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The theory of second-order differential
equations based on Finsler geometry

By

Valery S. DRYUMA and Makoto MATSUMOTO

The first author has felt a great interest in the geometrical approach to the
theory of nonlinear dynamical systems on the basis of Finsler metrics ([4], [5])
and gave a lecture with the title “Finsler’s metrics of phase space of nonlinear
dynamical systems and their applications”at the International Conference on
Differential Geometry and its Applications, Bucharest, 1992 (Tensor, N. S., 53,
x vi, | 3). The second author participated in the Conference as a member of
the Committee of Organization. Since then, the intimate contacts between the
present authors have continued through the applications of Finsler geometry in
the nonlinear dynamical systems.

Finsler geometry has founded by P. Finsler (1918) as the differential-
geometrical development of variation calculus. Consequently the theory of
geodesics should be one of the essential fields of the differential geometry of
Finsler spaces.

Closely related to the behavior of geodesics, the conception of Finsler space
with rectilinear extremals has been proposed and studied by P. Funk and L.
Berwald. In particular, Berwald (1941) and the second author [7] have estab-
lished the necessary and sufficient conditions for a Finsler space to be with
rectilinear extremals, and the second author [8] has proved that the transfor-
mation of rectilinear coordinate systems is projective.

Directly motivated by the behavior of geodesic equations of two-
dimensional Riemannian space and Berwald space, the second author with S.
Bécsé [3] have found the notion of Finsler space of Douglas type and investi-
gated the differential-geometrical aspects of the special Finsler spaces. In the
two-dimensional case those spaces are characterized by the remarkable fact that
the right-hand side of the geodesic equation " = f(z,y,y’) is a polynomial in
y’ of degree at most three.

In the recent paper [12] the second author showed that a projectively equiv-
alent class of two-dimensional Finsler spaces is associated to a given second-
order differential equation y” = f(z,y,y’) of the normal form such that it is a
differential equation of geodesics of every space of this class. Consequently the
behavior of " = f(x,y,y’) is directly connected with that of the spaces.
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The first three sections of the present paper are devoted to the detailed
description of Finsler spaces with rectilinear extremals and of Douglas type
in the viewpoint of the theory of second-order differential equations. The last
section gives a precise proof of the characterization of two-dimensional Douglas
space, shown by the first author ([5], [6]). The main results are stated as
Theorems 1, 2, 3 and 4, while Theorems A ~ F are those which have been
shown already.

1. Preliminaries

1.1. Finsler spaces with the Berwald connection

We consider an n-dimensional Finsler space F™ = (M",L(z,y)) on a
smooth n-manifold M™ ([1], [9]). Its fundamental function L(x, y), a real-
valued function on the tangent bundle T'M™, is usually supposed to satisfy
certain conditions from the geometrical standpoint, but only the homogeneity
and the regularity are supposed here for our following considerations:

(1) L(z,y) be positively homogeneous in y = (y°) of degree one: L(z,py) =
pL(z,y) for Vp > 0.

(2) L(z,y) be regular: g;; = &(%F has non-zero g = det(g;;), where 9; =
9/0y" and F = L?/2.

Let (g*7) be the inverse matrix of (g;;) and construct

29;" k(2. y) = 9" (Ougrj + 039r1 — Orgik),
2G" (w,y) = ¢"{(0;0,F)y" — 0;F},

where 9; = 9/0x7. Then we have Vjik(x, Y y* = 2GH (2, y).
The length s of an arc C' : 2* = 2*(t), a <t < b, on M™ is defined in F™ by
the integral s = f: L(x,3)dt, i* = dx'/dt. An extremal curve of the integral,

called a geodesic, is given by the Euler differential equations d(@L) Jdt—0;L =
0, which can be written in the form

(1.1) P {7+ 2GY (z,4)} — 27 {&" + 2G*(z,4)} = 0.

In order to introduce various geometrical quantities in F™, we are con-
cerned with a Finsler connection FT' = (F;'(z,y), N*;(z,y), V;'k(z,y)) of F™.
For a Finslerian tensor field, FT gives rise to the h and v-covariant derivatives:
Let us treat of a tensor field X%(x,y) of (1,0) -type, for brevity. Then we get
two tensor fields VX and V¥ X as follows:

VX =6X+ XTRY, VX =0XT XV,

where 0; = 0; — N";(z, )0,. The h and v-covariant derivatives V?X and V"X
are tensor fields of (1, 1)-type.
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In the following we need the Berwald connection BI' = (G, (z,y), G*;(x,
y),0), defined by G*; = 9;G" and G’ = 0xG';. “V;%% = 0”for BT means
V¥ = 0;. We have the commutation formulae, called the Ricci identities:

ViV X — VNV XY = XTH e — (0, X R i,
(V"X — VM XT) = X"G, .
Here three tensor fields H, R and G appear. R'jj is called the (v) h-torsion
tensor, defined by
Rijk = BkGij - GjirGrk - [ju k]7

where [4, k] denotes the interchange of indices j, k of the preceding terms. Hp’ ik
and Gk, are called the h and v-curvature tensors respectively, defined by

Hy' i = O R ji, Gh' i = G

It is noted that G’ jk is symmetric in the subscripts. The contracted tensor
G,"j, = G}, is called the hv-Ricci tensor.

For the later use we shall make special mention of the three classes of
special Finsler spaces as follows:

(1) Riemannian spaces, characterized by g¢;; = g¢i;(x), that is, the C-tensor
Cijk = (Orgij) /2 vanishes.

(2) Locally Minskowski spaces, characterized by the existence of an adapted
coordiante system (z°) around each point such that L = L(y). We have
sz'k =0 in (2%). The tensorial characterization is Rijk =0 and G’hijk =
0.

(3) Berwald spaces, characterized by G;'% = Gj'(z), that is, Gp'j, = 0.
Then 2G¥(z,y) = Gk (z)yIy*.

The classes (1) and (2) are contained in the class (3).

1.2. Projective change of Finsler spaces

We consider a change of Finsler metrics: F" = (M", L(z,y)) — F = =
(M™, L(z,y)). If any geodesic of F™ coincides with a geodesic of F as a set
of points and vice versa, then the change is called projective and F" is said to
be projectively related to F".

F™ is projectively related to F", if and only if there exists locally a scalar
field P(x,y), positively homogeneous in y* of degree one, satisfying

G (z,y) = G'(z,y) + P(z,y)y".
Let us put §; P = P;. Then we get

éij = Gij + Pjyi + P(Slj
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From these equations we obtain an invariant of projective change as follows:

1
h _ Gh o el h.
Q 1l
Consequently we are led to the series of projective invariants by means of
successive differentiations of Q" with respect to y’. In particular, we get

. 1
Qi =0Q" =" — (G + G,

Qi"; = 0;Q" =Gy — (Gigy" + G,"i6" 5 + G,756M),

n+1

where G;; is the hv-Ricci tensor. Next we get the invariant tensor field

. 1.
D" j = Q"5 = Gi"ji — n—H{(akGij)yh + G0 + Gird" i + Grid”; ),

called the Douglas tensor, where G;" j& is the hv-curvature tensor.

1.3. Associated Finsler spaces of dimension two

We are concerned with a Finsler space F? of dimension two. Let us denote
a coordinate system (z!,22) by (x,y) and (y',y?) by (p,q). Then the equation
(1.1) of a geodesic of F? has the form

(1.2) p(+2G*) —q(p+2G") = 0.

In this case we have 2G* = G1%1p? +2G1%9pq+ Ga'aq?,i = 1,2. Hence, in terms
of ¥ = dy/dx and y" = d?y/dx?, (1.2) can be written as

(1.3) v' = flz,u,y) = fs(0)* + f0) + Ay + fo,
f3 - 02127 f2 - 20112 - G2227
fi = Gi'1 — 2G1%,, fo = —G1?4,

where G;'y, = G (z,y;1,y'), because G,k (x,y;p,q) are positively homoge-
neous in (p, q) of degree zero [11].

Recently the second author has shown [12]: In the two-dimensional case
any path space is projectively related to a Finsler space. In other words, to
a given second-order differential equation y” = ®(x,y,y’) of the normal form,
there exists a class of projectively related Finsler spaces the geodesics of which
are nothing but ¥y’ = ®(z,y,y’). Therefore ¢y’ = ®(x,y,y’) can be regarded
as the differential equation of geodesics of a two-dimensional Finsler space F2.
We shall say that F? is associated to y" = ®(z,y,y’).
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2. Projectively flat Finsler spaces of dimension two

A Finsler space is called projectively flat, if it has a covering by coordinate
neighborhoods in which it is projectively related to a locally Minkowski space.

Next a Finsler space is said to be with rectilinear extremals, if it is covered
by coordinate neighborhoods in which any geodesic is represented by linear
equations ' = 2! + ta’ in a parameter ¢, where z{ and a' are constants. Such
a coordinate system (z?) is called rectilinear [8].

It is well-known [1] that a Finsler space is projectively flat, if and only
if it is with rectilinear extremals. The tensorial characterization of projective
flatness has been established by L. Berwald and rigorously by the second author
[7] as follows:

Theorem A. A Finsler space of dimension n is projectively flat, if and
only if

(1) n23: Dy’ =0 and W), =0,
(2) ’I’L:22Dhijk =0 andKij =0.

Here Dhijk is the Douglas tensor. The Weyl torsion tensor Wijk =0is
equivalent to the fact that the (v)h-torsion tensor R’;j is of the form

Rijkyj = LQK((Sik — lilk),

where K is called the scalar curvature. The space F", n = 3, with Wijk =0
is said to be of scalar curvature K. But W¢;; vanishes always in any Finsler
space of dimension two. The tensor Kj;; is defined from the h-curvature tensor
Hihjk as follows:

1
H;; = H" j, H; = 1 (nHyi + Hip)y'",

Kij = (n — 1)(V]th — VzhH])

Throughout the present paper we are mainly concerned with the case n =
2. To understand the necessary and sufficient condition as above in n = 2, we
need two essential scalars I and R of a two-dimensional Finsler space F?. With
respect to the orthonormal Berwald frame (I,m) of F? ([1], [9]), the C-tensor
Cijx and the (v)h-torsion tensor R jk are written in the form

LOijk = Imimjmk, Rijk = ELRmi(ljmk — lkmj),

where e = 41 is the signature of F?. I(z,y) is called the main scalar and
R(x,y) the h-scalar curvature or the Gauss carvature.

For a scalar field S(z,y) the h-scalar derivatives (S 1S 2) and the v-scalar
derivatives (5.1, S,2) are defined as follows:

V;"S =8l +Sami,  L(3:S) = S.l; + Sami.



596 Valery S. Dryuma and Makoto Matsumoto

If S(z,y) is positively homogeneous in y* of degree r, then S.; = rS. Since
both I and R are of degree zero, we get I,; = R,; = 0.

Then the Douglas tensor Dhijk and the tensor Kj;; of F? are written in
the form

3LDy' ji = — (611 + ela + 21 I)mypl'mjmy,

Kij = L3R 2 — Ri21)(limj — lym;),
where Iy = I 1,0 4+ I 5. Therefore we have

Theorem B. A two-dimensional Finsler space is projectively flat, if
and only if the main scalar I and the Gauss curvature R saisfy the differential
equations

6]11 + 612;2 + 2[]2 = 0, 3R,2 — R;271 = O,
where IQ = 171;2 + LQ.

Now we treat, in particular, of a locally Minkowski space of dimension
two. Then G;% = 0 in an adapted coordinate system (x, y), and hence (1.3)
is reduced to y” = 0. Since a Finsler space which is projectively related to a
locally Minkowski space is called projectively flat, we have

Theorem 1. A differential equation y”" = f(xz,y,y') is reduced to
d*y/dz? = 0 by a change of variables (x,y) — (T,7) if and only if the associ-
ated Finsler space F? is projectively flat. Then (T,7) is a rectilinear coordinate
system of F2.

Remark. Such a Finsler space is characterized by Theorem B. Further
the fundamental function L(z,y; p, ¢) has been given ([10], [11]) as follows:

Theorem C.  The fundamental functions of all projectively flat Finsler
spaces of dimension two are given, in a rectilinear coordinate system (z,y), by

4
L(z,y;p,q) = p/ (z = t)H(t,y — tx)dt + Ezp + Eyq,
0

where (p,q) = (&,9),z = q/p and H, E(x,y) are arbitrary functions.

Remark. See p. 55 of the book [2], published originaly in 1937, where
the condition for d?y/dx? = ¢(z,y, dy/dz) to be reduced to the form d?y/dx? =
0 is given in terms of the notion of dual equation.

3. Douglas spaces of dimension two

For a Berwald space the connection coefficients G, are functions of po-
sition (') alone in any local coordinate system. Hence, in a two-dimensional
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Berwald space the right-hand side f(x,y,y’) of (1.3) is a polynomial in 3’ of

degree at most three. What is the necessary and sufficient condition for a

two-dimensional Finsler space such that f(z,y,y’) be of the form above?
Suppose that f be of the form:

fa,y.9") = 95(¥')° + 92(4')* + 19 + 0.
with gx(x,y),k =0,1,2,3. Then (1.2) can be written as

9op> + g1p*q + 920d* + 93¢° = 2(G1y' — G%).

Consequently G'q— G?p is a homogeneous polynomial in (p, ¢) of degree three.
Thus we are led to the

Definition ([3]). A Finsler space of dimension n is said to be of the
Douglas type, or called a Douglas space, if D¥ = G'y/ — GJy* are homogeneous
polynomial in y’ of degree three.

Now we treat of the condition éké}jéiéthm = Dlmhijk = 0 for a Douglas
space. It is observed that the contracted tensor D“"h,-j,« is written as

D hijr = (n+1)Dplyy,

where Dhlij is the Douglas tensor. Conversely Dlmhijk is written in terms of
the Douglas tensor as

D' ik = (O Ditij)y™ + {Di k™ n + (hyi, 5, k)} — [1,m],

where (h, 1,7, k) denotes the cyclic permutation of these subscripts of the pre-
ceding terms. As a consequence the tensor Dlmhijk vanishes if and only if the
Douglas tensor vanishes. Therefore we obtain the fundamental theorem [3] of
the theory of Douglas spaces as follows:

Theorem D. A Finsler space is a Douglas space, if and only if the
Douglas tensor vanishes identically.

In the two-dimensional case Theorem D may be stated in the words of the
theory of ordinary differential equations as follows:

Theorem 2. The right-hand side of a differential equation y"=f(x,y,y’)
is a polynomial iny' of degree at most three, if and only if the associated Finsler
space of dimension two is a Douglas space.

Remark. Since the notion of Douglas space is characterized by the
tensor equation in virtue of Theorem D, the property of f(z,y,y’) in Theorem
2 is independent of the choice of variables (x,y).

Theorem A shows that the condition Dhijk = 0 for a Douglas space is
contained as a part in the condition for a Finsler space to be projectively flat.
Therefore we have
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Theorem E. If a Finsler space F™ is projectively flat, then F" is a
Douglas space.

Thus Theorem 1 gives rise to the following expression of Theorem E in the
viewpoint of the theory of ordinary differential equations:

Theorem 3.  If a differential equation y” = f(x,y,y’) can be reduced to
d*y/dz? = 0 by a change of variables (z,y) — (T, ¥), then f(z,y,y’) must be
a polynomial in y' of degree at most three.

Remark. Theorem 3 coincides with Theorem 1 (p. 51) of Arnold’s book
[2]. It should be emphasized that Theorem 3 is only an analytical version of
the geometrical Theorem E.

The remainder of the present section is devoted to studying Douglas spaces
of dimension two. Let F? = (7 (z,y), L(x,y;p, q)) be a two-dimensional Finsler
space which is defined in a domain m(x,y) of the (x,y)-plane and has the
fundamental function L(x,y;p,q). Since L is positively homogeneous in (p, q)
of degree one, we can introduce

W(x,y;p,q) = Lpp/q2 = —qu/pq = LQQ/p27

which is called the Weierstrass invariant, positively homogeneous in (p,q) of
degree —3. Then the Euler equation d(0;L)/dt — 9;L = 0 of a geodesic can be
written in the single equation

(3.1) PG —Pq+ (Leg — Lyp) /W = O.
Hence (1, 1) shows 2(G?*p — G'q) = (Lyq — Lyp)/W. Therefore we have

Theorem F. A two-dimensional Finsler space is a Douglas space, if
and only if (Lyg — Lyp)/W is a homogeneous polynomial in (p,q) of degree
three.

Example 1. Let us consider a two-dimensional Finsler space F? with
the metric

L= (q—p)loglz—1|— (¢+p)log|z + 1| — 2zq, z=q/p.
we have (Lyq, — Lyp)/W = p(p? — ¢*). Thus F? is a Douglas space. The

geodesics equation is y” = (y')? — 1.

4. Another characterization of two-dimensional Douglas space

For F? = (n(z,y), L(x,y;p,q)) we introduce the associated fundamental
function A(z,y, z) of three variables by A(x,y,z) = L(z,y;1,z). Then we have
the relation between L and A as follows: L(x,y;p,q) = pA(z,y, q/p).
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Putting A" = 9A/0z, we get Lyq — Ly, = Ajz+ A, — Ay and W = A" /p®.
Consequently (3.1) leads to the equation of geodesics in terms of A(z,y, 2) as
follows:

(4.1) Ay + Ay + A, — A, =0, =1y

Now we consider the equation (1.3) of geodesics. From (4.1) it follows that

(4.2.1) A'f+ Az+ A, — A, =0

must be identically satisfied by (x,y, z), where f = f(z,y,2) and A = A(z,y, 2).
Differentiate (4.2.1) successively by z. Putting S =log|A”| and P = S, + 5z,
we obtain

(4.2.2) S'f4+ f'+P=0,
(4.2.3) SUFL S P =0,
(4.24) S"f+28"f' + 8"+ [+ P" =0,
and finally
(4.3) SUf+3S"f +38" "+ S f" + U4+ P =0.

Supose that F? under consideration be a Douglas space. Then f® = 0
from Theorem 2, and hence (4.3) is reduced to

(4.2.5) Si”f + 35’”’f’ + 3SNfN + S/f/// +P"=q.

Then the coefficients of (f, f/, f”, f"”/,1) in these five equations (4.2) must
satisfy

A" 0 0 0

S’ 1 0 0
AA)=]8" & 1 0 P |=0,

s 98" S’ 1

Siv 35/// 35// S

where §(A) = Az + A, — Ay,
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Theorem 4. A two-dimensional Finsler space (n(xz,y), A(z,y, z)) with
the associated fundamental function A(x,y,z) is a Douglas space, if and only
if A satisfies A(A) = 0, where S = log|A”|, P = S; + Syz and 6(A) =
Az + AL — Ay

Proof.  Only the sufficiency must be shown. From A(A) = 0 it follows
that the five equations

(1) A"z + (Ayz + Al — Ay)zs =0,

(2) S'z1 + 29+ Pas =0,

(3) 8"z 4+ S'xo + 23+ P'as =0,

(4) 8"x1+25"x0 + 8’23+ x4 + P25 =0,

(5) S®xy +35"xy +35"23 + S'x4 + P15 =0,

has a non-trivial solution (z1,...,x5). Suppose that x5 = 0. Then (1) gives
x1 = 0 because of A” = pW # 0. Hence (2) leads to 2 = 0, (3) to 3 = 0
and (4) to z4 = 0, which is a contradiction. Thus we have non-zero x5. Hence
(1) and (4.2.1) lead to f = x1/x5. Then (2), comparing with (4.2.2), gives
f' = xo/xs. Similarly we obtain f” = z3/x5 and " = z4/x5. Consequently
(5) gives (4.2.5), and, comparing with (4.3), fi* = 0 is concluded. Therefore
f(z,y,2) is a polynomial in z of degree three. O

The condition A(A) = 0 should coincide with the vanishing of the Douglas
tensor in the two-dimensional case. In fact, A(A) is constructed from A(zx, y, 2)
by the differentiations one time with respect to (z,y) and six times with respect
to z. On the other hand, the Douglas tensor is the set of components Dihjk,
constructed from L(z¢,3") in the same way, that is, by the differentiations one
time with respect to 2’ and six times with respect to y°.

Example 2. We treat of F? with

L(z,y;p,q) = 2plog|q/p| + qu(z,y),

where u(z,y) is a function of (z,y). We have A(x,y,z) = 2log|z| + zu and
S =1log2 — 2log|z|, P = 0. Then A(A) = 0 holds for any u(x,y). Thus F? is
a Douglas space. The geodesic equation is given by 2y = u,(y')2.
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