J. Math. Kyoto Univ. (JMKYAZ)
41-2 (2001), 359-386

Some estimates of the logarithmic Sobolev
constants on manifolds with boundary and
an application to the Ising models

By

Yuzuru INAHAMA

1. Introduction

In this article we will give some estimates of the logarithmic Sobolev con-
stant in terms of geometric quantities under the Neumann boudary condition
and will give an application to the logarithmic Sobolev inequality for the Ising
models.

Let M be a d-dimensional, smooth, compact and connected Riemannian
manifold with smooth boundary M and let m be the Riemannian measure.
For a potential function U € C*(M), set dmV = e~Ydm and LY by

LYf=Af—(VUIVS)

for f € O (M) satisfying the Neumann boundary condition. In the first part
of this article we will consider the spectral gap and the logarithnic Sobolev in-
equality for LY (or equivalently, for [ (VS Vg)dmY) and give some estimates
of the spectral gap constant and logarithmic Sobolev constant. Note that that
the logarithmic Sobolev inequality (hence the spectral gap, too) holds is proved
by using the strict positivity of the heat kernel (see Chapter VI of Deuschel and
Stroock [3]). In the latter part we will consider the Gibbs measures on MZ"
determined by a finite range and shift-invariant potential and will apply those
results for finite dimensional manifolds to the Ising models.

In fact, our article is a generalization of Deuschel and Stroock [2] and based
on it. They argued those problems on smooth manifolds (without boundary)
by searching for constants which make the Bakry-Emery criterion [1] hold.
In our case a similar argument holds with a slight modification by adding a
certain term which includes the second fundamental form. When the second
fundamental form is non-negative our results in this article are the same as
those in [2]. So we will prepare some estimates of the second fundamental form
in Lemma 2.4 to have those estimates of the logarithmic Sobolev constant in
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a similar way to Deuschel and Stroock [2]. When the situation is not very
bad, we will obtain the estimates in terms of geometric quantities such as Ricci
tensor, HessU and the constants which we have in the estimates of the second
fundamental form.

Because logarithmic Sobolev inequalities demonstrate their real ability in
infinite dimensional situations, we would like to find such an application. As in
Deuschel and Stroock [2], we will consider finite range and shift-invariant po-
tential 4 and the Gibbs states with potential 4{. Because various objects which
are written in terms of the extreme elements of the Gibbs states with potential
i1 are easily obtained by finite dimensional approximation, we will show that
logarithmic Sobolev inequalities hold under some additional conditions.

The organization of this paper is as follows. In Section 2 we will prepare
some estimates from below of the second fundamental form and by using them
we will show spectral gap inequalities on finite dimensional manifolds with
boundary. In Section 3 we will show several versions of logarithmic Sobolev
inequalities. In Section 4 we will give two concrete examples for which we
can apply the results in Sections 2 and 3. In Section 5 we will construct the
stochastic Ising model whose spin space is a manifold with boundary and will
give a sufficient condition for the logarithmic Sobolev inequality.

2. Spectral gap

In this section we will consider the spectral gap inequality on a finite
dimensional manifold with boundary under the Neumann boundary condition.
Let N be the inner normal vector on OM and CF (M) = {f € C®(M)|Vnf =

0}. We define a bilinear Markovian form aV as

oV (f,g) = /M(VfIVg)de, f.g € CR(M),

and a second-order differential operator LY on C3°(M) as
LYf = Af — (VUIVS), fe R (M).

Then it is well-known that the closure of a¥ is a Dirichlet form whose corre-
sponding generator is the closure of LY (we denote them again by aV and LY,
respectively). We will denote the corresponding semigroup by PU.

We say that the spectral gap inequality (or Poincaré inequality) for aV (or
LY, PY) holds if, for some C > 0,

@1 I~ el < ga’(£ ), f € Dom(a®).

Remark 2.1.  The best constant for which (2.1) holds is called the spec-
tral gap constant and is denoted by C(U). We adopt the definition of the spec-
tral gap constant in Deuschel-Stroock [2]. However, it is often defined as the
reciprocal number of our definition.
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By the general theory (2.1) is equivalent to either (2.2) or (2.3) below:

(2.2)
1P f = (Fymv 72(mey < € F = (Hme 2oy, >0, f e L (mY);
(2.3) ker(LY) = {constant}, Spec(—LY) c {0} U[C, ).

However, in order to show the spectral gap inequality, we will use the
following form;

(2.4) /M\LUdemUzc /M IVFI2dmY,  fe (M),

It is easy to see that (2.4) is equivalent to (2.1).

Before we show (2.4), we need some preparation. First we will prepare an
integration by parts formula. Though it is an easy formula, it will play a basic
role. Note that we will sometimes abuse the notation to write LV f, even if f
does not satisfy the Neumann boundary condition.

Lemma 2.2.  Let do be the surface measure on OM and doV = e Udo.
Then, for any smooth functions f and g, we have

— fLUgde:/ (VflVg)de+/ fVngdol.
M M oM

In particular, if f,g € CF (M),

- / FLVgdmV = a¥ (£, 9).
M

Proof. By a straight-forward calculation we can easily see that the lemma
is reduced to the case U = 0, which is well-known. O

Next we will introduce T'S (f, f). For f,g € C¥(M), let us define
1
L5 (f.9) = S{LY(Vf|Vg) = (VLY f|Vg) = (VFIVL  g)}.
Then by the Weitzenbock formula we have the following lemma.

Lemma 2.3.  For any f € C¥(M), LY (f, f) is explicitly known as

LY (f, f) = |Hessf||*> + (Ric + HessU)(V £, V f).

Proof. This is well-known. So we omit the proof. |

We will introduce a bilinear form on M. For 6,1 € T'(T*M) satisfying
(0IN) = (n|N) = 0, let

A@O,) = 5Vn (0.
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It is known that A(-,-) is tensorial on M in the sense that
A(f0,9m) = fgA0.m),  f,g € CF(M).

A(+,-) is called the second fundamental form.
Now we will show (2.4). By Lemmas 2.2 and 2.3 we have

(2.5) /M |LY f|2dmY
= [ {rsts.0 - 52519512 fam
M
:/ {||Hessf||? + (Ric + HessU)(V f, V f) }dmY
M

+ [ AV Vf)deY,
oM
for any f € C(M).
Now we will give a simple estimate of f(’)M A(VF,Vf)dol.

Lemma 2.4. For any positive constant Kg, there exists a constant K,
depending on U such that

(2.6) AVS ot >~ [ 93Pt ~ By [ 97t
oM M M

for any smooth f satisfying the Neumann boundary condition. Similarly, for

any positive constant Ko, there exist a constant K1 depending on U such that

(2.7) A(Vf,Vf)doV

oM
1
> —Kz/ {IIV2f||2 - —IAf|2} dm — Kl/ IV f|2dm
M d M

for any smooth f satisfying the Neumann boundary condition.

Proof. It is sufficient to prove (2.7) for U = 0. First we write A(V f,Vf)
in a local coordinate. Fix a point p € OM. Then we may choose an open
neighbourhood of p coresponding to an open set in {z € R% 2? > 0} in which
the Riemannian metric tensor g = (g;;) satisfies g;q = 0 if ¢ # d and gqq = 1.

Since Vn f = O4dlga—of = 0 and commutativity of 94|,a—¢ and 9;(i # d),
we have

(28) AV Vf) = 5NV

1

d
= iad‘deO 'Z1 9”0 fo; f
i,j=

1 d—1 N
=5 D (0ag")0:0; .

ij=1
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where (g”)f],1 is the inverse matrix of (gi;)¢;_;.

Since M is compact, we may choose such finitely many connected open
sets Qy,...,Q, of 9M and §; > 0 satisfying that o(OM) = o(Ur,€;) and
that o(Q; N Q;) = 0 if i # j and that each €); is contained in a coordinate
neighborhood as above and so is €; x [0, dp).

First we will express Hessf in the local coordinate which contains € as

follows;
(2.9)
Hesf= 3 3510400 + o0 + o 2 o
k k,s

oxJ
1<i4,5<d

= Z Zfﬁ@)dx say.

1<4,5<d

Here Hessf is regarded as a smooth section of TM @ T* M and I‘ii =(1/2)>,
3™ (Dignk + Ok Gin — Ongri) is the Christoffel symbol. Set j = d and i # d. Then
we have

1 )
(2.10) Z = 0adif + 5 Z 9ag™ s f.
Now we will show that

(211) e (7Y < Hessf |~ HIASP

for some positive constant c. Let (e!(z),---,e?"!(x)) be an orthonormal base
of T, M which is obtained from {9/027}¢~! by the Schmidt orthogonalization.
Let V(z) be a square matrix of size (d — 1) which represents the Schmidt
orthogonalization above i.e.,

<%,... ,%>V(m) = (@), e (@),

We may assume that V() is continuous in € Q; x [0, do] and, moreover, there
exist a constant ¢ > 0 such that

(2.12) clwlfar < IV H@)w]fa-s

for every w € R?! and . If we use the new base (e!(z),... ,e?1(x),d/(0z%))
then Hessf, which is also regarded as a linear operator of T, M, is experessed
as V=1 (x)Z(x)V(x), where Z = (Z])¢,_, and
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Set Z = (Zf)fjll, w=(Z¢...,2¢ )T eR*"Vand v = (Z},..., 25 HT

R?1, Then we have

(2.13) yogy— | VAV Ve

TV | 1
Then by (2.12) and (2.13) and the fact that A f = Trace(Hessf), we have

1
< [[Hessf|2 = SIAf

where (V=1ZV) is the entities of V~'ZV. This shows (2.11).
On the other hand there exists a constant & € [0, o] such that

d—
Z dag™) Lz 8 (D fO ) (&, .. adTh6)
= 59 d—1
{(0ag")(8i 10, f)}da.
50/ Uzzl ¢
Then we have
(2.14)
d—1
D (Dag?) (@t 2 0) (@i 0 ) (2t 0)
i,j=1
5o d—1 5 d—1
Z{ 9a9")(0i fO; f) Yz 7/ > 0a{(0ag")(0i fO; f) bda
1,j=1 2,j=1
5o d—1
= Z{adg (03 £0; f) }da*
1,j=1
s d—1
/ > {(09397)(0:£0; f) + 2(Dag" 0; £)(Dad; f) }dar*
7,7=1

8o d—1

0
Scl/ ||Vf||2d:cd+(32/ S {z8)2ds,
0 0 =1
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where c¢1, co are positive constants independent of f. Note that we can take
¢o > 0 arbitrarily small (in that case ¢; may be greater) if we use the fact that
2zy < ex? + e 1y? for z,y € R and € > 0.

Hence we have from (2.11) and (2.14) that there are positive constants c3
and ¢4 such that

/Q AV S,V §)ldo

L[ 5
- 5/@ ‘Z (8[19”)(;517'” ,xd_l,o)(aifajf)(fﬂl,... ,xd_l,o)

Lig=1

X \/det{(gij)zgil}(xl, oL 0)dat - dat

do
< 63/ /_ ||Vf||2\/det{(gij)ﬁjzl}(ml, o xd)dzt - dx?
0o Jo,

do 1
+ 04/ /_ {|Hessf|2 — E'AfZ} \/det{(gij)ijzl}(xl, adydet - da?
0o Jo,
1
< 63/ ||Vf||2dm+(34/ {|Hessf|2 _ —|Af2}dm.
M M d

Note that we can take c4 > 0 arbitrarily small (in tha case c3 may be greater).
Similarly we obtain the similar estimates for (25, ... ,€,. Summing them up,
we complete the proof. O

For ¢ > 0 we set

(2.15) K(U)(e) = inf{K; € R|(2.6) holds for Ky = ¢ and K1}
and
(2.16) K(U)(e) = inf{K; € R|(2.7) holds for Ky = ¢ and K1 }.

Lemma 2.5. K (U)(¢) and K(U)(¢) are decresing and continuous func-
tion of €.

Proof. We prove the lemma only for K(U). That K(U) is decreasing is
easy. Noting that
KU)(re+ (1 —1)) <T7KU)(e) + (1 — 1)K (U)(€)

for e,¢ > 0 and 7 € [0,1], we see that K(U) is convex. Hence K(U) is
continuous. O

We will show some versions of the spectral gap inequality by estimating
the right hand side of (2.5) in terms of K(U), K(U) and

p(U) = sup{p € R|(Ric + HessU)(X, X) > p||X||*>, X € T(TM)}.
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If the constants K1 and K3 in (2.6) of Lemma 2.4 can be taken so small
as Ko <1 and p(U) > Kj, or equivalently,
(2.17) o(U) > R(U)(1)

then we have
LV fPdmY > (1 - Ry) / IV 12dmt + (o(U) — Ko) / IV [12dm?
M M M

> (p(U) - ) /M IV £12dm,
which implies
o) > p(U) — K(U)(L).

Next we consider the case U = 0. If the constants K; and Ks in (2.7) of
Lemma 2.4 can be taken so small as Ko < 1 and p(0) > K7, or equivalently,

(2.18) p(0) > K(0)(1)

then we have

[ 1fzdm
M
> (1K) [ IV Pdm Ky [ IsfRam e+ (o00) - ) [ 97 Pdm

> [ 18 sEdm e+ 0) = K [ [91Pam.

which implies
(2.19) 0(0) > 2= (0) - K(0)(1).

At the end of this section we will estimate C'(U) in terms of C(0) and
K (U) under some assumptions.

Proposition 2.6.  Assume that the constants K1 and Ko in (2.7) of
Lemma 2.4 could be taken so small as

—-3(U)
1> Ky and %er(U)le > 0,
or equivalently
—-3(U)
(2.20) QQ%F——+MU%JﬂUMU>Q

where §(U) = maxgzepn U(z) — mingep U(x). Then the spectral gap inequality
for EY holds and

C(0)e0W)

ow) = =25

+p(U) = KU)(1).
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Proof. For K5 <1 we have

/ |LY f|?dmY
M

> / V2 2dm” + p(U) / IV £]2dm?

M M

1
~ s [ i = Jisspfant - &) [ gespant
M M
—max U
z(l—lﬁ)/mHV?ﬂanU+f?———f§p/IAmen
M d M

+(p(U)—K1)/M IV £|[2dmY

. (M #o0) = 51) [ 1
M

Here we used the fact that d||V2f||? > |Af|? and the spectral gap inequality
for U = 0 for the last inequality above. Setting Ky =1 and K7 = K(U)(1) we
complete the proof. O

3. Logarithmic Sobolev inequality

In this section we will show the logarithmic Sobolev inequality with respect
to a¥ and represent the logarithmic Sobolev constant in terms of K (U), C(0)
and p(U).

Let LY, a¥ and PV be as in the previous sections. We will say the loga-
rithmic Sobolev inequality for aV (or LY, PY) holds if

f2

3.1 2]
GO LR

—2—dmY < %aU(f, ), f € Dom(a").

Remark 3.1.  The best constant for which (3.1) holds is called the log-
arithmic Sobolev constant and is denoted by a(U). We adopt the definition of
the logarithmic Sobolev constant in Deuschel-Stroock [2]. However, it is often
defined as the reciprocal number of our definition.

It is well-known that the logarithmic Sobolev inequality (3.1) is equivalent
to the hypercontractivity;

(3-2) 1P fllLagmey < I fllzo ey, feLr(m”),
where ¢ =1+ (p — 1) exp(2t/a) and p € (1, 00).

We will show the logarithmic Sobolev inequality of the following form.
There is a positive constant o for which

US 2/ (Vfl/Q,Vfl/Q)de,
@ Jm

f
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holds for any strictly positive f € CSP(M). It is easy to see that (3.3) is
equivalent to (3.1).

Take an arbitrary positive function f € C¥(M). Without loss of gen-
erality we may assume (f),,v = 1. Set f; = PYf and H; = (f;log fi)mv-
Differentiating the both sides by ¢ we have

Hi = <LUft log f; + LUft>mU
—((Vfe[V1og fi))mv

o < |Vft||2>
ft mU

= —4(IV £ o
—<ftHV10gft||2>mU

Here we used Lemma 2.2 and that Vy f; = 0.
By this equation we see that the logarithmic Sobolev inequality (3.3) is
equivalent to

(3.4) H(0) < —%H’(O).

Since H(t) — 0 as t — oo, in order to show (3.4) it is sufficient to prove
(3.5) —H"(t) < 2aH'(t).
Before we caluculate H” (t), we need to compute LY (log f;);

U _LYR VAP LYS
(3.6) L” (log f:) = 7, 7 -

By (3.6) and integration by parts formula, we compute H” () as follows:

—[IVlog fi[>.

_ di<(v1ogft|vft)>mv

B < "y ft|wt)> + (V1og fi| VLY ;) o

= ((V{LY(log f;) + IV log fel 2}V fe))mv — (LY (log fe) LY fo) v
=2(f(VLY (log )|V 10g f2))mv + (V£ V||V 1og fi|*))mv
= 2(ft(VL (Ingt)‘VIngt»

LY | og fol2me — /8 SNV 1og flda"
= —2(£iTY (log fi,108 f1))mv — Q/E)M ftA(Vlog fi, Vog fi)do

By (3.5) and (3.7), we see that the following inequality (3.8) is sufficient
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in order to prove the logarithmic Sobolev inequality.

(3.8) a(U) <w>mu

< (fTY (1og £, 108 f))m + /a | JA(Viog f. Vlog )"
= (f{||Hess(log f)||2 + (Ric 4+ HessU)(Vlog f, Vg f)}) v
1
+ 5 AM fVN||VIng||2dO'U.

First we estimate the last term of the right hand side of (3.8). By (2.6) in
Lemma 2.4, we obtain

(3.9) /8 y fA(Vlog f,Vlog f)doV

=4[ ANVf2V)deY
oM

> _4162/ ||V2f1/2||2de—4K1/ IV 52 2dm?
M M
2
— _4K2/ ||v2f1/2||2de _Kl/ vall de,
M v
or by (2.7) we obtain

(3.10) fA(Vlog f,Vlog f)doY
oM

S 4K 2 £1/2 Q—EA 1/2)2 U _ IVAII? . o
> 2 V=24 d| f72% pdm K, - dm" .
M M

Lemma 3.2. Let f > 0 be a positive smooth function on M satisfying
Vnf=0. Then we have

(f|[Hess(log f)|*)m

4
> 1/22 1/2)2
= g ClIHess U A (AFYE) ) m

4 .
= o5 B3OS = Rie(V 12,912,
8
_d—” ot A(Vfl/Q, Vfl/Q)dU

Proof. The equation above is easily seen by the modified Weitzenbock
formula. We will give the same proof for the inequality as that in [2] for
readers’ convienience. By setting f'/2 = h and the fact that

Hessh B Vh ® Vh

Hess(log h) = W TER
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we have that

[Hess (log f)]1? = 47| iess(log h)|
2Hessh(Vh,Vh) |[Vh|*
h T

By integration by parts formula and the fact that 2Hessh(Vh,Vh) =
(Vh,V||Vh]||?), we have that

(311)  (f|Hess(log /)]*)m
o { sy, - <<Vh,vh|w||2>>m + ||vhf;||4>m}

- {<||Hessh||2>m + (Alog hl[VAI)m + <”W”4 >m}

n2
2
=4 {<||Hessh||2>m + <Ah||thH> } .

Here we used (3.6) to the last equality.
From (3.6) it is easy to see that

(f(Dlog £)%)m = 4(h*(Alog h)*)m
o o(280E) () ).

Since (Alog f)? < d||Hess(log f)||?, we have

o/ BRIVAI?
h m

—2(np)n+2(TE0) — Sr@ion?h,

=4 {||Hessh|2 -

d
> 2((A8R))m — 5 Hess(log )2
Combining the above inequality with (3.11), we obtain
(fI[Hess(log f)|[*)m — 4(|[Hessh|*)m

> 2O~ {7 Hess(08 1)

which completes the proof. O

Now we will show several versions of the logarithmic Sobolev inequality by
Lemma 3.2 above and inequalities (3.9) and (3.10) and have estimates of a(U)
in terms of K;’s, K(U), K(U), p(U) and C(0) by estimating the right hand side
of (3.8). We first deal with the terms involving the second order derivatives.
Assume there exist K7 and K, such that

2¢0(U) C(0)(e %) — Ky)

12 Ko< — U)—K; >0.
(3.12) 2 S s and 7 +p(U) — K1 >
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Then we have

(3.13)

(f|[Hess(log £)|2)me + /0  JA(Viog [,V log f)do"

2
> e maxU<fHHeSS(]ng)||2>m — 4K2<||HeSSh||2>mU o Kl <@> U

4e—maxU
>
- d+2

2
— de~ minUK2<||HeSSh”2>m _ Kl < |fo| >
mU

1 e~ max U - de~ max U
> ([ — min e Ath
_{d< itz K2>+ d+2 }<( )

2
e < ||V}f|| >mU

2
(e_maXUK2€_man)<(Ah)2>mKl<|Vf| > .
-
Here we used the fact that (Ah)? < d||Hessh||? and condition (3.12).
By the spectral gap inequality for U = 0, we obtain ((Ah)2),, >
C(0)(|IVR|*)m. Hence,

(2| Hessh||> + (AR)?)

\%
SHEN

(3.14)
(f{|[Hess(log f)[|* + (Ric + HessU)(V log f, V log f)}) v
+ / fA(Vlog f,Vlog f)doY
oM

2
> 4Cd(0) (efmaxU 7K267minU)<||Vh”2>m + (p(U) Kl)<||vff|| > ]
_ C(O) efmaxU R 7 efminU ||Vf||2 7 ||vf||2
=4O Rae o) (WTE) o - (IF]5)
efé(U) _ ’2 _ 2
> {C(U)( p Ks) +p(U)_K1}<IIVJ{II > -

By (3.8) we see that the logarithmic Sobolev inequality holds under assumption
(3.12) with the logarithmic Sobolev constant «(U) satisfying that

C0)(e W) — Ky) _

(3.15) a(U) > g +p(U) — K;.

In a similar way as above, we will obtain another estimate of the right
hand side of (3.8) under assumption that there exist K7 and K> such that

—4(U) —4(U)
2e and C(0)e

Ky <
S D) d

+p(U) _Kl > 07
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or equivalently,

e—8(U) o—8(U)
(3.16) %mw)—mm (Qd” )>0.

Then we have by (3.10) that

(317) (/|| Hess(log f)||)mo + /a JA(V10g [,V log f)de"

4e—maxU
>
- d+2

2
— 4e~minU g, <{||Hess,h||2 - 1(Ah)2}> - K <|Vf|>

d m f mUV
e~ maxy —minU 2
> —— —4e K5 | ¢ (||Hessh||*)m

(2| Hessh||> + (AR)?)

d+2
467maxU 4e*minUK2 ) ||vf||2
T ek, - (R
—max U 2
> (e - s ()

),

Thus we have proved the following: Then the logarithmic Sobolev inequal-
ity (3.1) holds with the logarithmic Sobolev constant «(U) satisfying that

C(0)e0)

2¢—0(U)
d +p(U) - K(U) <d+2)

(3.18) a(U) >

By the second estimate of (f||Hess(log f)||?),,v in Lemma 3.2, we will show
another version of the logarithmic Sobolev inequality under some additional
assumption on A(,-). For example, if we assume the non-negativity of A, i.e.,

AV, Vf)>0forany f € CF (M), then

o) > 3C(0)e=0W) + Np(PE2U) +2(1 — e~ (p(0) A 0)
d+2

This is the same result as in [2] and can be proved in a similar way as in [2].
So we omit the proof.

Here we will give a version of the logarithmic Sobolev inequality when
the second fundamental form is non-positive, i.e., A(Vf,Vf) <0 for any f €
C(M). Set

g 2-(d+ 2)K,e?W)
N 2(1+ Ko)
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and
(3.19)
1+20 K 20e°V) 20e~0U)
= —oU) (227 22 27 ) R (12
O1=C(0)e <d+2+ d ( d+2 )) 1( vz )
20
O=1——
2 d+ 27
— e 0(U)
0, — 201 —e )
d+2
We will assume the following:
2e=0(U) U
(3.20) Ky < P and O + Ogp (9_2> +03p(0) A0 > 0.

Then by this assumption we see that 6 € [0, 1].
Applying Lemma 3.2 we have

(3.21)
(FHesstog 1) Pho + | FA(T log £, log f)da”
oM
= 0(f|[Hess(log f)[|*)mv + (1 — 0)(f|[Hess(log f)||*) v
+ fA(Vlog f,Vlog f)do¥
oM
4067 max U
> 00000
- d+2
4(1 — )~ maxU 2 2 U
(O Hessh? + (AR + [ fA(Vlog £,V log f)do
d+2 oM
4(1 + 20)e— max U 8fe~ max U
( ) (AR)?) gy — ———

(3(Ah)? — 2Ric(Vh, Vh))m

A(V2 VY2 do

(Ric(Vh, VA))m

= d+2 d+2
8(1 — f)e—maxU
B0 T essh ).
296_5((]))
+1- == fA(Vlog f,Vlog f)doY.

Here we have used the non-positivity of the second fundamental form for the
last inequality. Applying (3.10) and the definition of (6 is determined so that
the coefficient of the term ||Hessh||? should vanish in the following), the right
hand side of (3.21) is larger than or equal to

A(1 + 20)e~maxU  4JG,e—maxU 20e (V) )
(3.22) { T + y 1= = ) { (e

8fe~ max U ) 296—5(U) va“?
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By the spectral gap inequality for U = 0 and the fact that
(3.23)  — (e~ ™*>*URic(Vh, Vh))m
> —(e"YRic(Vh, VA))m + (1 — e *U)) (e Y Ric(Vh, VA) A0,
we see that (3.22) is larger than or equal to
\V4 2
(324) O, <M>
-

~ T (Ric(Vh, Vh)) o — (1 — e YU (Ric(Vh, VA) A 0),,v }.

Combining (3.21), (3.22) and (3.24), we finally obtain an estimate of the
right hand side of (3.8) as follows;

(3.25)
(f{|Hess(log f)|I> + (Ric + HessU)(V log f, V1og f)})mv
+ / fA(Vlog f,Vlog f)doY
oM

2
>0, <@>mu 4 <% {(1 _ dz—f2) Ric+HessU} (v, Vf)>mU

20(1 — e 0y /1
+ T <?RIC(Vf7 Vf) A O>mU

2
> {@1 + O2p (é) +@3p(0)/\0} <||VJ{|| > .

where the constants ©1, O3 and O3 are given in (3.19). Here we have another
version of the logarithmic Sobolev inequality with the logarithmic Sobolev con-
stant a(U) satisfying that

(3.26) a(U) > 01+ O2p (é) +©O3p(0) AO.

Summing up the results in this section, we have proved the following propo-
sition.

Proposition 3.3.  Assume (3.12), then we have

) _ R, )
C(0)( 5dU ) - i

a(U) >
Assume (3.16), then we have

C(0)e2)

—— +p(U) — K(U) (26_6@) .

>
all) = d+2
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Assume (3.20) and the non-positivity of the second fundamental form, then we
have

U
a(U) > 01 + O3 (@_2> + O3p(0) A 0.

4. Examples

Example 4.1.  Let M be the closed interval [0,1] in R and U = 0. We
calculate the logarithmic Sobolev constant for this case. In this case we see
by direct computation that A(Vf,Vf) = 0 for any smooth function which
satisfies the Neumann boundary condition. Applying (3.18) with d = 1 and
p(U) = 0, we obtain «(0) > C(0). Since a(0) < C(0) always holds, we obtain
a(0) = C(0).

The spectral gap constant C'(0) is computed by solving the following eigen-
value problem;

f10)=f'(1)=0.
We see that the smallest non-zero eigenvalue is A = 72, which is the spectral
gap C(0). Thus we have a(0) = C(0) = 7.

Example 4.2. Let S? = {(z,y,2) € R%; 2% + y? + 22 = 1} be the 2-
dimensional sphere in R?. We introduce the polar coordinate on S? as follows.
Any point (z,y,z) € S? is written as (z,y,2) = (sin ¢ cos 6, sin ¢sin 6, cos ¢),
for some 6 € [0, 2] and ¢ € [0,7].

Let M = {(z,y,2) € S%2 > cosp} and U = 0, where ¢g € (7/2,7) is a
constant sufficiently close to 7/2 (When ¢g € (0,7/2] the second fundamental
form is non-negative and the problem is easy. When ¢y is close to m our method,
as we will see later, cannot be applied.).

Here we will give several facts without proofs. First Ric = Id at every point
in 52, so p(0) = 1. Next the Riemannian measure is written as dm = sin ¢dgpdf
and the surface measure as do = sin ¢d6b.

We express several terms in the polar coordinate;

{ —f"(x) = Af(x)

2
IVFI? = (@uf)? + (Laef)

sin ¢
2 2
|V2f||2=(8§f)2+2’6¢ (%> +( L oppy 59 f) .

sin ¢ sin? ¢ sing ?

We calculate A(V f, Vf) and find it negative as follows;

AVFVP) = VNIV

a 2
_%a¢|¢:¢0 {(m%f) + (8¢f)2}

_ cosdy ( Ouf >2<0.

sin ¢0 sin ¢0
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By the mean value theorem there is a constant £ € (¢1, ¢o) such that

f(0,6) 1 ( O f
siné 2| cos gy ¢ \sing

) sin ¢pdg,

where ¢1 = 7 — ¢g.
Then we have

%of(0,00) _ 00f(0.6) . /% 2% ( 89]‘) a6
5

singg ~ siné sin ¢

1 o f %o Oy f
2| cos ¢y " (smqﬁ) bln¢d¢+/ 9 (smqﬁ) do.

By the Schwarz inequality we have

00,00 . e [* (N L
sin ¢g = 2|cosgol Jy, \sing
1 b0 1 $o o f 2
1+ - 0y | —— in ¢d
+( + c) /1 sin¢d¢ 6 ¢ <sin¢> sin ¢dg,
where c is a positive constant which will be determined later.
We have an estimate the integral on the boundary as follows;
| Ao
oM
27 2
_ |cosdo| [ Tof \~ ..
n / singg \ sin ¢0 sin godf
1 2 poo 2
< +C/ / ( %/ ) sin ¢ddo
. \sin¢
2T rdo
+<1+> | <08 ol qs/ / ’ <89f) sin ¢dpdo
c 2 &1 smqb L

1—|—c 1
09+ (143 osenl [ ao{ (1021 G1arr) 3.

If there exist ¢ > 0, for given ¢g, which satisfies,

1+¢
2

(4.1) 1-— > 0,

1 $o
<1—|——>|COS¢0| —d¢<1
C n/2 SHL QS

then by (2.19), we see that spectral gap with the spectral gap constant C(0)
such that

c)>241- ! .
2(1 — | cos (;50| W/Q 51111¢d¢)
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Suppose that there is the spectral gap constant C'(0). If there exist é > 0,
for given ¢q, which satisfies,

(4.2) @H_”é

>0,

1
(1+ ) |COS¢O|//2 sm¢ 57

then we see from (3.18) that the logarithmic Sobolev inequality holds with the
logarithmic Sobolev constant

1
01

(
2 2(1 — 2| cos¢0| W/2 31r11¢d¢)

a(0) > ¢

Though we do not completely know for which ¢ the conditions (4.1) and
(4.2) hold, we make sure by direct computation that the both conditions are
true at least for ¢g € [w/2,2m/3]. For example, if ¢pg = 27/3, then we obtain

% 1 1 2\ 7o\
dp < =+ — in — in — <0.2
| cos ¢ P o < 5° 15 {(sm 3 ) + (sm 12> <0.287

and conditions (4.1) and (4.2) are satisfied and

C(0) > 0.597 and a(0) > 0.125.

Unfortunately, our method cannot be applied when ¢ is close to 7, at least
when ¢¢ € [37/4, 7).

5. Applications to the stochastic Ising model

Let M be as in the preceding with the normalized Riemannian measure
m and let v be some fixed positive natural number. Set E = MZ" and endow
E the product topology. Let m = m?%" be the product measure on (E, Bg).
Given a non-empty subset A C Z¥, set Ep = M®. Let x € E — x5 € Ej
denote the natural projection. We define a mapping ®, : £ X E — FE so that

x if k€A,
INCIEE S
vk if ké¢A.

We will sometimes think of ®5(-]y) or ®4(x|-) as a function on Ej or Ejc.
As usual when A = {k} is a one-point set, we will write Ex, xx and Py for
simplicity. For A C Z¥ we set B = o{xy|k € A} and B* = o{xy [k ¢ A}.

We introduce a differential structure in the same way as in [2]. Let C*°(E)
be the space of all continuous functions f on E such that, for each ¢ # A CC Z¥
(i.e., a finite non-empty subset),

X € Fpe— fo @A(-|X) S COO(EA)



378 Yuzuru Inahama

is continuous. We define differential operations on C°(E) as the lift of those
on C*(M). In other words differential operators on C*°(FE) are the partial
differential operators. For example, for k € Z", we define

(X f)(x) = [X(f o Pr(-|x))](xx) for X eI(TM),
(Vif)(x) = [V(f o ®(-[x))](xk),  etc.
Next we introduce measures on F. Let
U={Jp:0#£F CCZ"}

be a shift-invariant, finite range potential on E. That is, for each F, Jp €
C>(E) which depends only on xp, Jpyx = Jr 0o S7¥ k € Z¥, where S is the
natural shift on Z¥, and there is a fixed A CC ZY which contains 0 with the
property that, if F* 2D A, then Jg = 0 for any F' containing 0.

Given A CC Z¥, we set

UA(X|y) = Z JF o cI)/\(X|Y)a X,y € E7
F:FNA#Q

and the probability measure pa (-ly) on (E,B*) (or Ej) by

exp[—Ux (xy)]
Z(y)

where Zj(y) = [pexp[—Ua(x|y)]m(dx) is the normalizing constant. When
A = {k} is a one-point set, we simply write Uy, ux and Zy. It is easily verified
that {pa facczv are consistent family of finite dimensional distributions.

pa(dxly) = m(dx),

Definition 5.1. We will say that a probability measure p on (E, Bg)
is a Gibbs state with potential 4 and we will write p € & () if

[ tan= [ ([ £oontlymalixiy))utay)
holds for any f € C(E) and A CC Z*.

We will introduce the operator £%, which is the analogue of LV in the
finite dimensional case. We set the space B(E) of cylinder functions as follows;

B(E) = {f € C™(E)|f(x) = f(xa) for some A CC Z% and f € CF(En)}.
We then define the operator £ on &(E) by
LY f = Z eV (divk(e_U"ka)) = Z (Akf - (kaklka))7
kezZv keZv

where Uy = Ug(x]x). As in the finite dimensional case it is easy to see from
Definition 5.1 that, for 4 € &(U) and f,g € G(E),

(51) - [ nan= 3 [ sivin

keZv
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In particular £* is symmetric in L?(u).
Next we will show that (the closure of) the right hand side of (5.1) is a
Dirichlet form coresponding to £ for given u € &(4). Set, for h =1,2,3,...,

an(f,9) = Y | (Vif|Vig)dp.

k|<n’E

with its domain Dom(as) = G(E). It is easy to see that {ap}r=1,23,. is a
family of Markovian forms on L?(x) and that {ap}p—123,... is asymptotically
regular in L?(p), i.e., there exists a dense subset C C C(E), such that for every
f € C we have

lihminf an(fn, fn) < oo, forsome f, — fin L*(u)

(In our case we set C = B(E)).
By the results in Section 4 of Mosco [7], we obtain the following (see Mosco
[7] for the precise definition of the terms in the following propositions):

Proposition 5.2.  There exists a densely defined Dirichlet form a in
L?(u), and a subsequence {an'} of {an}, such that ap T-converges to a in
L?(u) as b’ — co. Moreover C C Dom(a) and dc is a regular Dirichlet form
with core C in L?(u) and a is an extension of dc.

Proposition 5.3.  Let {an} be a sequence of strongly local, closable
Markovian forms defined on a common domain C = Dom(ay,), C being the dense
separating subalgebra of C(E). Let aj, T'-converge to a in L*(u) as h — oo.
If the sequence of energy measures are bounded and absolutely continuous with
respect to u in E, then C C Dom(a) and d¢ is also strongly local.

Since the energy measure is Vi f|Vkg)du in our case, we may apply
k| <h
the propositions above. It is obvious that d¢ is the desired Dirichlet form and

(52 a@lfn=3 /E (Vi IV ), f € ().

keZv

We denote by Ptn # the semigroup on L?(p) corresponding to de. In the same
way as in Holley-Stroock [6] and Dobrushin [4], [5] we obtain the following
proposition:

Proposition 5.4.  &(il) is a convex and compact subset of the totality of
probability measures on E which is equipped with the weak topology. Moreover,
1€ B(8) is an extreme element if and only if the tail field By = NacczvB™ of
w is trivial. It is also known that

Jim | P — pl 1Bl 2 = 0 for every  f € L*(p).
Therefore
(5.3)  Jim [P = ()l = 0 for every  f € L*(u)

if and only if 1 is an extreme element.



380 Yuzuru Inahama

Since the logarithmic Sobolev inequality or the spectral gap holds only if
(5.3) holds, we will think only of the extreme elements of &(4l) in the following.

Let A cC Z¥. We will consider the problems on Ej. Let ua(:]y) be the
regular conditional distribution given the projection x € E +— x) € Ej as in
Definition 5.1. However, we regard ua(-|y) as a probability measure on FEj.
We define an operator LX’” = L, as follows:

(5.4) Laf(@) = > (L = (Vali(al®a(aly))|Vicf) ),
keA

for f € CF(En) (we will sometimes abuse the notation to denote L f for
a smooth function f, even if f does not satisfy the boundary condition and
will write Ux = Ux(x|®a(z|y)) for simplicity). Then by the consistency of the
conditional distributions we obtain an integration by parts formula as follows:

(55 - [E (f - Lag) (#)ua(dzly)

_ Z/E (Vi f|Vig) (@) pa(dzly)

keA v HA
Y / a(dely) / (f * Vien 9)(@)ow(dox A (ly)),
keA
for f,g € C®°(E,) and y € E. Here oy (dz|w) = Zy(w) te~ VW5 (dz) is the

surface measure corresponding to px(dz|w).
In order to make sure the validity of the finite dimensional approximation
we need to prove the following Lemma 5.5.

Lemma 5.5. Let p € &(U) be an extreme element and [ a bounded
function on E.
If we set A, ={k € Z"||k| < h} (h=1,2,3,...) and

Gally / £ o @, (x]y)ua, (dx]y),

then Gpf — (f), as h — oo p-almost surely and in L*(p) (as a result in LP(p),
p € [1,00)).

Proof. Since G f = u[f\BAh], {Grf}h=1,23, . is a equi-continuous “re-
versed time” martingale. Hence G}, f converges p-almost surely and in L'(u).
Since lim G, f is measurable with respect to the tail field By, it is easily verified
that lim Gy, f = (f),, by Proposition 5.4. O

By Lemma 5.5 we may reduce the problems (the logarithmic Sobolev in-
equality and the spectral gap) for dc(-,-) in (5.2) to the finite dimensional
cases. Indeed, suppose that we prove the logarithmic Sobolev inequality for
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(En, pa(dz]y)) and L™ as follows;

(5.6) /E Flog fux(daly) — [E fua(dely) log [E Fua(dzly)
2
<= /E S Vs Y2 Pun (dely),

keA

for every strictly positive f € CF(Ey), with « independent of A and y. Then
by letting A = Ay, taking the expectation with respect to p and letting h — oo
we obtain

(5.7) /E flog fdu [E fdplog /E fap <2 /E DIV

By the denseness of the cylinder functions, this shows that the logarithmic
Sobolev inequality for de¢(-,-) holds. The same method works for the spectral
gap inequality (however, we omit the proof).

Let LX’u = L be as in (5.4). Then the square field operator in this case
is defined as follows;

DA D) = 3 S Ia(VifIVieh) — 3 (VL fIVih)

keA keA

As in Deuchel-Stroock [2] we define

Hess(f o ®(-|x))(X,Y)(xx) (ifk=1)

Hessi 1 (f) (X, Y1) (x) = {Xk oV f(x) (if k #£1)

for f € C*°(F) and X,Y are smooth vector fields on F, and

Hessk1(U) = Z Hessk1(JF),
F:F3k,1

for k,1 € Z". We also define
Touc(f, f) = [Hessicie(f)]I* + (Ricx + Hessicx (1) (Vief, Vi),

where Ricy be the Ricei tensor on Ey and

RMff)= ) Hessia(8)(Vief, Vif).

k,1€A k#1

Lemma 5.6.  For every f € &(E) we obtain

Fé\(faf) 2 ZFQ,k(f,f)+RA(faf)

keA
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Proof. Let Lif = Aif—(ViUi‘Vif). If i # j, then [Vj, Vi] = [Vj, Ai] =0
Hence

SLi(VifIVsf) = (ViLifIV;f)
1
D3 195) = 5 (ViU | Vi(VafIVsf)

—(LiV5fIV;f) + (Vj(ViUiIVif) | ij)
= ||V1ij||2 + (V;ViUi|Vif @ Vi f).

If i = j, then by the same way as in the finite dimensional case we have

1

SLi(VifIVsf) = (V5L fIV5f) = [[Hessi(f)I|” + (Ric; + HessUs) (V5 f, V; f)-
Summing up these results we see that Lemma 5.6 holds. |

Let y € F and A CC Z" be arbitrary. As we showed in the previous
sections, the spectral gap

(5.8) /E (f = (Funciy)) 1 (daly) <

=5 / IV 2 pa (dly),

kEA

for every f € C¥(E\) is equivalent to

(59 €Y / IVifP@na(daly) < [ T ) @ha(daly)

keA Ea
3 [ masiy) / A(Vief. Vi) (@)ore(dri @ (z]y))
keA

for every f € CF(En).
Similarly, to prove the logarithmic Sobolev inequality (5.6), it is sufficient
to show

2
(5.10) oY / VA ()i (dely) < [ r2tog fodog )ty

keA f

+30 [ ) [ pA(Tidon £ Viclog @)l dnlb(aly)

keA
for every strictly positive f € CJ(En).

Remark 5.7.  First we prepare notations. set S; = N{Q C Z”|f is B-
measurable} and |||f]|| = >7;cp [IViflloo. Moreover, let us denote by dys the
the Riemannian distance of M and by dz» the distance of Z¥ which is defined
by dz» (k. k') =31, |k; — k}| for k,k’ € Z". As usual we define dz- (A, k') =
inf{dz- (k,k’)|k € A}.
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By Stroock and Zegarlinski [8], [9], [10], Yoshida [11] etc., we see that the
following three conditions are equivalent;

1. there exists a constant C' > 0 such that (5.8) holds for any y € E and
Acczr.

2. there exists a constant « > 0 such that (5.6) holds for any y € FE and
Acczv.

3. there exists a constant ¢ > 0 such that if A CC Z¥, f € CF(Ey),
k¢ Aand y =y’ off k, then

|<f>;m(d$\Y) - <f>HA(da:\y’)| < B(f)dM(ka y{c) eXp(fdzu (Sfa k)/C),

where B(f) is a positive constant depending only on |Sy| and ||| f]|-

Moreover, if one of the three conditions holds, then |&(L)| = 1. (The
proofs for the case of compact manifolds without boundary in [8], [9], [10], [11]
depend on finite dimensional analysis and applicable to our case with slight
modifications).

Now we define

6(U) = sup{d(Uo(-|y))ly € E},
p(h) = inf{p(Uo(-ly))ly € E},

B =sup{ﬁ ERIRZ (£,1)= 8 Y IVifI? fe @(E)},

kezv
K(U)(€) = sup{K(Uo(:|y))(e)ly € E}.

Let us consider the spectral gap (5.9). Let
CW) = nf{C(Uo(-ly))ly € E}.

We can estimate C(4) from below by using the finite dimensional case. For
example we have by Proposition 2.6,

C(0)e—9®
d

Then for every k € Ay, and f € CF(En, ), we have by the shift-invariance that

c) = + oY) — K)(1).

C(y) /E V312 () e (e B ]y )
< /E Do £, £)(@)puc(das rly)

+ . A (Vief, Vief) (z) ow(dow| P (2] )).-

Integrating the both sides by pa, (dz]y) and summing them up with respect to
k, we see by Lemma 5.6 that (5.9) holds with C > C(4) + S(4).
We have an estimate of G(4) as follows;
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Remark 5.8. Let

7(k) = sup{|[Hesso k(1) (Xo, Yic) llo(e)
|X,Y are smooth vector field on E and ||[| X|||lcz) V1Y lc@ < 1},

and
YW =) (k).
k£0

In the same way as in Deuschel-Stroock [2], S(4) > —~ () (see Deuschel-
Stroock [2] for the proof).

Proposition 5.9.  Suppose

C(0)e~ 9
d

Then spectral gap inequality (5.8) holds for anyy € E and A CC Z¥ with

+pl8h) — K(8)(1) = A(4) > 0.

—5(8t)
o> C(0)e
- d
In that case, |G(U)| =1 by Remarks 5.7 and 5.8 and the following spectral gap
inequality holds:

1
JU-nra< g ¥ [ vaPan resm)

kezZv

+ () = KW)(1) —~(W).

Next we will consider the logarithmic Sobolev inequality. Though there
are several versions as we showed in the finite dimensional case, here we will
show the simplest case only.

Let
o580 o= 0(41)
a@y = SO — k() (Qd” ) .

Then by the shift-invariance

f

< : fTax(log f,log f)(x) p (doi| Pr (]y))

+ - fAx(Vilog f, Vi log f)(z)ow(drk| P (zy))

a(il)/E M(lﬁ)uk(dxk@k(ﬂc\y»

holds for every strictly positive f € C3(Ey, ). Then integrating the both sides
by pa, (dz]y) and summing them up with respect to k, we see by Lemma 5.6
that (5.10) holds with o > «a(4) + B(4l). Thus we have proved the following
result.
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Proposition 5.10.  Suppose a(ih) — y() > 0, Then the logarithmic
Sobolev inequality (5.6) holds for anyy € E and A CC Z¥ with o > a(h) —
~(). In particular, |&(U)| = 1 by Remark 5.7 and the following logarithmic
Sobolev inequality holds with o > a(Hh) — ~(U);

(511) (Flog f— (fuloa(ly < o S (VAP 0< f € B(B).
kezv

In order to show that Proposition 5.10 is not useless, here we will give a
very simple example.

Example 5.1. Let M and U € C*°(M) satisfy that

C(0)ed™) 2e—3(U)
— ) - KU) () >0

We assume further for simplicity that A(V f, Vf) <0 for any f € CF (M) (such
M and U exist as we saw in Example 4.2). Now we construct measures on MZ.
For v,w € C*®(M) and € > 0, set Jp(x;,Xi+1) = U(x;) + ev(x;)w(x;41) for
F = {i,i+ 1} (for i € Z) and otherwise Jr = 0. Clearly this defines the Gibbs
state with potential {.. Note that when ¢ = 0, the Gibbs state is the product
measure. By a straight forward computation we have

(5.12) [y (o) < 26| Vllog - [Vl
(5.13) 0(U) = 6(Ue)| < e(d(v)w]oo + 6(w)]v]oo)
(5.14) Ip(U) = p(the)| < €([[Hessv|oo|w]oo + [[Hessw]|oo[v]oo)-

We see by (5.13) and Lemma 2.5 that |K(U)(2e=%(Y) /d+2)— K (U)(2e =) /d+-
2)| goes to 0 as € goes to 0. Because we assumed the non-positivity of A, we
can easily see that

K(U)#)e W) < K(U + W)(t) < K(U)(t)e"™)

for any U, W € C*°(M) and ¢ > 0. Combining this with (5.13) we have

2e—9(e) 2e—8(¢e)
‘K(u€)< d+2 >_K(U)( d+2 >‘

goes to 0 as € goes to 0. Combining them with (5.12), (5.13) and (5.14), we see

that
C(0)edHe) 2e—0(te)
TJrﬂ(ﬂe)—K(ﬂe) a2 )0

for sufficiently small € > 0 and we can apply Proposition 5.10.
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