/m W is indecomposable, the above shows that A is the identity matrix or 0.
We may assume A=0. So (¢i;) € Matm (J(E)) =J (Matn (E)). Since (¢ij) is an
idempotent, it follows that (¢;) =0 and hence ¢=0. This completes the proof.

(i) Let ¢: V®Inf(W) — V®Inf (W) and ¢: V ®Inf(W') — V ®Inf (W)
be 0G-homomorphisms such that @¢ is the identity map of V ®Inf (W) . Let
{w;} (resp. {w's}) be an o-basis of W(resp. W). We may write

(v ®w;) p= 2 vPis ®w's, vEV,
S

where ¢isEE. Also
('U ®w/s) (/): Z 'U(,bsi ®wiy vE Vv
i

where ¢s; €E. Then we get
2 Pishsi=0ijly,
s

where 0;; is the Kronecker delta. Put @is=2is lv+ 0is, ¢si = ttsi 1v+ 05, where
/{i& ,usieo. Ois, Osi E](E) . We get

2 Aisttsi=0ij (mod ),
S
as above. Now define the k-linear map ¢: W/ zW — W'/aW’ by
wia =2 /Tis w's,
N
where w;=w; +7W, w's=w's+7W’, and Ais=Ais+ mo. Similarly define the
k-linear map ¢: W' /aW — W/mW by
\ w/s_ﬁb.:ZHsi wi«
1
Then clearly 55 is the identity map of W/mW. On the other hand, if we let
wig=2 ai;(g)w;, ai;(g) €0, and
j

wg=2 by (g)w', by (g) Eo, for every gEG,
t

then we get
Z aij (g) it= Z¢isg bs: (g) .
J s

From this we get as above,

Z aij (g) thEZ/lis bs: (g) (mOd 7'[)-

This implies that a is a kG-homomorphism. Similarly a is a kG-homomorph-
ism. Thus the result follows.
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Theorem 1.2. (i) A block B of G V-dominates a block of G/N if and
only if B covers b.

(ii)  Every block B of G/N is V-dominated by a unique block, say B, of G. In
that case, for every 0[G/N]-module W in B, V ®Inf (W) lies in B.

Proof. (i) if part: If B covers b, then (V)€ has an indecomposable sum-
mand U lying in B. Since (Vy)¢=V ®0[G/N], we have, by Lemma 1.1 (i), U
=V ®Inf (P) for some projective indecomposable o [G/N] -module P. So B
V-dominates the block of G/N containing P.

only if part: This is easy to see.

(ii) Let B be a block of G/N. Choose a projective indecomposable 0[G/N]
-module P in B, then V ®Inf(P) is indecomposable. Let B be the block of G to
which V ®Inf (P) belongs. So B is V-dominated by B. To prove the assertion,
it suffices to show that for every o[G/N]-module W in B, V ®Inf (W) lies in
B. Suppose that we are given projective indecomposable o [G/N] -modules P,

and P, in B such that V ® Inf (P;) lies in B and that there is a non-zero
0 [G/N] -homomorphism f: Py = P,. Then 1y ®f: V®Inf (P;) = V ®Inf (P,) is
non-zero. Since V ®Inf (P;) is indecomposable, it follows that V ®Inf (P;) lies
in B. So, since V ®Inf(P) lies in B, the indecomposability of the Cartan matrix

of B yields that V ®Inf(Q) lies in B for every projective indecomposable mod-

ule Q in B. For every o [G/N] -module W in B, there is a surjection: V ®
Inf (Py) = V ®Inf (W) — 0, where Py is the projective cover of W. Since V ®
Inf (Py) lies in B by the above, so does V ®Inf (W). This completes the proof.

We need the following.

Lemma 1.3 Let N be a normal subgroup of a group G, and let H be a
subgroup of Gy such that HZ N,. Let b, be a Gi-invariant block of Ny. If B is a
block of H for which B,% is defined, then By covers by if and only if B,°* covers b,.

Proof. There are a kG,-module X in B;" and a kH-module Y in B; such
that ¥ is a direct summand of Xy by [11, Theorem 5.3.10] (see also [10,
Corollary 1.7(i)]). This yields the assertion.

Theorem 1.4. Let B be a block of G covering b and let D be a defect
group of B. Then:

(i)  For every block B of G/N which is V-dominated by B, a defect group of
B is contained in DN/N.

(ii)  Furthermore for some block B of G/N which is V-dominated by B,
DN/N is a defect group of B.

Proof. (i)If 0=F, let W be an irreducible module in B of height 0. If 0=R,
let W be an R-form of an irreducible K [G/N]-module in B of height O such
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that W/ W is indecomposable, cf.[4, I. 17.12] for the existence of such a W.
Then V @ Inf (W) is indecomposable by Lemma 1.1 (i) and lies in B by
Theorem 1.2 (ii). Let Q be a vertex of V ® Inf (W) . Since V ® Inf (W) is
QN-projective,

V ®Inf (W) | ((V ®Inf(W))en) ¢ =V ® ((Inf (W) ) ow) €.

Clearly ((Inf (W)) on) ¢ = Inf {(Won/wn) ¢/} . Hence W/zW is a summand of

(Wonsn) N/t (Wownsn) Y by Lemma 1.1. By the choice of W and Green’s
theorem, W/m W is an indecomposable module whose vertex is a defect group
of B. Since (Won/n) N/ (Wonsn) ¢/ is QN/N-projective and Q is contained
in a defect group of B, the result follows.

(ii) Put H=Ng (D) N and let B be the unique block of H with defect
group D such that B¢=B. Since V lies in b, b is G-invariant. So B covers b
by Lemma 1.3. Hence by Theorem 1.2 (i) there is a block B of H/N which is
Vu-dominated by B. Since DN/N is normal in H/N, it follows from (i) that
DN/N is a defect group of B,. Here we note that H=Ng (DN), ie. H/N =
Ng/n(DN/N). In fact, since b is G- invariant, if b is a unique block of DN that
covers b, then D is a defect group of b by [10, Lemma 2.2] and b is N¢ (DN)
-invariant. Hence the “Frattini argument” shows that H=Ng (DN). Thus if we

put B=B,%¥, then B has defect group DN/N by the First Main Theorem. So it

suffices to prove that B is V-dominated by B.

Let W be a module chosen as in the proof of (i) for B;. Then Vg ®Inf (W)
is an indecomposable module in B as above. (Here Inf (W) is the inflation of
W to H.) By the proof of (i) we see there is a vertex Q of Vg ®Inf(W) such
that QN = DN. Now let U be the Green correspondent of W with respect to
(G/N, DN/N, H/N). (Note that DN/N is a vertex of W.) Then U lies in B by
the Nagao-Green theorem [11, Theorem 5.3.12]. Clearly Vg ® Inf (W) |(V ®
Inf (U)) g, so there is an indecomposable summand X of V ®Inf (U) such that
Vi ®Inf (W) |Xxs. Since Ce (Q) =N (QN) =N (DN) =H, X belongs to B°=B by
the Nagao-Green theorem again. Then V ®Inf (U) lies in B by Theorem 1.2

(ii). So B is V-dominated by B. This completes the proof.

Let x (resp. ¢) be an irreducible character (resp. irreducible Brauer
character) of G such that xn(resp. ¢n) is irreducible. We say that a block of
B of G x-dominates (resp. ¢-dominates) a block B of G/N, if x ® { (resp.
¢ ® ¢) lies in B for an irreducible character { (resp. an irreducible Brauer

character ¢) in B. (In this paper we write x ®{ (or ¢ ®¢)) instead of x (or
¢¢) to avoid unnecessary confusions.)

Corollary 1.5 Let x and ¢ be as above. For every block B of G, let
BI(B, x) (resp. Bl (B, ¢)) be the set of blocks of G/N which are x-dominated
(resp. ¢p-dominated) by B.

(i) (.a) BI(B, x)# 0 if and only if B covers the block of N to which Xn
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belongs.

(i. b) Assume B1(B, x) # 0. Let D be a defect group of B. Then for every
block BEBI (B, %), a defect group of B is contained in DN/N. Furthermore there is
a block BEBI (B, x) such that DN/N is a defect group of B.

(i. ¢)  Every block B of G/N is x-dominated by a unique block, say B, of G.
In that case, for every 0€Irr (B), x ® < 1Irr (B) .

(ii) (i.a) BI(B, @) # @ if and only if B covers the block of N to which
PN belongs.

(ii. b) Assume BI(B, ¢) # 0. Let D be a defect group of B. Then for every
block BEBL (B, @), a defect group of B is contained in DN/N. Furthermore there
is a block BEBI (B, ¢) such that DN/N is a defect group of B.

(ii. ¢)  Ewvery block B of G/N is ¢-dominated by a unique block, say B, of G.
In that case, for every 0 € IBr (B), ¢ ®HEIBr (B).

Proof. (i) Let V be an R-form of a KG-module affording x. Then clearly a

block B of G/N is x-dominated by B if and only if B is V-dominated by B.
(i. a) By the above, the assertion follows from Theorem 1.2(i).
(i. b) Similarly this follows from Theorem 1.4.
(i. ¢) Asis well-known, x ®46 is irreducible for every §€Irr (G/N). Theorem

1.2 (ii) yields that {x ®0|0€Irr (13)} is contained in a single block of G.
The proof of (i) is similar.

2. Normal subgroups and heights of irreducible characters

For an irreducible character x lying in a (p-) block B of a group G, let 6,
be the class function on G defined by

0, (x) =p*®x (x) if x is p-regular,
=0 otherwise,

where d (B) is the defect of B.

Lemma 2.1 Let B be a block of G. Let b be a block of a subgroup H of G
such that b°=B and that d (b) =d (B). Let { be an irreducible character of height
0 in b. Then for every x €lrr (B), we have :

i) v((xm 0w =ht(X).
(ii)  There is a constituent N E1rr (b) of xux with ht(n) =ht(x).

Proof. (i) By Frobenius reciprocity (xu, 07) #= (6, {%)¢. As in [10, Sec-
tion 1], let (£€)*= 2% (x7!) x, where x runs through the p-regular elements

of G. Then (6, L% ¢|G|/ @*®x (1)) = wy ((L°) *), where w, is the central
character corresponding to x. Since B-component of {¢ is of height 0 [10,
Proposition 1.8(ii)], the result follows from[10, Theorem 1.3].
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(ii) This follows from (i), cf. [1].

In the rest of this section we use the following notation:

N is a normal subgroup of a group G, § is an irreducible character of N, b
is the block of N to which & belongs, and B is a block of G covering b.

Let T¢ (§) be the inertial group of § in G. Let Irr (B|€) be the set of irre-
ducible characters in B lying over &, that is,

Irr (B|€) = {x €lrr B) | (xn, & v#0} .

Let T¢ (b) be the inertial group of b in G.
The following generalizes Corollary 4.2 (i) in[10].

Lemma 2.2.  For every x €Irr (B|€), we have ht (x) Zht (&).

Proof. Let x Elrr (B|€). Let x' €Irr (T (£)|€) be such that x =y and let
B’ be the block of T¢(&) to which x' belongs. Then it follows that ht (x) =

ht(x) +d(B) —d(B) = ht (x'), since B® = B. So we may assume £ is
G-invariant. Take a central extension of G,
—~ /
1-2Z—-+G—=G—1,

such that /' (N) =N, X Z, N, < G and that € extends to a character of G, say
S under the identification of N; with N through f, and that Z is a finite cyclic
group. Let B (resp. x) be the inflation of B (resp X) to G. Then there is an

irreducible character 6 of G/N such thatAX =£06. Let B be the block of
G /N to which 6 belongs. Then we get ht (3 ) =ht (§) +ht () +d (B) —d (b) -

d(B). Let D be a defect group of B. Then DN/N contains a defect group of B

by Corollary 1.5 (i), so we get d (B) —d (b) —d (B) 20. (Note that D[N is a
defect group of b [8 Proposition 4.2].) On the other hand, since G is a cen-
tral extension of G, DZ/Z is a defect group of B. This implies ht(x) =ht (x)
since a Sylow p-subgroup of Z is contained in D. Hence ht (x) =ht(&).

Fix an inertial defect group D of B and let /b\ be a unique block of DN
covering b. Put

a(£ B) =min{ht (x) —ht(§)|x Elrr (B|&)},
a’ (& B) =min{ht () —ht(§) |CeIrr(?b\|{€T""”})}, and
Q is a subgroup of D such that
B(&, B) =minjd (B) —v(|Q])| £’ extends to QN for some
tE T (b)
where Irr (;|{ST"”’)}) denotes the set of irreducible characters in b lying over
a T¢ (b) -conjugate of &.

We note that the quantities &’ (§, B) and B(& B) do not depend on a par-
ticular choice of D, since D is determined up to T¢ (b) -conjugacy.
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We have shown in [10, Theorem 4.4 (i)] that if ht (§) =0, then a (€, B)
=0 if and only if B(§ B) =0. Now we extend this as follows:

Theorem 2.3 With the notation above, we have a (€, B) =a’ (€, B) =
B(& B).

Proof. o (€, B) = o (§ B): We may assume that G = T¢ (b) by the
Fong-Reynolds theorem. Flrst we show that for any x € Irr BIE) there is a
character { EIrr (b [{€7®}) such that ht (x) = ht ({) . Let B be the unique
block of N (D) N_with defect group D such that BS=B, By Lemma 2.1 there
is a constituent X €Irr (B) of xnmn with ht (x) Zht (x). Since B covers b
by Lemma 1.3, B covers b (note that DN N¢(D)N). Furthermore, since b is
G invariant, b is N¢ (D) N-invariant. So every irreducible constituent { of
X pw lies in b and by Lemma 2.2 ht (x) = ht(£). Thus any such £ is a re-
quired character.

Next we show that for any { € Irr( b [{E7}) | there is a character X €
Irr (B|€) such that ht (x) =ht({). This is proved as in the proof of Lemma 4.3
in [10]. In fact, let B be the block of N¢ (D) N as above. Since B covers b,
there is a character ¥ € Irr B|O Then, as is well-known, v (’)Z 1) =

v (INg D)N/DNI)-l—v (1)). Since B®=B, we have v (x%(1)) =v(x(1)),
where x 8 denotes the B- component of x¢([4, V. 1. 3]) So there is an irre-
ducible constituent x of x % such that v(x (1)) =(x¢(1)). Then easy com-
putations show that ht (x) =ht () and, by Frobenius reciprocity, x €Irr (B|€).
This completes the proof.

o (& B) =B(& B) : For every tET¢(b), put
o =mintht ({) — E)|C€Irr(/b\|5‘)} , and
® is a subgroup of D such that
B:=min{d (B) —v(|Ql)| & extends to QN

Since & (€, B) =min{a/[tE T (b)} and B(€, B) =min{B|tET¢ (b)}, it suffices
to show that o', =p; for every t ET¢ (b). Fix tE T¢ (b) and put §=§". Let Q
be a subgroup of D such that QN has a character n with ny=_&;. There is an

irreducible constituent { of n®Y with
v(£1)) =v(n(1)) +v(DN: QN =v(E(1)) +v(D: QD).

Since v (IDN]) —d (B) =v (IN]) —d (b), we get ht ({) =ht (&) +d B) —v (Q]).
Since ( lies in b it follows that s =8,. Conversely let {EIrr (b |&). Since
DN/N is a p-group, there are a subgroup H with NSH=DN and a character 7
E1rr (H) such that ny=2E&, and that n®Y ={ by [7, Theorem 6.22]. We have H
=QN with Q=DNH. Then ht ({) =ht (€) +d (B) —v(|Ql). Hence B:=a’:. Thus
o y=p:. This completes the proof.

In[3], E. C. Dade conjectures the following. Assume that O, (G) is central
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in G and that O, (G) is not a defect group of a block B of G. Then for every
irreducible character ¢ of O, (G) and for all integers h,

(*) k(B, hl¢) =§ (-1) 'C'+‘§k(B', d(B") —d (B) +hlg),

where C runs through a certain set of “p-chains” with |C|>0 and B’ runs
through the blocks of Ng (C) with B¢=B. Here k (B, h|¢) denotes the number
of irreducible characters in B of height & which lie over ¢@.

Put h,=min{v(£(1))|CEIrr (D|g)}.

Corollary 2.4 The equality (*) is true for every h<h,.

Proof. Let h <h;. We shall show that all the terms appearing in (*) are 0.
By applying Theorem 2.3 with O, (G) and ¢ in place of N and & we get
min{ht (x)|x €Irr (Bl¢)} =h,. Hence k (B, h|¢) =0.

If k(B, d(B) —d(B) +h|@) #0 for some B, then, by Theorem 2.3, there
is a subgroup Q=0, (G) of a defect group D’ of B" such that ¢ extends to Q
and that v(|D":Q|) =d (B) —d (B) +h. Let D; be a defect group of B containing
D’. Then v (ID; : Q|) =h, so k (B, '|¢) #0 for some b’ =h by Theorem 2.3.
This contradicts the above. Thus the result follows.

Now put
(& B) =maxf{ht(x) —ht(§)|x EIrr (BE)} .

For a solvable group X, let d1(X) be the derived length of X. Define the
commutator subgroups of X by X=X, X9 = [x“V X“V] (;=1). The fol-
lowing is a slight extension of a theorem of Gluck-Wolf [5]. (In fact, letting N
=1, we recover Theorem D in [5].)

Theorem 2.5. Let D be a defect group of B. If G/N is p-solvable, then
dl(DN/N) =27(€ B)+ 1.

Proof. First we assume 7 (€, B) =0 and show that DN/N is abelian. We
argue by induction on |G/N].

We may assume £ is G-invariant. In fact, let x €Irr (B|€) and let x' €
Irr (T¢ (€) |€) be such that x’¢=x, and let B" be the block of T (€) to which
% belongs. Then ht (x) =ht (x") +d (B) —d (B’) 2ht (x’) 2ht (§) by Lemma
2.2. Hence equality holds throughout by assumption. Thus B" and B have a
common defect group. For any n €Irr (B'|§), we have n¢ €Irr (B|€) and ht ()
=ht () =ht (€). Thus 7 (& B’) =0. So, if Tc (£) #G, then the result follows
by induction.

We may assume Oy (G/N) =1. In fact, let L/N=0,(G/N) #1. Choose n €
Irr (L|€) so that the block of L containing 7 is covered by B. Clearly ht(y) =
ht (§). This and Irr (B|n) Slrr (B|€) show 7(n, B) =0. By induction DL/L is
abelian and then so is DN/N, since L/N is a p’-group.

Now let
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~ f
1=Z=>G—G—1,

be a central extension of G as in the proof of Lemma 2.2. Choose any x €
Irr (B|€). Let B (resp. x) be the inflation of B (resp. x) to G. Put G = G /N.

There is an irreducible character 6 of G such that X = E ® 6. Let B be the
block of G to which 6 belongs. Let D be a defect group of B and put D =

DN/N. Then, since ht (x) =ht (€), we get that D is a defect group of B and
that ht () =0, cf. the_proof of Lemma 2.2. Now put Z =ZN/N. Let pE€1Irr (Z)
be a constituent of &2 We may regard g as a character of Z in a natural
way. Since G/Z =G/N, we see Oy (G) =0y (Z). Then, since G is p-solvable,
it follows from Fong’s theorem (cf. for example [9, Theorem 0.28]) that all
irreducible characters of G lying over the character u~! of Z lie in B and
that D is a Sylow p-subgroup of G. So for every ¢ €lrr (G lp™), E ®¢ e
Irr (B|€) by Corollary 1.5 (i) and then & ®§' is inflated from a character in
Irr (B|€), which implies (as above) ht (#) =0 and & (1) is prime to p. Thus

by Gluck-Wolf [5, Theorem A], D Z/Z is abelian. Since DN/N= DNZ/NZ=.
D Z/ Z, the result follows.

For the general case we argue by induction on |G/N| along the line of the
proof of Corollary 14.7 (a) in [9] . By the above, we may assume that
7(&, B) 21 and that DN/N is nonabelian. Let N=L,<L; << L,=G be a
chief series (of G/N). Take blocks b; of L; so that bo=b, b,=B, and b; covers
bi—; for 1 =i <n. Let Q; be a defect group of b; for 0 =i =u. Since DN/N is
nonabelian, we can choose ;=1 so that Q;N/N is nonabelian and Q;_i\N/N is
abelian. (Note that then L;/L; ; is an abelian p-group.) By the above, there is
CE Irr (b;|€) such that ht({) —ht(€) 2 1. Then 7({, B) <7(£ B) —1 and by
induction d1(DL;/L;) =2y({, B) +1. Put d=dl(DL,/L;). So D' =<D(\L;. On the
other hand, Q;¥ =Q;(Lj-1, since Lj/Lj-; is abelian. Since D(L; is
G-conjugate to Q; and Q;(\Lj-; is Lj-conjugate to Q;—; by [8, Proposition 4.2],
the fact that Q;-;'Y =N now implies dl(DN/N) =d + 2. Thus dl(DN/N) £
2(r(§ B) —1) +3=27(§, B) +1. This completes the proof.

3. Normal subgroups and heights of irreducible Brauer characters

In this section we shall show the modular version of Theorem 2.3.

Throughout this section we use the following notation:

N is a normal subgroup of a group G, ¢ is an irreducible Brauer charac-
ter of N, b is the block of N to which ¢ belongs, and B is a block of G cover-
ing b.

Let T (¢) be the inertial group of ¢ in G. Let IBr (B|¢)) be the set of irre-
ducible Brauer characters in B lying over ¢.

The following is well-known in the case of (ordinary) irreducible charac-
ters, cf. [11, Lemma 5.3.1(ii)].
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Lemma 3.1. Let the notation be as above. Let € 1Br (Bl¢p) and let ¢' €
IBr (T (¢) |¢) be such that ¢'¢=¢. If B is the block of T (¢) containing @',
then B'C is defined and equals B.

Proof. By the Fong-Reynolds theorem, we may assume that b is
G-invariant. Let T" = () T¢ (§) , where & runs through Irr(b) . Clearly
T'}ATe () =G. Also T'< T¢ (¢), since ¢ is an integral linear combination of
the irreducible characters in b (on the set of p-regular elements of N). Let B,
be a block of T' covered by B'. Then by [10, Lemma 4.14 (i)], B =B," .
Since B also covers B;, B=B;¢ by the same reason. Hence B¢ is defined and
equals B([11, Lemma 5.3.1]).

Lemma 3.2. Let the notation be as above. Then
(i) ht(¢) 2ht(p) for every pE1Br (B|¢).
(ii)  If ¢ is G-invariant, then there is ¢ E1Br (B|¢)) with ht (@) =ht (¢).

Proof. (i) The proof is much the same as that of Lemma 2.2. But we re-
peat it here, since it is necessary for the proof of (ii). :

Let ¢ <IBr (B|¢). Let ¢ €IBr (T¢ (¢) |¢) be such that ¢ ¢=¢ and let B’
be the block of T¢(¢p) to which ¢ belongs. Then it follows that ht (¢) =ht (¢")

+d(B) —d(B’) 2ht(¢'), since B =B by Lemma 3.1. So we may assume ¢ is
G-invariant. Take a central extension of G,

~ f
1-2Z—-G—-G—1,

such that f~* (N) =N1 X Z, N1 < G and that ¢ extends to a Brauer character of
G, say ¢, under the identification of N1 with N through f, and that Z is a fi-
nite cyclic group. Let B (resp. ¢) be the inflation of B (resp. ¢) to G. There

is an irreducible Brauer character 6 of E/N such that 8 = a ®6. If B is the
block of G/N to which 6 belongs, d (B ) —d () —d(B) =20 by Corollary 1.5
(ii). Since ht(¢) =ht (¢) we get ht (¢) th(gb)

(ii) Let G, ¢, B be as above. Clearly B covers b. So by Corollary 1.5
(i), we can choose a block B of G/N which is gb—dommated by B and for
which d (E) —d () —d (1_3) =0. Let @ be an irreducible Brauer character lying
in B of he1ght 0. Then gb ®l9 is an irreducible Brauer character lying in B by
Corollary 1.5 (ii) and ht (¢ ®6) =ht (¢). Since B covers the principal block
Bo(Z) of Z and 1Br (Bo(Z)) consists of only the trivial character, ¢ ® 8 is tri-

vial on Z. Thus gb ® 6 is inflated from some @€ IBr (B|¢)) and then ht (gb ®6)
=ht (@) as above. So ht (@) =ht(¢). This completes the proof.

Fix an inertial defect group D of B and let l)\ be a unique block of DN
covering b. Let T¢ (b) be the inertial group of b in G.
Put
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a(¢, B) =min{ht () —ht (¢) [¢E€1Br (B|¢) }
o (¢, B) =min{ht (§) —ht (¢) |#€IBr (b [{¢™®})}, and
Q is a subgroup of D such

B(¢, B) =min{d (B) —v(|Q])| that ¢ extends to QN for |,
some tE€ T (b)

where IBr (b |[{¢™®}) denotes the set of irreducible Brauer characters in b
lying over a Tg (b) -conjugate of ¢.

As in Section 2, the quantities & (¢, B) and B(¢, B) do not depend on a
particular choice of D. Also we have shown in [10, Theorem 4.4 (ii)] that if
ht (¢) =0, then a (¢, B) =0 if and only if 8(¢, B) =0. We extend this as fol-
lows:

Theorem 3.3. With the notation above, we have a (¢, B) = (¢, B) =
B(¢, B).

Proof. We may rewrite 8(¢, B) as follows:
B(¢, B) =min{v(ID: DNTe (¢*)]) [tETe (b)}.

In fact, if ¢', t € T¢ (b), is Q-invariant for a subgroup @ =D, then ¢
necessarily extends to @N. From this the above follows.

a(¢, B) =B (¢, B): By the Fong-Reynolds theorem, we may assume that b
is G-invariant. First we show a (¢, B) =B (¢, B) . Let t €G and put Q =
DN T (¢'). We shall show there is € IBr (B|¢) with ht(¢) —ht (¢) =d (B) —
v(|Ql). We claim there is a block B’ of T=T¢(¢*) such that:

B’ covers b, B =B and Q is contained in a defect group of B'.

Since Q =D, there is a block B of N¢ (Q) N with B, =B. Then B, covers b
by Lemma 1.3. Choose ¢, € IBr (B:|¢)") and let ¢, € IBr (N¢ (Q) NN T|¢") be
such that ¢;°= ¢;. Let B, be the block of Ng (Q) N(\T to which ¢; belongs.
Then B; covers b and, by Lemma 3.1. B"*@N=PR, Clearly B, covers a unique
block b of QN that covers b. (Note that QN<IN¢(Q)NMT.) Since Q2D(N, Q
is a defect group of b by [10, Lemma 4.13]. So a defect group D; of Bz con-
tains Q by [8, Proposition 4.2] and then, since Cr(Dz) =Cr(Q) =N (Q)NNT,
B,T is defined. Put B°=B,T. Then B’ covers b by Lemma 1.3 and, since B.*=
(BN@N)¢=B B¢=B by [11, Lemma 5.3.1]. Since a defect group of B’ con-
tains Dz, B’ is a required block.

By Lemma 3.2 (ii), there is ¢ €IBr (B’|¢*) with ht (¢") =ht (¢). Now let
$=¢'¢. Then @€ IBr (B|¢*) =IBr (B|¢)) by Lemma 3.1, and ht (¢) —ht (¢) =
ht (¢) —ht(¢") =d (B) —d (B) =d (B) —v(IQ]). Thus ar(¢, B) <B(¢, B).

Now we show the reverse inequality. Let ¢ € IBr(B|¢) . Let ¢ €
IBr (T¢ (¢) |¢)) be such that ¢’¢=¢ and B’ the block of T¢ (¢) to which ¢ be-
longs. Let D’ be a defect group of B". Since B'*=B by Lemma 3.1, we get that

ht (¢) — ht (¢') =d(B) —d(B’) and that D" =D for some t € G. Then D"
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<DNTe(¢") and v(ID : DT (¢")|) £d (B) —d (B) =ht(¢) —ht(¢) =ht (¢)
—ht (¢)) by Lemma 3.2(i). Thus the reverse inequality is also true.

o (¢, B) =B(¢, B) : Let t € T¢ (b). Since DN/N is a p-group and ¢ be-

longs to b, IBr (b |¢) consists of a single character, say 6. Since the ramifica-
tion index of 6 relative to N equals 1, we get ht(6) — ht(¢) =
v(IDN : DNNTe (¢)1]). So

(1]

(2]
(3]
[4]
(5]

(6]
(7]
(8]
(9]
(10]

(1]

& (¢, B) =min{v(IDN : DNNTs (¢) )| tETc ()} .
Since v(IDN : DNNT¢ (¢")]) =v(ID : DNT¢ (¢*)]), the result follows.
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