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On Morava K-theory of B(Z/p)" as a representation of
m x m matrices ring M,,(F,)

By

Kakhaber KOorRDZAYA

1. Introduction and Main Results

Let K(n) () be the p-adic Morava K (n)-theory of period 2 with the coefficient
ring

K(n), = Zylon. v, 1,07')/(7" 7" = 0) = Zy[0, 07",

Here degt =2 and Z, is the ring of p-adic integers. For any Z,-algebra R we
define

K(mg()=Km)'()®R.
If R is a finitely generated free Z,-module, then K(n);() will be a complex
orientable cohomology theory. Throughout this paper for any local field K we
denote by Ok its ring of integers. Then we have

—0

K(n), (BZ/p) = Ok([[x])/([p]x),

where [p]x is the p-series of the Lubin-Tate formal group law and we can choose
such an orientation x, that

[plx = px — xP".
Thus we have that K (n)gK(BZ/p) is free of rank p” over the coefficient ring

Ok and K(n)(an(BZ/p) = 0. Hence
——0 ——0 ——0
K(n)s, (BZ/p x BZ/p) = K(n).,(BZ/p) ®¢, K(n)o,(BZ/p)
and the product map m:Z/p x Z/p — Z/p induces a ring homomorphism

(BZ/p).

* 0 —0 —0
(Bm)" : K(n)¢, (BZ/p) — K(n)e, (BZ/p) ®¢ K(n)e,
So K(n)?,,K(BZ/p) is a bicommutative Hopf algebra over Og.

Now we consider a classifying space of m-times direct product of Z/p. It is

easy to see that also K(n)(,)‘K(B(Z/p)’") is a bicommutative Hopf algebra over
Ok. The semi-group M,,(F,) of m x m matrices with entries in F, acts on (Z/p)”
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from the right. Thus we have induced left action of M,,(F,) on

mgK(B(Z/P)'") = Ok[x1,x2, ..., xu]/([Plx1, [P)x2, - - o [P)Xm).-

An element 4 = (a;) € M,,(F,) acts on the generator x; by the following way

m

Axi = lagl;. (1)
j=1
Here ), means the summation using the formal group low F of the theory Im "
Let us consider the additive group M,, ,(F,) of m x n matrixes with entries
in F,. The semi-group M,,(F,) acts on the group ring Ok[M,, ,(F,)] by the
left matrix multiplication. We can regard Ox[M,,,(F,)] as a Hopf algebra by
putting Y(4) =A® A for Ae M, ,(F,).
In Section 2 we shall prove the following

Theorem 1.1. Let K be a splitting field of the Q,-algebra

K(n)g, ()(BZ/p) = Q,[x|/(px — x"),

such that the residue field of K is F,.. Then there exists a Hopf algebra iso-
morphism

0 m
S K[Mm.n(Fp)] - K(")K(B(Z/[’) )
which commutes with the M,,(F,)-action.

Let M be a semi-group. Then one can think of a representation of M over a
ring @ and one can define the Grothendieck group Re(M) of the category of O-
representations of semi-group M. If V is such a representation, the corresponding
element in Reo(M) is denoted by [V].

Let K(n);p"( ) be the Morava K-theory with coefficient ring F,.[t,17']. As in
the p-adic case, in K(n);p"(B(Z/p)'") we also have a left action of M,,(F,) induced
by the right action of M,,(F,) on (Z/p)".

Theorem 1.2. In Rg,,(M,,(F,)) we have an equality
[K(n)y,, (B(Z/P)™)] = [Fpn[My,n(F,)].

Remark. Two F,.-modules K(n)g””(B(Z/p’") and F,.[M,, ,(F,)] need not be
isomorphic. The above theorem means that they have the same composition
factors.

In the polynomial ring F,»[x|,x2,...,x,] we have a natural action of M, (F,)
given by the following formula

m

Axi =) ayx;. 2)
J=
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This action can be also thought as follows. First the action using the additive
group low in the equation (1), and second the action defined on the polynomial
part of the mod p cohomology ring H*((BZ/p)"™;F,).

The ideal (xf ",xé’", ...,xP") is invariant under this action of M,,(F,). Thus

we have an induced action on the truncated polynomial ring

Fonxi, X2,y X /(x], x5 )
Then using Theorem 1.2 we can prove the following

n

Theorem 1.3. Let Fyu[x), xz,. .. ,x,,,]/(x‘f",xg ..., XP") be a representation of
the semi-group M,,(F,) with the action given by (2). Then in Rg,,(Mn(F,)) we
have

[Eprlxrx2, ol /(] )] = [Fpr [ Mo ()]

I would like to thank professor G. Nishida for his help and numerous

valuable advices on this work.

2. Proofs of the Theorems

Definition 2.1. Let A be Hopf algebra. An element be A is called a group
like element of A, if Wb =5b® b for the coproduct V.

It is well known, see for example [5], Lemma 1.4, that the set of group like
elements in A is a group with respect to the multiplication in 4. Let us denote the
group of group like elements in I—(Tn—ja,K(B(Z/p)'") by Su.n(Ok).

For Ce M, (F,) we have that BC: B(Z/p)" — B(Z/p)" is an H-map of

H-spaces. So

70 m =70 m

(BC)" : K(n)o, (B(Z/p)") — K(n)¢, (B(Z/p)"™)
is a Hopf algebra homomorphism. Hence M,,(F,) acts on K (n)?,,K (B(Z/p)™) as
Hopf algebra homomorphisms and thus M, (F,) acts on S, ,(Ok) as group

homomorphisms. If f(x) e K (n)gK(B(Z/ p)™) is group like element, by definition

S(F(x,»)) =f(x)f(»). So (f(x))’ = f([p]x) =0 and it follows that S, ,(Ok) is
an elementary abelian p-group. Hence we have

Lemma 2.2. M,,(F,) acts on S,,,(Ok) as an F,-linear mapping.

Let K be a splitting field of the Q,-algebra A4 = Q,[x]/(px — x?"), such that
the residue field of K is F,». It is shown in [4], equation (6), that the dual algebra
A" is also a polynomial ring of one variable y divided by the ideal generated by a
polynomial

n-1, . 2 n
fy)y=pr iy —

Thus K is also a splitting field of the algebra A*. For such a field K in [5] is
proved the following
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Theorem 2.3. a) The group of group like elements S\ ,(Ok) is isomorphic to
(Z/p)"; b) K(n)?((BZ/p) = K[S1,,(Ok)] as a Hopf algebra, where in K[S ,(Ok)] a
Hopf algebra structure is given in the usual way.

Since

Ko, (B(Z/p)") = K(m¢, (BZ/P))®¢y - - ®cx K(n)g (B(Z/p)),
it is easy to see that

Sm,n((gl() = (Sl‘n(@]())m ~ (Z/p)"m.

Lemma 2.4. One can choose an isomorphism S, ,(Og) = M, ,(F,), such that
the action of M,,(F,) on S, ,(COk) is regarded as the usual matrix action on
Mm,n(Fp)-

Proof. If we consider S, ,(Cx) as an mn dimensional F,-vector space, by
Lemma 2.2, the action of 4e M,,(F,) on S, ,(0k) can be described as an
nm x nm matrix. Let f](x), f,(x),..., f,(x) be a basis of the n dimensional vector
space S1,,(0k). Then we can choose fi(x;), i=1,...,n; j=1,...,m, as a basis
of 8yun(Ok). Considering the action of 4 = (a;) € M,,(F,) on the basis element

Si(xj) eK(n)gK(B(Z/p)"'), according to formula (1) we get

Afk(xj) = Jr (ZF[aj,-]x,) .
i=1

Since f(F(x,y)) = f(x)f(y), it follows that

Jx (ZA“;’:’]M) = ka(xi)“"-
i=1 i=1

If we write group structure of S, ,(Ck) additively, we have

Af(x;) = ap fil(x1) + ap fi(x2) + -+ + @i fie(Xm).-

Now if we order basis fi(x;), i=1,...,n; j=1,...,m, in the following way

Jia)s s fi(am)s o (), olem) o Su(X0)s s fu (),

then the action of A4 can be written as an mm X nm matrix which consists of n?
blocks, each m x m size. All matrices on the diagonal are A itself and all other
blocks are 0. Therefore, if we choose isomorphism S, ,(0k) = M, .(F,) by
arranging basis of S, ,(Ok) as a matrix

filx) folx) - fulx)
f] (xnl) fz(-\‘m) T /;,(xm)

then the action of 4 on S, ,(Ck) will be the usual matrix action from the left.
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Let M be a semi-group. A Hopf algebra A4 is called an M-Hopf algebra if M
acts on 4 as a Hopf algebra homomorphisms.

Lemma 2.5. There exists an M, (F,)-Hopf algebra homomorphism

'+ Ok Mo o(F,)] = K(n)o, (B(Z/p)"™).

Proof. The group of group like elements S, ,(0k) is a subset of

K(n)gK(B(Z/ p)") closed under the action of M, (F,). Hence extending on the
group ring linearly we have an M,,(F,)-Hopf algebra homomorphism

(OK[Sm,n((OK)] - mgk (B(Z/p)m)

By Lemma 2.4, S, .(0k) = M, .(F,) as groups with the action of M, (F,).
Hence

COK[Sm,n((OK)] = @K[Mm,n(Fp)]
as M,,(F,)-Hopf algebras. This shows the lemma.

Proof of Theorem 1.1. Since group like elements are linearly independent, see
for example [7], page 15, we see that f'is a monomorphism. Now let us extend f
to the monomorphism

S+ K[y 0(F,)] — K(m)x (B(Z/p)™).

Hopf algebras K[M,,,(F,)] and K(n)z(B(Z/p)'") both have rank p"” over K. So

f is an isomorphism.

Let K be a local field with ring of integers ¢k, maximal ideal m and residue
field k. Let M be a finite semi-group. We will construct a map Rg(M) —
R (M) in the following way. Let E be a K-representation of M. In E we choose
a lattice 7, i.e. a finitely generated (@g-submodule of E, which generates E as a
K-module. Replacing T by the sum of its images under the action of M, we
can assume that 7T is invariant under M. Then the reduction T = T/mT is a
k-representation of M.

Lemma 2.6. The image of T in R,(M) is independent of a choice of an Ok-
sub-module T.

Proof. The case when M is a finite group is proved in [6], Theorem 32. We
follow Serre’s proof.
Let 7| and T, be lattices of E stable under M. We must show that [T] =
[T,] in Ry(M). First we consider special case mT|, c T, « T;. Then mT, c
mT, < T, and we have two short exact sequences of k-modules
0— Tz/mT| — Tl/mTl — T]/Tz -0
and

0 - mTy/mTy, — Tr/mTy — To/mT; — 0.
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Hence in Ry(M) we have two equations
(T\/mT\] = [Ta/mT] + [T1/T>]
and
[T2/mT,) = [mT\/mT,] + [To/mTy).
Subtracting we get
(T/mT] — [Ta/mT2] = [Ty/To] — [mTy/mT>).

Now we need to show that [T/T>] = [mT)/mT,]. Let IT be the homomorphism
obtained from the multiplication by a generator n of the ideal m

I1:T/T, — mT,/mT,.

It is clear that IT is an epimorphism. Since 7, and T, are lattices of E, they
contain no torsion elements. Hence it follows that /7 is monomorphism. This
proves our special case.

Replacing T, by a scalar multiple does not effect [T,]. So in general case we
can assume that 7, < T|. There exist integer ¢ > 0 such that m97T, = T,
Ti. Now we proceed by induction on ¢. Assume that if i <g and m'T| c
T, < T), then [T]] = [Tz] Let T3 =m?'T, + T». Then m'T, < T3 < Ty and
mT3 < T,  T3. Thus by induction we get [T] = [T3] = [T,]

In the K-module K[M,, ,(F,)] = (n)?((B(Z/p)(;") we can choose two M,,(F,)
invariant Ok-submodules Ok[M,, ,(F,)] and K(n),, (B(Z/P)"). Now Theorem
1.1 directly implies Theorem 1.2.

On the ring

K(n)gp" (B(Z/p)™) = Fpu[x1. X2, . .. ,x,,,]/(x‘f", xgn, X

we have two actions of M,,(F,) defined by (1) and (2). We denote this ring with
the action (1) by @, and with the action (2) by Q.

Proposition 2.7. [Qi] = [Q2] in R, (M,,(F,)).

This proposition is easy consequence of the next two lemmas.

Let us assume that degx; =2, i=1,...,m. In Q; we consider the following
filtration
Fi ={p(x1,...,xm) | p(x1,....x,) consists of monomials with deg > 2i}.

Then we have the following
Lemma 2.8. F; is invariant under the M,,(F,)-action defined by (1).

Proof. For A = (a;) e M,,(F,) we have

m
(ai) - x. = F[aqi]xj = do1X| + apXy + - -+ deXy (mod deg > 2).
i=1
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Let g(x1,x2....,%y) = ¢x|'X7---x/» be a monomial of degree 2i, where i +

ip 4 4iy=2i, ceFpn. Since A = (a;) acts on Q; as a ring homomorphism we
have

(ag) - q(x1. X2, .. xm) = c((ay) - x1)" ((ay) - x2)" - ((ay) - xi)™)

=clanxi +---+ almxm)iI o (amxy A ammxm)im (moddeg > 2i) (4)
So (ay) - q(xi,x2,....xXm) € F.

Let us denote by R; the degree 2i part of Q. We have a map which takes
each polynomial to its degree 2/ part. This map induces F,.-module isomorphism

h:Fi/Fi1 — Ri.
From formula (4) we have the following

Lemma 2.9. Action (1) in F;/Fiy| corresponds to action (2) in R; by the F,u-
module isomorphism h.

Now from Proposition 2.7 easily we get Theorem 1.3.
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