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A remark on perturbation of hyperbounded
semigroups for vector valued functions

By

Masanori HINO

1. Introduction

P ertu rba tion  t h e o r y  o f  hyperbounded semigroups h a s  b e e n  u su a lly
developed in  the  framework of L2 space . T o  ob ta in  essen tia l self - adjointness
of perturbed infinitesimal generator, potential terms a re  often imposed on the
condition that their exponentials have every  (or large enough) moment.

O n  th e  o th e r  h an d , Shigekawa [12] trea ted  LP semigroups fo r  vector
valued  functions. He also discussed essential self - adjointness of a  perturbed
generator under the formulation applicable to L P sense.

I n  t h i s  note , w e  d is c u s s  p e r tu r b a t io n  th e o r y  f o r  (non - symmetric)
semigroups for vector valued functions which a re  controlled by scalar valued
hyperbounded semigroups, slightly modifying the setting in  [1 2 ]. We give an
explicit constant of moment sufficient for the  stability of operator cores in Lb

sense . T h is  constan t is expressed by p and the  logarithmic Sobolev constant
of the dominating semigroup.

2. Semigroups on LP

W e  m a in ly  re fe r  to  [12] t o  s e t  u p  a  fram ew ork . L e t  (S2,PA,m) b e  a
p robab ility  space . A ssum e w e  a re  g iven a  symmetric, strongly continuous,
positivity - preserving seniigroup {T i } on L2 (Q ,m ). We denote its infinitesimal
generator a n d  resolvents b y  A  a n d  Gv ,  re sp ec tiv e ly . L e t K  b e  a  r e a l  or
complex separable H ilbert space . W e  rep resen t its  inne r p roduc t and  norm
b y  ( . 1') a n d  I '1, re spec tive ly . S uppose  w e  a r e  a ls o  g iv e n  a  strongly
continuous semigroup { f t} o n  1,2 (K )L 2  ( Q , m ; K ) .  I ts  g e n e ra to r  and
resolvents are denoted by A and respectively.

Theorem 2.1. The following three conditions are mutually equivalent.
(C l)m - ac. f o r  t>0, uEL 2 (K).
(C.2) idp+,a(l--Gdul m- ac. f o r  sufficiently la rg e  1.), u E L 2

 (K ) .

(C.3) A iui ( (AC— .1)14,1sgnu) , 14 E Dom (A.- ) ,
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where

sgnu = f
u/Itt I, u #0
0, u=0.

In  (C.3), A  operates in the weak sense; precisely, (C.3) means

<61,A9> <91 ( (Â —  /1)ulsg nu),0

for any g e Dom (A ) w ith g O. Here <f,g> = f rf  (x)g (x)rn (dx) .
Proof. See [13, 14]. See also [12].

Below, we omit `m- a.e.' when we need not designate it. T h e  coupling <-,•> is
a lso  u se d  fo r  K-valued fu n c tio n s . W e  a ssu m e  o n e  o f  (hence  a ll o f)  the
conditions in Theorem 2.1 with some

L et { I l}  b e  the  dual semigroup o f  {/ 1} a n d  its  resolvents, td”. Then
(C.1) implies

(2.1) for any t>0, u EL 2 (K).

Indeed, for any measurable set S of 52,

III TuI 1.5112= sup  < I/lu lls!) = sup <u ,/t (1sfsgn ( u) ) >

sup <lulgt (1sfsgn (fPu) ) I> s u p  <lul,eTtl 1sfl>

= sup <eÂ i Ttlukls[fl> Ilel t Tilu I 1 s112,

w hich im plies (2.1). Hence th e  roles o f  {/ i )  a n d  {1;1} a r e  equivalent; the
claim s abou t {/%} a s  a r e  show n below  also hold w hen replacing {T } with

From  now  on, w e also suppose th a t  {T t }  is  sub-Markovian; th a t is, for
any t>0,

0 . 'Ttf_.<1 if 0

B y  Riesz-Thorin's interpolation theorem  a n d  d u a l argum ent, {T t } c a n  b e
considered a s  a  semigroup on LP =LP (Q ,m ) for p E [1, c o ]. M o re o v e r  it  is
strongly continuous if pe [1, 0 0 ). W e denote its infinitesimal generator on LP
by A .  S in c e  A p ,  A i) ,  i f  1 < p 2  <  co , we often om it the subsc rip t. A lso
we have

Proposition 2.2 ( [12, Proposition 2.6]). For any p E [1, 0 0 ), { I t )  (resp.
{/ t}) can be seen as a strongly continuous semigroup on LP (K) =LP (Q,m;K) .

So we can define the generator Xp, Xt o f { It} , {II} on LP (K), p E [1,00) ,
respectively . A lso , (C.1) holds for any u EL1 (K) .

W e assume furthermore {T r)  i s  hyperbounded in  the  following sense; for
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some a> 0, 0,
1/3 (  _  (11)1

for t > 0, 1 <p <q < 0 0  w i th  (q— 1) / (p —1) .è ltia. T his  assumption holds if
and only if the defective logarithmic Sobolev inequality holds:

f ieloge/Ilf IIdrn a  (fit) + 1911f IlL J E  Dom (e),

where g is  the  symmetric bilinear form associated with (Tt). F or the  proof,
see  [2, Theorem 6.1.14] a n d  [5, Lemma 5.5].

N o w  w e  s ta te  th e  m a in  theorem  in  th is  note. I n  g en e ra l, w e  say  an
operator A  o n  a  Banach space belongs to  G (M Z  if  A  i s  th e  infinitesimal
generator of a  strongly continuous semigroup (Tt) satisfying for all
t> 0 . Let Y (K ) be the space of bounded linear operators on K , and the norm
in Y (K ) the operator norm Hop.

Theorem 2.3. L et 1 <p < c o  and let R  be an  Y (K) - valued measurable
function on  Q . Suppose exp llop) E L r  for som e r> 4 (7 1) . If  p  2, we also
assume {T r }  is conservative; T i l=1  for every t > 0 .  Then we have the following.

(1) Dom (A p) C Dom (R ), where we regard R  as  an  operator on LP (K).
Hence A5 — R  can be defined on Dom (An) as  an  operator sum.—

(2) Op — R,Dom (A t ) )  is closable and the closure (which is denoted by the
same notation) belongs to G (1Z  for some Moreover the semigroup
is  consistent w ith respect to p , that is, for p A g V q, we have
{ -11(polL P 2 (K)) { f ( 2) }. H e re  q is  the conjugate exponent of p , and
( l i

t
?,(pol is  the semi group generated by Ap, — R on L P ' (K) .

(3) If  is a core of A , is also a core of  -i2Cp — R.

a z '  W e m ake a  co m m en t o n  (2). T h e  function f  \ — 4( 1) is monotone
increasing for x. - 2 and satisfies f  (p) = f (q) when p-

1 ±g -
1 = 1. Hence when R

satisfies th e  assumption fo r  some p ,  R  a lso  sa tisf ie s  it  f o r  any  num bers in
[pA qpV q].

To prove this theorem, we need a little more p re p a ra tio n s . The following
theorem is originally due to Bakry and M eyer [1].

Theorem 2.4. A ssum e (T r) is conserv ativ e. For any pE  ( l a o ) ,  r E R,
s> 0 and  v > 2, (v — ,21')  is  a  bounded operator from LPlogrL (K) to LPlogr+ PsL (K).

A s for the definition of the Orlicz space LPlogrL (K ) and the proof of Theorem
2.4, se e  [7, Appendix] a n d  [1]. In the following, we only use the fact that GI,
is bounded from  LP (K ) to  LPlogPL  (K ); in  th is  case, the  conservativeness of
{Tt } is not necessary if p= 2, a s  we see from the proof of the theorem.
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Proposition 2.5. Suppose we are given a real valued measurable function
V on Q and an .T (K) - valued measurable function R on Q .  A ssum e both V and
R are bounded and satisfy  that

(2.2) V (x)1k12( R  (x)klk)

for all k  EK, rn- a.e. x .  L et {Tr}, {I }  be  the associated semigroups of A —  V and
of A — R, respectively. T h e n  {Tr} is  a positivity preserving semigroup and it holds
that

(2.3) I -Ifui <6' 2 7 5 4

Pro o f . T he  p roof is  seen  i n  [12, Proposition 4.1], b u t here  w e g ive  an
a lte rna tive  one . T he  positivity preserving property o f  {Ti} follows from the
Beurling-Deny c rite r io n  (se e  e .g . [11, Theorem  XIII.50]). T o  p ro v e  (2.3),
first we note th a t  (2.2) is equivalent to

V (x) iki (R (x) k sgnk).
—

Hence for u E Dom (A2) and g G Dom (A2) with g 0, we have

<114 (A - v)g> = <lui,Ag> — <V1/41,9> ((Z1—.1)uisgnit),g> — <91 (Rulsgnu) ,g>
= ( (A — R — .1)ulsgnu)s> .

By Theorem 2.1, w e obtain (2.3).

We also quote the following proposition in  [12].

Proposition 2 .6  ([12, Proposition 4.2]). L e t V  b e  a  bounded real
m easurable function. For p E (1, 0 0 ), the semigroup {Tr} corresponding to Ap —  V
satisfies

ITÏIIPP --<ec t ,

where C= log (ile-vilr) +4)3/a w ith r= ap2 /4 (p - 1) .

A s  a  consequence o f  P roposition 2.5 a n d  P roposition  2.6, by taking
V (x) = — 11R (w)ilop, we have a following

C orollary 2.7. Let R be an Y (K) - valued bounded measurable function.
- *12

—

For pE (1,°°), the semigroup {T t } corresponding to A p— R satisfies

1,)1where = log (lie R oP ± 413/a ±  A w ith r = cep2 /4 (p —  1). Moreover, lc>

belongs to the resolvent set of A R and it holds that

ii(K - 1 l-111p-p
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3. Proof of the main theorem

Proof of  Theorem 2.3. T o  p ro v e  (1), w e need only e x p  IIR Il ) e for
some a> O. T a k e  u E  Dom (X  p). By Theorem  2.4, u E  LPlogi'L  (K ). Using
Young's inequality, s t_ e s — tlogt+t, sER , t>0, we have for EX ) ,

R i o P ) 1 (lUllOg + 114, 1+ e s H R I l o p )

where log+ t= (logt) VO. H e n c e

IRUIP -<E- P • 21' (luIP (log+ luI) +1) e PEIIR lop) .

Taking s =  a/P , w e see R u E LP ( K )  and  moreover, R  i s  a  bounded operator
from LPlogPL (K ) to LP (K).

N e x t w e  p ro v e  (2 ) a n d  (3). W e fo llow  th e  argum ent o f  W u  ([15,
Theorem 2 .5 ]). Take R R • We denote the associated semigroup of
X —  Rn  by  { i ' } .  Since IIRn (x) Ioh R  ( x )  Ilop, each X  — Rn  belongs to  G (1 ,) ,

log (Ile
II R I  

" Mr) +4,6/a -1- 2 by Corollary 2.7. By a version of Trotter -Kato's
theorem  (see  e .g . [9, C hapter 3, Theorem  4.5]), it  is  e n o u g h  to  v e r ify  the
following:

(a) For any 14, E (X—Rn) u converges to  (7i — R)u in LP (K),
(b) For some IC> (Z — R )) (V )  is dense in LP (K) .

Take u E W . W e have

II — Rn) R ) ullp =11-Ru • 1{ RI op>f l} IIP.

Since Ru E LP (K ), this converges to  0 as n H ence ( a )  h o ld s .  Let us
prove (b). Let vEL q (K ) satisfy

( ± 1 - -ii.-FR)u> =0 for every u E

Define R *  b y  R *  (x ) = the dual of R (x) . Since R *  s e n d s  (LP (K )) *  = ( K )  to
(LPlogPL (K ))  *  b y  (1 ), w e  have R * v  E  (1,9 log9L  (K ))  * . B y Theorem  2.4,
U'e+1 (R* Y) e (LP (K))*=Lq (K) . Thus for u eV, we have

</) ±Ut+i (R* Y) , 1 — ;1')u> = <Y, 1 — u> 4- <v,Ru> = 0.

Since ( +1 — ;1) (V ) is  dense in I) (K) , we conclude v +6*t+i (R * v) =-0; tha t is,
± 1 — X  * R * ) y  =- 0. N o w  ta k e  s  < q  s u c h  th a t  4 ( 1)S i n c e

veLa(K) c Ls (K),

IlvIls =II ( +1—,T*+R:) — 1 (R:—R*)v11, II ( +1—X*+4) - 1 11s,11 (4 — R* )vils
-11"•lnite*ilop>niII.5 (By Corollary 2.7)
— g) as n— . 00 .

Therefore v=0, which implies (b). We have proved the first half o f  (2), and
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(3). To show the latter half o f  (2), it is enough to notice that f r  converges
to T(p) in strong sense in LP (K) .

Remark 3.1. W e proved that X — Rn converges to  X — R in  strong
resolvent s e n s e . In  th e  sam e w ay o f  [12, Proposition 4.61,  w e  se e  the
convergence is in fact the norm resolvent sense.
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