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BGG-resolution for a-stratified modules over
simply-laced finite-dimensional Lie algebras

By

V. Futorny* and V. Mazorchuk

1. Introduction

This paper is a sequel of [6] where the submodule structure of a-stratified (i.e.
torsion free with respect to the subalgebra corresponding to a root a) generalized
Verma modules w as stud ied . The results obtained there generalize the classical
theorem of Bernstein-Gelfand-Gelfand on Verm a module inclusions. The crucial
role in the study is played by the generalized Weyl group W„ that acts on the space
of parameters of generalized Verma modules.

Let G be a simple finite-dimensional Lie algebra over the complex numbers with
a simply-laced Coxeter-Dynkin diagram (i.e. there are no multiple arrow s). In the
present paper for any such algebra w e construct a  strong BGG-resolution for
a-stratified irreducible modules in the spirit of [1 ,1 0 ]. The non-simply-laced case is
more complicated (cf. [6]). In particular, the proof of the crucial Theorem 4 is
based on the fact that the diagram is simply-laced.

The structure of the paper is the follow ing. In Section 2 we collect the notation
and prelim inary results. A  weak generalized BGG-resolution is constructed in
Section 3. Here we follow closely [1]. Section 4 contains an extension lemma for
ce-stratified modules which generalizes a  well-known result o f Rocha-Caridi for
Verma modules [ 1 0 ] .  Our proof is analogous to the one of Humphreys for Verma
m odu les  [8 ]. In Section 5  we study the maximal submodule of the generalized
Verma module and construct a strong generalized BGG-resolution for g-stratified
irreducible modules in Section 6. Finally, in Section 7 we give a character formula
for certain a-stratified irreducible modules.

2. Notation and preliminary results

Let C denote the complex numbers, Z  all integers, N  all positive integers and
Z , = N u  ()}.

Let H  be a Cartan subalgebra of G and A the root system of G.
Let n  be  a basis of A containing a, =A + (n) the set of positive (negative)

roots with respect t o  n .  For any S c  n let A ± (S) be a subset generated by S (it
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consists o f a ll the  roots in  A+  w h ic h  a re  linear combinations o f elements from

S ) .  Also let p = -

1  

E y. For A, e  H *  we will say that _ OE,LL i f  -  p =k OE1 +  E k pfl,
2 yEA Pelt \(2)

kOE e Z, k p e Z , .  Further (•, .) will denote the standard form on H  * . If /3e A+  then

sfl e W will denote a  corresponding reflection in H * :  s p (2) -  2 -  
2(2,,(1)

fl.
(fl,M

Fix a basis {ha  e n} of H normalized by the condition /3(h13)=2 and a non-zero
element X I,  in  each root subspace G 7 , yE A such  tha t [Xfl ,X_ fl] =h p  /3E n.

Denote N , =  E G , y , N = E Œ G + ,  11 2  = th E CX (h) = 0 1 . Then we have
yeti *

yEA , t )

G =N _C )110N ,-G a(D N '± C IH 'C ,Nc_

where G ' is generated by G , „ .  Also let HOE = G "n H  and thus GOE=G„CIHOEQG_ OE .
For a L ie algebra A  we will denote by U(A) the universal enveloping algebra

of A  and by Z(A ) the centre of U(A).
For m e Z  , denote by U(G) ( m)  th e  subspace in  U(G) spanned by the elements

of degree in (with respect to  the fixed PBW-basis above).
Consider a  linear space SI=H*x C .  F o r (11,p) and  (y ,q) in  Q  w e say that

(A ,p)>(a,q) if 2 - 1 t =  E np f3, rip e  Z , and
/3EnVa)

Let r e C .  Consider a  linear space Br =  E C13+ra with a  fixed point roc, a
aen\w

Z-module 11,.=8 r OZot and let Q„-= Br  X  C, 5- 2,= :fir  x C.
In  [6] we introduced the generalized Weyl grop WOE acting on the space 5-1, in

the following way.
Consider a  pa rtition  o f n: n=- it  u n ,  where n, e it la+ye A l, tr2 = {y en

la+ y  A}. For (A,p)e Q, and /3e n ,  denote

14(2,p)= -
1 

(2(h„+21)+p)
2

and define (2p ,pdeL l r ,  where 4 = 2 -  11 (.1.,p)13, pp =np'(2,p).
For each (3en consider /f l e GL(f1r ) such that

 

(2 , - ,P), 1 3 = 0(
(s#

2,,P), fl e n2 \
(Ap,Pf l ), fie nt.

 

Ifi(2,p) = (*)

  

Then WOE = </fl , fiE it>.
It is easy to see that WOE is isomorphic to the Weyl group W.

exists a  root system A , in  Q, with respect to which W oe is  the Weyl
denote by up th e  reflection in  Or corresponding to a  root /3e A „.
denote a  corresponding nondegenerate form on Sk and C= 4„: A

Moreover, there
group [ 6 ] .  We

Also let ( • , • ),
AOE,  be a  natural
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bijection.
Let pr é , i= 1, 2 be a  natural projection on the i-th component of
For a G -m odule V with a  Jordan-Holder series let / H(V) denote the set of

all irreducible subquotients of V . A  G -m odule V is called weight module if

V =  0  V „
AeH*

where all VA = Iv e VI hu=2(h)v for all h e H I are finite-dimensional. I f  V ,0 0  then
A is called a  weight of V. Denote by supp V the set of all weights of V .  A weight
A is called a highest weight if V A+ fi =0  for all fl e A 4 .. A weight G-module V is said
to be oc-stratified if X Œ a n d  X_ a  act injectively on V.

Let V be a weight G-module. A non-zero element v e V is said to be a-primitive
(with respect to  G) if P E V , for some AE H * and AIG.I. v=0.

It is known that c = (ha + 1)2 +4X _ a X, generates Z(GŒ). Let a,b e C .  Any such
pair defines a unique indecomposable weight Ga-module F(a,b) on which X  acts
injectively and where a  is  an eigenvalue of ha  a n d  b is  an eigenvalue of c. The
m odule R a,b ) h a s  a  Z -b asis  fu i l s u c h  th a t  X_ a vi = v ,_ ,, h a vi =(a+20v 1 a n d
Xz vé =i(b —(a + 2i +1) 2 )vi +  , .

One can easily check (see [6, Lemma 2.2]) that the module F(a,b) is torsion
free if and only if 1) (a+21+ 1)2 fo r  all /e Z.

S e t  SY= {(A,p)e lp + (A (h a ) +21) f o r  a ll te  Z ] , f r , =  n SY, SI; = nr n
Hence, if (A,p)e f2a then F((A— p)(ha ),p 2 )  is irreducible and torsion free.

Since H =1/„C IP, any element AeH * can be written uniquely a s  A=Aa +A"
where AŒ E HH a* and A' e(11")*. Let a ,b  C and A e II* such that (A— p)(ha ) =(A a — p)(ha )
= a .  Define an H-module structure on F(a,b) by letting hv= .1."(h)v for any he
a n d  a n y  veF(a,b). T h u s Ra,b) becomes a GŒ + H-module. Moreover, we can
consider Ra,b) as D  H +  G"-f- NI-module with a  trivial action of N .

The generalized Verma module associated with a, A, h is defined as follows:

M a (A,b)=U(G) 0 F(a,b).
[1(D)

Set M(2,b)= M a (A,b).
It will be more convenient to use a slightly different parametrization of generalized

Verma modules replacing M(A,b) b y  M(A,p) where p 2  = b .  Thus we always have
M(A,P) = M R - 14.

Note that module M(A,p) has a unique maximal submodule and it is a-stratified
if and  only if (4 ) e .

W e w ill denote by Z *(G ) the set of all homomorphisms from Z(G ) to  C .  It
follows from [3, Corollary 1.11] th a t module M(A,p) adm its a  central character
O( A . p ) eZ  *(G), i.e. zv= 0 ( ,, p ) (z)v for any z e Z(G ) and v E M(A,p).

D enote by L(A,p) the  unique irreducible quotient of M(A,p).
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Lemma 1. ([3, Corollary 3.4]). L(.1.,p) L(1--t-kct,p) fo all kEZ.

T he  following order on Q , w as in troduced  in  [6 ] :  L e t  (A,p), (,u,q)e SI, and
fi

f ie  A „ . W e  w ill w rite  (A,p) —qp.,q) if (p,q)-= f i (2,p) and  (II,(,p )) r e N  for f l  0 ( ) .(c().
Then (2,q)«(À,p) will mean that there exists a  sequence /3, 43

2
i n  A , such that

nt /32 flh _ i pk
(p,q) -4 o-

 f ii (p.,q) • o- 13k- • • • o- jp.,q) --4 ( , p).
The main result of [6, Theorem 7.6] is the following theorem which describes

the structure of a-stratified generalized Verma module with respect to the order on Q,..

Theorem 1. L et (A,p) and (p,q)Ensr . The following statements are equivalent:
I. M (p ,q )  c M(2,p);
2. L(p,q)e f H(M(2,p));
3. There exists ke Z such that (p+kot,q)«(4p).

Let

P + +  = { ( 2 ,P)Ef2 ;. w(),,p)«(A,p) for all iv E Waj .

In  this paper we discuss the construction of analogues of the weak and the
strong BOG-resolutions fo r  irreducible modules L(A.,p) with (.1,p)E .

3. Cohomological part of the weak BGG-resolution

Let P= ,(TE\ ta p  and let B be a subalgebra of G generated by all root subspaces

G_ f l , /le P.

An element (A,p) will be called minimal if

Pr 10.,p) — afi(A,P))=13

holds for every /3 E \ In  th is  section we fix a m inim al element (2,,p). This
element plays a  role of the trivial highest weight in the case of Verma modules.

Consider the subalgebra B  a s  a  module over a subalgebra A = N  + H  under
the following action:

az---Lh,a]+ ).(h)a

for any h E H  and a E B, and

b .  a _ f[b ,a ], [b ,a ] e B;
tO, [b,cdç t B.

for all b e N 1
+ and  a E B .  Clearly, this action can be naturally extended to the action

on the exterior powers A B for all k E N.
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Let g be the unique eigenvalue on  M(A,p) of a  quadratic Casimir operator

C=h o +  E  x_ a x„,

where ho is a certain fixed element in S (H ) . Note that this eigenvalue is determined
uniquely by (2,p) via  a  generalized Harish-Chandra homomorphism [5].

Define U,=U(G)1(C —g) and consider the following G-modules:

D k =  II, ® AB,
U(A)

where k e Z ,  .
Following [1 ], for k E1V define the homomorphisms dk : D k  D „_, as follows:

dk (X 0 X 1 A X 2 A • • • A X k )

E A • • • A i t i A  • • •  A X k

i=

+  E  ( - 1 ) 1 - ixo[X 1 ,x,] A Xi A • • • A X‘ i A • • • A rt.; A • • • A X k .
1 ( < P-5k

Since dk o dk+ 1 — 0 we immediately obtain that the sequence

d l (12 d3

0 4— Do /Im d i 4— Do 4— D, *—D2  4 —  •  •  •

is a com plex. Here ri is a natural projection. We will denote this complex by V(2,E).

Theorem 2. The complex V P,e) is exact.

P ro o f The algebra U, inherits the natural gradation on U(G) by the degree
of the monomials. Using that we can define a gradation on Dk . For 1>k  let DV)

be a  subspace spanned by the elements x 0 y  where x  is an element in  U, of degree

less than o r  equal to  /—k and y  A B. It is c lear that dk(D(kn) c D° 1 a n d  thus
dk  induces a  homomorphism

DVL

Denote /5 = DV) /D(
kl-  " .  Also set M (1 ) — f)g ) /Im d(; ) and let ri( t ) b e  a  corresponding

induced homomorphism.
It is sufficient to show for every / the exactness of the complex

q (1) dy1 d1,11

0 4—M" )  4-  /5  0 (1) 4 -  1 5 ' ) ,  D 2 ") <- • • • (1)
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By the PBW theorem for every k e Z ,  one can write:

Dk= (IAN  _)0 ÂB)C1( E AfTuoic.1)0 ;\B )

and hence

k ( I  - k
1511) = (U(N _) (1 - k ) 0 A B  0  E XTU(N 2._)(1 - k - m) CI A B ) .

m=i

We will denote by sorN _ a subalgebra generated by INI  and X .  L e t  A I! (s„N u

resp.) b e  a  subalgebra g e n e ra te d  b y  X_ f l , fle / 3 0  A , ( 7 t  \  {a}) (f3es,A, ,
/30 ,4 4.(7E \ ta p  resp.) and let Si (B) be a set of all homogeneous elements of degree
j  in the symmetric algebra of B .  Then

u(v Ayi - j - k)Si (B)0 B  ( )  E u(s„Aol) i - osi (B )0AB).

For any homogeneous element ue U(N B.4 (ueU(s,A1 ! )  resp.) of degree /—j—k
we have that 4P(uSi (B)0 Ak B) OE uSi + , (B )Q A ' B .  Therefore it induces a complex
w hich is in fact the Koszul complex [2 ] and hence is exact. Using the PBW
theorem we conclude that the complex (1) decomposes into a direct sum of exact
complexes and therefore is exact. The theorem is proved.

For a weight G-module V consider a formal character

ch V = E (dim I/de".
EH

Corollary 1.

ch Do / I m  =  E (— 1 )1ch D i .

4. Extension lemma

In th is section w e prove an analogue of the extension lemma ([8, 10]) for
a-stratified generalized Verma modules.

Recall that a-stratified generalized Verma m o d u le s  a re  the important objects
in the category 0 ' which was studied in [3, 7]. This category has properties similar
to  those  of the classical category O .  It w as show n, in particular, th a t  0 1 h as
enough projective objects.

Theorem 3. L et (4p), (,u,q)effr . If

Ext 0 ,04(1t,q), M (1,p)) 0
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then (ti,q)«(2,p).

P ro o f  The proof is based on  the  properties o f the  category 0 ' [7 ] and  is
analogous to the proof of the extension lemma in  [8].

Consider a  subgroup W OE
+  c  WOE generated by all /13 , /3 e \  { a} . Since WOE

+  is
a Coxeter group we have a well-defined notion of the length 1(w) for any w e W .

Corollary 2. For (A,p)e ± and w1 , w2 E WOE
+  w ith  1(w1 ) =1(w2 ) holds

Ext0 0/1(w1(4)), M (w 2 (A,p)))= 0.

5 .  The structure of the maximal submodule of M((2,p)

The main result of this section is the following

Theorem  4. The module D o /Im d, is irreducible.

To prove Theorem 4 we will need several lemmas.
Let K =  _(n)\(— P) and K(G) be a subalgebra of U(G) generated by X i, . fle K.
L et M  be  a G -m odule. A  non-zero weight vector v  M  w ill be said to be

quasi-primitive if there exists a  proper submodule F c  M  su ch  th a t e  becomes
a-primitive in the quotient M IF.

Lemma 2. Let (ii,q)e , F is a proper submodule of M(11,q),00ve M(,u,q),  and
0 0 v 'eK (G )vn F  i s  a  w e igh t v ec to r w ith  w e igh t v . T hen  K (G )v contains a
quasi-primitive vector o f  weight A w i th  — p > 0,2 > „v.

P ro o f  Since module F is a-stratified and finitely generated one can choose
a set of quasi-primitive generators w, , -•,w, of Fsuch that w , U(N _)v for all i and

) ( 1 t/ e U(N_)w,

for sufficiently large k >O . It im m ediately follow s from  th e  PBW  theorem that
there exists i  such  tha t w, E K (G )v . Also note th a t  if  A , is  a  weight o f w, then
Ai > ,v. This completes the proof of lemma.

L em m a 3 . L et ( ; i ,q )e a  and  00ve M(it,q),_ p . T hen K(G)v h as n o  quasi-
primitive elements except CP_ c,v, k>0.

P ro o f  A direct calculation shows that for any r e H * the existence of a non-zero
a-primitive element in  K(G)v of weight i i  - r  is equivalent to the  system of linear
equations on ti(h p ), f3eir, and does not depend on q. But this contradicts Theorem I.
It implies that the only a-primitive elements in  K(G)i) are CX k

 OEv, k >0.
N o w  suppose  that !YE (K(G)v),, is quasi-p rim itive  a n d  (K (G )v ) h a s  no
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quasi-primitive elements if Consider a  b a s is  T  i n  A+  \ lal containing
\ {a}. Then X y u'=0 for all y e \ { a}, by Lemma 2. If y E then (y, 0 )0 0 . Let

Q -_-_sl(2,C) be a  subalgebra generated by X ± )  a n d  F be a  Q-module generated by
C .  Suppose that Xyu' 0 0 .  Since 1/ is quasi-primitive it implies that v' EF', where
F ' is a  Q-module generated by Xy v'. Then F ,  contains a non-zero element u" such
th a t  Xy u"=0 a n d  hence F ' h a s  a  finite-dimensional q u o tie n t. Since M(ft,q) is
oc-stratified then vk = X k_ ccti' is quasi-primitive for al k > 0 .  Note that Xy uk =0 for all
k. Indeed, if Xy vk 00 for some k >0 then we can apply to vk th e  same arguments
as above and conclude that a Q-module generated by Xy v, also has a finite-dimensional
quotient of the same dim ension. B ut (a,y)00 and  hence these finite-dimensional
m odu les have  d iffe ren t h ighest w eigh ts w hich  is a  co n trad ic tio n  from  the
s/(2)-theory. Therefore, Xy vk =0 for all k > O . U sing  the fact that the root system
A is finite we find m>0 such that Xf l um =0 for all 13 E T. Hence, vm  is ci-primitive
and thus belongs to CX' Œv for some k > 0 .  We conclude that e  is oc-primitive and
belongs to Cr_,„v for some k>0.

Lem m a 4. L et V be a quotient of  M(p,q), O  u  E M(p,q),,_ and vE II*  a weight
o f  V. Then dim V,,>dim(K(G)v),, where (K(G)v),=K(G)vnMO2,q),. M oreover, if
dim V,, = dim(K(G)v),, f or all v such that dim(K(G)u) 0 0, then module V is irreducible.

P ro o f  It follows immediately from Lemma 3 that dim V>dim(K(G)v), for all
v. Suppose that dim V,, dim(K(G)v), for all y such that dim(K(G)v), 00. Now let
y be such that Vy 00 and 00 tve V . S in c e  V is a-stratified, y—kaesupp V for all
k> O. Clearly, there exists m >0 for which y—moc esuppK(G)v. Applying Lemmas
2 and  3 we conclude that X m ,1 4 ',  and hence w, generates V. It follow s that V is
irreducible.

Proof  o f  Theorem 4. Let 00 V E p • It follows from Corollary 1 that

dim(Do /Im d1),,= dim(K(G)v n MG1,p)v )

fo r  all w eights yesuppK(G)u. Using Lemma 4  w e conclude that Do /Im d i i s
irreducible which completes the proof.

6. Strong BGG-resolution

In  this section w e follow  [l, 10] to construct the strong BGG-resolution for
irreducible cc-stratified module L(),,p) with (A,p)E

Let (2,p) e 13 +  .  For k > 0 denote

1147.+1k {14) E W  1(w)=k}

and set

C k E  M(w(A,p)).
14,E11V,
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Define a  map S,: C, Ci _  using  the  m atrix  (d i ,), w w2 )"
where , w 2 )  i f  iv, > w 2 ( w ith  respect t o  the  B ruha t order) and zero
otherw ise. H ere the  numbers s(w , w 2 )  are  defined a s  in  [1 , L em m a 10.4]. Set
m =14,(7E \ {a})I.

Theorem 5 .  Let ti: M(2,p)—> L(2,p) be a natural projection. T hen the sequence
61 62 6”,

0  4 -  L(A,p) 4— Co  4 -  C 1  4 -  •  •  •  4 -  C m  4- 0

is exact.

P ro o f  It follows from the construction that this sequence is a complex.
To show the exactness in each term we will follow the proof of [10, Corollary 10.6].
Let R be the category of all weight G-modules having central character. Clearly

every module VER   has a  decomposition

V= V(x),
xE Z* (G)

where V(x) is  a  component with central character x. L et Oe Z*(G) be a  central
character of M(A,p) and let F0 : R R  be a functor such that F0 (V)= V(0) for all VER,

Obviously, there exists a  minimal element (ti,q)eP + + and a  finite-dimensional
G-m odule U  su c h  th a t  Y  =F6,(L(p,q)(1)U) contains an a-prim itive element with
parameters (A,p). Moreover, the dimension of Y2 _ p  equals 1.

We will show that in  fac t Y  L (A ,p ). Suppose th a t  Y is not irreducible and
F  is som e non-trivial submodule of Y. T hen  it fo llow s from  L em m a 4  that the
dimension growth of Y/F is strictly less than the dimension growth of any irreducible
module L().',11) in  R .  The obtained contradiction implies that

L e t  e  b e  a n  e ig e n v a lu e  o f  C  o n  L (p ,q ) . C onsider a n  e x a c t  complex
17,,(pt, ). A p p ly in g  the functor Fo e  O U ) t o  VOE(ti,e) w e obtain the  following exact
complex:

d1 d2 d3

0  4 -  L(),,p)<— B0 B ,  4 -  B  4-- • • •

where B ; =FA D ; O U ), i> O.
Using [1, Proposition 9.6] and Theorem 3 we coclude that

C , i >0.

Following [10, Lemmas 10.2, 10.5] there exists a sequence of isomorphisms s 1 : B i — > C'i
which makes the following diagram commutative:

d, di
• • • —> B2 (.1,p) ---> B,(A,p) —> B o ( ,p ) L(A,p) --->

62 a,
••• C2 (),,p) --> C i (),,p) —> Co (A,p) —> L(2,p) —> 0.

This completes the proof of the theorem.
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Corollary 3. If  (A,p)e13 + +  an d  M  is the maximal submodule of  M(.1,p) then

M = Muy(1,P)).

P ro o f  Follows immediately from Theorem 5.

7. Character formula

In this section we use the strong BOG - resolution to obtain a character formula
for a G - module L(.1,,p) with (.1.,p)E13 +  +.

For v e H * let

H (v )= v +  E  Z
PERVal

Set for any v E supp V

cha(V )-=  E  (dim Vo )e".
gemv)

Lem m a 5. L e t V be an a-stratified G-module and v e Stipp V then
+ .

ch( V ) =  E
_ GO

)ch°"( V).

P ro o f  Follows from the fact that X± Œ act injectively on V.

Let cp.: H *  H(0) be a natural projection along the root a. Set A'= {9(13)1/3e
A A . It is easy  to  see  (see for example [9]) that for any (p ,q )efl

ch (M(p.,q))=e"-P Fl ( 1
 — e - fl ) - 1

flEA'

and thus

" fch(M(p,q))=e" -  P (1 —e- fl) - 1 f  e l a )
j3EA-,\tct) = —

by Lemma 5.

Set
2p e p

Theorem 6. Let (1,p)e P +  + . Then there exists an element a(,.,p)e H* such that

ch(L(2,p))=( E ei" fl
=

(1 — e
i -

-11)-
KVal

x  (E (_ 1)1(oe w(A+a(A,P)+ p') -  a(A.P) 1  ( 1) 1(w)e vv(P')

weW o,' W E  W 0',
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Pro o f  It follows from Theorem 5 ,  th a t th e  character ch L(2,p) satisfies the
following alternating formula:

ch L(A,p)— E  (— ni E  ch M(w(A,p)).
we(w „' )0 )

Thus using the  character form ula for M(ii,q) above we obtain
+

ch L (2 ,p )=( E  el  1 1  ( 1  —  11) -  1 )
i= - co fl - K \(}

X E ( _ 1) ,E e P r i(w (A ,P ))-P  [1(1 e_fl)
i ,_O w.(w : )(,) /3EP

Since the group W OE
+ i s  an  affine reflection group in every f2, the  result follows

from the classical W eyl character formula for finite-dimensional modules [4, Theorem
7.5.9].

Note that the element a(A,p) in Theorem 6 is determined uniquely by the element
in  E2, with respect to which the  group W OE

+ is linear.
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