
�

�

�

�

�

�

�

�

J. Math. Kyoto Univ. (JMKYAZ)
41-2 (2001), 335–357

Vertical Gromov-Witten invariants of flag
bundles

By

Toshiaki Maeno∗

Introduction

Let G be a complex semi-simple connected Lie group and P its parabolic
subgroup. Then the maximal torus T of G acts on the homogeneous space G/P
and this action can be naturally lifted to the moduli space (stack) of the stable
maps Mg,n(G/P, β), where β is an element in H2(G/P,Z). In this paper, we
investigate the T -equivariant Gromov-Witten invariants of G/P and vertical
invariants of flag bundles. We mainly consider the invariants of genus zero. We
will discuss on higher genus invariants briefly in Section 6. We will work only
over the ground field C throughout this paper.

Kontsevich used the fixed point localization method for the first time to
compute the Gromov-Witten invariants of the projective space and its hyper-
surfaces in his paper [16]. In Section 5.2 of [16], he mentioned that his com-
putational scheme works well also for homogeneous spaces, and we will follow
his method to give a formula of (gravitational) Gromov-Witten invariants of
the homogeneous space G/P. The fixed point localization method enables us
to obtain the information of the equivariant cohomology H∗

T (M0,n(G/P, β))
from the data on the fixed points of the action of T. In our case, the set of
fixed points M0,n(G/P, β)T can be described in terms of the Bruhat ordering
of the Weyl group W of G. Integration of an element in H∗

T (M0,n(G/P, β))
can be expressed as a sum of the contributions from the components of the
fixed locus. Such formula is known as Bott’s fixed point formula. Then, the
Gromov-Witten invariants of the flag variety G/B can be computed effectively
by using Bott’s fixed point formula for smooth stacks.

The fixed point localization method was also used in the proof of the Mirror
Theorem for complete intersections in projective space by Givental [11]. Kim
also obtained the Mirror Theorem when the ambient space is a homogeneous
space [15]. The explanation of Kontsevich’s method and Givental’s proof of the
Mirror Theorem can be found in [5].
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336 Toshiaki Maeno

In [7], Fulton showed that degeneracy loci associated to a flag bundle over
a variety X are expressed as double Schubert polynomials in the Chow group.
We give a formula for vertical Gromov-Witten invariants of the flag bundle in
terms of double Schubert polynomials.

The localization of the virtual fundamental class was developed by Graber
and Pandharipande ([12]), so this method can be applied to the moduli space
of stable maps of higher genus and to other target spaces with torus action. In
the final section, we briefly see the higher genus invariants.

1. Moduli space of stable maps

We start with the definition of the stable map ([16], [17]). Let C be a con-
nected reduced algebraic curve with at most ordinary double points and pair-
wise distinct smooth marked points p1, . . . , pn (n ≥ 0). Then, (C; p1, . . . , pn)
is called a prestable curve. Consider a holomorphic map from a prestable curve
to a complex manifold f : C → V. Let the arithmetic genus pa(C) = g and
β = f∗([C]) ∈ H2(V,Z).

Definition 1.1. The data (C; p1, . . . , pn; f) is called a stable map of
genus g and class β if every irreducible component of C of genus 0 (resp. 1)
contracted to a point by f has 3 (resp. 1) marked or singular points (special
points) on its normalization. We denote by Mg,n(V, β) the moduli stack of the
stable maps to V of genus g and class β with n marked points.

The stability condition means that the group of automorphisms of the
stable map (C; p1 . . . , pn; f) which act identically on V is finite.

The following proposition is a fundamental result on Mg,n(V, β) shown by
Kontsevich [16] (see also [9]).

Proposition 1.1. Let V be a projective algebraic manifold. Then
Mg,n(V, β) is a proper algebraic stack of finite type.

This holds in general for a projective scheme V of finite type over a field
([16, 1.3.1]).

In this paper, we mainly consider the case g = 0 and V is a homoge-
neous space G/P, where G is a complex connected semisimple Lie group and
P is a parabolic subgroup in G. We assume that G is simply-connected. The
homogeneous space G/P is a convex manifold in the sense of [17].

Definition 1.2. Denote by TV the tangent sheaf of V. The convex man-
ifold V is defined to be a projective manifold such that H1(C, f∗TV ) = 0 for
any stable map of genus 0.

Let (C; p1, . . . , pn; f) ∈ Mg,n(V, β). Then, the expected dimension of
Mg,n(V, β) at (C; p1, . . . , pn; f) is

χ(C, f∗TV ) + dimC Mg,n = h0(C, f∗TV ) − h1(C, f∗TV ) + 3g − 3 + n

= (1 − g)(dimC V − 3) +
∫
β

c1(V ) + n.
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We denote by dg,n(V, β) the expected dimension of Mg,n(V, β). In general, the
dimension of Mg,n(V, β) is greater than or equal to dg,n(V, β).

Proposition 1.2 ([3], [16]). If V is a convex manifold, then M0,k(V, β)
is a smooth stack of dimension d0,n(V, β).

Remark 1.1. From this proposition, the underlying space of the stack
M0,n(V, β) for a convex manifold V can be regarded as an orbifold.

It is known that there is an element in the Chow group

[Mg,n(V, β)]virt ∈ Adg,n(V,β)(Mg,n(V, β))Q

which is called the virtual fundamental class of the moduli stack Mg,n(V, β)
and it can be considered invariant under the deformation of V in a natural
sense ([2], [20]). For the definition of the Chow group of algebraic stacks, see
[23]. This class is used instead of the usual fundamental class in the defini-
tion of the Gromov-Witten invariant. From Proposition 1.2, we know that
[M0,n(G/P, β)]virt coincides with the usual fundamental class.

Here, we prepare some notation which is used later on. Let g = LieG
be the Lie algebra of G. We choose a Lie subalgebra LieT corresponding to a
maximal torus T of G as a Cartan subalgebra h of g. Denote by ∆ the set of
roots in h∗ = Hom(h,C). For a root α ∈ ∆, we define an element α∨ ∈ h by
the condition

λ(α∨) =
2(α, λ)
(α, α)

for λ ∈ h∗,

where ( , ) is an invariant inner product on h∗ induced by the Killing form.
We realize the dual root system ∆∨ in h by setting

∆∨ = {α∨ ∈ h | α ∈ ∆}.

The Lie algebra g has a root space decomposition

g = h ⊕
(⊕
α∈∆

gα

)
.

We fix a Borel subgroup B ⊂ G and the set of the positive roots ∆+ in ∆ such
that

Lie(B) = h ⊕


 ⊕
α∈∆+

g−α


 .

The root system ∆ is decomposed into the disjoint union of ∆+ and ∆− =
−∆+. The set of positive roots ∆+ contains a unique simple system Π ⊂ ∆+.
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The positive dual roots ∆∨
+ ⊂ ∆∨ and the simple system Π∨ ⊂ ∆∨

+ are also
determined by setting Π∨ = {α∨ | α ∈ Π}. We define hZ ⊂ h and h∗

Z ⊂ h∗ as

hZ =
⊕

α∨∈Π∨
Z · α∨,

and

h∗
Z = {λ ∈ h∗ | λ(α∨) ∈ Z, ∀α∨ ∈ ∆∨}.

A parabolic subgroup P ⊃ B determines a parabolic subsystem (Π(P ),∆(P )),
Π(P ) ⊂ Π, ∆(P ) ⊂ ∆, such that

Lie(P ) = Lie(B) ⊕
⊕

α∈∆(P )+

gα.

We also have the dual system (Π∨(P ),∆∨(P )). Reflections sα with respect to
the roots α ∈ ∆(P ) generate a subgroup WP in the Weyl group W.

Lemma 1.1 ([13, Proposition 1.10]). Define

WP = {w ∈W | l(wsα) > l(w), ∀α ∈ Π(P )}.

Given w ∈ W, there is a unique w1 ∈ WP and a unique w2 ∈ WP such that
w = w1w2. Their lengths satisfy l(w) = l(w1) + l(w2), and w1 is the unique
element of smallest length in the coset wWP . In particular, we can regard WP

as a set of representatives of W/WP .

We set

hZ(P ) = hZ/
⊕

α∈Π(P )

Z · α,

and

h∗
Z(P ) = {λ : hZ(P ) → Z, linear} ⊂ h∗

Z.

If λ ∈ h∗
Z(P ) is given, we can define a character of T by

exp(h) �→ exp(λ(h)) ∈ C×

for h ∈ h. This character can be naturally extended to the character of P and
determines a line bundle Lλ over G/P. The following is a well-known fact. (For
example, see [4].)

Lemma 1.2. Let ι(λ) := c1(Lλ) ∈ H2(G/P,Z). Then ι gives an iso-
morphism between h∗

Z(P ) and H2(G/P,Z).
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Now we can identify the homology group H2(G/P,Z) with hZ(P ). We
denote by [γ] the homology class in H2(G/P,Z) corresponding to an element
γ ∈ hZ(P ). This identification is compatible with the natural pairing, so we
have ∫

[γ]

c1(Lλ) = λ(γ).

We can see that the first Chern class c1(G/P ) coincides with
∑

α∈∆+\∆(P )+
α

under the isomorhism ι, and dimG/P = #∆+ −#∆(P )+. Hence, we have the
following.

Lemma 1.3. If γ ∈ hZ(P ) is in the image of⊕
α∨∈Π∨

Z≥0 · α∨,

then, we have

d0,n(G/P, [γ]) = #∆+ − #∆(P )+ +
∑

α∈∆+\∆(P )+

α(γ) + n− 3.

We also consider the moduli space of vertical stable maps for a flag bundle
over a variety. Let X be a variety and F be a flag bundle π : F → X, whose
fiber is a homogeneous space G/P. We define the vertical stable map to F to be
a stable map (C; p1, . . . , pn; f) to F such that Im(π ◦f) is a point in X. Denote
by Mv

g,n(F , β) the moduli space of vertical stable maps such that f∗([C]) = β,
β ∈ H2(G/P,Z) in a fiber of π. Then, the morphism

π̃ : Mv

0,n(F , β) → X

(C; (pi); f) �→ Im(π ◦ f)

is proper and smooth of relative dimension d0,n(G/P, β) as a morphism between
stacks.

2. Fixed points of the action of T

The maximal torus T acts on G/P, and this action induces an action
on M0,n(G/P, β) as follows. Let (C; p1, . . . , pn; f) ∈ M0,n(G/P, β). Then an
element t ∈ T acts on M0,n(G/P, β) by

t : (C; p1, . . . , pn; f) �→ (C; p1, . . . , pn; t ◦ f).

Assume that P = B for the sake of simplicity. We see how T acts on G/B
in detail. The flag variety G/B is decomposed into the disjoint union of the
Schubert cells X◦

w = BwB/B,

G/B =
∐
w∈W

X◦
w,

where W is the Weyl group. If w has the length l(w), then X◦
w
∼= Cl(w).
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Definition 2.1. (1) Let w,w′ ∈ W. Denote by sγ the reflection on h

with respect to γ ∈ ∆∨
+. Then the arrow w

γ→ w′ means that w = w′sγ and
l(w′) = l(w) + 1. We will omit the label γ over the arrow if we need not to
specify it.

(2) When there exists w1, . . . , wk ∈ W such that w and w′ can be con-
nected by a sequence of arrows

w → w1 → · · · → wk → w′,

or w = w′, we write w ≤ w′, and the relation ≤ is called the Bruhat ordering
on W. The graph obtained by connecting each element of the Weyl groups by
these arrows is also called the Bruhat ordering.

Remark 2.1. Let Xw be the closure of X◦
w in G/B. Then,

Xw =
∐
v≤w

X◦
v .

We can choose a linear coordinate (z1, . . . , zl(w)) on each Schubert cell
X◦
w
∼= Cl(w) such that the action of t ∈ T is in the form of

(z1, . . . , zl(w)) �→ (a1(t)z1, . . . , al(w)(t)zl(w)),

where a1(t), . . . , al(w)(t) are nonzero complex numbers determined by t. Then
the origin is a fixed point of the action of T. Hence, the T -action on G/B has
isolated fixed points p(w) in X◦

w for the elements of the Weyl group w ∈ W.

Moreover, if there is an arrow w
γ→ w′, then p(w) and p(w′) are connected

by a T -invariant curve lww′ ∼= P1 in G/B, which belongs to the class [γ] ∈
H2(G/B,Z). So, the chain of T -invariant curves lww′ in G/B is described by
the Bruhat ordering of W.

Proposition 2.1. (1) There is a one-to-one correspondence between the
elements w in W and the fixed points p(w) ∈ G/B of the action of T.

(2) There is a one-to-one correspondence between the arrows w
γ→ w′ in

the Bruhat ordering of W and the T -invariant curves lww′ in G/B isomorphic
to P1 connecting p(w) and p(w′), which belongs to the class [γ] ∈ H2(G/B,Z).

We can see the situation explicitly in Ar case.

Example 2.1. We consider the case G = SL(r + 1,C) and B is the
subgroup of G consisting of upper triangle matrices. Consider a C-vector space
U ∼= Cr+1 and fix a standard basis e1, . . . , er+1. Then G acts on U, and the
flag variety G/B paramerizes the full flags

0 ⊂ U1 ⊂ · · · ⊂ Ur+1 = U (dimUi = i).

The diagonal matrices

d(t1, . . . , tr+1) =




t1 0
. . .

0 tr+1



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satisfying the condition t1 · · · tr+1 = 1 form a maximal torus T in G. The action
of d(t1, . . . , tr+1) on flags is induced by ei �→ ti ·ei. In this case, the Weyl group
W is a symmetric group Sr+1, which acts on e1, . . . , er+1 by the permutation
of indices. The fixed point p(w) corresponds to a flag

Fw : 0 ⊂ 〈ew(1)〉 ⊂ 〈ew(1), ew(2)〉 ⊂ · · · ⊂ 〈ew(1), . . . , ew(r)〉 ⊂ U.

Let sij (i < j) be a substitution of i and j. If there is an arrow w → w′ = wsij ,
then w(i) < w(j). The flag obtained by replacing ew(i) by a1ew(i) + a2ew(j)

(a1 �= 0 or a2 �= 0) in the flag Fw determines a point on the T -invariant
curve lww′ ∼= P1 connecting p(w) and p(w′), and (a1 : a2) is regarded as its
homogeneous coodinate. Then d(t1, . . . , tr+1) acts on lww′ by

(a1 : a2) �→ (tw(i)a1 : tw(j)a2),

and p(w) = (1 : 0), p(w′) = (0 : 1).

Now we consider the fixed points of the action of T on M0,n(G/B, β).
From the consideration of the T -action on G/B, we know that if a stable
map (C; p1, . . . , pn; f) ∈ M0,n(G/B, β) is fixed by the action of T, then each
special point of C must be mapped to a fixed point p(w), and the image of
each irreducible component of C by f must be a T -invariant curves lww′ . We
introduce the notion of the graph of the stable map fixed by the action of T
([16]).

Definition 2.2. Let (C; p1, . . . , pn; f) ∈ M0,n(G/B, β) be a stable
curve fixed under the action of T. Then we associate to (C; p1, . . . , pn; f) its
graph

(Γ, (w(v))v∈Vert(Γ), (Sv)v∈Vert(Γ), (de)e∈Edge(Γ))

determined by the following conditions.
(i) Γ is a finite one-dimensional CW-complex. Each vertex v ∈ Vert(Γ)

corresponds to the connected component Cv of f−1({p(w) | w ∈ W}). Each
edge e ∈ Edge(Γ) corresponds to an irreducible component Ce mapping to a
curve lww′ . If the irreducible component Ce intersects Cv and Cv′ (v �= v′),
then the vertices v and v′ are connected by the edge e.

(ii) The element w(v) ∈W is defined by the condition f(Cv) = p(w(v)).
(iii) Sv ⊂ {1, . . . , n} is the set of indices of marked points on Cv.
(iv) de is the mapping degree of f |Ce : Ce → lww′ .

Remark 2.2. Conversely, we can associate a substack

MΓ ⊂ M0,n(G/B, [γ])T

to the equivalence class of a graph (Γ, (w(v))v, (Sv)v, (de)e) satisfying the con-
ditions:

(a) if an edge e connects vertices v and v′, then w(v) �= w(v′),
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(b) Γ is a tree, i.e. Γ is connected and H1(Γ,Z) = 0,
(c) if e is an edge connecting v and v′, then |l(w(v))− l(w(v′))| = 1 and

there exists a positive root γ(e) ∈ ∆∨
+ such that w(v) = w(v′)sγ(e),

(d)
∑
e∈Edge(Γ) deγ(e) = γ,

(e) {1, . . . , n} =
∐
v∈Vert(Γ) Sv.

In this paper, (Γ, (w(v)), (Sv), (de)) satisfying these conditions is called a graph
of type (g = 0, n, β).

Let us see the structure of the substack MΓ (cf. [5, 9.2.1]). Denote by
val(v) the number of the edges attached to a vertex v and n(v) = #Sv+val(v).
Assume that dimCv = 1. Then Cv is a connected rational curve contracted
to a point p(w(v)) by f. There must be more than 3 special points on each
irreducible component of such a curve Cv, so n(v) ≥ 3. If n ≥ 3, the moduli of
the stable n-pointed curves of genus 0 can be represented by a smooth projective
algebraic variety M0,n ([14]). The curve Cv such that dimCv = 1 determines
a point in M0,n. If the graph (Γ, (w(v))v, (Sv)v, (de)e) and the isomorphism
class of Cv such that dimCv = 1 are given, we can construct the corresponding
stable map (C; p1, . . . , pn; f) uniquely. Now we have a natural morphism

ψΓ : MΓ :=
∏

dimCv=1

M0,n(v) → MΓ.

Let Aut(Γ) be the automorphism group of the graph Γ preserving the labels.
The group Z/deZ acts on f |Ce : Ce → lww′ by the covering transformation.
Hence, the stable map (C; , p1, . . . , pn; f) has the automorphism group AΓ de-
fined by the extension

0 →
∏

e∈Edge(Γ)

Z/deZ → AΓ → Aut(Γ) → 0.

The automorphism group AΓ acts on MΓ and ψΓ is the quotient map by AΓ.
Hence, the substack MΓ is also regarded as an orbifold.

3. Equivariant cohomology

Let us recall the definition of equivariant cohomology. Assume that a Lie
group G acts on a topological space X. It is known that there exists a space
BG called the classifying space of G, whose homotopy type is characterized by
the existence of a principal G-bundle EG → BG such that EG is contractible.
Then, G acts on X × EG freely, and we put

XG = (X × EG)/G.

The G-equivariant cohomology H∗
G(X) is defined to be the cohomology of XG

with suitable coefficients. In this paper, we consider the cohomology with
complex coefficients, namely

H∗
G(X) = H∗(XG ,C).
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The projection XG → BG induces an H∗(BG)-module strucure on H∗
G(X). We

can take the integration of an element in H∗
G(X) along the fiber of XG → BG.

Then we obtain a morphism∫
XG

: H∗
G(X) → H∗(BG).

Let E be a G-equivariant vector bundle on X. Then EG is a vector bundle
on XG . The equivariant Chern classes cGi (E) ∈ H∗

G(X) are defined to be the
Chern classes ci(EG). The top equivariant Chern class cGdimX(E) is called the
equivariant Euler class and denoted by EulerG(E).

We will investigate the case X = M0,n(G/B, β) and G = T ∼= (C×)r. We
may choose (P∞)r as the classifying space BT, so that the tautological bundles
of the components P∞ correspond to the fundamental dominant weights λα∨ ∈
h∗ (α∨ ∈ Π∨) defined by the condition

λα∨(β∨) = δα∨,β∨ for α∨, β∨ ∈ Π∨.

Then we can identify H2(BT ) with h∗, and we obtain an isomorphism

H∗(BT ) ∼= SymCh∗.

We denote by RT the field of fractions of the polynomial ring SymCh∗,

RT = C(λα∨ | α∨ ∈ Π∨).

When a graph (Γ, (w(v)), (Sv), (de)) of type (0, n, β) is given, we have a
morphism

jΓ : MΓ
ψΓ→ MΓ

iΓ→ M0,n(G/B, β),

where ψΓ is defined in the previous section, and iΓ is an inclusion. Denote by
NΓ the normal bundle to MΓ in M0,n(G/B, β). The equivariant Euler class of
NΓ determines an element in RT . We denote it also by EulerT (NΓ).

Proposition 3.1. The homomorphism

j : H∗
T (M0,n(G/B, β)) ⊗RT →

⊕
Γ

⊗
dimCv=1

H∗(M0,n(v)) ⊗RT

θ �→
∑
Γ

j∗Γ(θ)/(#AΓ · EulerT (NΓ))

is an isomorphism. Here Γ runs over all the graphs of type (0, n, β).

Proof. Since MΓ is a smooth substack of M0,n(G/B, β), we can construct
the Gysin map

(iΓ)! : H∗
T (MΓ) → H∗

T (M0,n(G/B, β)).
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For ϕ ∈ H∗
T (MΓ), we have

(iΓ)∗ ◦ (iΓ)!(ϕ) = ϕ ∪ EulerT (NΓ).

As in shown in [1], EulerT (NΓ) is invertible in H∗
T (MΓ) ⊗ RT . Consider the

homomorphism

j′ : H∗
T (M0,n(G/B, β)) →

⊕
Γ

(
H∗
T (MΓ) ⊗RT

)

ϕ �→
∑
Γ

i∗Γ(ϕ)
EulerT (NΓ)

.

The RT -linear map∑
Γ

(iΓ)! :
⊕
Γ

(
H∗
T (MΓ) ⊗RT

)
→ H∗

T (M0,n(G/B, β))

satisfies j′ ◦ (
∑

Γ(iΓ)!) = id. In [1], it is shown that the kernel of the restricton
map of the equivarinat cohomology of a compact manifold to the fixed points
is a torsion module over H∗(BT ). Their argument works well also for orbifolds.
Since ψΓ is a quotient by AΓ, we obtain the result.

From Proposition 3.1, it follows that∫
M0,n(G/B,β)T

θ =
∑
Γ

∫
MΓ

j∗Γ(θ)
#AΓ · EulerT (NΓ)

∈ RT .

In particular, if E1, . . . , Ek are equivariant vector bundles over M0,n(G/B, β)
and Q is a polynomial, then∫

M0,n(G/B,β)

Q(c(E)) = lim
λα∨→0

∑
Γ

∫
MΓ

j∗ΓQ(cT (E))
#AΓ · EulerT (NΓ)

,

where c(E) = (ci1(E1), . . . , cik(Ek)) and cT (E) = (cTi1(E1), . . . , cTik(Ek)). The
contribution from the Euler class of NΓ is given in the next section.

Example 3.1. We define the (orbifold) Euler number of M0.n(G/B, β)
by

χ(M0,n(G/B, β)) =
∫
M0,n(G/B,β)T

cTtop(TM0,n(G/B,β))

=
∑
Γ

∫
MΓ

ctop(TMΓ
)

#AΓ
.

This can be calculated from the combinatorial data of the graphs Γ. If α∨ ∈ ∆∨
+,

then it cannot happen that more than two arrows labeled by α∨ are attached to
one vertex in the Bruhat ordering of W. Moreover, if α∨ ∈ Π∨, then the image
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of a stable map (C; (pi)i; f) ∈ M0,n(G/B, d[α∨])T , d ∈ Z>0 is a T -invariant
curve lww′ which belongs to the class [α∨] with multiplicity d. Since

l(wsα∨) − l(w) = ±1

for any simple root α∨, the number of the arrows labeled by α∨ in the Bruhat
ordering is #W/2. Hence, for α∨ ∈ Π∨ and d ∈ Z>0,

χn,d :=
2 · χ(M0,n(G/B, d[α∨]))

#W

depends only on d and n. Actually, χn,d coincides with χ(M0,n(P1, d)). (This
holds for an arbitrary genus g.) The first several terms of χn,d are

χ0,1 = 1, χ0,2 =
3
2
, χ0,3 = 3, . . .

χ1,1 = 2, χ1,2 = 3, χ1,3 = 10, . . .

χ2,1 = 4,χ2,2 =
21
2
, χ2,3 =

179
3
, . . .

and so on.

Example 3.2. Consider the case n = 3 and β = 0. In this case, we can
identify M0,3(G/B, 0) with the target space G/B itself. We know that the set
of the fixed points of the action of T is (G/B)T = {p(w) | w ∈ W}. Hence, we
have the isomorphism

H∗
T (G/B) ⊗RT ∼=

⊕
w∈W

H∗
T (p(w)) ⊗ RT

∼= (RT )⊕(#W ).

Since the action of T on NΓ = Tp(w)(G/B) is isomorphic to⊕
α∈∆+

O(w(α)),

where O(λ), λ ∈ h∗
Z is a representation of T determined by λ, we have

EulerT (NΓ) = cTtop(Tp(w)(G/B)) = w


 ∏
α∈∆+

α


 ∈ RT .

Let λ1, . . . , λk ∈ h∗
Z and θi := cT1 (Lλi

). If Q(θ1, . . . , θk) is a polynomial in
θ1, . . . , θk, then∫

(G/B)T

Q(θ1, . . . , θk) =
∑
w∈W

(−1)l(w) · Q(wλ1, . . . , wλk)∏
α∈∆+

α
.



�

�

�

�

�

�

�

�

346 Toshiaki Maeno

Remark 3.1. The results in this section are translated to the state-
ments on the homogeneous space G/P by applying the following substitution:

Π → Π \ Π(P )
∆ → ∆ \ ∆(P )
W →WP .

4. Contribution from EulerT (NΓ)

In this section, we calculate the equivariant Euler class EulerT (NΓ) fol-
lowing the way in [16]. We introduce the equivariant K-group with rational
coefficients

K0
T (MΓ) ⊗ Q ∼= K0(MΓ) ⊗ (Sym h∗

Z)Q ,

where we regard Sym h∗
Z as the character ring of T. Denote by [E ] the element in

K0
T (MΓ)⊗Q corresponding to a T -equivariant vector bundle E . The restricion

of a vector bundle E on M0,n(G/B, β) to MΓ is also denoted by the same
symbol E . Denote by [χ] the element corresponding to a character χ ∈ Sym h∗

Z.
The flag F of Γ is a pair of an edge e of Γ and a vertex v on e. For a given

flag F = (e, v), the weight of F is defined by ωF = w(v)λ(e)/de, where λ(e) is
a positive root in ∆ such that γ(e) = λ(e)∨. The weight ωF is the character of
the action of T on the tangent space to Cv at the point p(F ) = Cv∩Ce. Denote
by cF the first Chern class of the line bundle determined by the cotangent line
T ∗
p(F )(Cv) over MΓ.

In this section, {Ca} is the set of all irreducible components of C, and the
index a is not necessarily an edge of Γ.

The class of the normal bundle NΓ is expressed as

[NΓ] = [TM0,n(G/B,β)] − [TMΓ
].

At first, let us consider the case n = 0. Let

T1 := [H0(C, f∗TG/B)],

T2 :=
∑

y∈Ca∩Cb:a
=b
[TyCa ⊗ TyC

b],

T3 :=
∑

y∈Ca∩Cb:a
=b
([TyCa] + [TyCb]) −

∑
a

[H0(Ca, TCa)].

Here, T1 corresponds to deformations of f of a fixed curve C, T2 comes from
smoothings of singular points of C, and T3 comes from deformations of singular
points of C. Then we have

[TM0,n(G/B,β)] = T1 + T2 + T3.
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Similarly, if we put

T ′
1 :=

∑
y∈Ca∩Cb:a
=b:a,b
∈Edge(Γ)

[TyCa ⊗ TyC
b]

T ′
2 :=

∑
y∈Ca∩Cb:a
=b:a
∈Edge(Γ)

[TyCa] −
∑

a
∈Edge(Γ)

[H0(Ca, TCa)],

then we have

[TMΓ
] = T ′

1 + T ′
2.

Here, T ′
1 and T ′

2 come from smoothings and deformations of the singular points
on the contracted components of C respectively. Now we can decompose [NΓ]
into the sum of [H0(C, f∗TG/B)] and the absolute part [N abs

Γ ] which has the
expression independent of the target space for given (ωF )F . The absolute part
is given by

[N abs
Γ ] =

∑
y∈Ca∩Cb:a
=b:a,b∈Edge(Γ)

[TyCa ⊗ TyC
b]

+
∑

y∈Ca∩Cb:a∈Edge(Γ):b
∈Edge(Γ)

[TyCa ⊗ TyC
b]

+


 ∑
y∈Ca∩Cb:a
=b,a∈Edge(Γ)

[TyCa] −
∑

a∈Edge(Γ)

[H0(Ca, TCa)]


 .

The contribution from the absolute part is obtained by Kontsevich ([16, 3.3.3]).
His result is that the contribution of [N abs

Γ ] + #Edge(Γ) · [0] to EulerTNΓ is

∏
v:val(v)≥3


 ∏

flags F=(e,v)

(ωF − cF )




×
∏

v:val(v)≤2




 ∑

flags F=(e,v)

ωF




3−val(v) ∏
flags F=(e,v)

ω−1
F


 .

When we take the marked points into account, we have to replace val(v) by
n(v) = val(v) + #Sv in the above expression.

Next, we calculate the contribution from H0(C, f∗TG/B). Since we have
the exact sequence

0 → H0(C, f∗TG/B) →
⊕

e∈Edge(Γ)

H0(Ce, f∗TG/B)

→
⊕

v∈Vert(Γ)

(
Tp(w)(G/B) ⊗ Cval(v)−1

)
→ 0,
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it is enough to know the representations of T on H0(Ce, f∗TG/B) and Tp(w)(G/
B)⊗Cval(v)−1. To see the representation of T on H0(Ce, f∗TG/B), we consider
the restriction of TG/B to the curve lww′ associated to an edge e. The curve
lww′ is defined in Definition 2.2. We have the exact sequence

0 → Tlww′ → TG/B
∣∣
lww′

→ Nlww′ → 0,

where Nlww′ is the normal bundle to lww′ in G/B. The tangent sheaf of G is
generated by the invariant vector fields which is determined by the elements
in g, and the tangent sheaf of G/B corresponds to ⊕α∈∆+gα. The vector fields
in Tlww′ are obtained from the tangent vectors contained in gλ(e). The vector
fields in the direction normal to lww′ come from ⊕α∈∆+\{λ(e)}gα. We can choose
vector fields Xα and a homogeneous coordinate (z1 : z2) on lww′ ∼= P1 such
that the action of exp(h) ∈ T, h ∈ h is described by

z1Xα �→ exp(w(α)(h)) · z1Xα, z2Xα �→ exp(w′(α)(h)) · z2Xα

on lww′ . The restriction of f to Ce is expressed as

(z1 : z2) �→ (zde
1 : zde

2 ) ∈ lww′

and f((1 : 0)) = p(w), f((0 : 1)) = p(w′). The basis of H0(Ce, f∗TG/B) is given
by

zde−a
1 za2Xλ(e), −de ≤ a ≤ de

za1z
b
2Xα, a+ b = de, a, b ≥ 0, α �= λ(e).

Hence, we have

[H0(Ce, f∗Tlww′ )] = [0] +
de∑
a=1

([
a · wλ(e)

de

]
+
[
a · w′λ(e)

de

])

[H0(Ce, f∗Nlww′ )] =
∑
λ∈∆+
λ 
=λ(e)

∑
a+b=de
a,b≥0

[
a

de
wλ+

b

de
w′λ

]
.

Since

[Tp(w)(G/B)] =
∑
α∈∆+

[w(α)],

we have 
 ⊕
v∈Vert(Γ)

(
Tp(w(v))(G/B) ⊗ Cval(v)−1

)

=
∑

v∈Vert(Γ)


(val(v) − 1)

∑
λ∈∆+

[w(v)(λ)]


 .
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Hence, the contribution of H0(C, f∗TG/B) + #Edge(Γ) · [0] is

∏
e∈Edge(Γ)

v,v′:vertices of e

(de!)2(w(v)λ(e))de(w(v′)λ(e))de

(de)2de

×
∏
λ∈∆+
λ 
=λ(e)

∏
a,b≥0
a+b=de

(
a

de
w(v)λ+

b

de
w(v′)λ

) ∏
v∈Vert(Γ)


 ∏
λ∈∆+

w(v)λ




1−val(v)

.

Finally, we have the following.

Proposition 4.1. The Euler class Euler(NΓ) is expressed as

∏
e∈Edge(Γ)

v,v′:vertices of e

(de!)2(w(v)λ(e))de(w(v′)λ(e))de

(de)2de

×
∏
λ∈∆+
λ 
=λ(e)

∏
a,b≥0
a+b=de

(
a

de
w(v)λ+

b

de
w(v′)λ

) ∏
v∈Vert(Γ)


 ∏
λ∈∆+

w(v)λ




1−val(v)

×
∏

flags F=(e,v)
n(v)≥3

(ωF − cF )

×
∏

v∈Vert(Γ)
n(v)≤2




 ∑

flags F=(e,v)

ω−1
F




3−n(v) ∏
flags F=(e,v)

ω−1
F


 .

Remark 4.1. We obtain the result for the homogeneous space G/P by
the substitution in Remark 3.1.

The Euler class Euler(NΓ) is obtained in [15].

5. Gromov-Witten invariants of genus zero for Schubert classes

Mathematical treatments of the (gravitational) Gromov-Witten invariants
or correlators were started by Ruan and Tian [21], [22] and by Kontsevich and
Manin [17], [18]. Let V be a projective algebraic manifold. There exist natural
morphisms

evi : Mg,n(V, β) → V

(C; p1, . . . , pn; f) �→ f(pi)

which are called the evaluation maps. We also have projections

prn+1 : Mg,n+1(V, β) → Mg,n(V, β)
(C; p1, . . . , pn+1; f) �→ Stab(C; p1, . . . , pn; f),
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where Stab(C; p1, . . . , pn; f) is a stabilization obtained by contractiong unsta-
ble components of (C; p1, . . . , pn; f). Here, prn+1 is regarded as the universal
stable map over Mg,n(V, β). Consider the sections

si : Mg,n(V, β) → Mg,n+1(V, β)

corresponding to the marked points pi, 1 ≤ i ≤ n. Let ωn+1 be the relative
dualizing sheaf of prn+1. We define the line bundle Li as the sheaf s∗iωn+1 on
Mg,n(V, β). In other words, Li is a line bundle whose fiber at (C; p1, . . . , pn; f)
is the cotangent line of C at pi.

Definition 5.1. Fix g, n ∈ Z≥0 and β ∈ H2(V,Z). For d1, . . . , dn ∈
Z≥0, the gravitational correlator is defined to be a linear form

H∗(V,C)⊗n → C

φ1 ⊗ · · · ⊗ φn �→ 〈τd1φ1 · · · τdn
φn〉g,β,

where

〈τd1φ1 · · · τdn
φn〉g,β

=
∫

[Mg,n(V,β)]virt

c1(L1)d1 ∪ ev∗
1(φ1) ∪ · · · ∪ c1(Ln)dn ∪ ev∗

n(φn).

In this section, we consider the vertical version of the gravitational corre-
lators of genus zero for the flag bundle π : F → X whose fiber is expressed
as a homogeneous space G/P. Note that Li induces a line bundle L′

i over
Mv

g,n(F , β).

Definition 5.2. We define the vertical gravitational correlator of genus
zero for F as an H∗(X)-linear form

(H∗(F))⊗n → H∗(X)
φ1 ⊗ · · · ⊗ φn �→ 〈τd1φ1 · · · τdn

φn〉0,β /X ,

where

〈τd1φ1 · · · τdn
φn〉0,β /X = π̃!

(
cT1 (L′

1)
d1 ∪ ev∗

1(φ1) ∪ · · · ∪ cT1 (L′
n)
dn ∪ ev∗

n(φn)
)
,

and

π̃ : Mv

0,n(F , β) → X

is a morphism induced by π.

This definition makes a sense for X = BT and F = (G/P )T if we put
Mv

0,n((G/P )T , β) = (M0,n(G/P, β))T and L′
i = (Li)T . In this case, the corre-

sponding correlator is called the T -equivariant correlator.
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The dual classes of the Schubert varieties of (G/B)T give an RT -basis of
H∗
T (G/B) ⊗ RT . We denote them by Ωw, w ∈ W. If G is a classical group, an

explicit form of the polynomial Sw(x|y) representing Ωw is known. Especially,
in case G is of type Ar, the polynomial Sw(x|y) is known as the double Schubert
polynomial of Lascoux and Schützenberger ([19]). Here, we consider only the
case G is of type Ar. For other classical groups, see [10, Section 6.2].

Consider the partial flags

0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Us = E

in a fixed vector space E ∼= Cr+1. Let r(k) = dimUk. Denote by G/P the
variety of such flags. Consider the universal flag over G/P,

U• : 0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Us = U = E ⊗OG/P .

The universal flag U• induces a flag of subbundles

(U•)T : 0 ⊂ (U1)T ⊂ · · · ⊂ (Us)T = (U)T

over (G/P )T . Since T acts on the vector space E, we can construct a vector
bundle E = ET on BT. Fix a full flag in E,

E• : 0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Er+1 = E.

Then, E• induces a flag of subbundles in E ,

E• : 0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Er+1 = E ,

where Ei = (Ei)T . We introduce sets of variables x = (x1, . . . , xr+1) and y =
(y1, . . . , yr+1). Denote by ekik be the ik-th elementary symmetric polynomial in
xj , r(k − 1) + 1 < j ≤ r(k). Consider the ring homomorphisms

C[ekik | 1 ≤ k ≤ s, 1 ≤ ik ≤ r(k) − r(k − 1)] → H∗
T (G/P )

ekik �→ cik((Ui)T /(Ui−1)T )

and

C[y] → H∗(BT )
yi �→ c1(Ek/Ek−1).

If P = B, these homomorphisms induce an isomorphism

C[x, y]/(e1(x) − e1(y), . . . er+1(x) − er+1(y)) ∼= H∗
T (G/B),

where ei is the i-th elementary symmetric polynomial. Note that yi−yi+1 (1 ≤
i ≤ r) corresponds to a simple root αi ∈ Π under the identification H2(BT ) =
h∗. For general P, H∗

T (G/P ) corresponds to the subalgebra generated by ekik ’s
over C[y].
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Let w0 ∈W be the element of maximal length. The Weyl group W ∼= Sr+1

acts on C[x] by the permutation of variables. The simple reflections correspond
to the transpositions si, 1 ≤ i ≤ r, which interchange xi and xi+1. We define
the operator ∂i, 1 ≤ i ≤ r, acting on polynomials P = P (x1, . . . , xr+1) by

∂i(P ) =
P − si(P )
xi − xi+1

,

If w ∈ W has a irreducible decomposition w = si1 · · · sil , l = l(w), then the
divided difference operator ∂w is defined to be the product of the operators

∂w = ∂i1 · · · ∂il .

Since ∂2
i = 0 and ∂i∂i+1∂i = ∂i+1∂i∂i+1, this definition is independent of the

choice of irreducible decompositions of w.

Definition 5.3. The polynomials

Sw(x|y) = ∂w−1w0


 ∏
i+j≤r+1

(xi − yj)




are called the double Schubert polynomials. Here, the divided difference oper-
ators act on the variables x. The polynomials Sw(x) = Sw(x|y)|y=0 are called
the Schubert polynomials.

Let Λ be a vector bundle of rank (r + 1) over a variety X. Consider the
family of partial flags

Λ• : 0 ⊂ Λ1 ⊂ Λ2 ⊂ · · · ⊂ Λs = Λ,

such that rankΛk = r(k). Let π : F → X be the associated G/P -bundle.
Suppose that T acts on a variety X and the action of T can be equivariantly
lifted to the action on the flag bundle F . We can fix a map ξ : X → BT such
that F is equivalent to ξ∗(G/P )T . Then, the tautological flag

L• : 0 ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Ls = L = π∗Λ,

is equivalent to the pull-back of (U•)T over (G/P )T . Now, we define the Schu-
bert class Ωw ∈ H∗

T (F). Let EXi = π∗ξ∗Ei and Vi = π∗(L/Ls−i). Then we
obtain a sequence

0 ⊂ EX1 ⊂ · · · ⊂ EXr+1 = Vs → · · · → V1.

Definition 5.4. We define the Schubert class Ωw ∈ H∗(F), w ∈ WP ,
to be the dual class of the locus Yw ⊂ F on which the condition

rk(EXa → Vb) ≤ #{i | i ≤ rk(EXa ), w(i) ≤ rk(Vb)}

holds for all a, b. Here, we choose E• sufficiently general.
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Remark 5.1. This definition works well for the case EX is not a full
flag. Moreover, further generalization is given in [8].

The following is special case of [7, Theorem 8.2].

Lemma 5.1. The double Schubert polynomial Sw(x|y) represents the
Schubert class Ωw in H∗(F).

Remark 5.2. For w ∈ WP , the double Schubert polynomial Sw(x|y)
can be expressed as a polynomial in ekik(x)’s.

The classifying space BT can be obtained as a limit of the products of finite
dimensional projective spaces. Hence, by taking the limit, Sw(x|y) represents
the Schubert class in H∗

T (G/P ). On the other hand, it is clear that Sw(x)
represents the Schubert class in H∗(G/P ). Other polynomial representatives of
Schubert classes in G/P for general semisimple group G are given in [4] and
[6].

Theorem 5.1. For given w1, . . . , wn ∈ WP , the gravitational corre-
lator 〈τd1Ωw1 · · · τdn

Ωwn
〉0,β /X is given by a sum over the graphs of type (0,

n, β),

∑
Γ

1
#AΓ · EΓ

∏
v∈Vert(Γ)
n(v)≥3

(
(n(v) − 3)!

(n(v) − 3 −
∑
i∈Sv

di)!

∏
i∈Sv

Swi
(w(v)y|y)

di!(
∑
F=(e,v) ω

−1
F )di

)

×
∏

val(v)=1, Sv={i}
F=(e,v)

ωdi

F Swi
(w(v)y|y),

where EΓ is

∏
e∈Edge(Γ)

v,v′:vertices of e

(de!)2(w(v)λ(e))de(w(v′)λ(e))de

(de)2de

×
∏

λ∈∆+\∆(P )+
λ 
=λ(e)

∏
a,b≥0
a+b=de

(
a

de
w(v)λ+

b

de
w(v′)λ

)

×
∏

v∈Vert(Γ)




 ∏
λ∈∆+\∆(P )+

w(v)λ




1−val(v)

×


 ∑

flags F=(e,v)

ω−1
F




3−n(v) ∏
flags F=(e,v)

ω−1
F


 .

This formula gives a constant independent of y.
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Proof. Consider the case X = BT and F = (G/P )T . From the fixed
point formula, we have

〈τd1Ωw1 · · · τdn
Ωwn

〉0,β/X

=
∑
Γ

1
#AΓ

∫
MΓ

∏
v

∏
i∈Sv

j∗Γ
(
c1(Li)diev∗

iΩwi

) /
Euler(NΓ).

From Lemma 5.1, it follows that

j∗Γev∗
iΩwi

= Swi
(w(v)y|y) ∈ H∗(BT ),

for i ∈ Sv. If pi (i ∈ Sv) is on the component Ce that is not contracted, then
#Sv = val(v) = 1. Then T ∗

pi
(C) gives a trivial line bundle over MΓ, on which

T acts in weight ωF , F = (e, v). On the other hand, if pi is on the contracted
component, T acts trivially on T ∗

pi
(C). Let us calculate the integral of

∏
i∈Sv

c1(Li)di∏
F=(e,v)(ωF − cF )

over the moduli space M0,n(v) parametrizing the contracted component corre-
spoding to a vertex v. As in [16, 3.3.2], it is known that∫

M0,n

c1(L1)d1 · · · c1(Ln)dn =
(n− 3)!
d1! · · · dn!

for n ≥ 3, in general. Hence, if n(v) ≥ 3, we have

∫
M0,n(v)

∏
i∈Sv

c1(Li)di∏
F=(e,v)(ωF − cF )

=
(n(v) − 3)! ·

(∑
F=(e,v) ω

−1
F

)n′(v)

(n′(v))!
∏
i∈Sv

di!
∏
F=(e,v) ωF

,

where n′(v) = n(v)−3−
∑

i∈Sv
di. Hence, we have the formula for X = BT and

F = (G/P )T . This formula gives a rational function in y. By taking the non-
equivariant limit y → 0, the equivariant correlator for Schubert cycles tends
to the correlator for Schubert cycles in G/P. From the homogeneity in y, the
result must be a constant. For general F → X, we obtain the formula after
applying the pull-back by ξ : X → BT.

Remark 5.3. This formula holds even if we take a partial flag as EX• .

6. Gromov-Witten invariants of higher genus

A main difficulty to deal with the Gromov-Witten invariants of higher
genus is that their definition involves virtual fundamental class of the mod-
uli stack M = Mg,n(G/P, β). Graber and Pandharipande [12] developed the
virtual localization formula, so we can now apply the fixed point localiza-
tion method to calculate the Gromov-Witten invariants of higher genus. Let
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i : MT → M be the inclusion of the fixed locus. Then, their localization
formula is as follows:

[M]virt = i∗
∑
k

[Mk]virt

Euler(N virt
k )

,

where Mk are connected components of MT
, and N virt

k is the virtual normal
bundle to Mk. In other words, we have

∫
[M]virt

θ =
∑
k

∫
[Mk]virt

i∗θ
Euler(N virt

k )
.

Applying this formula to our case V = G/P, we can reduce the integration
over Mg,n(G/P, β) to the sum of the integration over Mg,n. As in the case
g = 0, the fixed components of MT

are parametrized by graphs Γ. For higher
genus case, we modify the condition on the graph (Γ, (w(v))v, (Sv)v, (de)e) as
follows.

(1) Each vertex v has an additional label g(v) ∈ Z≥0. The label g(v)
corresponds to the arithmetic genus of the contracted component Cv.

(2) The graph Γ is not necessarily a tree. It is connected and satisfies

∑
v∈Vert(Γ)

g(v) + rkH1(Γ) = g.

Then, the fixed locus MΓ corresponds to a graph Γ is the quotient of the stack

∏
v∈Vert(Γ)

3g(v)−3+n(v)≥0

Mg(v),n(v)

by AΓ. Since [Mg,n]virt = [Mg,n], the T -equivariant correlator of genus g is
given by

〈τ1Ωw1 · · · τnΩwn
〉Tg,β =

∑
Γ

∫
MΓ

i∗(c1(L1)d1ev∗
1(Ωw1) · · · c1(Ln)dnev∗

n(Ωwn
))

#AΓ · Euler(N virt
Γ )

.

Here, we only give a result on a formula for Euler(N virt
Γ ) when the target

space is a flag variety G/B. Let � : Cg,n → Mg,n be the universal curve and
Eg,n = �∗(ωCg,n/Mg,n

) the Hodge bundle. Denote by E∨
g,n the dual of Eg,n.

The Chern polynomial of E∨
g,n is defined by ct(E∨

g,n) = 1 +
∑
k t
kck(E∨

g,n).
Following [12], we have
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Proposition 6.1. The Euler class Euler(N virt
Γ ) is expressed as

∏
e∈Edge(Γ)

v,v′:vertices of e

(de!)2(w(v)λ(e))de(w(v′)λ(e))de

(de)2de

×
∏
λ∈∆+
λ 
=λ(e)

∏
a,b≥0
a+b=de

(
a

de
w(v)λ+

b

de
w(v′)λ

)

×
∏

v∈Vert(Γ)




 ∏
λ∈∆+

w(v)λ




1−val(v)−g(v)
 ∏
λ∈∆+

c(w(v)λ)−1(E∨
g(v),n(v))






×
∏

flags F=(e,v)
3g(v)+n(v)≥3

(ωF − cF )

×
∏

v∈Vert(Γ)
3g(v)+n(v)≤2




 ∑

flags F=(e,v)

ω−1
F




3−n(v) ∏
flags F=(e,v)

ω−1
F


 .
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