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Adjoint actions on the modulo 5 homology

groups of E8 and QE8

By

Hiroaki HAMANAKA, Shin-ichiro HARA and Akira KONG

1. Introduction

Borel proved in  [ 2 ]  th a t the  integral homology group o f the  exceptional
Lie group Es is not 5-torsion free and

H(E8;Z/5)=.- A (x3,x11.x15,x23,x27-T35,x39,x47) Z/5 [x12] / (X12 5), with ixil =i,

as algebra.
A raki showed the non-com m utativity of the Pontrjagin ring H* (Es;Z/5)

i n  [ 1 ] .  T h e  w hole  H opi a lgebra  structure  and the cohom ology operations
were determined by Kono in  [ 6 ] .  B u t  it w as due to  the  partia l computation
of Cotor H * (E ' z / 5 ) ( Z /5 ,Z /5 ) ,  w h ic h  w a s  ra th e r  c o m p lic a te d . I n  [ 5 ] ,  using
secondary cohomology operations, Kane gave a  general theorem to determine
the Pontrjagin ring which is non-commutative and determined H*(Es;Z/5) as a
Hopf algebra over S615.

Also, fo r a  com pact, connected L ie g roup  G, th e  f re e  loop group o f  G
denoted by LG(G) is  the space of free loops on G equiped w ith multiplication
as

0 • 0 (t) (t) • 0 (t),

and has QG as its normal subgroup. T hus

LG(G)/S2G--=•G,

and identifying elem ents of G  w ith  constant m aps from  S 1 t o  G, LG (G) is
equal to the sem i-direct product of G a n d  Q G . T h is  means that the homology
o f LG (G ) is de term ined  by  th e  homology o f  G  and Q G  as m odule  and the
algebra structure of H*(LG(G);Z/p) depends on H*(Ad;Z/P) where

Ad:G X  QG— >QG

is  th e  ad jo in t m ap . Since the  next diagram  commutes w here 11,2' and ,tt are
the m ultiplication m aps o f  Q G , LG (G ) a n d  G  respectively a n d  co i s  the
composition
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(1 s2G x TX 1G) ° (1s2G.G x Ad x 1G) ° (1QG x AG X  
1

s2GxG),

Ax a
S2GxGxS2GxG -- - - S2GxS-2G xG xG - - Q G x G

x 2'
LG (G) x LG (G)  (G)

w e can determ ine directly  th e  algebra struc tu re  o f H* (LG (G);Z/P) b y  the
knowledge o f  th e  Hopf algebra  s tru c tu re  o f  H* (G;Z/p), H* (S2G;Z/p) and
induced homology map H * (A d;Z /p). See Theorem  6.12 o f  [4 ]  fo r  detail.
M oreover, in [ 8 ] ,  it i s  s h o w e d  th a t  p r o v id e d  G  is sim ply connected,
H* (Ad;Z/p) is equal to the induced homology map of second projection if and
o n ly  i f  H * (G ;Z ) i s  p - torsion free. T h u s  t h e  c a s e  o f  (G  ,p) =  (E8 ,5) is
non - trivial.

In this paper we determine H*  (Ad;Z/5) for G = E 8 a n d  a t the same time,
we offer a more simple method for the determination of the coproduct and the
cohornology operations on H* (E8 :Z /5) using the adjoint actions of .E8 on QE8 .
We also determine H* (52E8;Z/5) as a Hopf algebra over S45.

This paper is organized as fo llo w s . In the next section we breifly see the
algebra structures of H* (E;Z/5) and H * (QE:Z/5) using the Serre spectral
sequences. In the th ird  section we determine the adjoint action of H*  (Es:Z/5)
on H*  (S2E8 ;Z /5) which was introduced i n  [8]. It gives an  easy computation
of the Hopf algebra structures and the cohomology operations on them.

2. Algebra structures

Let n (j) , <8), b e  the exponent of Eg, i.e.

fn ( j)  } ,,,, s = (1, 7, 11, 13, 17, 19, 23, 29).

F irs t  w e  se e  H* (S2E8 :Z /5 )  fo r  low  d im ensions. L e t R  b e  th e  algebra
Z/5 [ a 2 n w i l w i t h  l a ,  =  i. B y  Bott ( [3] ) , t h e  H o p f  algebra
H* (QE8:Z/5) is  'isom orph ic  to  R  a s  a  v e c to r  s p a c e . T h e re  is  a  m ap  q:
SU (9) — T 8  w hich induces a n  isomorphism o f  7r3. T hen, Qq: QSU (9) - - q2E8
in d u c e s  a n  isomorhpism o f  7E2 a n d ,  a s  sh o w e d  in [7], (Qq) *  a2
1/2 (Q SU (9);Z /5) is  n o n t r iv ia l  a n d  ((Q q)*  a2) 0  f o r  t h e  generator
a2 EH 2 (S2E8;Z /5 ) .  T h u s  w e  have a2

50 .  It fo llo w s th a t H* ( --2.E8 ;Z / 5 ) is
isomorphic to R  f o r  *  < 5 0  a s  a lgebra . N ext there  is tw o possib ilities (I):
a2

25 0  a n d  (II): a2
25 =  0 .  That is, we can assume it is isom orphic to (I): R or

(II): R/ (a225 ) OZ/5[a50], for * <10 .n (2) =70, where las o l =50.
Consider the following Serre fibre sequences:

k

(z,3),
Q k—*K (Z,1) — ).QÊ-

8
—  Q E 8 ,

Q.E8— )'*
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where c induces an isomorphism of r 3 .

Let f?" = Z/5 [ä2n(i)12 with 1c1il = i. Computing the Serre spectral
sequence associated to ( 2 ) ,  we can see that, f o r  *  < 7 0 ,  H* (QE- 8;Z/5) is
isomorphic to (I): it'." o r  (II): R  0  A (cT49) O  Z / 5  [a50] according to the case:
a 2

2 5 * 0  or a22 5 = 0 .  Let A (x2n(J)+112 8 )  with 11i1 = i .  Again computing
the spectral sequence associated to (3 ) , we have , fo r *  <71, H* (f8 ;Z / 5 ) is
isomorphic to (I): o r  (II): .§- 0Z/5[150] OA (15 ) where 1:f501 = 50, 11511=51.

Recall the fact:

(Z,3);Z/5)-'1=- A (43,u11,74,51,• • •) Z/5 [1112vit 52, • .] I — iv (4)

where u11=9) 1 u3, 1012=S14ii, u9i= r u n  and u52=i3u51.
Let x i = c* (u ,) , for i =11, 12, 51 and 52, in H* (E8 ;Z / 5 ). By the spectral

sequence associated to ( 1 )  ,  we obtain, f o r  *  < 5 8 ,  H* (E 8 ;Z /5) f".=--  ( I ) :
S O  A  (xii,x5i) O Z/5 [r12,x521 o r  ( I I ) :  S O  A  (x ii)  O  Z / 5  [x 1 2 ], where
S A (x 2n(J)+111 7 )  with lxi1 = i.

A s  dimE 8 =  2 4 8 , we can conclude that th e  p o ss ib le  c a se  is  (H )  and
.r 12

5 = 0 .  Moreover, th e  generators (x i )  a re  enough to generate H*  (E 8 ;Z/5).
We have determined the algebra structure.

Theorem 1. There is an algebra isomorphism:

H*  (E8 ;Z 15) "1=- A (X 2nlj)+111-j OA (xu) OZ/5 412] / (x12 5 ).

In  H* (P: 8 ;Z/5) , we can chose .150 and  ± - 5 1  such that r '1 50 =  usi and
r', 111:51 = u 52, where r '  is the  transgression. Then r '5 1)1.15 1 = 9' 11452 = 3° 1 53 ) 5 u  =
Y 613U11= ru n = tti2 5 . So we can chose 159 as 3) 1 1-

5 1 . Thus we have

Proposition 2. There is an isomorphism fo r * <71:

H * (8 ;Z /5) A  2n(j)+11
28 )  0 Z /5 [150] A (f si)

and

3 )1  (4 1 )

Because that â is transgressed to a n d  (S2k) a =d i  for i = 50,58, the
next proposition is obtained.

Proposition 3. There are isomorphisms fo r * <70:

H* (QÉ;Z/5) Z/5 [(7 12,7(;)12 8 ] O A  (d o ) Z/5 [a- 50] ,
H* (QE8;Z/5) -=" Z/5 [a2n0)12 -‹ 8] / (a2 2 5 ) Z /5 [a59] ,

with Y l (ci- 50) cissand 3)1 (ass) =:a58 (modulo decomposable).

By the use of a Rothenberg-Steenrod spectral sequence ( [1 0 ]) :

E 2 (11*(52E8;Z/5)) —= Ext H , ( Q E , , ,z / 5 ) (Z/ 5 ,Z / 5) E0.0= r  (H*  (E8;Z / 5) ) ,
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it is easily seen that

Theorem 4. There is an algebra isomorphism:

H* (QE8;z/5) Z/5 [t2n(;)11..j 8 ]  /  ( t2 5) 0 Z/5 [ h i p ] .

Remark. The algebra was determined first in [9].

Let a denote the homology su sp en sio n . Examining the spectral sequence,
we have the following proposition.

Proposition 5. a (t2 0 ) ,  ( 1 7) , and a (t10) are nontirivial primitive
elements in H*(E8;ZI5) .

3. Coproducts, cohomology operations and adjoint actions

L e t (  )*  denote the dual as to the monomial basis o f {x,} and put yi= (xl) * .
W e recall the adjoint action which was mentioned in  [8 ]. L e t ad :G  X G— >

G and Ad:G  X  Q G - 2 G  be the adjoint actions for the L ie group G .  Consider
the induced maps of homlogy groups:

ad*: H* (G) OH*(G) — >H *(G ),
Ad*: H (G ) O H *(Q G ) - 4 1-1*(QC)

Put y  *V =ad*(y O y') and y • t = y t= A d *  (y  e t ) .
Our result is the following.

Theorem 6.
satisfying that

In  H* (E8;Z/5) , there are y2„( ; ) + 1 , (1 Y127), and

Yi y3 yn 1/ 12 1/15 1/23 1/27 1/35 1J39 1/47

y u * y i 1/15 1/23 0 1/27 1/35 1/ 3 9 1/47 0 0

0 1/3 0 0 1/15 0 1/27 0 Y39
0 0 yn 0 0 0 0 0 0

A ll yi are primitive and 1112*1/i= = ynyi

Remark. This result coincides with that of §46-2 of [5].

From  now  on, w e prove this theorem  com bining the adjoint actions on
H* (.4 Z /5 )  a n d  H* (QE 8 ;Z/5) .

Dualizing the properties of ad* and Ad* stated in  [8 ], we have

Proposition 7. For y,y",y"EH*(G) and t,t' ,re/1*(Q G )
(1) l * y = y ,  l•t= t.
(2) y * 1 = 0  and y • 1=0, if  iyl >0.
(3) (y y ') t= y  (0 ) .

(0 )  (y7) ,(4) y  (tt') ( )= — 1 where A,Ky = Ey' y " i s  the
coproduct.
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(5) ç (y  t)*  (y) ç5 (t), where Ø is the coproduct and
( y '® " )  ( t '® t " )  =  ( - 1 )  y " l t '  (y 't '® y " t" ) .

(6) a (y  t) y  *  a (t), where a is the homology suspension.
(7) If  y  is prim itive then y  *  y' =  [y,y'],

where [y ,y '] =y y ' ( - 1 )  Iv Y ' I y ' y .

(8) If  t is prim itive then y  t is also prim itive.
(9) (y  *y ') > I y  * P v y ' and (y  t) 1 » y

Remark. In  our case, t  and It'I are always even.
So y (tt') (y 't) (y "t')  a n d  (y ' ® y " )  (t' ®t") =  (y 't' øy "t")

To state the non - commutativity of H (E s;Z /5 ) , we need only the fact:

Lemma 8.[ y 1 2 , y 3 ]  * 0 .

Pro o f . Suppose that [y12 ,y3 ] =  0. T h e n  H ( E s ;Z /5)A  ( y ,y u ,y i )  0
Z/5 [ P 1 2 ]  for *  < 2 3 .  L e t  {Er'}  be the Rothenberg - Steenrod spectral sequece
conversing to H* (BE8;Z/5). T h en  w e  h av e

E2' Z/5 [s (y e ) ,s ( p u )  s  ( p 1 5 ) ]  ØA (s ( p 1 2 ) )

f o r  t o t a l  d e g r e e  < 2 4 .  S in c e  E2 ' E '  in  th e s e  d e g r e e s ,  th e r e  a r e
indecomposable elem ents z 4 , z 1 2, z 1 5 and Z 3  in  H* (BE5;Z/5) corresponding to
s  (y ) , s  ( p u ) ,  s  (y ) a n d  s  ( p 1 2 ) ,  respectively. Especially ,  z 4 z13 *  0. I t  i s  a
contradiction. (For detail, see Lemma 5.3 and 5.4 of [6].)

Therefore  [ y 1 2 , y 3 ]  is the nontrivial prim itive elem ent. So w e m ay define
Plo by that.

Proposition 9. [y1z,y3] = Y15.

Since a ( y 12t2 ) =Y12 * a(t2) =Y12 
* 3 =

 [y12,y3]
 —

p15, y 12t2 is the  indecomposable
element. Thus we may assume that

t14 =y12t2.( 5 )

Then t 1 4  is primitive and  a (t 1 4 ) —P15.

Let ç1 be the  coproduct o f  H (Q E 8;Z/5) a n d  (t) =  ç (t)  -  t  0 1 -  1  0  t.
( ) * denotes the dual as to the monomial basis of (t 21 ). M u ltip ly in g  a  and t
by nonzero scalars or moving them modulo decomposable if we need, we may
assume that a2 fl)( t 2 » )  *, (1  ^ j  ^  8), a2° -  (t10) *  an d  a50 =  (t105) *A s  tio is
dual to a ° , it is easily verified that

=  4t 2
4 0 t 2 + 3t 2

3 ®t2
2 +3t 2

2 0 t 2
3 +4 t 2 ®t 2

4. (6)

P 1a2  =  a25 implies t 1 0 t 2 .  Define t2 2 '  by y12t1 0  -  t24 t 1 4 . T h e n  b y  ( 6 )
and Proposition 7, (t2 2 ') (y 12) (t10) -  q (t 2 ) 4 çS (t14) =  t2 2 ' 0 1  +  1 0 t2 2 '. On
the other hand, since andv t 1 4  are trivial, t 2 2 ' y j 2 Y v t i o y i 2 t 2 = t i 4 .
So t22' is nontrivial and prim itive. Put  t22 t22'. N ow  w e obtain the follow ing
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equations.

y 12t10 = 122 124 1 14, (7)

Y ) I0-22 = 114. (8)

Using Proposition 7  and y 12
5 = 0 ,  we can compute I I  t124 -22, tha t is,

y1241-22= y124 (y 121.10 +12 4 114) = y1251.10 +  124 (124 114) = y124 ( 124 t14)

Here, since yi2t; = 1 4 ,2 6 ,3 8 ) i s  primitive, the re  ex ists  p ;  E  Z / 5  such that
yi2t.i =p;t;+12, where t50 = t105 . Note tha t y12 (t10 5)  =  O. T h e r e f o r e  modulo the

,,„26. 38, 10 5 .,ideal (I- t  t we have

Y124 (  41 2 1 14) 41/ 312 ( 3 21 2 1 14 ) 12 2y 1 2  (  2 312 1 14) 24 (1/ 1 )"T"—= — 12 — 2-144 , — 5114.

B ut, since  y124 t22 i s  prim itive, w e  ob ta in  y124 t22 t145. T h is  means that
y122t22, (1 i . 4 ) ,  are nontrivial primitive elements. Therefore we can define
the generators so that

t22+121 y utt22, (î 3) . (9)

Next we will observe t12i .. 14, Since A t5 8  is  primitive, there is
E e  Z / 5  su c h  th a t  g ‘ t -58 = Et105 . O n  th e  o th e r  h an d , fro m  Proposition 3,

g i a 50 =- a 58 (u p  to  n o n  zero coefficient and modulo decom posable). D ualize  it,
then we can see e * O .  Re-define t 58 b y  E-  t1,  123-22. We have

Proposition 10.

3, —y 12 t22 tt58, (10)
Y4t 5 8 = tios . (11)

From this, y123t14 = y123341-22 = S° 134 (y1.23t22) = (a ss)  = Et105 . So we can fix

=- 11121t14, (1 2) . (12)

By (y n i t2k) -=y12 i A t2 k , g d* is determined on all t2k.

We summarize the results.

Theorem 11. I n  Therem 4 , we can chose the generators satisfying the
following table:

t2.7 12 tm t14 t22 t26 t34 138 t46 t58

Y 12t2j

g ) lict2j

1-14

0

t22 t24 t1.4

/2

126

0
t34

t14
138

C l

t26

1 46 (1105

01 105

E158

t38

E '1 -45

A ll t2k , (k*5) are primitive and

(t10) = 4t 2
4 t 2 +3t 2

3 t 2
2  3 t  2

2 t 2
3 4 t  2 0 t 2

4  .

Proof of  Theorem 6. Put V 2n())+1  =  a (t21>), (3 -<1 7 ) .  Theorem 6  is  an
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immediate consequence o f  Theorem  1 , Theorem  4  and  P roposition  5  with
Proposition 7.

Fix the basis of H * (E8 ;Z / 5) :

{ll".=iy 2n(I)+1E2"̀ 1Y iiE"y 1210 c, _<1, 0  e  < 5).

L e t (  ) *  be  the  dual w ith  respect to  the  above  basis . W e  m ay  assume that
x2n(;)+1 = (Y2n(j)+1) (2 _ 7 ) • L e t  yo, b e  th e  coproduct o f H*  (E 8 ;Z/5) and
(,79 (x) = ço (x) — x  01 - 1 O x .  Then the following theorem is easily obtained by
dualizing Theorem 6.

Theorem 12. I n  Theorem  1 , w e  can  chose the generators satisfy ing
following tables:

X i 1 3 X I I 112 115 123 127 135 139 147
Ip l xj

13x i

XII 0

/12

0

0

1 23

0

0
1122/2

135

0

0

112 3/ 3 !

147

0 /12 44

X i ÇOXï

X IS 112 0 1 3

123 112 0 1 11

127 112 0 1 15 + 1 1 2 2/ 2 0 / 3

135 112 0 1 23 + 1 1 2 2/ 2 (8) /11

13g 112 0 1 2 7 + 1 1 2 2/ 2 0 1 1 5  + / 1 2 3/ 3 ! 0 1 3

147 112 0 1 3 5 + 1 1 2 2/ 2 0 1 2 3 + / 1 2 3/ 3 ! 0 ./11

Remark. I n  FR1 12n(;)+1, (4 j . 7 ) ,  are chosen as our 2x 27 , 2x 35 , 3!x 3 9

and 3!.x47 respectively.
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