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On the Hopf algebra structure of the mod 3 cohomology of
the exceptional Lie group of type E6
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Osamu NismmuRA

1. Introduction

Kono-Mimura [9] and Toda [13] determine H *(E 6 ; Z3 ) as a Hopf algebra over
d 3  the mod 3 Steenrod a lgeb ra . Kono [7] determines H *(A dE 6 ; Z 3 )  as a  Hopf
algebra over .4 3  and simultaneously gives a  new method to determine H*(E6; Z3)
a s  a  Hopf algebra over d3 . I t  is , however, very difficult to determine fi*(x17)
where x17 is the generator of degree 17 in H * (E 6 ; Z3 ). (F or a  Hopf algebra, the
reduced coproduct map is denoted by Ti * in  this paper.) In  fact, a  direct method
is not found until now.

T h e  m a in  purpose o f  th is  p a p e r  is  to  g iv e  a  d i r e c t  method o f the
determination of fi*(x17). A t the same time, H*(E6; Z3) is determined as a  Hopf
algebra over d 3  where -E6 is the 3-connective cover over E6. F o r  our purpose, in
§2, we shall define five maps (which we call in  this paper the adjoint maps) and
state their properties. It should be emphasized that among these maps, what
bring us improvement essentially are

aTd : A d E 6  E6 - 4  E6

and

ad : AdE6 E6

In §3, we shall determine H *(AdE6;Z3 ) as a  Hopf algebra over .913 by a  slightly
different way from that of Kono [7 ]. In  §4, we shall determine H *(E 6 ; Z3) as a
Hopf algebra over d3 . I n  §5, the  last section, we shall prove the  following.

Theorem 1.1. A s a Hopf algebra over ,P1/3 H* ( -E6;Z3) is given as follows. As
an algebra,

H * (E6 ; Z 3 ) = Z3 [ 1 8 A(x9,-Y11,x15,x17,Y19423)

where deg.ik = deg j' = k. T he coproducts are  giv en by  /i (5'18) = .56 0 ..k9 and
(z ) =  O (z -= 519, .P23). T he cohomology operations are  given by
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Z i9 5C11 :k-15 .i17 j) 18 .P19 i) 23

13z 0 0 0 0 ji19 0 0

pl z 0 5-C15 0 0 0 j)23 0

and by  0 9 .P18 = .q 8 ,  0 3 j i ) 18 (j 2 ) and 0 3 i z  =  0  (z  = 5C-k , i) 191h 3 ; i I).

Throughout this paper, w e use Z 3  as the coefficient ring of homology and
cohomology unless mentioned.

The author would like to thank Professor Akira Kono fo r his advices and
encouragements.

2. Adjoint maps

L et p : E 6  b e  the  covering projection and w :  E6 A dE6  t h e  natural
projection. We define five maps

ad : AdE6 A  A dE6  A d E 6 ,

ad : E6 A E6 E 6 ,

: A dE6), E6 E61

: E6 X E6 —>

aTd : AdE6 A E6 E 6

a s  follows where A  ), B  denotes the  ha lf smash product (A  x  B M A  x  {e} ) for
based spaces A  and B.

W e define a d  by d ( x ,  y ) = x y x -
1 . Similarly we define a d  b y  ad(x, y) =

xyx -
1 . For the definition of ad , we can define ad as the map which makes the

following diagram commute:

E6

W e define ad a s  th e  map which makes the  following diagram commute up to
homotopy:

E 6  E 6
ad

E6

P API

E  A E6 E6.
ad



( H o p ) l1 A d
AdE6 E61

Iv o p
AdE6 AdE6 AdE6.

ad

(2.1)
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N ote  that ad certainly exists a n d  is  unique up  to  hom otopy  since  -E6 E6 is
3-connected. Sim ilarly, we define ad a s  th e  m ap w hich m akes th e  following
diagram commute up to homotopy:

AdE6

I Apt

AdE6 AE6

Also ad exists and  is  unique up to homotopy since AdE6 E6 is 3-connected.
I n  connection w ith  these m aps, n o te  th a t  th e re  a r e  th e  following two

homotopy-commutative diagrams which we need later:

E6 E6 AdE6  A  È6
ad

a■cl

Wel

The homotopy-commutativity of the first one is showed by

po ar-clo {(w op))\ If a-clo(1 Ap) o {(wop) A  i}

=  ad o (w A  1) o (p A p)

=  ad o (p)\p)

and the uniqueness of the hom otopy class o f a d .  The other is similar.
The following proposition is partly due to Kono-Kozima [8] and Hamanaka

[5] and is proved in the sam e m anner. Let fi ,
 a n d  Ka,! be the dual maps of fi and

p i respectively. D enote a * a' = f, (a 0  a ')  for f  =  ad, ad, ad, ad o r  ad.

Proposition 2.1. (i) a * a ' is prim itive if  a ' is primitive.
(ii) I3 * (a * a')  = (13,,a)* a' + (-1 ) la a*  (I3,,a').

p*
I (a * a') = a) * a' + a * (p,!a').

(iv) (aa') * a" = a * (a' * a").
-( y )  L e t  *  m ean  ad * , a d * o r  ad * . I f  a  is  p rim itiv e , then  a * a' = aa' +

(_01a1101-1 a l a .

3. AdE6

According to Araki [2], a s  a n  algebra

H*(AdE6) Z 3[x2,x8]/(4 ,4) 0  A (x l , X3, X7, X 9 , X ii, X j5 )

where deg = k, Aki =- -t2, P i -t3 = ..t7 and  fifc7 =  .TC8. W e shall determ ine the
Hopf algebra structure of H*(AdE6)•
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It is c lear that /4 * (4 )  = 0  (k  =  1,2).
Kono [7] shows that w e m ay put

11*(x3 ) = X-2 0  xi

and hence

Ti*(ck) = 5-4 0 54_6 (k = 7. 8)

using a inclusion j :  SU(6) '—+ E 6  such that i* : n3(SU(6)) n3(E6). Note tha t i
induces i : SU(6)/Z3 AdE6. Moreover according to Baum-Browder [3],

H * ( S U ( 6 ) /Z 3 ) Z3 [ 2] / ( )A ( 1 ) 11)

as an algebra where deg = k  and c' 6 -6 ft (I( 91,--*, yk, — -pk-2 - ,•
Next, we shall determine fi* ( c9). According to Kono [7], we can choose

such that

(3.1) 17* (x9) = -k 2 + 1 2 4

+ 0E1 4 0 X 1 + (CX 2  06 1)Ï8 X1 E Z3).

In the following, we shall show that we may put oci = 1. According to Borel
[4], as an algebra

H *(E 6 ) = Z3 [x8] /(4) 0 A(x3, x7, x'9. x i x i5 , x 17)

where deg xk k, p I x3 = x 7, fix7 = x8 and w*(4) = xk (k = 3, 7, 8, 9, 11, 15). By
Kudo's transgression theorem [11], we have as an algebra

H*(É6) = Z3[ 18] A(x9, x i  , x15, xr7,Y19,Y23)

where deg ...kJ, = degj)k = /3y18 = y19, P 15'19 — i323 and p * ( x k )  =
(k = 9,11,15,17). Let SU (6 ) b e  the 3-connective cover over SU (6). Then, we
have as an algebra

H * ( S - U ( 6 ) )  =  Z 3 [1 8 ]  0  A ( 5 ,  49,

where deg 4k =  deg C- k. =  k. Furthermore, according to Nishimura [12], we can
choose C18 such that p*(C18) = 9  ® 9.

Note that i induces 1: SU(6) —> -E 6 .  We can easily check that we can choose
j118 such that /*(h 8 ) = Hence we have

(3.2) ri*  (j'18) = 5-C9

and 7*(.k9) =  o 0 14' * (X-9 )  =  + 4 9  0  0. C onsider t h e  fo llow ing homotopy-
commutative diagram:
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SU (6) SU (6) SU (6) I Z3

11
p E6w A d E 6 .

Since fi * ( 9) = 2  Ø 7 , w e  m ay  put al = 1.
To determine oc2, we need to compute ad*(c9) and dualize it to homo-

lo g y . B y  (3.1), we have

ad*(X9) =  1 0 x9 + 0 x7 + a2x3 0 .t 3 +  (OTHER TERMS).

Let ãk be the dual element of .k k and a6  be that of 5c3, with respect to the monomial
basis. Then we have

= a2 *

— cx2a6 * /23.

For a Hopf space G, put P ( G )  = {a e  I ,.(G ) ,a is primitive}. Applying fp,!
for a6 * a7 C  P 13 (A d E 6) =  0 , we have a2 * a7 * a3 =  0. Hence we have a/9 =

* a7 = * a3 and thus a2 = —1. Accordingly we have

1.1* (X9) = X2 X 7  —  X ® x 3

+ ® l  + .t8 0  .

Next, we shall determine Ti* (-ill).
such that

According to Kono [7], we can choose X II

12 * (x = 0  —  0  _To— .t2
4 0 .k3

. t 8  0 0 -t1 .t2.t8 X I) (a' e Z3).

Hence we have

ad* (x i )  =  I 0  X i  + OC'X2 0 5-c9 + (OTHER TERMS)

and

a11 =  a' (42  * d9 .

To determine a', it suffices to show the following lemma. Let ak, i)k be the dual
elements of k , j ) k  respectively with respect to the monomial basis.

Lemma 3.1. W e can choose 511 such that ail =- (42* a9 an d  -b i g  =  *

It follows that ail =  a 2  * a9 by (2.1) and the above lemma. Thus a' = 1 and
hence we obtain

,u* (xii) = X2 X 9  —  X 2
2 0 X7 —  0  X 3

- I-  X8 0 X3 — Xl X 2 X 8  0  I .
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Proof  of  lem m a 3.1. B y  ( 3 .2 )  w e  have a-d*(j-218 ) =  1  ®j'18 — 5C9 and
hence we get -6 1 8  =  

—
5 9  * 5 9 .  Using (2.1), we obtain -618 = * 5 9 .  Substituting

= a2 * a7 = ã a 7  — a7ã2, w e  have

= —(d2d7) * a9 + (d7c42) *

= a7 * (a2 * ei9)

since .47 * à9 e  P6(E 6) = 0. A ccordingly  w e m ay pu t a s  desired.

Finally, we shall determine p*(5c 15). W e  c a n  c h o o se  a15 such that P *"15  =
In fact, w e m ay p u t a15 = (46 * a9. Hence we have 0 1.-t i We can

determine fi* ( t1 5 )  by applying 0 1 f o r  ft * ()11)•

Remark 3 .2 .  Kono [7] determinesfit ( k )  (k  = 9, 1 1, 15) using fi-operation.

T h u s  w e  h a v e  determ ined th e  H o p f  a lgeb ra  s tru c tu re  o f  H*(A dE6).
Simultaneously, we can easily determine the cohomology operations in it.

4. E6

W e shall determine the  H opf algebra structure of H * (E 6 ) .  It is obvious
th a t  f i*  ( x k )  = 0  (k  = 3 ,7 , 8 ,9 ). A ccord ing  to  §3 , w e  have r e (x k )  = x8 xk - 8
( k  = 1 1 ,1 5 ) .  Hence we are left to determine Ti* (x17).

According to Ishitoya-Kono-Toda [6], we can choose x17 such that

ft*(x,7) = ax8 0 x 9( 6  e Z 3 ).

Hence we have

ad*(xi7) = 1 Xi7 ±6(X8 X 9  —  X 9  X 8 )

and a17 = 6a8 * a9  where ak  is  the dual element of xk with respect to the monomial
basis.

To determine 6 ,  we need the following.

Lemma 4.1. W e can p u t al7 = * a ll.

P ro o f  W e m ay p u t f319 _= ag * a l l  since

16*(a8 * = (fl*a8)*a 1l +a 8 * (fl*ai )

— a7 *

=  i
3
18.

We can easily compute that

ad*(8) = 1  .-kg ± 4 ® X 2 -  2 ® 4
and hence
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(4.1) = —a2 * (76

= d6d2 — (724.

Accordingly we have

-

6
1 9  =  (a6a2 — a2a6) *

a6 * (a2 * a ll)  — a2 * (a6* a,,)

—a2*(ei6*a11).

H ence w e m ay p u t  et17 = * a ,  B y  th e  definition o f  a d , w e  have a17 =
— a6 * a il.

Applying 0 4,1 f o r  a6 * ai5 E  P 2 1  (E 6 )  =  0 , w e have d2 * a15 * a il --- 0 and
hence we get a17 = 1'72 * a's

 Substituting (4.1) for ag * a9, w e have

a8* a9 = a6* (a2*  a9) —  az * (a6* a9)

= a6 * — a2 * at s

= —a17 — a17

—6/ 17.

By the definition of ad, we have a8* a9 = a17. Thus, we may put (5 = 1 and hence
we obtain

if  (x17) = xa 0 x9.

Besides we can easily determine the cohomology operations in  I-P(E6 ).

5. E6

In §3, w e  have (S'i 8) = x9 ® x9. It i s  c l e a r  t h a t  fi*(54) = 0
(k  = 9 ,11 ,1 5 ,1 7 ) and fi*(j)*k )  =  0  ( k  = 1 9 ,2 3 ) .  Checking th e  cohomology oper-
ations is easy.

DEPARTMENT O F MATHEMATICS

KYOTO UNIVERSITY

References

11 ] S. A ra k i, On the non-commutativity of Pontrjagin rings mod 3  of some compact exceptional
groups, Nagoya Math. J., 17 (1960), 225-260.

[ 2 ] S . A ra k i, Differential Hopf algebras and the cohomology mod 3  of the compact exceptional
groups E7 and E g ,  Ann. Math., 73 (1961), 404-436.

[ 3 1 P. F. Baum and W. Browder, The cohomology of quotients of classical groups, Topology, 3
(1965), 305-336.



704 Osamu Nishimura

[ 4 ] A. Borel, Sous groupes commutatifs et torsion des groupes de Lie compacts connexes, Tohoku
M ath. J., 13 (1961), 216-240.

[ 5 ] H. H am anaka, Adjoint action on homology mod 2 of E 8  on its loop space, J. Math. Kyoto
Univ., 36-4 (1996), 779-787.

[ 6 ] K. Ishitoya, A. Kono and H. Toda, H opf algebra structure of mod 2 cohomology of simple Lie
groups, Publ. Res. Inst. Math. Sci. Kyoto, 12 (1976), 141-167.

[ 7 ] A . K ono, H opf algebra structure of simple Lie groups, J. Math. Kyoto Univ., 17-2 (1977),
259-298.

[ 8 ] A. Kono and K. K ozim a, The adjoint action of Lie group on the space of loops, Journal of the
Mathematical Society of Japan, 45-3 (1993), 495-510.

[ 9 ] A . Kono and M . M im u ra , On the cohomology mod 3  of the classifying space of the com-
pact, 1-connected exceptional Lie group E 6 , preprint series of Aarhus University, 1975.

[10] A . Kono and M . Mimura, Cohomology operations and the Hopf algebra structures of the
compact, exceptional Lie groups E 7 and E g, Proc. London Math. Soc., (3) 35 (1977), 345-358.

[11] T . K u d o , A transgression theorem, Mem. Fac. Sci. Kyusyu Univ., Ser. A  9 (1956), 79-81.
[12] O. Nishimura, The Hopf algebra structure of the cohomology of the 3-connective fibre space

over the special unitary group , to appear.
[13] H . Toda, Cohom ology of the classifying space o f exceptional L ie groups, Conference on

manifolds, Tokyo, 1973, pp. 265-271.
[14] H. T o d a , On the cohomology rings of some homogeneous spaces, J. Math. Kyoto Univ., 15

(1975), 185-199.


