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the exceptional Lie group of type E¢
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1. Introduction

Kono-Mimura [9] and Toda [13] determine H*(E¢; Z3) as a Hopf algebra over
/3 the mod 3 Steenrod algebra. Kono [7] determines H*(AdEq; Z3) as a Hopf
algebra over /3 and simultaneously gives a new method to determine H *(Eg; Z3)
as a Hopf algebra over /3. It is, however, very difficult to determine &*(x)7)
where x7 is the generator of degree 17 in H*(E¢;Z3). (For a Hopf algebra, the
reduced coproduct map is denoted by i* in this paper.) In fact, a direct method
is not found until now.

The main purpose of this paper is to give a direct method of the
determination of 7*(x;7). At the same time, H*(Es;Z3) is determined as a Hopf
algebra over /3 where E¢ is the 3-connective cover over Es. For our purpose, in
§2, we shall define five maps (which we call in this paper the adjoint maps) and
state their properties. It should be emphasized that among these maps, what
bring us improvement essentially are

a}i : AdE¢ N E¢ — FE¢
and
aﬁ : AdFEg )\E(, — E(,.

In §3, we shall determine H*(AdEg;Z3) as a Hopf algebra over /3 by a slightly
different way from that of Kono [7]. In §4, we shall determine H*(Es;Z3) as a
Hopf algebra over /3. In §5, the last section, we shall prove the following.

Theorem 1.1. As a Hopf algebra over <3, H*(Eg; Z3) is given as follows. As
an algebra,

H*(Ee; Z3) = Z3[315) ® A(Fo, X11, K15, X17, P19+ V23)

where degX; = degy, =k. The coproducts are given by i*(y5) = X9 ® X9 and
A (z) =0 (z =Xk, 919, 723). The cohomology operations are given by
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z | Xo | Xu | Xis | X7 | Jig | Fro | Pos
gz 0] 0] 0] 05| 0] o0
$O|Z 0 .if]S 0 0 0 j:'23 0

and by @9}718 :5’133, ny’ls =0 (j#2) and PBIZ =0 (z= Xk, Y19, 703: 7 = 1).

Throughout this paper, we use Z3 as the coeflicient ring of homology and
cohomology unless mentioned.

The author would like to thank Professor Akira Kono for his advices and
encouragements.

2. Adjoint maps

Let p: E; — Es be the covering projection and w: Eg — AdE the natural
projection. We define five maps

ad : AdEg ™ AdE¢s — AdE;,
ad: Eg X\ Eg — Fg,

ad : AdE¢ N E¢ — Eg,

ad:E(,/\E}—-)E(,,
ah : AdEs )\E~6 — E6

as follows where 4 XA B denotes the half smash product (4 x B)/(A x {e}) for
based spaces 4 and B.

We define ad by ad(x,y) = xyx~!. Similarly we define ad by ad(x,y) =
xyx~'. For the definition of ad, we can define ad as the map which makes the
following diagram commute:

E¢ X Eg a_d) Es

|4

AdEg X Eg.

We define ad as the map which makes the following diagram commute up to
homotopy:

E(, )\E(, a_d) Eﬁ

ml lp

E6 A E6 ——— E6.
ad
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Note that ad certainly exists and is unique up to homotopy since E¢ NEg is
3-connected. Similarly, we define ad as the map which makes the following
diagram commute up to homotopy:

AdE(,)\E(, —a—d—> E6

1 Apl J”

AdEg¢ X Eg — Fs.
ad

Also ad exists and is unique up to homotopy since 4dEs X Es is 3-connected.
In connection with these maps, note that there are the following two
homotopy-commutative diagrams which we need later:

E6 PN E(, a_d) EG AdEg X E@ a_d) Eﬁ

(2 1 ) (wop) X IJ %d I'x (»vop)J J{wop

AdEg X Eg, AdE¢ N AdEs —— AdE;.
ad

The homotopy-commutativity of the first one is showed by
poado{(wop)al} ~ado (I xp)o{(wop)x1}
=ado(wAl)o(pAp)
=ado(pAp)

and the uniqueness of the homotopy class of ad. The other is similar.

The following proposition is partly due to Kono-Kozima [8] and Hamanaka
[5] and is proved in the same manner. Let 8, and p! be the dual maps of § and
' respectively. Denote axa’ = f,(a®a’) for f = ad,ad,ad,ad or ad.

Proposition 2.1. (i) axa’ is primitive if a' is primitive.
) Blaxd)=(p.a)sa +(=1)"ax (B.a").
) pilaxa’) = (pla)xd +ax(pld').
iv) (aa’)*xa”" =ax(a'xa").
)

v) Let % mean ad,, ad, or ad,. If a is primitive, then axa = ad +
(_l)|a| |a'|+lala.
3. AdEs

According to Araki [2], as an algebra
H*(AdEe) = Z3[%,, %3]/ (%3, X3) ® A(%), X3, X7, X, 11, X15)

where degxy =k, BX) =X, p'X3 =%, and B%; = X3. We shall determine the
Hopf algebra structure of H*(AdEg).
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It is clear that g*(x¢) =0 (k= 1,2).
Kono [7] shows that we may put

2 (X3) = X2 ® X
and hence
ﬁ*()“ck) = )_Cg ® Xk (k=1. 8)

using a inclusion i: SU(6) — Eg such that i, : 713(SU(6)) =~ n3(Es). Note that i
induces i: SU(6)/Z3 — AdEs. Moreover according to Baum-Browder [3],

H*(SU(6)/Z3) = Z3(5,)/ (&) ® A(&1, &5, &, &, &)

as an algebra where deg&; =k and ' (&) =& ® &_, (k= 3,9).
Next, we shall determine i*(X9). According to Kono [7], we can choose Xg
such that

(3.1 B (%) = 1% @ %7 + 1% ® X3
+O€1)-€§®)?|+(a2—0(1)ig®)_c1 (othZ3).

In the following, we shall show that we may put a; = 1. According to Borel
[4], as an algebra

H*(Eg) = Zs[xs)/(x3) ® A(x3, %7, X9, X11, X15,X17)

where degxy = k, p'x3 = x7, fx7 = xg and w* (%) = x; (k =3,7,8,9,11,15). By
Kudo’s transgression theorem [l1], we have as an algebra

H*(Es) = Zs[75] ® A(%9, %11, %15, X17, 195 23)

where  degX, =degy, =k, Byig =y, p'Fi9 =9y and  p*(x) =X
(k=9,11,15,17). Let SU(6) be the 3-connective cover over SU(6). Then, we
have as an algebra

H*(SU(6)) = Z3[518] ® A(§57£9w£|1757ﬂ519)

where degé; = deg(, = k. Furthermore, according to Nishimura [12], we can
choose {3 such that ﬁ*(flg) =& ®£9.

Note that i induces i : SU(6) — Es. We can easily check that we can choose
7,5 such that i*(j,5) = {;5. Hence we have

(32) A" (y15) = X9 ® X9
+

and i*(%9) =i*op*ow*(X9) = +& # 0. Consider the following homotopy-

commutative diagram:
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SU(6) —— SU6) —— SU(6)/Zs3

Es p Es w AdEs.

Since fi*(&) = & ®&;, we may put oy =1.
To determine a«,, we need to compute ad*(Xy) and dualize it to homo-
logy. By (3.1), we have

ad*(%9) = | ® Xo + %2 ® X7 + 02%3 ® X3 + (OTHER TERMS).

Let @, be the dual element of x; and adg be that of )“c% with respect to the monomial
basis. Then we have

dg = ay *x ay
= opdg * a3.

For a Hopf space G, put P,(G) = {a € H.(G),a is primitive}. Applying p!
for ae * a; € P13(AdEs) =0, we have @, xa; +ae xas = 0. Hence we have ay =
d, * @7 = —ag * a3 and thus a; = —1. Accordingly we have

B (%) =@ % — X ® %
+ 3 ®F + X ® X
Next, we shall determine i*(x;;). According to Kono [7], we can choose X1

such that

B (%) =o' (@ % — X% — % ®X;

+ X ® X3 — ¥ @ X) + Fo¥g ® Xy) (o € Z3).
Hence we have
ad*(%))) = | ® X + «'%; ® X9 + (OTHER TERMS)
and
ap = o'a x ay.

To determine o', it suffices to show the following lemma. Let a, bx be the dual
elements of X, y, respectively with respect to the monomial basis.

Lemma 3.1. We can choose ay, such that a;; = a, x as and big = a;  a,.

It follows that @;; = @y x @y by (2.1) and the above lemma. Thus o’ =1 and
hence we obtain

(X)) =% ®% — %5 Q% — % ® X3

XX — X QX + Xk QX
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Proof of lemma 3.1. By (3.2) we have ad*(jjz) = 1@ J3 — % ® % and
hence we get bjg = —dg x dg. Using (2.1), we obtain bjg = —ag * dg. Substituting
dy = ap * a7 = dd7 — a7d, We have

518 = —(5257) * dg + (ﬁ7ﬁ2) * dgy
=q7 * (52 * &9)
since a7 * dg € P]é(E~6) =0. Accordingly we may put as desired.

Finally, we shall determine i*(X;s). We can choose @js such that p!a;s =
ay;. In fact, we may put a;s = dg * ds. Hence we have p'%;) = X15. We can
determine ji*(%;s) by applying ' for a*(x).

Remark 3.2. Kono [7] determines ia*(xx) (kK =9,11,15) using S-operation.

Thus we have determined the Hopf algebra structure of H*(AdEs).
Simultaneously, we can easily determine the cohomology operations in it.

4. K

We shall determine the Hopf algebra structure of H*(Eg). It is obvious
that z*(xx) =0 (k=3,7,8,9). According to §3, we have a*(xx) = xg® xk_s
(k =11,15). Hence we are left to determine fi*(x7).

According to Ishitoya-Kono-Toda [6], we can choose xj7 such that

ﬂ*(x”) = dxg ® X9 (5 € Z3).
Hence we have
ad™(x17) = 1 ® x17 + 6(x3 @ X9 — X9 @ X3)

and a7 = dag * ag where ay is the dual element of x; with respect to the monomial
basis.
To determine §, we need the following.

Lemma 4.1. We can put aj; = —ae * ay).

Proof. We may put big = ag * ay; since

p.(as *an) = (B.as)*an +as* (B.an)

We can easily compute that
ad* (%) = @+ @ % — H® %

and hence
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(4.1 ag = —a, * d
= Aedy — ayde.
Accordingly we have
big = (G6dy — dadis) * a1y
=dg* (@y*ay) — a * (@ * ap)
= —ay * (@g x ar1).

Hence we may put a7 = —ag*da;,. By the definition of ad, we have a;; =
—dg x dy|.

Applying ! for @ * ajs € Pyi(Es) =0, we have @ * ajs +ds*a; =0 and
hence we get aj7 = @ xajs. Substituting (4.1) for ag x ag, we have

as x ag = dg * (ay x ag) — ay * (ag * ag)
=de*xa)] — dx *xAaps
= —dapi7 —an
=a.

By the definition of aﬁ, we have ag *x a9 = aj7. Thus, we may put 6 = 1 and hence
we obtain

— %

" (x17) = x3 ® Xo.

Besides we can easily determine the cohomology operations in H *(Es).

5. Eg

In §3, we have [g*(y3)=X®X. It is clear that g*(x) =0
(k=9,11,15,17) and i*(y,) =0 (k=19,23). Checking the cohomology oper-
ations is easy.
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