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Introduction. T h e re  a r e  seve ra l w ays to  ob ta in  f in ite  d im ensiona l
irre d u c ib le  re p re se n ta tio n s  o f  t h e  g e n e r a l  l in e a r  g r o u p  GL  (n, C) , or
equivalently of its  Lie algebra gl (n, C) . Among them th e  method introduced
by Schur and W eyl is c lassica l. T hey  considered  th e  m-fold tensor product
V "  o f the  defining representation of GL ( V ) (V  = C n ) , and the action of the
permutation group S m  o n  i t .  These actions are commutative each other, and
V" decom poses m ultiplicity freely as a  GL ( V ) X S m -module:

Ve rn=  E p p  
D

w here D  ru n s  o v e r  Y oung diagram s o f  s iz e  m w ith  d e p th  a t  m o s t  n,and
PD (r esP . Grp) is a n  irreducible representation o f GL (n) (resp. Sm ). Further-
m ore, through th e  decomposition, p p  determines cry) a n d  v ic e  v e rsa  (e.g., see
[ 1 ] ) .  I f  m  v a r ie s  in  t h e  s e t  o f  non-negative integers, each irreducible
representation of GL (n, C ) appears in  this decomposition up to multiplication
by a suitable power of the determinant character.

The Cartan - type L ie  algebras a re  Z-graded, simple, infinite-dimensional
L ie  a lgeb ras , w hose  p rope rtie s  a n d  representa tions h a v e  been discussed
ex tensive ly . I.A.Kostrikin ( [6] ) p r o v e d  th a t  a l l  t h e  f in ite  ty p e  graded
representations a re  either representations o f height 1  ( in  th e  sense of A. N.
Rudakov [11] ) o r  their conjugate except th e  a lgebra  W (1 ).  In  the case of
W(1), Kostrikin gave models o f a ll th e  irreducible graded modules of finite
type  with one-dimensional homogeneous components. O n  the  o ther hand, K.
Nishiyama ( [8]) considered Schur - W eyl duality  fo r  th e  natural representa-
tion of Cartan-type Lie algebra W (n ). In particular, he suggested to use End
[m] insted of S m , w hich is a  semigroup consisted of a ll th e  mappings from a
finite se t  [m] = {1, 2, •••, m} into itself.

F o r  C a r ta n - ty p e  L ie  superalgebras, w h ic h  i s  a  "superanalogue" of
C a r ta n - ty p e  L ie  a lg e b r a s ,  w e  a ls o  w a n t  t o  h a v e  a n  a n a lo g u e  o f  th e
Schur-W eyl d u a l i ty .  A s  a  f ir s t  s tep , w e consider one of C artan - type Lie
superalgebras: Lie superalgebra of a ll the  superderivations on the Grassmann
algebra A (n) , w hich  is denoted  by  W  (n) (see, e.g., [ 4 ] ) .  I n  [9 ] a n d  [10],
using the  semigroup End [m], the  author and  Nishiyama have determined the
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commutant a lgebra  o f  W ( n )  in  th e  m - f o ld  ten so r p ro d u c t o f  th e  natural
representation under the condition m

L et us explain it more p re c ise ly . L e t 0  be the  natural representation of
W (n) on A (n ) and ço be  a  representation of End [m] on OmA (n) (the defini-
t io n  i s  g iv e n  in  S e c t io n  1 ) .  I f  m  th e n  th e  c o m m u ta n t a lg e b ra  of
sb ®m (W(n)) in End ( O m A (n)) i s  the  algebra generated by go (End [ in ])  in
End ( O n iA (n)) .( [1O] ). M o r e o v e r ,  if  n  = -  1  o r  (n , m )  =  (2 , 3 ) ,  th e  same
conclusion also holds (see [9]).

A long  the  idea  o f  S ch u r and  W eyl, w e w ant to  decom pose th e  space
OnzA ( n )  as W (n) x  End [m] - m o d u le . However, in  o u r  case , the  representa-
t io n  o f  W  (n ) on O niA  ( n )  is  n o t se m is im p le , a n d  it  se e m s d iff ic u lt to
decompose it. Therefore w e a re  forced to consider the quotient representa-
tions. N ish iyam a suggests the following conjectures:

Conjecture 1. L e t  p  o -  b e  a finite d im e n s io n a l ir re d u c ib le
representation of W (n) X  End [m ]. Then we have

dim Hom W(n) x EnclEm 1 ( Om A  (1 ),  p  a)

Conjecture 2. Put Nwo2) ( U  , p )  :  =  p E W(n) A  IHOMw(n) (u, p )  * 0} a n d
91End[m] (LI) : =  {a E End [m] A  IHom—End[m] (u,0 1 .  T h e n  fo r  any  p e  W(n)

e m A  (n) ), there is one and only one c c  -93-End[m] ( m A  (n) ) such that

dim Hom W(n) xEnd[m] mA (a), p O a) *0 .

Therefore, the following mapping is a bijection:

W (n) A  Q9iwol) ( O m A (n) ) DP aE  NEnd[ml ( m A  (n)) g End [m] A
,

w here  W (n) A  (resp. End [m ] A ) i s  th e  se t o f  a ll th e  irreducible modules of
W (n) (resp . End [m] ).

F o r general integer n, w e could not prove th e  above conjectures, but in
th e  sim plest c a s e  n = 1 , w e  have affirm ative results (Theorem s 3 .1 , 3 .2  and
3.3). These are main results of this article.

L e t u s describe the contents of each section briefly. In  th e  f irs t section,
w e give the  basic  nota tions and  p re lim ina ry  re su lts . In the second section,
w e  g iv e  th e  decomposition o f O m A  (1) as W (1) x  S m -module (Proposition
2.3). I n  t h e  th ird  section, we give the  decomposition of Om A (1) as W (1) x
S m -module (Theorem 3.1); and the decomposition of OnlA (1) as gt (1) x End [m]
-m odu le  (T h e o re m  3 .2 ) . I n  T heo rem  3 .3  w e  g ive  affirm ative answ ers to
Conjectures 1 and 2 in the case of n = 1. In the last section, we give models of
some indecomposable modules of W(1).

Acknowledgment. T h e  author expresses sincere thanks to Professors
T . H irai and  K . N ish iyam a. They introduced him  into this field, and in the
p a s t  th re e  y e a r s , g a v e  m a n y  in struc tions and  encou ragem en ts . F o r this
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article, they have given many suggestions.

1. Notations and Preliminaries

1.1  Symmetric group m. In  th is  article, we denote by D  a Young
diagram, b y  ( A 1, A 2 ,  • • •  A k )  its associated partition and by B (D) or by B one
of Y oung tableaux of shape D .  W e deno te  by  S m  t h e  sym m etric group of
degree m . For a  Y oung tableau B of size m, we put

PB = { gE S n i  :  g  preserves each row of BI,

QB = {g E Sm : g  preserves each column of B),

aB  : = E g ;b s  :  = - E sgn (g )g .
gess gees

The Young symmetrizer CB o f  B  is defined by cB  : = a B b B .  Denote the  group
ring of S m  b y  J/: = C S .. It is well-known that RB: 9Ii • CB  i s  an  irreducible
S m -module, Further, Y6 3 R B ,  a s  S m -modules if and  only  if Young diagrams
of B and B' coincide. W e denote this S m -module by up.

A Young tableau B is called standard if the numbers in  each row of B are
increasing from  left to right and the ones in  each column a re  increasing from
top  to  b o tto m . F o r  example, for Y oung diagram D =  (3, 2), w e  lis t  a ll the
standard tableaux of shape D below.

1 2  3

4  5

2  4

3  5

1
 

2  5

3  4

1
 

3  4

2  5

1 3  5

2  4

Denote the  se t o f a ll Young tableaux of shape D  b y  13 (D ) and  the  se t o f all
standard Young tableaux b y  2  (D).

Lemma 1.1. (1) The number of standard tableaux of  shape D is equal to
the dimension of the irreducible representation crD  of  m corresponding to D.

(2) If  B and B' are two different standard tableaux of  shape D, then aBbB , =
b.was=cscB ,  = O.

(3) L et 33s (D) = (B1, B2, •••, B r } be the set of  all the standard tableaux  of
shape D, and put a (D ) : = EBEI(D)RcB; then a (D) = R cB , ••• ORCEr•

For proof of the above lemma, see [2], [3], ••-, for example.

1.2. Cartan - type Lie superalgebra W  (n) and its natural represen-
tation. Let A (n ) be a Grassmann algebra over C in n variables
W, and A k  b e  the  subspace of k-homogeneous elements of A ( n ) .  L et W (n)
b e  th e  se t  o f  a ll th e  superderivations o f A (n) . It becom es naturally  a Lie
superalgebra. E very  superderivation D  W  (n ) can  be  w ritten  in  th e  form
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D -=E7--1Pia/ai with Pi EA (n) (1 w h e re  / j i s  a  superderivation of
degree 1 defined by ( a /  a ) ,=  J i i . By definition, the Lie superalgebra W (n)
acts on  Grassmann algebra A (n ) as follows: fo r any homogeneous D e  W (n)
a n d  V ii/\ ••• A

D A •-• A = ( - 1) (s- n d egp
i , A ••• ADA • • •  A

s=1

W e call it the natural representation o f  W (n) , and  d en o te  it b y  (0 , A (n ) )  or
simply by 0.

L et u s  consider the  m -fold tensor p roduct OniA (n ) o f  (0 , A (n)) . We
have a natural isomorphism a s  W (n) -modules:

0 'A  (n) =

where A [ i ,11 1 .111,] is  a  Grassmann algebra generated by { ,.; (1
1 j m)} . I n  t h e  following, we identify OmA (n) with A ( n ,  m ) .  By

m e a n s  o f  t e n s o r  p ro d u c t ,  W  (n )  is im b e d d e d  in to  E n d  ( Om A (n))
End (A (n ,  m ) ) .  More precisely, an element

a D = •-•, E W

corresponds to a  superderivation

a (D) = ) C Dern (n, m)i-1 a=1

via the m-fold tensor product (Pe ni of 0.
In particular, in the case of n= 1, we have

w(i) = <4, 4,>, deg( 4) = 1, de*  4) =O.

For convenience, we use  the  isomorphism A (1, m) "•, . Then
we have

D 1 :  =  o m ( k )  : ± 1  D o :
m ( ) _ 4 i.

Obviously, D_i (Ak) c Ak-i , D o  (A k) g A k  f o r  a n y  k .

D enote by [m ] th e  se t  {1, 2, •••, m l o f integers, and put E nd [m] = :
[m]—> Em] ) th e  s e t  o f  a ll th e  m aps from  [m ] into itself. B y  composition of
maps, End [m ] becomes a  semigroup w ith unit, whose group elements form the
perm utation group o f  degree  m .  W e  c a l l  E n d  [ m ]  t h e  permutation
sem igroup. D enote its semigroup ring  b y  m .  A n  element ço c  End [m ] acts
on A (n , m ) a s  ((pP) =  P  ( P  E A (n , m )) and w e ex tend  it to  m  by
lin e a r ity  (se e  [ 1 0 ] ) .  T h u s , w e  h a v e  a  representation of o n  A  (n, m) .
Denote the image algebra of th is representtion by gm  c End A (n, m).
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L et Wm d e n o te  the com m utant algebra o f  0 "  (W  (n ) )  in  End A (n , m).
We have the following fundamental results.

Theorem 1.2. ( [9] , [10] ). A ssume or n = 1 , o r (n, m ) =  (2, 3).
The commutant algebra W m  of  0 "  (W  (n ))  coincides with the representation image
gm  of  the sem igroup ring C i  of the permutation sem igroup End Em] :

gm = Wm.

Theorem 1.3. ( [10]). T h e  bicom m utant algebra o f  th e  m - f o l d  tensor
product 0 "  o f  th e  natural representation 0  of 7  (1 )  is  e q u al to  the im age
0 " (U (W  (1 ) ) )  of the universal enveloping algebra U(W (1)).

1.3. Composition series. Let R  be  an  a rb itra ry  ring  w ith unit and
V an R-module. A  descending chain

V = VID V2 D  D Vk D (0)

o f  submodules o f  V  is  c a lle d  a com position se rie s  o f  V  i f  a ll  the quotient
modules Vi/Vi+i a re  irreduc ib le . T hese  quotient modules Vi/Vi+i a re  called
the com position factors. Tw o composition series a re  said to  be equivalent if
they have the same length and if the factors can be paired off in  such a  way
that the corresponding factors are R-isomorphic.

Lemma 1.4. (Jordan - H o ld e r ) . If  an R - module V possesses a composition
series, any two composition series of  V are equivalent.

An R-module V *  (0 ) is  sa id  to  be  indecomposable if  i t  is  impossible to
express V as a direct sum of two non-trival submodules.

2 .  The Decomposition of A (m) as IN (1) x ,n -module

In th is section, we give the decomposition of A (m) a s  147 (1) X Sm - module
e x p lic itly . The decomposition of A (m) according to the action of S m  is w ell-
know n (e.g., see [5, p . 5 5 ] ) .  However, we give th e  explicit structure of the
decom position  here  because  it is  used  in  th e  subsequent sec tio n s . L e t u s
begin with the determination of the subspace c BA (m) .

Lemma 2.1. Let A = (21, 22, iik) be a partition of m  corresponding to a
Y oung diagram D.

(1) If  D is not of hook type, then we have cBA(m) =0 for B  g3 (D ).
(2) L e t  D  be  a  hook  type d iagram  and  .1 = (2 1 ,  1 , • — , 1 ) . W e have

cBAk (m ) *0  (B B (D )) if  and only if  k= p i  or k=1.11 - 1 ,  where p 1 +2 1 m+1.
(3) Under the same assumption as  in  (2) , we have
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cBA (m) = cBiPi (m) (B E  (D)).

T h e  both subspaces a re  o f  one - dim ension. M oreov er, w e h a v e  a n  explicit
description of each subspace as follows:

c 8 A./4 1 (m) -=CaB Zo,n A - •A b (i i i ,1 )) C = CaB (D_1( 1 , 1 )  A . •  A  1,(ti1,I))

w h e re  b (i, j) denotes th e  num ber i n  t h e  ( i ,  j )  - b o x  in  th e  Y o u n g  tableau
B E ( D ) .

Proof. Take BE59 (D) and put

a ,: =  E  g, b , : =  E sgn (g) g,
g E P B , g E Q B ,

where

P B,1 =  { g ig  Sm, g  preserves the i - th row and fixes the other letters),
QB,i : = { g ig  Sm, g preserves the j - th column and fixes the other letters).

Then we can write down aB  and be as follows:

cte=a •a2ai, be=bsbs-1' - b2bi,

where s is the number of the column of the diagram D.
Note that, for any ce Q B and EE A (m) , w e have cBcp ( E ) .  Therefore, in

order to calculate ceA (m), w e only need to consider ce (E )  fo r the  following
type of E with appropriate integers h1, h2, •••, hs after translation by a certain
(PEQB:

A  
—  

A A  
\ b

A A \  A

=  \  , ,b (1 ,1 ) • 1,21 • / ( h22) \  • • • .

Let us consider (1). Since D  is not of hook type, A2 2. L e t  g = (g1, ,a2,
• • • , i s )  b e  the transposition of 2  (see. e.g., [7] , § 1) . Note that 2. If
h1 t.t1- 2 for some i, then it is easy to see tha t bi(J...-7 )= 0 , hence ce (E ) = 0 .  So
we assume that pi—  2. In particular, we assume tha t h2 tt2 —  2 1 .

We consider the expansion of b8 ( E ) .  For any term of this expansion (e.g.,
••• A if there  a re  two subscripts (e.g., lu, iv )  from th e  sam e row, then

th e  re su lt  o f  th e  opera tor aR ac ting  on  th is  te rm  is  z e r o .  Hence we only
consider th e  te rm s w h ich  d o  n o t  have tw o  subscrip ts  from  th e  sam e row.
Therefore we can assume that h3 = h 4 = • • •= 0 , hence u 3 1.

If h2 . 2, then h i  d- h 2 ju i  — 1+2=p 1 + 1 .  T his means that, in  each term,
th e re  a r e  a t le a s t tw o  su b sc rip ts  f ro m  th e  sam e ro w , a n d  s o  ce (E) = 0.
Therefore we can assume  2 1 h2 2, which means 11 2 <3. C om bining w ith
the assumpion 2 2 2, we need only to consider the situation /12=2 and h2 =  1.

(a) If h 1 = p i ,  th en  in  each term  in  the  expansion  of bs Z(1,1) A  •••
r)(gi,i) A  b(1,2)• th e re  a r e  a t least tw o  subsc rip ts  from  th e  sam e row , hence

CB (E )
 = 0.
(b) If h 1 =  — 1, th e n  bi Z o , i )  A • A  b(i./1-1,1) A = D-1 Z(1,1) A "  • A
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b(,,1)) A b(1,2)), hence CB (E) = aB bB (E)=D_iaB b2 ( h(1,1) A • •• A A  h(1,2)) •
By the same reason a s  in  (a), we have C B ()  =0 .

F o r  ( 2 )  a n d  ( 3 ) ,  w e can  d o  th e  sim ilar calculation a n d  easily  ge t the
desired results.

Next we consider the S .-m odu le  strucure.

Lemma 2 .2 .  Let A  =  ( 2 1 ,  1 .• • ,  1 )  be a partition o f m  and  D  the  corres-
ponding Y oung diagram of hook- type. The subspace

cB r ( i l l n  (m)) (21 4-tt 1 =m +1)
r=1

is irreducible under S., where 3)S  (D) = {131, B2'••, Bs }  are  the  se t o f  a ll the
standard Y oung tableaux of shape D.

Proof. We use the notations in Lemma 2.1. By Lemma 2.1, we have

cB A "i(m ) Ca B (1)(1,1) A •-• A h(hi,i))•

Since cs icBi  = const • öt, C B, (const * 0) , {cB, (hio.,i) A •• • A Ii = 1, 2, s }
are linearly  independent. Put

D  =  Br (t1 ,1 ) A • • • A = 1, 2, •-, s>.

Then fcB, (h,o.,i) A »  A Ii-=1 , 2 , •-, s } is  a  basis ofD .

From  El=10qcsi= Ef-IcB,R, we know that OD is  an invariant space of
W e prove the space OD is irreducible under em . Take an element x  =
t h1(01,1) A  • • A  hicin,i)) E 3/CD. k h * 0 , then

C Bh (X ) = C g h (E k iC .1 3 i  t hi(i,i) A • • A =khcBh ( bh(1,1) A "  A  ( hh(in,i)) *0.

Clearly c sh (bh(1,1) A
done.

 

bh(1,1)) generates 3/CD as an  m m o d u le ,  a n d  w e have

 

Using the above lemma, we can decompose A (m )  as a  W (1 ) x  S . - module.

Proposition 2 .3 .  L et W (1 ) and S. act on A  (m ) naturally. W e  have the
followng decomposition of A  (m) :

A  (m) = ED ED cBA ( N) ,
D  .8E53' (D)

where D  runs over the Y oung diagrams of  hook type corresponding to the partition
(k , 1 , • - • , 1 )  = (k ,1 "")  (k = 1, 2, ••• m) and I ' s  (D ) is the set of  all the standard
tableaus of shape D.

For any Y oung tableau B , cB A (m ) is an indecomposable module of W (1) with
composition series
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cB A (m) QcB/lni -
k (m) Q {0}; dim cB A (m ) =  2, dim cB /Pn -

k (m) = 1.

For any D, the sum EITErocB.A n i-
k + 1 (m ) is an irreducile module of m  of type D.

Furthermore, D _1(EiTEs (o) c BAni- k +1 (m ) )  = E s (D )  c B Ani— k (m )  is a l s o  an
irreducible module of the same type D.

Proof. Let D  be a Young diagram of hook type with partition (k, 1, •••, 1).
By the above lemmas, for any B E B (D) , we have

cBA (m) (m ) e c B A m_k+i (m )

L et V1 (B) : = c B A (m ) a n d  V2 (B) : = c BAm -  k  (m). B y  a sim ple calculation we
have D _ 1 ( V1) = V2, and D_1 (V2) = 0 because D2 _1 =  0 . Clearly, Do (V i) g
V, (i = 1, 2), s o  V 1 a n d  V 2  are  invariant spaces o f  W ( 1 ) .  From  the  proof of
Lemma 2.2, we can deduce that dim (1/2(B)) =1 , therefore 172 i s  an  irreducible
module of W (1 ) .  O n the  o ther hand, dim  ker D-11:0(B) = dim  V2(B) = 1, we
have Vi  (B ) is  a n  indecomposable module of W ( 1 ) .  Again from the  proof of
Lemma 2.2, dim (I/1(B) /V2 (B)) = 1 , h e n c e  {0} g_ I/2 (B) V 1 ( B )  is  a  composi-
tion series of W(1).

The rest of the proof is clear from Lemmas 2.1 and 2.2.

3 .  The duality between W(1) and End [m]

Along the idea of Schur and Weyl, we want to obtain the decomposition of
OnVI(n) a s  a  W (n) x End Ern] -m o d u le . Because the representation o f W (n)
o n  OnV1(n) is  n o t semisimple, it seem s difficult to  d o  i t .  However, for the
case n = 1, th a n k s  to  Proposition 2.3, w e can  ob ta in  th e  decompositions of
OmA (1) a s  a  W (1) x S m -module, and as a  W0 (1) x End [m] = gI (1) x End [In]
-m o d u le . Using these two decompositions we can get the further result which
is  s im ila r  to  th e  classical duality betw een GL (n, C ) a n d  S m . T o  b e  more
precise, for any p  a  E  w ( i )  A  ®End [m]

 A ,

 w h e re  147 (1) A  ( r e s p . End [m] A )
is t h e  s e t  o f  equ iva lence  c l a s s e s  o f  irreduc ib le  fin ite  d im ensiona l
representations of W(1) (resp. End Em]), we have

dim HOMW(1)xEnclEml (A (M ) ,  p  a) 1 .

If the equality holds,

dim HOMW(1)xEndtml (A (M ) ,  p ® 0 )  = 1,

th en  p E  W  (1 )  A  u n iq u e ly  d e te rm in es  a  E E nd [m] A  s a t is fy in g  th e  above
equality . B ased  on these explicit calculations and  results, Conjectures 1 and
2 are suggested by Nishiyama for general n and m.

Let us begin to state the main results of th is papér.
Let D be a Young diagram corresponding to the  partition  (A1 , A2 , •••, Am)

and B be one of the Young tableaux of shpae D .  P u t 171(B) =  V2 (B) = 0 if D
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is no t of hook ty p e .  I f  D is  one of the hook type diagrams corresponding to
th e  p a r tit io n  (  A  1 , 1 , •••, 1 ) , th en  V 1 ( B )  = csA k - 1  ( m )  (B  E  BS (D ) )  and
dim cBA k (m) =dim  cB A k - 1 (m) = 1. U sing  these  fac ts, w e  have

Theorem 3.1. ( 1 )  A s  w ( i)  — modules, we have isomorphisms:

V 1 (B) ̀ =": H O M E . (aD, A (m)), V 2(B)'=Home,, (aD, (m)) ,

where B  is a Y oung tableaux of shape D with partition (21, 22, •••, A m ) and cip is
the irreducible representation of  S m  w ith diagram D.

(2) L e t  "P- D .,k  =  Hom„, (aDm,k,A ( m ) )  .  A s a W  (1) — m odule, jj-,  DM ,k  is  an
indecomposable module and has a composition series:

vm.k —=-V i(B ) V 2(B ) D {Q},

where D m ,k  denotes the  hook  type Y oung diagram  w ith partition (m  —  k  1 ,  1 ,
••-, 1) and B  E  (Dm ,k) . Furthermore, the composition factors are 1 - dimensional
modules.

(3) T h e  w ( i)  X  m module A  (m ) has the following decomposition:

1 1 ( M ) 4 1 6  r)  D111,k a D M , k •
k =i

Proof. W e  w a n t  to  p ro v e  (1 ) . A s  a  realization of o- D , we take )2cB (B E
g ) ( D ) ) .  I f  D  i s  n o t  o f  h o o k  ty p e , th e n  t h e  b o th  h a n d s  s id e  a r e  zero.
Therefore w e can assum e tha t D = D m ,k .  We define 147 (1) -equivariant map
G:Hom(RcB, A (m )) — V i(B ) by G =f  (03) E Home. (Ac B, A (m ) )  .  It is
clear that G  is  a n  in je c tio n . Take a non-zero element x i  c B A (m ) and define
f i E Homs,n (AcB, A (m)) by fl (q)cB) =  ço • x i  ( V ço e A) . By definition, we have
G =  x i, hence G  i s  su r je c tiv e . T h is  proves the  first isom orphism  in  (1 ).
For the second isomorphism in  (1 ), it is enough to note the following facts:

D_iFlom(cr,D, A '  ( m ) )  0, D-1 ( V2 (B) ) = 0.

Combining P roposition  2 .3  and (1), w e can easily com plete th e  proof of (2)
and (3).

The commutant algebra o f  w (1 ) in  th e  representation A (m) = OnlA (1) is
g m ,  w h ic h  is  th e  representation im a g e  o f  th e  se m ig ro u p  r in g  o f  End [m].
Following the  idea of the classical situation, w e w ant to get the  decomposition
of A (m) as a module of VV(1) x g m . A s an intermediate step, we describe the
decomposition o f  A (m ) a s  a  m o d u le  o f  W (1 )  x  End [m] g I ( 1 )  x  E n d  [m]
-module.

Put U 1 (k ) : =A k (m), and U2 (k) : =  K er (D -iink(m )) (0  k  m ) . Then U1 (k)
is  an indecomposable End [m] -module w hich w e denote by am ,k . We denote
the irreducible representation of 01(1) with weight k by Pk.
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Theorem 3.2. W e u se  th e  same notations as in  Theorem 3.1. A s a
gf (1) X End [m] - module, we have the decomposition:

A (m) =  "el) p k  am.k.
k=0

If  1 k ns - 1, crm ,k has a composition series 111 (k) U2 (k ) D M . For k= 0, m,
is irreducible,

Proof. Assume th a t 1 k _<m . Because D-1 and End End commutes with
each other, U2 (k) = ker (D-1 ink(m)) is  an  invarian t subspace o f  End [ m ]  .  By
th e  r e la t io n  ker (D_1 Ink) = Tm (D_1 j A k,i) a n d  P ro p o s itio n  2 .3 ,  U2 (k) is
irreducible under h e n c e  i t  is  i r r e d u c ib le  u n d e r  End [ m ] .  They only thing
to proved is that U1 (k)/U2(k) is irreducible under End [ m ] .  By the definition
o f  Ui (k )  a n d  U2 (k), U 1 (k) /U2 (k) is  lin e a r ly  iso m o rp h ic  to  U2 (k — 1 ) by
opera to r D - 1  ( s e e  [ 1 0 ] ,  Lem m a 3 .1 ) ,  fu r th e rm o re , i t  is  a n  intertwining
operator between End [m] -module U1 (k) /U2 (k ) and End [m] -module U2 (k — 1).
Using the  irreducibility of End End - module U2 (k — 1) , we complete the proof of
the theorem.

We denote the  irreducible representation of End [m ] on
 A c

 (m) /U2 (k ) by
crp.,k(k_> 1 )  a n d  th e  irreducible  representation of I47 ( 1 )  o n  V1 (B (Dm, k)) /
V2 (B  (Dm ,k)) by Ppm,k (k._ 1) .
Then we have the following duality.

Theorem 3.3. ( 1 )  For any p crE W (1 ) A  X End [m] 
A

, we have

dim Homwa) xEnclIml (A (M ),  p  a)

The equality holds if  and only if  p  o - = pp.,k o -D.,k for some
(2) Put

RW(1) (A (m) ) : = lp E  w (1 ) A  IHomw(i) (A (m), p ) *  (0)1,
REndfm] (A  (M ) )  :  =  {0 -E End [m] A  IHOMEnci[m) (A (M ) ,  a) *  (0)1.

For any pERwo.)(A(m)), there is one  and only one 6 E 1179—End lm] (A (m)) such that

dim Homw(1).End[m] (A (m ), p(8) a) 1 .

Therefore, the following mapping is a bijection:

w (i) A  QAW(1) ( M )  D p a E REnd[7m (A (m) ) g  End [In] A .
Furthermore, this correspondence is explicitly realized by p D„,, ka D . , k .

Proof. We keep to th e  n o ta t io n  in  §  3 . From Propoisition 2.3, we have
A (m) = ET= (Y  Dm (I 2  ( k ) )  (for the definition of ieDm,k (k 1) , see the proof of
Lemma 2.2 and we set 2Ier,m,0= ( 0 ) ) .  Note that D-1 = U2 (k).

Assume that d im  Homw(1).Endrmi (A (m ), p 0 a) *  O. W e  ta k e  a non - zero
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element f  E HOWW(i)xEnd[m] (m), p . A s W 0 (1) gl (1) -module, A (m)
decomposed into the direct sum of one-dimensional irreducible representations
o f  w eigh t k (0 :<_.m). N ote  t h a t  p  e  W (l) ^  is  one-d im ensiona l and
completely determined by the  weight o f W o (1). Since A (m) /ker f ®
(dim a) p  as a  W (1) - module, p  must be  an  irreducible m odule of W (1) with
highest weight k (0 A s a  consequence, there exists a unique k such
that f (A k  (m )) #  (0). W e  put k = k (p) .

Assume that 1 (p) — 1 . Since !  is  14 /(1 ) x  End [m] -equivariant,
ker f  is  invariant under the action of w (i) X  E nd [m ]. Hence we have

U2 (k (p)) =D 1C D  _ 1 (Ak''' ) +1 ) C kerf

O n  th e  o th e r  hand , by Lemma 2.2, i s  a n  irreducible  m odule  of S m ,
therefore, ker f {0}. Sum m arizing above, w e know  that for any J E

HOMW(1)xEnd[m] (m) , p Oa),

ker f = (Ak (m)
k * k ( , )

hence,

dim Homw(i)xEnd[m] (A (M ) ,  p — 1 .

If k (p) = 0, then  by  the  same argum ent as above, we can conclude A° =
(12 (0) cker f. This means f 0 and  we get a contradiction.

Finally, assume k (p) = m .  Since E7---01 A i ( 71) is  invariant under W (1) x
E nd [m ], Am"=."  A  (m )  /E V A ' (m )  is  ir re d u c ib le  u n d e r  W  (1 )  x  End [m].
Therefore f  is uniquely determined up to constant multiplication.

Note taht A (m) /ker f  U2 (k (p) —1) as E nd [m ] -m odule . T his proves
that P P Dm.k a p . , k .  (2 ) is obvious from the above arguments.

We call the correspondence in  (2) Howe's correspondence for W(1) x End [m].

Appendix: Indecomposable Representations of W(1)

I n  th is  a p p e n d ix , f o r  t h e  s a k e  o f  c o m p le te n e ss , w e  p ro v e  th a t the
representations o f  W  (1 )  o n  A  (m ) g iv e  a  model o f one  p rinc ipa l c la ss  of
representations o f  W  (1 ) . L e t  u s  begin w ith a  general representation theory
of W(1).

T a k e  a  finite-dim ensional indecom posable graded representation p  of
W (1) on a representation space V V0 V1. P u t  I A :  =  — p (Do )  and VA: =
{V 1T,i y  =- 0 , 2  k E  0 } , the  generalized eigenvector space with eigenvalue A.
Then we have the generalized eigenspace decomposition of V:

v= e V

Obviously, p (Do) (VA) g  VA. L e t  u s  consider the action of p (D-1) on VA.



564 Haiquan Wang

Since we have the relation [Do, D-1] = — D-1 and 2D1= [D_1, D_1] =0, so
TAp (D_1) = p (D _1) T,R+1 Using induction, we get p (D _1) (D -1) .

Let A  be any generalized eigenvalue of p  (Do) . Clearly YeA : = e kEzv,z+k
is  invariant under W  (1 ). By the  finite-dimensionality of V , w e can assume
that OA =  V A  V A -1 E 61 • •  •  1 7 , R - - #  w ith  som e t i  e  Z  0 .  A g a in  b y  th e  finite-
dimensionality o f  V a n d  th e  generalized eigenspace decomposition o f  V , we
have V =  YeA,E1),fi ,.•• EBIO A , By the  indecomposability of the representation, we
see that r=1 and conclude V=YeA.

N ow , w e  assume p ( D 0 ) i s  semisimple. T h e n  V A , (0 it.e) i s  the
eigenspace w ith  eigenvalue A — s. In  th is  case, w e  g e t a  W (1) -invariant

- decomposition V  =  (V  e D  (V  2)) e (14_,ED VA-2 ED • • • V A - g )  w here 172_1 is any
complement space of D_ 1 (VA)  in  VA_I . By the indecomposability of W(1), we
conclude that V =  VA ED D-1 (V A ). U sing the  sim ilar argument, we can deduce
that

V = Cv ED CD _

Summarizing the above results, we have the following proposition.

Proposition A. Let (p , V ) be an indecomposable graded representation of
W (1) , then

V= V,Z E13/ V A -I ED • • ED

where p  is an integer. If moreover p  (Do )  acts semisimply on V, then V  has the
following decomposition:

V=C00Cp(D _I)v,

where v  is an eigenvector of p  (Do) with eigenvalue A. If p (D - 1 ) y = 0, then V =
C v , and s o  the  representation is irreducible. I f  p(D_i) y  0 , then the
representation is an indecomposable representation with composition series V Q V I Q
{0} , where V  C  p (D _ 1) v

Combining th e  above proposition w ith  re su lts  i n  § 3, we conclude that
a n y  indecomposable rep resen ta tion  ( p ,  V )  o f  14/(1) f o r  w h ich  p (D o )  is
semisimple w ith positive integral eigenvalue is realized in  th e  tensor product
A (m) of the natural representation of W(1) for a certain m.

F o r  a n  a rb itra ry  in teg e r  ,u  in  the  p roposition , th e re  rea lly  ex is ts  an
indecomposable W (1) -m odule ( p ,  V ) such that p  (DO is  n o t semisimple and
V= VA ED VA-1 VA-m.

A  0 IExample. L e t V = C 2d#±1 and n (A) . Note th a t n (A ) is not
1  A

semisimple. An action of W(1) on V is given as follows:
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n ( 2 ) 0O 0 0
0 n (.1 — 1)O 0 0

P (D0) = 0 0 n (2— 2) • • • 0 0

0 0 0 ••• n (2 —

0 00 • • 0 0
n (0) 0O ••• 0 0

p (D —i) 0 n(0) 0 •-• 0 0

0 0 0 n(0) 0

where p (Do) and p ( D - i )  a r e  (2 +2) x (2,u+2) matrices. It is easy to check
by calculation that ( p ,  V ) is an  indecomposable module of W (1) and has the
properties just stated as above.
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