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The Atkin inner product for I'y(V)

By

Hiroyuki T'suTsumI

1. Introduction

Let $ be the complex upper half plane and M the C-vector space of
SLy(Z)-invariant functions which are holomorphic on $ and meromorphic at
100. The space M can be identified with the polynomial ring C[j] via j = j(7),
where j(7) is the elliptic modular invariant:

1 , .
j(r) = p + 744 + 196884q + 21493760q° 4 864299970¢° + ..., ¢ = e>™'".

On the space M act the Hecke operators {T}, },en, and on C[j] too, through
the above identification.
A.O.L Atkin defined an inner product (, ) on M by

(f, g) = constant term of f-gF, as Laurent series in q = ™",

where F5(7) is the Eisenstein series of weight 2 for SLo(Z):

By(r)=1-24> [> d]|q™

m=1 \d|m
Atkin showed:

1. The Hecke operators T, are self-adjoint with respect to this inner product;

(f1Tny 9) = (f ,9/T),  Vf, g€ M, V¥n>1.

2. The inner product is non-degenerate and the associated orthogonal poly-
nomials are connected to the j-invariants of supersingular elliptic curves.
(For precise statement, see the article [5].)
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Figure 1: Fundamental domain of SLy(Z) and Qy

Atkin’s inner product is uniquely determined up to scalar multiple by the
self-adjointness of the Hecke operators and by requiring the value (f, g) which
depends only on the product fg.

From the self-adjointness with the Hecke operators, one may think the
Atkin inner product as an analogue of the Petersson inner product on the
space of cusp forms of positive weight. In fact, Borcherds, suggested by work
of physicists, showed that the Atkin inner product can be given by an integral
similar to the Petersson product.

Theorem (Borcherds [1]).  We use the notation (, ) as the Atkin inner
product, then

dxdy

1 .
(f?g):— lim fgy—za

VOl(SLL(Z)\9) Y=o Jo, (r=2+iy)

where (1) is the imaginary part of T € $, V(1) the real part and

Qy:{TESﬁ‘—%S%(T)S |7'21,%(7')§Y}.

1
2’
(See Figure 1.)

In this paper, we shall define a generalization of this inner product for
SLo(Z) to the one for cungruence subgroups

c

To(N) = {( “! > € SLy(2)

c—()(modN)}.
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Then we prove the self-adjointness of the Hecke operators (Theorem 1) and a
theorem of Borcherds’s type (Theorem 2).

We note that, for cungruence subgroups, the self-adjointness of the Hecke
operators does not ncessarily determine the inner product uniquely. So Theo-
rem 2 claims the “properness” of our definition of the inner product. We shall
give our definition and theorems in Section 2. The proof for Theorems 1 and 2
will be given in Section 4 and 5 respectively. In these proofs, a transformation
formula of the Eisenstein series of weight 2 for I'o(N) at ico playes an essential
role. Although it is derived by a standard method, we shall give a detailed
account of the transformation formula and related matters in Section 3.

In the final section, we study the new inner product from the function-
theoretical view point. In particular the representation theory of the holomor-
phic functional on the open Riemann surface.

2. Definition and main theorems
We start from the definiton of the Atkin inner product for I'o(V).

Definition.  Let M) be the set of modular functions for To(N) which
are holomorphic on $) and at all cusps except for i00, and meromorphic at ico.
For f, g € MW we define “the Atkin inner product for I'o(N) at ico” by

)

, 9)(N) = constant term of f - ESM) as Laurent series in q,
9 () g L

where EéN) is the Eisenstein series of weight 2 for T'g(N) at ico defined by the
following g-expansion:

2 (o)
W B0 T A a Y (St
m=0 \d|m

p|N e|N

p:prime

where p is the Mobius function.

For k > 3, the Eisenstein series of weight k for I'o(N) at ico is defined by,

1 1
2) ENM =5 X verar
2 g;ﬂ (cNT+d)*
(eN,d)=1
(™)

The above g-expansion of E5 "’ is the series which is obtained by putting k& = 2

of the g-expansion of E,iN)(k > 3) formally. Since |g| < 1, it is easy to see that
the formal power series (1) is absolutely convergent.

Next, the two Theorems generalize Atkin’s Theorem (1) and Borcherd’s
theorem.

Theorem 1.  Let {Tr(lN)}nZO be the Hecke operators for To(N). Suppose
n and N are relatively prime integers. Then, for f, g € MW,

(FIT™N, 9) vy = (f L 91T (.-
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Figure 2: Fundamental domain of I'g(/N) and Q2
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Theorem 2.  For f, g € M) the Atkin inner product for To(N) at
100 has the following relation with the Poincaré metric.

B 1 . dxdy
(f, 9)(N) —mﬂlimf/ﬂf'g?a

where F is a special fundamental domain of To(N) which is symmetrical with
respect to the imaginary axis, ) is the subdomain of F which we get by cutting
down from F neighborhoods of cusps bounded by the line the parallel to the real
axis and the small circles with center at each finite cusp, and Q@ — F means
bringing the line parallel to the real axis near to ico and the radiuses of circles
near to zero. (See Figure 2.)

The following formula is the transformation formula of the Eisenstein series
EéN) which playes an essential role in proofs of above theorems.

b

Proposition. Let 7 € $, and ( (cl d

> € I'o(N), then,

vy faT+b\ (V) 6c(cr + d)
B;" <c7'+d> = (er +d)By" (1) + Ti[SLa(Z) : To(N)]"
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3. Transformation formula of the Eisenstein series of weight 2 for
To(N) at ico

In this section, we study the Eisenstein series of weight k£ > 2 for T'g(N) at
100 which is necessary for the definition and study of the Atkin inner product
for T'o(N) at ico.

The series E,(CN) is a modular form of weight k for T'o(N). We define

another series G,(CN) by

(N) [y _ 1
(3) Gy (r) = C;Z (cNT + d)*”
(d,N)=1

Because k£ > 3, the series foN) converges absolutely and uniformly on any
compact subsets of £ and we have

2 rrar | & W 2 TNrrar
(dcj(\lr§£1 (n"N) N (eN,d)=1
1) 1
=11 (1)) Y
k k
P:f)‘r]ivme < p (CNvd):l (CNT + d)

where ( is the Riemann zeta function. Hence we get

(4) M) =2]] <1 - ) (k) EXN (7).

pIN
We also call this G,(QN) the Eisenstein series of weight k for I'g(V) at ioco.

Since < (1) 1 ) € Ty(N), the E,(CN) is periodic with period 1 and has a
N)

Fourier expansion. We now compute an explicit Fourier expansion for E,i in
the following.

Proposition 3.1.  Let k be an even integer greater than 2, p be a prime
number, and T € §). Then the Eisenstein series of weight k for I'o(N) at ico
has the following q-expansion.

k oo
(N) _ p p(d 2k %
6 B0 = T A (——B )

p|N d|N m=1
piprime

where p is the Mobius function, By is the Bernoulli number and oy is the
power-sum of divisors:

X > .Tk
1 :kZ:OBkﬁa
n) = de.

d|n
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Proof. By the equality (4),

W)y L P’
(6) B~ (T)‘W [ M)
1 1
@ :2C(k Hp —1%\;# Z (mNT + dn)*

—~

co

~—
|

1 P p(d) N
= H Gr(—7).
E_ koK
20 L =142 d d
Here Gy, is the Eisenstein series of weight k for SLo(Z). It is well known that
the Eisenstein series G has a g-expansion,

in)F =
Gi(7) = 2¢(k) + 2% Z_:lak_l(m)qm.

Substituting this to (8), we complete the proof. O

When k = 2, the series (2) and (3) are not absolutely convergent. However,
if we specify the order of summation of (3) as

o I (Rl T e

c>1  dez
piprime (d,N)=1

then this series defines a holomorphic function on $). Moreover, because the
series

(10) 1—24 i o1 (m

is absolutely convergent for |g| < 1, we find that the series (5) defines a holo-
morphic function on § for k = 2 (B = §). We adopt this series to define the
Eisenstein series of weight 2 for T'o(IV) at ioo, and write it as EéN). This is
the definition which we introduced in Section 2. At this point, we do not know
whether the right hand side of (4) equals (9) when k = 2, because the sum in
(4) is not absolutely convergent.

It is easy to see that the functions EéN) and GéN) are periodic of period
1, and EéN) is holomorphic at infinity. These functions are not modular for
T'o(N) but “nearly” modular. Now, we introduce a new function G,(CN)* to show
the nearly modular property of these functions.

Let p be a prime number and 7 € §), we now define

o l1(-5)

This function is not holomorphic on £, but we can show that it is modular of
weight 2.

6" () =63"(r
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Theorem 3.1.  Fory €To(N) and 7 € 9,

(11) GgN)*('yT) = (em + d)QG,(CN)*(T), v = (a Z) .

C

i.e. G;N)* is a nonholomorphic modular form of weight 2 for To(N).

Proof. The series

1

12 W) = § R 0

(12) (7,5) 24 (eN7+dpleNT +d>° (5) >
(d,N)=1

converges absolutely and uniformly in s for R(s) > ¢ > 0 and for fixed 7 with
(1) > 0. Hence for fixed 7, ®™N) (7, s) is holomorphic in s for R(s) > 0. We
write

1
) ,8) =
(7, 5) C;Z (cNT 4+ d)?|ecNT + d|*
(d,N)=1

1
_Zh2+sz (X T+d)2|0%7+d|5

hIN

N
’Zh%s W

hIN

where y is the Mébius function and ®(7, s) = ®((7,s). By Hecke [2], ®(r, s)
continues holomorphically to a neighborhood of s = 0 for &(7) > 0. We define
G5 (1) as the value of ®(7,s) at s = 0:

G3(7) := ®(7,0).

It is well known that G5(7) = G(l) (7). Therefore, we get

M (r,0) = 3 40 (ET)

p:prime
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= Z “}(Lg) <2C(2) 82 Z Zd 2mifimr

h|N m>1 \d|m
1
— 1— =
3(7) 1‘1 ( p>
o I (1 D)y s o
p\Ne h|N c>1d>1
s 1
— 1— =
S(r)N 1‘1 ( p>
p(h) 1
-2 (1—)<<2>+azz DY
pIN c¢>1h|N h dez (CWT""d)Q
s 1
— 1— =
S(r)N 1‘1 ( p)
=2 1—- 2
11 < ) ) ; ; CNT—|—d
pi‘nme ¢ (d,N)=1
s 1
— 1— =
S(r)N 1‘1 ( p)
-
:Gé ) (7).

Here we have used the following formula which is valid for k& > 2.

1 ﬂ'ZnT
Z(m—&—T)'ik; 'an12

mEZ n>1

Since for v = (Z Z) € I'y(N),

M) (37, 5) = M) (7, 5)(er + d)?|er + dJ*,
we get
G5 (7) = (e + )G (7),
and we complete our proof of the theorem. O

Using the equation (11), we can calculate the transformation formula of
GgN)(T).
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Corollary 3.1.1.  Let vy = (Ccl Z) €To(N) and 7 € $. Then we have
(N) (N)
(13) Gy (y7) = (cr + d)*Gy N H <1 — ) cler +d).

Proof. For v = (Z Z) € I'g(N), we have

G (yr) = G5 (vm) + ﬁ H (1 - %)

c¢+d2 1
:(CT+d)2G§N) (1) + 27 |TNH(1)

p

= (cr + d)2GS" (1) + 2mi (M —eler + d>) % 11 (1 - %)

= (et + d)2G§N)( ) — 2]7\? (1 - %) cler + d).
pIN

The proof is completed. |

Moreover, in the course of our proof of Theorem 3.1, it is shown that the
equality (4) also holds for k = 2.

Corollary 3.1.2. We have

2

a™M(r) = % I1 (1 - ]%) EM (7).

p|N
piprime

Moreover, for v = (Z Z) € Iy(N),

6c(er + d)

(N) . 2 17(N)
(14) By ) = er + A B (T) + e o Tt

Proof. Tt follows from ¢(2) = ”6—2 and

[SLy(Z) : T =N]] (1 + ) O

p|N

From the “nearly modular” property of EéN), we can construct a new
modular form of weight k + 2 for T'o(N) from a modular form of weight & for
To(N) in the following way.
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Corollary 3.1.3.  Let f(7) be a modular form of weight k for To(N). Then

= r) - TR B 10

is a modular form of weight k + 2 for To(N). Moreover,

(15)

de™)
dr (7)

is a modular form of weight 4 for To(N).

(16) BN (r)?

 wi[SLa(Z) : To(N)]
6

Proof. The modular property of weight k42 can be checked directly from
the equation (14). For relatively prime integers a, c, if  is not I'g(IV)-equivalent

to i0o, then
. 1 Ny [aT + b
1 —F — | =0
Tirznoo (CT —+ d)2 2 (CT + d
a b

for ( ¢ d > € SLy(Z) (We will prove this fact in Section 4), this fact shows

that the functions of (15) and (16) are holomorphic at cusps for I'g(V). O

Example. Since the dimension of the space of modular forms of weight
k for To(N) is finite, we can prove the equality between two modular forms by
chekin agreement of sufficiently many their coefficients of the Fourier expan-
sions. For example, we have the following equalities:

1 de®”)
¥ dr
1 dEfy) (2¥)/_\2 2")

w—2r1i dr (7)_E2 (1) =—kE (1),

3 dEY

omi dr

where v is an arbitrary positive integer.

(1) - B (0B (1) = — B¢ (),

() — EQ (r)? = —EP (1),

4. Self-adjointness of the Hecke operators

In this section, we prove Theorem 1. First, we review the Hecke operator
for I'o (V). For simplicity, we give the definition of the Hecke operator for m € N

which is relatively prime to N. Let MECN) be the set of modular functions of
weight & for To(N) which are holomorphic on $ and at all cusps except for ioo,

and write M) = ./\/lgN).
Let k € Z and m be an integer relatively prime to N. For f € M,iN), we
define the action of the Hecke operator T, by

R o e = B O}

YELo (N)\ M,
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Mm:{(z Z) € GLy(Z )det<a Z):m}.

This definition is from Kaneko-Zagier [5, p110]
If f does not have modularity, the Value + CeTi f (

where

CT+d) depends on the

choise of a coset representative. So this deﬁnltlon is well-defined only for f €
MECN). However the following definition works for any 1-periodic function.

Let £ € Z and m be a relatively prime integer for N. For a l-periodic
function f, we define “the Hecke operator at co” T2° by

T =mt % d’“f<a7+b)

add m p(mod d)

Because the set of matrices <g Z) with ad = mand 0 < b < d = %

forms a complete set of coset representatives for T'g(N)\M,,, both f|;T,, and
FleTSe coincide for f € MéN). We now start a proof of Theorem 1.

Proof. We claim that
(17) Resoo (kD7) - h) = Resoo (f - (hl2-T3Y))
for Laurent serieses f, h in ¢ and
(18) (9B LTy = (ghTm) - By mod MY (g€ M),

where Reso (F) for a 1l-periodic holomorphic function F on $) denotes the
residue at infinity of 27iF(7)dr, i.e. the constant term of F' as Laurent series in
q. Theorem 1 then follows from (17) and (18) using the fact that M@ )MgN)
J\/léN) and that Res, vanishes on MéN):

(19)  (f1oTm,9) = Resoo((foTim) - g - ESY)

(20) = Resoo(f (9E2 )|2Tm )
(21) = Resoo(f - (gl0Tm) - B5")) = (£.910Tm)  (fr9 € MP).
We prove the equation (17). Let f(7) = A,q" (¢ = €2™"). Then,

LT WZ > dkf<a7'+b)

ad m b(mod d)

.. b
7m2 E E dr 271'27” T E e27r7,7‘2

de;(; b(mod d)
k —
= m?2 § dl k § Ardqar
ad=m r

a,d>0
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If we put k(1) = >, Bsq® (q = €2™7),

(FRT) AT =m? Y d" 3>~ AuBug™**

ad=m
a,d>0

= Z Z dl kZArdBn arq

n  ad=m
a,d>0

Hence,

Resoo ((fIT50) -h) =m? > d'™*>" AgB_,,

ad=m
a,d>0

_k _
DI W
S

ad=m
a,d>0

= Resoo (f - (9l2-+T7)-
For (18), we use the transformation formula of EéN)(T). If we put

3

(N) _ p(VN)*
BN =By ()4 SS55a@ Tov)

then the non-holomorphic function EéN)* transforms like a modular form of
weight 2 for T'g(N). Denoting by M(QN)* the space of functions with the last
property, and observing that MY )./\/léN)* C MéN)* and that |27, preserves
MéN)*, we have

(9B 2T — (gloTom) ESY
= (9B ) 2T — (gloTom) ESN

) m %(7—)

s GloTm (N)*
T () } (mod My ).

+7T[SL2(Z?ZF0(N)]{ %(g7)> d 9|OT’"}
g

- w[SLQ@f: To(N)] { (%m)

The right-hand side of this formula vanishes by the following calculation.

g at +b ar+b\ "
22
2 ()], ) 0= 2 8 ()2 (")

de o b(mod d)
_ (gloTw)(7)
(23) = S

2

So the left-hand side, which is holomorphic, belongs to MEN) as claimed. O
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Remark. 1) The Hecke operator for I'o(N) can be defined for any inte-
ger m. But for m which is not relatively prime to N, the Atkin inner product
for T'o(IV) does not have the self-adjointness of the Hecke operator Ty,.

2) As we remarked earlier, the self-adjointness of the Hecke operators does not

uniquely determine the inner product. If we replace EéN) with EéN) + f for
any f € MgN), the self-adjointness still holds true. (The proof is similar.)

5. Relation with the Petersson type inner product

In this section, we give a proof of Theorem 2. We first study fundamentals
domain of I'y(N).

Lemma 5.0.1. Let
" 1 1
IFw={clIn€Z}, o¢= ( 0 1 ),
and

Co={r€H||ler+d >1} for U:<

a
Cc

Z ) € I'o(N).

Then the region

F= N ¢ ﬂ{Teﬁhmqgé}

o€l (N)—T'oo

is a fundamental domain of To(N).

Proof. See [4, p. 39 Theorem 3]. O

Corollary 5.0.4.  There exists a fundamental domain F of To(N) which
is symmetrical with respect to the imaginary azxis and F C {1 € 9| |R(7)| <

1/2}.

Proof. F in Lemma 5.0.1 is the required domain. In fact, if o = < Z Z )

€ To(N), then o/ = ( _ac _db ) € I'g(N) and the regions C, and C,s are

symmetric with respect to imaginary axis. O

Let F be the special fundamental domain given in Lemma 5.0.1 and €2 the
subdomain of F which we get by cutting down from F neighborhoods of cusps
bounded by the line parallel to the real axis and the small circles with center
at each finite cusp. For f € M®) we calculate

f- EéN)* dr,
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where 0 is the boundary of €2, and EéN)* is the nonholomorphic Eisenstein
series of weight 2 for Tg(IN) at ico which was defined in Section 2. By the

Stokes theorem,
foB dr_/a(f.E§N>*dT)
o0 Q

:—/ d% (1 B8 drar.
Q

We apply the following equation to the above.

(473(7))* d R 12
i ) 0= Erm ™
Then we get,
(N)* dxdy _ .
/mf.E2 dr [SLQ /f (1 =2+ 1y).
Because

vol(To(N)\$) = - - [SL2(Z) : To(N)],

wl

we must show

li BN dr=—(f,1
an]__ (')Qf 2 T (f, )(N)

= —constant term of fEéN)

= —Res (f(q)Ez (q) ng q= 0) . q=¢e"".

as Laurent series in ¢

To calculate the above integral, we mark the boundary of €2 in the following
way. L, Lo and L, are straight lines on §(7) = Y >> 0, R(r) = 3 and
R(r) = —4 respectively. The points at which the fundamental domain F
touches the real axis are labelled from left to right by ci,¢2,...,¢, and the
chords on the circle with center ¢; (¢ = 1,2,...,u) are labelled 11,12,... [,
respectively. The rest of the boundary € is denoted by C. (See Figure 3)

Here, we study the way of pasting the edges of the fundamental domain

JF. This comes from next lemma.

Lemma 5.0.2 (Poincaré [3]).  Let F be a fundamental domain of To(N),
then the boundary F divides two parts which are congruent about T'o(N). That
is, we can divide the boundary of F into sub-boundaries A1, Aa,... , A\p and
Wi, f2, - - ., i which satisfies p; = oj(Xj),0; € To(N) (j =1,2,... k).

By the above lemma, we can divide the boundary F into two parts which
are equivalent for some o € T'g(N). The straight lines on R(7) = I and

5 L1 ) € T'o(N). Because (o(1)) >

R(r) = —L are equivalent by ( 0 1
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] B

Lo e
vl v
cp by

Figure 3: Boundary {2

for o € To(N) and 7 € $§, the chords touching real axis are equivalent in

themselves. For all ¢;, (i = 1,2,---,1), there exist two chords of touching ¢;,
then there exist 0,0 € T'g(IN) which paste the chords touching ¢; onto the
chords touching c¢;. If ¢; = ¢, then 0 = o~!. Since the fractional linear

transformation transforms a circle to a circle, o transforms a small circle with
the center ¢; to a small circle with the center ¢;. (See Figure 4)

Because fEéN)*dT is invariant for o € I'o(N) and Lo, L1, and the edges
in C are pasted by some o € I'yg(N), we have

ngN)*dT+/ :/ FESN dr =o.
L1 C

Lo

Hence we get

(24) f-E§N>*dT:/fE§N>*dT+/+/+...+/.
o0 L 15 Iy l

I3
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a

C; Cj

Figure 4: Neighborhood of cusp

We calculate the first term of the right side of the above equation,

| 15

- [ <E(N)) <T)[5L2?) <N>])‘“

f 7) 27
— E — T
| 150 - — Syt 0=
For the first term of the above equation, we change the variable 7 to ¢ =
e2™7 and we get

lim [ fESY(7)d7r = —Res (f(q)EéN)(q)%, q= 0) :

Yy—oo Jr,

For the integral of the second term, we have

G

3(7)

1
e
:?/ 2f(x+iY)dx—>O as Y — oo.
1
2

Hence, if we show
lim / fEMN dr =0,
l;

then, by the equation (24), we complete the proof. Here the limit means that
the radius of circle I; tends to 0.
Because all cusps except for ico belong to Q, we can put ¢;=%, (a, c € Z

and (a, ¢) = 1). Then there exists 0 = ( i Z ) € SLy(Z). The map o
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transforms i0o to ¢;. Let w = o~1(7), then,

(N)* aw + b (N [aw+Db aw + b
E = —— | E
/lf(T) 2 (T)dr /o.l(li)f (cw—i—d) 2 (cw—l—d d cw+d
B / f aw + b BN aw + b dw
N o1 \cw+d 2 cw+d) (cw+ d)?
aw—+b

+/ 6’L-f (cw+d) |cw—|—d\2 w
o1y TSL2(Z) : To(N)[(w — ) (cw + d)*>

If I; places on the circle with the center < and radius r, then o~ 1(l;) places on
the circle with the center —% and radius %, and if the direction I; is positive,
then the direction o=1(l;) is negative. (See Figure 5)

Here we put the two chords C;,, C;, which belong in the boundary of
F and touch ¢; = 2. A is the intersection point of C;, and l; and B is the
intersection point of C;, and [;. Moreover, r; is the radius of C;, and 3 is the
radius of C,, and the centers of C;, and Cj, are £ —ry and ¢ + rg respectively.
(See Figure 5) Then, we can representate

2 4
a T T
— P2
A=———+iy|r?— —,
c  2r 4ry
2 4
a T _ T
B=—+4_—+iyr?— —,
c  2ry 4rs

and

This means,

(25) lim

r—0

/ dw=%<i+i)—2§<oo.
o=1(ly) 2¢ 1 D) c

Because f is holomorphic except for ico, there exists M > 0 which satisfies

aw + b
(26) ‘f(cw+d>‘§M<oo
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Figure 5: Change the variable

for the neighborhood of w = ico. Hence,

lim
r—0

/ 6if (gﬁis) |cw—|—d|2 "
o-1(1) TSLa(Z) : To(N)](w — @) (cw + d)?
lim

f<aw+b> |dw|
FSLo(Z) Lo 12 gy [P \ew s d )| T =l

= 7_(_[1511/2(Z) . FO(N)] r—0 o=1(l;)

IN

Ar = 0.

So we can see

_ « ] +b N) [aw+Db dw
1 EMN (1)dr = 1 awTIN g .
T%A f(T) 2 (T) g Tl—r% 0__1(11,) f (cw + d 2 cw + d (cw + d)2

Here if we show

. 1 (N) [ ow +b
27 1 — —F =0
( ) 'wigloo (CU) + d)2 2 (cw +d ’

then we can easily see

. aw+b Ny [aw+Db dw
28 1 — | E =0
(28) sy Gfl(li)f (cmrd) 2 cw~+d) (cw+d)?

by the equations (25) and (26), and complete the proof of the theorem.
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For k > 3,

. 1 (N) aw + b
lim ——— M (ZT2)
wigloo (C’UJ —+ d)k k (CU) + d

is valid because E,iN) is one of the Poincaé series of weight k for T'o(V). (See
Gunning [6, 28-34]) The equation (27) is for the case k = 2. To show (27), we
put a new series

1 a b
\IJ(N)(T s) = g 'yz( >
’ / 1\2| A s o d
T () (dT+d)?|cdT+d| c

{001

This series converges absolutely and uniformly on any compact subset in § for

RN(s) >e>0. We put p= ( Z Z > € SLy(Z)\I'o(N), then

where

n e Z} C To(N).

1 1
(29) \I/(N)(pﬂs)- p) s Z / N2 | s "
(et 4 d)?|er + d T To (N} (dT+d)?|cdT+d|

Let h is the width of the cusp ¢: i.e. the smallest integer h > 0 which satisfies

{3 )

then we can get the double coset representation I'oo\I'o(N)p/T% , and we divide
the summation of (29) by this double coset representation, that is

n e Z} C p~'To(N)p,

1
Z (dT+d)V?|dT+d|*

Y€Loo\'o(N)p

1
= Z Z / / 12| / s’
T\ Pa /Ty, T (T +chl+d)? T+ chl+ d|
where [ runs over Z or 1,2,...,k according to the number of representative
elements of (]f‘oo N 7].";07_1) \I'sx That is, if the number of representative ele-
ments of (]f‘oo N 7].";07_1) \I'w is infinity, then [ runs over Z, and if the number

of representative elements is k, then [ runs over 1,2, ... , k. If we assume there
exists v € T'o(N) such that

rneorson 2 { (5 1)}

o



772 Hiroyuki Tsutsumsi

then v (2) = ico. But this is contradiction, because £ is not I'g(N)-equivalent
to 700. Hence we get,

1
V) .
(p75) (et + d)2|er + d|®
- T ¥ ! .
(T4 hl+d)2|dT+ hl+ d')*

Y€ \To(N)p/I's, I=—o0

!/ /
This implies that the representative element v = ( Z, Z, ) € T \I'o(N)p/

I, is not equal to ( * : ), i.e ¢ #0. So we get

0
- 1
li =
s Z:ZOO (T +chl+d)?|dT+ hl+d'|°

It is showed by the same way with the equation (4) that

v s)=2 ] (1 - pi) C(2+ 5)@WN) (1, 5),

_pU_V
where ®) is defined in Theorem 3.1. This indicates that (™) is an entire
function of s, so ¥) can continuous holomorphically to a neighborbood of
s =0 and EéN) (1) = W) (7,0). Thus we get

* 1
rhiso 2 (o7) (e + d)?
1
= lim lim ¥&V) :
‘r—lgloo sl—r>r(1) (pT’ S) (CT —|— d)2|CT + d|a
1
=lim lim ¥W) :
5150 7z (pr.5) (et + d)?|eT + dJ®
1
= lim lim Z Z / / AVAP) / l|s = O
s—0 T—i00 ’yGFoc\Fo(N)p/F;O ] (C T+c hl + d ) |C T+ hl + d |
Because
(V) (V) 3
E T)=F T)— ,
2 =) (8 L.(@)  To(V)
we get

Proposition 5.1.  Let & be the cusp for I'o(N) which is not equal ico,
and p € SLy(Z) which satisfies p(ico) = %. Then, for k > 2,

. N
i e =0
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From this proposition and (28), we complete the proof of Theorem 2.

6. The view from the theory of the open Riemann surface

In this section, we observe the Atkin inner product for I'o(N) from the
view point of the open Riemann surface theory. We deal with the open Rie-
mann surface (Io(N)\$)" \{ico}, where (I'o(N)\$)" is the compactification of
To(N)\$.

Let H™) be the space of all holomorphic functions on (Io(N)\$)" \{ico}.
If we put La(f) = (f, 1)(a), then L4 is a linear functional on M@ Because
A = {1 € F|S(1) >y >> 0} is a neighborhood of ico, {A, ¢ = €2™"} is a local
coordinate around ico € (To(N)\$H)" and A € (To(N)\H)" \{ico}. Then we

can write

Lafy= | FEN @M
OA q

Because the right hand side of the above equation is well-defined for f € H(N),
we can think of L4 as a linear functional on H®).
Because EéN) is not quite modular, EéN)(q)% is not a holomorphic dif-

ferential on (Io(N)\$)". But it is a holomorphic differential on A from the
property E;N) (t+1) = EéN)(T). From this property and the holomorphicity
of fon (To(N)\$)" \{ioco}, if Ay, Ay C A are neighborhoods around ico which
have the Jordan closed curves dA;(i = 1,2) as boundaries, then

d d

FE 0T = | f@BEN 7.

B, q 8, q

Let {Q;}ien be the sequence of open sets of (I'g(N)\$)" \{ico} which satisfy
1. The closures ; are compact sets in (I'o(N)\$)™ \{ioco}.

2. The boundaries 9f2; consist of finite connected components each of which
is a Jordan curve.

3. The connected components of (Io(N)\$)™\ ({ico} U €2;) are not compact
in (To(N)\H)" \{ico}.

4. Q; € Qiq1 (i € N) and UjenQ; = (To(N)\$H)™ \{ico}.
Then there exists a large number i € N such that Q; contains OA. For j > 1,

(To(N)\$H)" \Q; have the same property with A;, thus we get

Laf)=— [ FEN @
9, q

for j > 7. We call the domain ) which satisfies the above conditions 1, 2 and 3
a normal region in (Io(N)\$)" \{icc}, and a sequence of normal regions which
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satisfies the above condition 4 a canonical exhaustion of (Io(N)\$)" \{ico}.
Thus we get the expression

(30) Lalf) == i [ j@E @)%,

n—o0 Jaq.

Moreover, if the sequence {f, }nen (fn € HN)) converges to 0 absolutely
and uniformly on any compact subset of (Io(N)\$)" \{ioco}, then

Ll < [ [mweso] |2

(N)

Ey ' (q)
< dglmax{ fo(q)—2—= % — 0 as n — oo.
IR M{f() - }

Then we call L4 a holomorphic functional.

Thus we can think of the Atkin inner product for I'o(N) as one of the
holomorphic linear functional on the open Riemann surface (Io(N)\$)" \{ioco}.
This is the reason of calling the Atkin inner product for T'o(N) “at io0”.

Next, we see that the Atkin inner product for I'g(N) is one of the examples
of the representative theory of the holomorphic functional. Let H(™) (ic0) be
the set of all functions which are holomorphic on (I'g(N)\$)" \ ({icc}UE), where
¢ is an arbitrary compact set of (Io(N)\$)* \{ico}. Then HY) ¢ HM) (ic0)
is clear. The representative theory is the following.

Theorem 6.1.  Let L be a holomorphic functional on (Lo(N)\$)™ \{ico},
{Qn}nen a canonical exhaustion of (Lo(N)\$H)* \{ico} and w an Abelian dif-
ferential of the first kind on (To(N)\$)" \{ico} which has no zero point. Then
there exists a function h € HN) (ico) which satisfies

for all f € HN). Moreover the function h is unique modulo H™).

We remark that

lim fhw

n

is well-defined for all h € H™)(ic0) because of the same reason of the Atkin’s
one. This theory says that

HM (i00) /H™N) =2 All holomorphic functional on (Io(N)\$)* \{ico}.

This is called the Kothe duality theorem.
We compare the above theory with the expression (30), then we get

d
hw = —EéN)(q)—q (modulo 'H(N)w) .
q
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Thus the Atkin inner product for I'o(N) is one of the example of the above
theorem.

We have so far studied the Atkin inner product for T'g(N) at ico. However,
these arguments are valid for other cusps # ico. These cusps are special points
which make I'g(N)\$ the compact Riemann surface (I'o(N)\$)*, but, viewed as
points on the Riemann surface of (I'o(NN)\$)*, cusps have no special meaning.
Thus, we have the following questions.

1. Does there exist a holomorphic functional on (To(N)\$H)*\{p # cusp}
which is equivalent to the Atkin inner product for I'o(N)?

2. If such holomorphic function exists, then there exists a differential which
is equivalent to hw in Theorem 6.1. How do we write this differential
concretely?
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