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3-graded decompositions of exceptional Lie
algebras g and group realizations of

gev7gO and ged
Part I, G = GQ, F4, E6

The v-graded decomposition of simple Lie algebras g, g = > __, 6, [, 9,]
C 9,4+, has been studied by many mathematicians. Firstly the case of v =1
was studied by S. Kobayashi-T. Nagano [4]. The case of v = 2, S. Kaneyuki
[3] classified and determined the types of subalgebras g.,,g, of g and in the
exceptional case, S. Gomyo [1] gave explicit realization of each g;,, I. Yokota [§],
[9], [10] gave group realization of g,,,g,. Now, recently M. Hara [2] classified
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the 3-graded decomposition of simple Lie algebras g,

=90 3Pg 20DI_1DI DY DYy D g3

and determined the types of subalgebras g., = g_o ® g9 D 99,80 and g4 =
g_3 D go @ g3 of g. The following table is the results of g, 89, 8.4 for the

exceptional Lie algebras g of type Gs, Fy and Fj.

g dim g, dim g, dim g

9o
gZC 27 1a 2
Cdsl(2,0)
O220 2, 1, 2
R®sl(2,R)

£, 12, 6, 2

C @sl(2,0)@sl(3,0)

faay 12, 6, 2

R®sl(2,R) ®sl(3,R)

e 18, 9, 2

Ceasl(2,C)@sl(3,C)@sl(3,0)

26(6) 18, 97 2

R&sl(2,R) ®sl(3,R) & sl(3,R)
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gev

Yed

sl(2,C) @ sl(2,0)

5((3,C)

sl(2, R) @sl(2,R)

5((3,R)

sl(2,C) @ sp(3,C)

sl(3,0) ®sl(3,C)

sl(2,R) ®sp(3, R)

sl(3,R) ®sl(3, R)

sl(2,C) & sl(6,C)

51(3,C) @ sl(3,C) @ s1(3,0)
sl(2,R) ®sl(6, R)

sI(3,R) & sl(3, R) ®sl(3, R)



450

€6(2)

€6

¢6(6)

€6

%6(6)

€6
¢6(6)

660

€6(6)

€6(—

26)

Ichiro Yokota

18, 9, 2
R®sl(2, R) @5sl(3,0)
16, 9, 4

CoChsl(2,0)dsl(4,0)

16, 9, 4

R® R®sl(2,R) @ sl(4,R)
1

15, 10,
CoCasl(50)
15, 10, 1

R® R®sl(5, R)

11, 10, 5
Co®Cwsl(50)
11, 10, 5

R® R®sl(5, R)

8, 8 8
CoCDso(8,0)
8, 8, 8
R& R$s0(4,4)
8, 8 8
R® R ®s0(8)

Now, for the exceptional Lie groups G of type Ga, Fy and Fg, we realize
the subgroups Gey, Go, Geq of G corresponding to the subalgebras g.,, 89, Geq
of g = LieG. Our results are as follows.

G dimg;,dimg,,dim g,

Go
G-°

2,

L

2

(Sp(1,C) x C*)/ Z,

Ga2)

2

)

1

)

2

(Sp(1,R) x RT) x 2

12,
(Sp(1,C) x C* x SL(3,C))/ Zg

Fy

12,

6,

6,

2

2

(Sp(1,R) x RT x SL(3, R)) x 2

E¢

18,

9,

2

(Sp(1,C)xC* x SL(3,C)x SL(3,C))/ Zg

Eg6)

18,

9,

2

(Sp(1, R)x R" xSL(3,R)x SL(3,R))x2

Es(2)

18,

9,

2

(Sp(1,R) x RT x SL(3,0)) x 2

E¢

16,

9,

4

(C*xC* x SL(2,C)x SL(4, C)) /(Z2 % Z)

Geo
Ged

SL(3,0)
(Sp(1,R) x Sp(1,R))/ Z5 x 2
SL(3,

3
=
N

x SL(6,
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Ege 16, 9, 4
(Rt x Rt x SL(2,R) x SL(4, R)) x 2

Es¢ 15, 10, 1
(C* x C* x SL(5,0))/ Z>
Ege) 15, 10, 1

Sp(1, R) x SL(6,R))/Zs x 2
Sp(1, R)x RT x SL(5, R)) x 2

C* x Spin(10,C))/Z4
Sp(1,C) x C* x SL(5,C))/Z
R™ x spin(5,5)) x 2

(R" x R" x SL(5,R)) x 2 Sp(1, R)x Rt x SL(5, R)) x 2

(

(

(

(

(

(
B 11, 10, 5 (C* x Spin(10,C))/Z,4
(C* x C* x SL(5,C))/ Z2 (C* x SL(6,C))/Z+
Ege 11, 10, 5 (R x spin(5,5)) x 2
(Rt x Rt x SL(5,R)) x 2 (Rt x SL(6,R)) x 2

(

(

(

(

E® 8, 8, 8
(C* x C* x szn(& O))/(ZQ X Z4)
Ege 8, 8, 8

C* x Spin(10
C* x Spin(10
(
(

’C))/Z4

,C

R x spin(5,5
5

)/ %4

5,5)) x 2
5,5)) x 2

(R x RY x spin(4,4)) x 22 R x spin
Eg—26) 8, 8, 8 Rt x Spin(9,1)
(R x RY x Spin(8)) x 22 R* x Spin(9,1)

1. Group G,

1.1. Lie groups of type G- and some subgroups of G5¢

We use the same notations and definitions as in [8]. For example,

the Cayley algebra ¢ = H @ He, and algebras C’, H’,

the groups G2 = {a € Isoc (€°) | a(zy) = (az)(ay)}, G2 and G2y,

the involutive automorphisms v, vy1,72 of G2 and G2y = (GQC)T’YI,

the Lie algebra s0(8) = s0(€) of the group SO(8) = SO(€), elements Gy
of 0(8) and the Lie algebra g,“ of the group G,°,

group isomorphisms Sp(n,Hc) >~ Sp(n,C),SU(n, C’C) >~ SL(n,C),
SU(n,C") = SL(n,R),U(1,C%) ~ C*, U(1,C") = R* etc.

We shall review and add some notations and definitions. The Cayley alge-
bra € naturally contains the field C of complex numbers as C = {z+ye; |2,y €
R}. Now, to an element

T =a-+mies +maoeys +mzeg, a,mi,mo,m3 € C
of €, we associate an element

my
a—+ | mo
ms

of the algebra C' & C* with the multiplication
(a+m)(b+mn)=(ab— (m,n)) + (an+bm — m x n),

where (m,n) = ‘mmn and m x n is the exterior product of m,n. Note that
C & C? is a left C-module. Hereafter we identify ¢ = H @ He, and C & C>.
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We define ¢ : Sp(1) x Sp(1) — G5 and ¢ : SU(3) — G4 by

o(p, q)(m + ney) = gmq + (pnq)es, m-+nes € H® Hey =€,
P(P)(a+m) =a+ Pm, a+tmeCaC?=¢,

respectively. Then for the induced mappings . : sp(1) ® sp(1) — g5 of ¢ and
Py 1 5u(3) — g, of ¢, we have

p«(e1,0) = —Gus + Ger, ©+(0,e1) = —2Ga3 + Gas + Ger,
. (diag(er, —€1,0)) = —Gaz + Gus, . (diag(0,e1, —e1)) = —Gus + Ger.

Now, we define R-linear transformations -, d, and w3 of € by

Y= @(15 _1)a 64 = @(15 _el)a w3 = w(diag(wlawhwl));

where w; = —(1/2) + (v/3/2)e; € C € H C €. The explicit forms of v, ; and
w3 are

m + neyg) = m — ney,
@ 4 * m-+ney € HD Hey,
d4(m + ney) = —eymey + (neq)ey,
ws(a +m) = a+ wim,

+meCaC?
ds(a+m)=a+ Dym, arm

where Dy = diag(—1,e1,e1) € SU(3). Then 7,04, w3 € Gy C G2 and 4% =
1,544 = 1,’[1)33 =1.

1.2. Subgroups of type c,.e Clc,Clc ® C and A% of G5°¢
In the Lie algebra g,© = LieG5%, let

Z = i(—2Ga3 + Gu5 + Ger).

Theorem 1.1. The 3-graded decomposition of @y = (g:,)™ " (or
c
8,°)

)

922) =98 3PP 2Dg 1 DG D g Dgr D g3
with respect to adZ, Z = i(—2Ga3 + Gu5 + Ger), is given by

(2G23 — Gus — Ge7),1(Gas — Ge7), Gag + Gs7,1(Gar — Gs6) } 4

{i
(2G15 + Gas — G37) — i(2G14 + Ga7 + G3s),
(2G17 — G4 + G35) — i(2G16 — G5 — G34) 2

{(—=2G13 + Gug — G57) — i(2G12 — Gar — G56) }1
{(Ga4 + G35) +i(Gas — G34), (Gas + G37) +i(Gar — G36) }2
T(g_1)7, g2 =7(9_2)7, g3 =7(9_3)T-

5]
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Proof. We can prove this theorem in a way similar to [8] Theorem 1.6,
using [8] Lemmas 1.2 and 1.5. O

Since iZ = 2Ga23 — G5 — Ger = (0, —e1) = . (diag(—2e1,e1,€1)), we
have

) o omi
zzzexp%ZZ:’y, 24:exp%ZZ:54, zgzexp%ZZ:wg.

Now, since (8:)er = (829)%,(82%)0 = (829)*, (82 )ea = (82°)%, we
shall determine the group structures of

(G2)ew = (G29)2, (G290 = (G29)*,  (G29)eq = (G2°)™.

Theorem 1.2. (1) (G2C)ey = (Sp(1,C) x Sp(1,C))/Zs, Zo = {(1,1),
(~1,-1)}.

(2) (GQC)O = (SP(LC) X C*)/Z27 Zy = {(17 1)7 (_17 _1)}'

(3) (G2%)ea = SL(3,C).

( cI;’“OOf- (1) We define ¢ : Sp(1, HC)x Sp(1, HE) — (G2, = (G2©) =
G2 'yby

o(p,q)(m + ne) = gqmg + (png)es, m+ ne € HC ® H %, = ¢°.

Then ¢ is well-defined, is a homomorphism and Kerp = Z,. Since (G2¢)Y
is connected and dim¢ (sp(1, HY) @ sp(1, HY)) =3+3 =6 =4+1x2 =
dime ((g5°)es) (Theorem 1.1), ¢ is onto. Therefore (Go%)ey = (Sp(1, HE) x
Sp(1,HY))/Z5 = (Sp(1,C) x Sp(1,C))/ Zs.

(2) The restriction mapping ¢ : Sp(1, HY) x U(1,C%) — (G2%) =
(G29)* = (G29)% of ¢ of (1) above is well-defined and Kergp = Z,. Since
(G29)% is connected and dime(sp(1, HY) @ u(1,C%)) = 3+ 1 = 4 = dim¢
x((g5)0) (Theorem 1.1), ¢ is onto. Therefore (G2%)o = (Sp(1, HY) x U(1,
C))/Z5 = (Sp(1,C) x C*)/ Zs.

(3) We define ¢ : SU(3,C%) — (G2%)ea = (G29)* = (G2%)*s by

Y(P)(a+m)=a+Pm, a+meC”a(CY%3=c".

Then ) is well-defined, is a homomorphism and one-to-one. Since (GQC)“’3 is
connected and dime (su(3,C%)) = 8 = 4+ 2 x 2 = dime((g,°)ea) (Theorem
1.1), ¢ is onto. Therefore (G2%)eq = SU(3,C%) = SL(3,C). O

1.2.1. Subgroups of type Cy(1) ® C1(1),C1(1) ® R and Ay(y) of Gy(y)
We use the same notations as in 1.2. Since (go(2))er = (3,9)72 N (g, 9)™,

(92(2))0 = (8:9) N (g, 9)™, (92(2))ed = (829)% N (g“)™™, we shall determine
the group structures of
(G22))ev = (G292 N (GRO)™, (G2(2))0 = (G29)* N (G2,
(Ga@))ed = (G29)* N (G29),
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Theorem 1.3. (1) (Ga2))ev = (Sp(1, R) x Sp(1, R))/Z2 x {1,72}, Z>
= {(1’ 1)7 (_15 _1)}

(2) (Ga))o = (Sp(1, R) x R) x {1,72}.

(3) (Ga2))ea = SL(3, R).

Proof. (1) For a € (Ga(2))es C (G297, there exist p,q € Sp(1, HY)
such that o = ¢(p,q) (Theorem 1.2 (1)). From y17a7y; = «, we have
(1P, 117q) = ©(p,q) ([8], Lemma 1.8 (2)). Hence

MTPp=p, MM7T¢ =9 Or NTp=—p, NN7T¢= —¢.

In the former case, p,q € Sp(1, H'). Hence the group of the former case is
(Sp(1,H') x Sp(1,H"))/Z2 = (Sp(1,R) x Sp(1,R))/Z5. In the latter case,
p = q = e satisfies these conditions and ¢(ej,e1) = 2 ([8], Lemma 1.8 (1)).
Therefore (Ga(2))ew = (Sp(1, R) x Sp(1,R))/Z2 x {1,72}.

(2) For a € (Gy2))o C (G299, there exist p € Sp(1, HY) and a €
U(1,C%) such that o = ¢(p,a) (Theorem 1.2 (2)). From yirary; = a, we
have p(y17p, 117a) = ¢(p,a) ([8], Lemma 1.8 (2)). Hence

Y1TPp = P,Y1Ta=a Or y17Tp = —pP,717Ta4 = —a.

In the former case, p € Sp(1, H'),a € U(1,C"), hence the group of the former
case is (Sp(1, H') x U(1,C"))/Zy = (Sp(1, R) x R*)/Z5(Z> = {(1,1),(—1,
—1)}) = Sp(1, R) x R In the latter case, p = a = e; satisfies these conditions
and ¢(e1,e1) = 72 ([8], Lemma 1.8 (1)). Therefore (G3(2))0 = (Sp(1, R) x
R+) X {1,’72}.

(3) For a € (Ga(2))ea C (G2%)s, there exists P € SU(3,C°) such that
a = Y(P) (Theorem 1.2 (3)). Using 7¢(P)7 = ¥ (7P) and v19(P)y1 = ¥(P),
from yiTaTy; = «, we have (7P) = (P). Hence TP = P, that is, P €
SU(3,C"). Therefore (Ga2))eqd = SU(3,C") = SL(3, R). O

2. Group F,

2.1. Lie groups of type F, and some subgroups of F,©

We use the same notations and definitions as in [8]. For example,

the Jordan algebras J = J(3,¢),3(3, H), J(3,C) with the Jordan multi-
plication X oY, the inner product (X,Y) and the Freudenthal multiplication
X x Y and elements Ey, Fy(x) of 30,

the groups F4,¢ = {a € Isoc(3%) | (X x Y) = aX x oY}, Fy and Fyy,

the involutive automorphisms 71, v, 0 of Fy and Fy(4) = (F4C)”1,

the Lie algebras ,, f,, fa(4) and elements Ag(a) of §,©,

the principle of triality and the identification Dy € 50(8) < §(D1, D2, D3)
€ f,4, etc.

We shall review and add some notations and definitions. To an element
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&1 w3 T
X= |73 & =1 ] €3(3,¢), we associate an element
T2 T1 &3

& mg My
mz & mi |+ (n1,ne,n3), TR =my+nres € HO Hey =¢C
mo M1 &3

of the algebra J(3, H) @ H® with the multiplication
(M; +mny) x (Ma 4+ ng)

1 1
= (Ml X Mg — E(nl*ng + ng*n1)> — E(nlMg + nQMl).
The R-linear transformations v and d4 of € are extended to the R-linear trans-
formations of J(3,¢) as

’Y(M + n) = M - n7 ~ 3 ~
M H H° =
54(M+n):—DelMDel +nDe1a +n€d(3, )@ ‘J(37€)7
&1 T3 T2
where D,, = diag(e1,e1,e1) € Sp(3). Furthermore, to an element | T3 & 3
T2 T1 &3
€ J(3,¢), we associate an element

&1 a3 az
az & a1 | + (my,mo,mg3), th=a,+mLeCHC>=¢
ay ai &3

of the algebra J(3,C) ® M (3, C)) with the multiplication and the inner product
1
(X4+M)x(Y+N)= (X xY — §(M*N—|—N*M)>

1 -
—?MY+NX—MXNL
(X+M)Y+N)=(X,Y)+tr(M*N + N*M),

where for M = (my, my,m3), N = (ny,nq,n3) € M(3,C), M x N € M(3,C)
is defined as

Mmoo X M3 M3 XN, M X Ny
M x N = + + i
Mg X M3 N3 XM N X My

The R-linear transformations d; and ws of € are extended to the R-linear
transformations of J(3, ) as

04X+ M)=X+ DyM,

X+MeJj3,C)eoM(3,C)=3(3,¢).
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2.2. Subgroups of type C1“ & C3%,C1¢  C @ A,¢ and A,¢ & A,C of
F,©

In the Lie algebra f4c, let

Z = i(—2Ga3 + Gy5 + Ge7).

Theorem 2.1.  The 3-graded decomposition of f4(4) = ($,9™ (or £,9),

far) =9-3P9 2P 199D DIy D Y3

with respect to adZ, Z = i(—2Ga3 + G45 + Ger), is given by

_ [ Gus+Go7,i(Gar — Gse), Ai(1),  Ax(1),  Az(1),
fo iGo1, 1Gag, iGas, iGer,  iAi(er), iAs(er), iAsz(er) J 12
(2G15 + Gag — Ga7) —i(2G14 + Ga7 + G36),
(2G17 — Gaa + G35) — i(2G16 — Gas — G34),
g_1 =1 Goa+iGos, Gos +1Gor, iG14 — G1s, iG16 — Gir,

A1(€4 + ies), 42(64 + ies), 43(64 + ies),
A1(€6 +ier), As(es +ier), As(es + ier) 12

_ { Goz —iGoz, (—2G13 + Gae — Gs7) — i(2G12 — Gazr — Gsp), }
iGra + Giz, Ajles —ies), Ax(ex —ies), Az(es — ies) 6

= {(Gaa + G35) + i(Gas5 — G3a), (Gos + G37) +i(Ga7 — Gs6)} 2

=7(g_1)7, 82 =7(9_2)7, 83="7(g_3)T.

Proof. Note that for D1 = —2Ga23 + G5 + Ggr € s0(8) we have also
Dy = D3 = —2Go3 + G45 + Gg7. We can then prove this theorem in a way
similar to Theorem 1.1, using [8] Lemmas 1.5 and 2.3. |

As is shown in ch, we have
2mi 271 21
Z9 = exp %ZZ:% 24:exp%ZZ:54, zgzexp%ZZ:wg.

Now, since (f4“)ew = (1), (14 )0 = (1), (4 )ea = (1.)?*, we shall
determine the group structures of

(Fie = (F19)%2,  (F.)o = (F19)™,  (FA9)ea = (F1O)>

Theorem 2.2. (1) (Fy9)e, = (Sp(1,C) x Sp(3,0))/Z3, Z2 = {(1,E),
(—1,—E)}.

(2) (F4%)o = (Sp(1,C) x C* x SL(3,C))/ Zs, Zs = {(1,1,E), (1,w,w?E),
(1,w?E,wE), (—1,-1,F), (-1, —w,w?E), (-1, —w? wE)}.

)(f) (Fy9)ea = (SL(3,C) x SL(3,C))/Zs, Z3 = {(1, E), (WE,wE), (W*E,
WZENY.
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Where w = —(1/2) + (v/3/2)i € C.

( C])JTO"f- (1) We define ¢ : Sp(1, HY) x Sp(3, HY) — (F4)ep = (F1)*2 =
F4 v by

o(p, A)(M +mn) = AMA* + pnA*, M+nec33,H ) a (H ) =733,¢°

~—

We can then prove this in a way similar to Theorem 1.2 (1).

(2) Using the restriction mapping ¢ : Sp(1, HY) x U(3,C) — (F4%)o
(F3C)= = (F,©)% of ¢, in a way similar to (1) above, we have (F3%)
(Sp(L,HO) x U(3,C9))|Z5(Zs = {(1,E),(—1,~E)}) = (Sp(1, HY) x U
COxSUB,CN/(Zyx Z3)(Zs = {(1,1,E),(1,w1,wi2E), (1,w12, w1 E)})
(Sp(1,C)xC*x SL(3,C))/Zgs. (Note that under the isomorphism f : SL(3,
— SU(3,C%), w is translated to w;?).

(3) We define ¢ : SU(3,C°) x SU(3,C°) — (F,%)eq = (F,)» =
(F4C)w3 by

It

—_

bl

Qp

V(P A(X+M)=AXA*+PMA*, X+M € 3(3,C)aM(3,C°) = 3(3,¢°).

Then 1 is well-defined ([5]), is a homomorphism and Kery) = Zs. Since (F,¢)®s
is connected and dime(su(3,C%) @ su(3,C°) =84+8 =16 =12 +2 x 2
dime((§4,)eq) (Theorem 2.1), ¢ is onto. Therefore (F4%).q = (SU(3,C°)
SU(3,C))/Z3 = (SL(3,C) x SL(3,C))/ Zs.

O x |l

2.2.1. Subgroups of type C;() © C3(3),Ci1) © R©® Ay and Ay)®
AQ(Q) of F4(4)
We use the same notations as in 2.2. Since (fy4))ev = (.92 N (5,9™,

(Fa)o = (F49)** 0 (1,9, (Faay)ea = ()% N (£,9)™1, we shall determine
the group structures of

(Fa)ew = (F29)2 0 (F), (Fay)o = (B ) 0 (F9)™,
(Faga))ea = (F19)% 0 (F)™n.

Theorem 2.3. (1) (Fyu))ev = (Sp(1, R) X Sp(3, R))/Z2 x {1,72}, Z>
= {(17 E)7 (_17 _E)}

(2) (Faay)o = (Sp(1, R) x R x SL(3, R)) x {1,72}.

(3) (Faqa))ea = (SL(3, R) x SL(3, R)) x {1,wl,w?1}.

Proof. (1) and (2) are proved from Theorem 2.2 in a way similar to The-
orem 1.3 (1) and (2), using [8] Lemma 2.6.

(3) For a € (Fy(4))ea C (F,€)"s, there exist P, A € SU(3,C) such that
a = (P, A) (Theorem 2.2 (3)). Using v17¢(P, A)ty1 = (7P, 7A), from
yiTaTy; = a we have (7P, 7A) = (P, A). Hence

TP=P TP =wP or TP =w?P
TA=A "’ TA=wA "’ TA=w?A
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In the first case, P, A € SU(3,C") = SL(3, R), so the group of the first case is
SL(3,R) x SL(3, R). In the last two cases, P = A = wE (resp. P = A = w?E)
satisfies the conditions and Y(wE,wE) = w?1 (resp. Y(w?E,w?E) = wl).
Therefore (Fya))ea = (SL(3, R) x SL(3, R)) x {1,wl,w?1}. O

3. Group Ej

3.1. Lie groups of type Ez; and some subgroups of E¢¢

We use the same notations and definitions as in [8]. For example

the groups E¢ = {a € Isoc(J9) | detaX = detX} = {a € Isoc(39) |ta~!
(X X Y) =aX X OéY} Eg, E6(6)7E6(2) and E6(726)7

the involutive automorphisms v, v1, 0,0, X, 71 of the group Eg and Eg6) =
(E6C)ml, Eg0) = (EGC))\TA“aEG(—QG) = (Eﬁc)ﬁ,

the Lie algebra e of the group Eg and elements Fy(a) of ¢ etc.

We shall review and add some notations and definitions. Let &k : M (3, H C)
— MJ(6,C% ={P e M(6,C°)|JP =PJ} (resp. k: (HY)> - M.J(2,6,C°)
= {P e M(2,6,C%)|JP = PJ}) be the C-linear isomorphism defined by

k((a+be2)) = ((_"b Z)) a,be C,

and we denote the inverse k~! of k by h. We define ¢; : Sp(1, HY) x
SU*(6,C%) — (E“)" by

e1(p, A)(M +m) = (hA)M (hA)" + pn(hA)~,

M+ne33,H o H) =3

Then ¢, is well-defined, is a homomorphism and Kerpy = {(1, E), (-1—F)} =
Z,. Since (E¢)7 is connected and dime (sp(1, HY) @ su*(6,CY)) = 3+ 35 =
38 = 36 + 2 = dimc((e69)Y) (see Theorems 3.1 and 3.2 (1)), ¢; is onto.
Therefore (Eg©) =2 (Sp(1, HY) x SU*(6,C°))/Z, Z5 = {(1,E),(-1,—E)}
([6], Proposition 3.5.4). Furthermore, note that the mapping f : SL(6,C) —
SU*(6,C), f(A) = A —EJAJ, where ¢ = (1/2)(1 + ie;), gives an iso-
morphism, and we define ¢ : Sp(l,HC) x SL(6,C) — (E¢)" by o(p, A) =
©1(p, f(A)), then we have also an isomorphism

(Es9)Y =2 (Sp(1, HY) x SL(6,C))/ Z.
Then for the induced mapping ¢, : sp(1, HS) @ s((6,C) — ¢6C of ¢, we have
v« (e1,diag(0,0,0,0,0,0)) = —Gys5 + Ger

¢« (0, diag(i, —4,0,0,0,0)) = —Ga5 — Ger

©.(0, diag(0,4,—i,0,0,0)) = —3Go1 — 5G23 + 5Gus + 5Ger + i(E1 — Ep)™
©4(0,diag(0,0,4, —%,0,0)) = Go1 + Gas

©.(0,diag(0,0,0,i, —7,0)) = —Ga3 + i(E2 — E3)"~

©4(0,diag(0,0,0,0,i, —i)) = —Go1 + Ga3.
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From the facts above, we have also

Go1 = ¢.(0,diag(0,0,/2, —i/2, —i/2,i/2))
G2z = (0, diag(0,0,i/2, —i/2,i/2,—i/2))
Gas = pu(—e1/2,diag(—i/2,1/2,0,0,0,0))
Gor = pule1/2, diag(—i/2,i/2,0,0,0,0))

By — By) = 0.0, diag(i/2,i/2, —i/2, —i/2,0,0))
i(EQ - EB) = 90*(0’ diag(ov 0, 7;/2a i/2’ 71’/2’ 71/2))

For # € C,0 #£ 0 and a € ¢Y, qa@ = 1, we define C-linear transformations
$(#) and D(a) of J¢ by

&1 w3 T2 0%, Oz 0T
dO) T3 & a1 | =| b6z3 072 0%z |,
T2 T1 &3 Ozo 07%T1 072,
&1 w3 T2 & xsa  ax3
D) z3 & x1 | =| @T3a & ama |,
T2 T1 &3 ary aria &3

respectively. Then ¢(6), D(a) € EsC. Usually we denote o = D(—1).
The mapping ¢ : Sp(1, HC) x SL(6,C) — Es has the following proper-
ties.

(1, diag(w, w, w, w, w w)) =

p(1, diag(—1, — —-1,-1, 1)) =1,
o(er, diag(— z,z —i,i,—' i) =72,

(1, diag(i, — z,z, —1)) = 4,

(1, diag(1, 1, —1 -1,-1)) =,
(1, dlag(l,l,z, —1, —z,z)) D(ey),
o(1, diag(w, w?, w, w? W, w?)) = ws.

3.2. Subgroups of type c.%e A5C7 C.aCaAC DAY and AC @
AQC D AQC of EGC

In the Lie algebra eg®, let

Z = i(—2Ga3 + Gy5 + Gg7).

Theorem 3.1. The 3-graded decomposition of eg) = (e6€)™ (or ¢6©),

e66) =9 3PP DI 1 DPgo D Dga D g3
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with respect to adZ, Z = i(—2Ga3 + Gu5 + Ger), is given by

‘ A1),  Ax(1),  As(1),
Gue + Gs7, i(Gar — Gse), ‘~1( ) ,~2( ) §( )
) : : , iAi(er), iAs(er) iAs(er),
9o iGo1, 1G23, iGys, iGer, ~ ~ ~
Er — E)™~ . (Eo — E2)~ Fl(l)u FQ(l)v F3(1)7
(E1 2)~, (Ea 3)~, CZ = = 20
zFl(el), ng(el), ZF3(61)
(2G15 + Gag — Ga7) —i(2G 14 + Ga7 + G36),
(2G17 — Gag + G35) —i(2G16 — G5 — G34),
~} Goa+iGos, Gos + iGor, iG14 — G1s, iG16 — Gur,
§-1= {11(64 + ies), {11(66 +ier), 5'1(64 +ies), 1?1(66 +ier),
Az(eq +ies), Aa(e +ier), Fa(ea + ies), Fa(eg +ier),
A3(€4 + i65) Ag(eﬁ + ’i€7) F3(€4 + ’L'€5) Fg(eﬁ + ’i€7) 18
g0 =14 Go2—iGo3, {11(62 — ie3), {12(62 —ie3), A3(62 —ie3),
iGra + Gz, Fi(ez —ies), Fa(ex —ies), Fs(ex —ies)

Gas + G3s) +i(Gas — G34), (Gas + Ga7) +i(Gar — G36) } 2

(—=2G13 + Gag — Gs7) — 1(2G12 — Gar — Gie),
9
={(
T(9-1)7, 82 =T7(9_2)7, g3 ="7(9_3)T

Proof. We can prove this theorem in a way similar to Theorem 2.1, using
[8] Lemma 3.3. O

Since iZ = 2Ga3 — G5 — Ger = ¢+ (0, diag(i, —i, 4, —i,4, —1)), we have

-
2= exp 222 = (1, diag(~1,~1, ~1,—1, =1, 1)) = 7,
Z4 = exp TZ (1, diag(i, —i, 1, —i,4, —1)) = dq,

2w . 2 2 2
Z3 = exp ?Z = (1, diag(w, w?, w, w*, w, w?)) = ws.

Now, we shall determine the group structures of

(B6)ew = (E69)™,  (E6%)o = (Es9)™, (E6%)ea = (Es)™

Theorem 3.2. (1) (E%)ew = (Sp(1,0) x SL(6,C))/ Z2, Zo = {(1, E),
(_17_E)}'

(2) (Be ) = (89(1,C) x C* x SL(3,C) x SL(3,C))/Zs. Zs = {(1, 1.,
E),(1,w,w?E,wE), (1,w?,wE,w?E),(-1,-1,E,E), (—1, —w,w?E,wE), (-1,
—w? WE,w?E)}.

(3) (Be®)ea = (SL(3.C) x SL(3,C) x SL(3,C))/Zs, Zs = {(E, E, E),
(WE,wE,wE), (W?E,w?E,w?E)}.

Proof. (1) (E9)en = (EsC)* = (Es®)Y = (Sp(1,C) x SL(6,C))/Z3 is
already shown.
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(2) Since z4 is conjugate to
24" = (1, diag(i, i, i, —i, —i, —1))

under the adjoint action of SL(6,R) C (E¢“)™, we use z,' instead of zy.
Now, using the restriction mapping ¢ : Sp(1, HY) x S(GL(3,C) x GL(3,C)) —
(EGC)O = (EGC)Z‘*/ of ¢, in a way similar to Theorem 1.2, we have (E@C)o =
(Sp(1, HY) x S(GL(3,C) x GL(3,0)))/Z3, Z> = {(1,E),(—1,—E)}. Since
h : C* x SL(3,C) x SL(3,C) — S(GL(3,C) x GL(3,C)), h(z, A1, As) =
(2811 z_?Ag) induces an isomorphism S(GL(3,C) x GL(3,C)) = (C* x
SL(3,C) x SL(3,0))/Z3,Z3 = {(1,E,E), (w,w?E,wE), (W}, wE,w?E)}, we
have (Es%)o 2 (Sp(1,C) x C* x SL(3, C) x SL(3,C))/Zs.

(3) We define ¢ : SU(3,C%) x SU(3,C%) x SU(3,C°) — (E9)ea =
(Ee“)™ = (%)™ by

(P, A, B)(X + M) = h(A, B)Xh(A, B)* + PMth(A, B)*,
X +Mej33,c%aoM®3,c% =3,

where b : M(3,C%) x M(3,C°) — M(3,C) is the mapping defined by

hA,B) = cA+2B, &= ”%
Using
'h(A,B)™' = Th(A, B) = h(TB, TA),

we can verify that ¢ is well-defined ([5]), ¢ is a homomorphism and Kery) = Z3.
Since (Fs®)"* is connected and dime (su(3,C%) @ su(3,C%) @ su(3,C°)) =
8+8+8 =24 =20+2x2 = dimc((e6%)ea) (Theorem 3.1), 9 is onto.
Therefore (Es“)eq = (SU(3,C¢)xSU(3,C)xSU(3,C%))/Z5 = (SL(3,C) x
SL(3,C) x SL(3,C))/ Zs. O

3.2.1. Subgroups of type Ci(1) ® As@;),Ci1) © RO Ay @ Ay2) and
Az(2) © Az2) @ Aay) of Egg)

Using the same notations as in 3.2, we shall determine the group structures
of

(Es6))en = (E6)* N (BC) ™, (Ege))o = (E6©)* N (Be“)™,
(Es(6))ea = (B6)™ N (EgS) ™.

Theorem 3.3. (1) (Eg())ev = (Sp(1, R) x SL(6, R))/ Z2> x {1,72}, Z>
= {(L E)a (_17 _E)}

(2) (Eﬁ(ﬁ))o >~ (Sp(1, R) x R x SL(3,R) x SL(3,R)) x {1,72}.

(3) (Eo(s))ea = (SL(3, R) x SL(3, R) x SL(3, R)) x {1, 1,071},

Proof. (1) and (2) Using yim(p, A)tm = @(n7p, TA), p € Sp(1, HY), A
€ SL(6,C) ([8], Lemma 3.6) and ¢(e1, —iI) = v in Theorem 3.2, we can prove
this in a way similar to Theorem 1.3 (1) and (2).
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(3) Using v17¢(P, A, B)ty, = (7P, 7A,7B), P,A,B € SU(3,C%), we
can prove this in a way similar to Theorem 2.3 (3). O

3.2.2. Subgroups of type C(1)DA51),Ci11) O R ® A, and AQ(Q)@AQC
of Eﬁ(g)

Theorem 3.4.  The 3-graded decomposition of eg(2) = (egC)AT7,

e6(2) = 98-3DPPg 2DPg_ 1 DG DY PP D g3
with respect to adZ, Z = i(—2Ga3 + Gu5 + Ger), is given by exchanging

Fk(a)HiFk(a), z‘Fk(a)HFk(a),
(E1 - EQ)N — Z(El - EQ)N, (E2 - E3)N — Z(EQ - Eg)w,

in the table of Theorem 3.1.

Proof. We can prove this theorem in a way similar to Theorem 3.1, using
[8] Lemma 3.8. O

Using the same notations as in 3.2, we shall determine the group structures
of

(Bo(2))ev = (B6”)™ N (E“) ™, (Bez))o = ()™ N (B,
(Bo(s))ea = (E) N (Bg9) M,

Theorem 3.5. (1) (Egz))er 2 (Sp(1,R) x SU(3,3))/Z2 x {1,7},
Zs = {(1E), (—1,-E)}.

(2) (Es())o = (Sp(1,R) x R" x SL(3,0)) x {1,792}

( ) (EG(Q))@d = SL(S,R) X SL(?),C)

Proof. (1) For a € (Eg2))ew C (Es®)7, there exist p € Sp(1, HY) and
A € SL(6,C) such that a = ¢(p, A) (Theorem 3.2 (1)). From vy rta~try = o,
we have o(y17p, —JH(TA)~1T) = ¢(p, A) ([8], Lemmas 3.6 (2) and 3.10). Hence

YITD = P, —Jt(TA)_lJ = A or TP = —p, —Jt(TA)_lj — _A

In the former case, p € Sp(1, H') = Sp(1, R) and the group {4 € SL(6,C)| —
JHTA)"rT = A} is {A € SL(6,C) |'{(tA)JA=J} =2 {A € SL(6,C)| ' (tA)IA
= I} = SU(3,3). Hence the group of the former case is (Sp(1, R)xSU(3,3))/Z>.
In the latter case, p = e; and A = —iT satisfy these conditions and p(e;, —il) =
¥2. Therefore (Eg2))ew = (Sp(1, R) x SU(3,3))/Z> x {1,72}.

(2) For a € (Eg2))o C (EGC)54, there exist p € Sp(l,HC) and A €
SL(6,C),0A 6~ = A (6 = diag(i, —i,i, —i,4,—4) = il) such that a = p(p, A)
(Theorem 3.2 (2)). From yi7ta™'7y; = a, we have o(y17p, —J{(TA)"1) =
©(p, A) as in (1) above. Hence

ntp=p,~J (1A' T =4 or yrp=—p, —J(TA)'T=—A.
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In the former case, p € Sp(1, H') = Sp(1, R) and

G={AcSL(6,C) 5457 = A, {(rA)JA = J}

o {A _ < Ar 0 ) € SL(6,C), Ar, As € GL(3,C)
0 A,

9 e ) (e 0) (0 4)=( % 0)}
- {Ae SL(6,C) ‘A: ( “(‘)l t(nfl)‘l ) A € GL(3,C)}.

From detA = 1, we have detA;(7(detA;)~!) = 1, so detA; € R, hence
G=2{A; € GL(3,C)|detA; € R} 2 R* x SL(3,C). Thus the group of the for-
mer case is (Sp(1, H') x R* x SL(3,C))/Z2(Z2 = {(1,1,E),(-1,-1,E)})
Sp(1,R) x R x SL(3,C). In the latter case, p = e;, A = —il satisfy these
conditions and ¢(e1, —il) = 2. Therefore (Eg2))ea = (Sp(1, R) x R x
SL(3,C)) x {1,72}.

(3) For a € (Eg(2))ea C (E6C)w3, there exist P,A,B € SU(B,CC) such
that o = (P, A, B) (Theorem 3.2 (3)). Since ‘(P A, B)™! = (P, 7B, TA)
(Theorem 3.2 (3)), we have 7' (P, A, B)"1ryy = ¢(ry P, B, A). From
yrta"try; = a, we have ¢(77, P, B, A) = ¢(P, A, B). Hence

P_p TP =wP TP = w’P

T = — —

{ %B 1 A=wB ,or A=uw’B.
B B =wA B=w?4

In the first case, P € SL(3,C") = SL(3,R) and A € SL(3,C%) = SL(3,C).
The last two cases are false. Therefore (Eg2))ea = SL(3, R) x SL(3,C). O

3.3. Subgroups of type C.“ 3 A;°. CaC®» A3 A3° and C,“®Ca
A4C of EGC

In the Lie algebra eg®, let

. 4 ~
Z =i(Gys — Ggr) + §(2E1 — Ey— E3)™.

Theorem 3.6. The 3-graded decomposition of eg) = (e6€)™ (or ¢6©),

e6(6) = 98- 3DPPg 2DPg_ 1 DG DY PPy D g3

with respect to adZ, Z = i(Gys — Ge7) + (4/3)(2E1 — E5 — E3)™, is given by
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iGo1, Goz, i1Gos, i1G12, Gi3, iGa3, (£ — E2)~,

_ ) iGas, iGer, Gag — Gz, i(Gar + Gsg), (B2 — E3)7,

o= A1(1), iAx(e1), A1(ez), i (es),

Fl(l), iFl(el), Fl(eg), iFl(eg) 20
Gos +1Gos, Gog — iGor, 1G14 — G155, iG16 + Gr,

Gag +1Gas, Gag — iGay, 1G34 — G35, iG3e + G,

g_1 =9 Ailes+ies), A1(€6 —ier), Fi(es +ies), F1(€6 —ier),
As(eq + ies) — F2(64 + ies), A2(€6 +ie7) + F2(86 +ier),
143(64 — i65) F (64 - @65) A3(€6 + 267) Fg(@@ + 267) 16
(Gas + Gs7) — i(Gar — Gsg),
o, = Az (1) + Fy(1), iAs(er) +iFy(er), Az(es) + Fa(es),
—2 i:/42(63) +§F2(63), A3( ) Fg(l) ZA3(61) — ZF3(61)
Ag(eg) - F3(62) ZA3(63) - ZF3(63) 9

. A2(€4 +ies) + F2(64 +ies), Ag(e(; —ie7) + 1::12(66 —ier),
3 A3(64 + Z€5) F3(€4 + 265) A3(66 — Z€7) Fg(eﬁ — i€7) 4

g1 =7(Ag_1))7 g2 =7(Mg_2))7, 83 =T(Ag_3))T
Proof. Note that for D1 = G45 — Ger € s0(8) we have also Dy = D3 =

G45 — Ge7. Then we can prove this theorem in the similar way to [8] Theorem
3.9, using [8] Lemmas 2.3, 3.3 and 3.17. O

Since iZ = (—G45—|-G67) (4/3) (2E1—E2—E3) = go*(el,diag(4i/3,4i/3,
—2i/3,—2i/3,—2i/3,—2i/3)), we have

)
2 = exp %Z = (1, diag(w?, w?, w2, W%, W2, W?)) = Wy,

o
24 = €Xp %ZZ = 90(617 diag(w7 W, —W, W, —W, —W))
= w?p(ey,diag(1,1, -1, -1, -1, —1)),

211 )
(2’3 = exp %Z = p(wr, diag(v?, v, v 2,072 172, 1/*2))),1/ = ¢2m/9,

Since Z' = i(—Gys — Gg7) + (4/3)(2E1 — E5 — E3)™ is conjugate to Z =
i(Gas — Ger) + (4/3)(2E) — Ey — F3)™ under the adjoint action of (Eg%)™,
(in fact, for § = exp(7Ga4) € Fy N (Es9)™, we have 612’6 = Z), we use the
following z3’ instead of z3. Since iZ' = (Gy5+Ger)+(4/3)i(2E1 — Eo — E5)™ =
0.(0, diag(i/3,7i/3, —2i/3, —2i/3,—2i/3,—2i/3)), we have

o
23" = exp %Z’ = p(1,diag(v,v 23, v 2, v 2,072 v ?)).
Now, we shall determine the group structures of

(Be%)ew = (E69)2,  (Es%)o = (B69)*, (E69)ea = (Be°)™

Theorem 3.7. (1) (Es)ew 2 (Sp(1,C) x SL(6,C))/ Zs, Z> = {(1, E),
(—1, —E)}.
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(2) (E@C)O =~ (C* X C* X SL(Q,C) X SL(4,C))/(Z2 X Zz),ZQ X ZQ =
{1,,E, F),(1,-1,—-E,—-FE),(-1,1,—E,—F),(-1,—1,E, E)}.

(3) (E6%)ea = (Sp(1,C) x C* x SL(5,C))/Z2, Z> = {(1,1,E), (-1, -1,
—B)}.

Proof. (1) (Eg9)ew = (BsC)%2 = (Es9)* = (E6%)7 (since wl is a central
element of Fg) = (Sp(1,C) x SL(6,C))/Z5 (Theorem 3.2 (1)).

(2) Using the restriction mapping ¢ : U(1,C%) x S(GL(2,C) x GL(4,C))
— (Es%)o = (Es®)* of ¢, we can prove this in a similar way to Theorem 3.2

(2)-
(3) Using the restriction mapping ¢ : Sp(1, HY) x S(GL(1,C) x GL(5,C))
— (E9)eq = (E9)*" of ¢, we can prove this in a way similar to (2) above. [

3.3.1. Subgroups of type Cl(l) @Ag,(s), ROPRD A1(1) @A3(3) and Cl(l)
@R [S2) A4(4) Of E6(6)

Using the same notations as in 3.3, we shall determine the group structures
of

(E6(6))e1) = (EGC)Z2 N (Efic)‘mlv (EG(G))O = (EGC)Z4 N (EGC)T%:
(Eo(6))ea = (Bs)™ N (EsS)™.

Theorem 3.8. (1) (Eg(6))ev = (Sp(1, R) x SL(6, R))/Z2 x {1,72}, Z>
= {(13 E)a (717 *E)}

(2) (Eo())o = (RY x RT x SL(2,R) x SL(4,R)) x {1,7}.

(3) (Eo(6))ea = (Sp(1, R) x RT x SL(5, R)) x {1,72}.

Proof. We can prove this theorem from Theorem 3.7, in a way similar to
Theorem 3.3 (1) and (2), using [8] Lemma 3.6. O

3.4. Subgroups of type C ® D;°.C®C @ A, and C,¢ ®C @ A,C of
E¢©

In the Lie algebra ¢g®, let

1
Z = Z‘(fG45 + 2G67) + §(2E1 — Fy — Eg)N.

Theorem 3.9.  The 3-graded decomposition of egs) = (¢6% )™ (or ¢6©),

e6(6) =93PPI DI 1 DPgo D DPgo D g3

with respect to adZ, Z = i(—Gys + 2Ge7) + (1/3)(2E1 — E2 — E3)™, is given by
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iGo1, Goz, iGos, 1G12, Gis, iGas, 1G5, iGe%
Al( )v i’ill(el)v {11(62)7 i*’ill(eii)v ( ) )

Fi(1), iFi(er), Fi(e2), iFi(es), (B2— E3)",
(1+Z€1) F2(1+Z€1) A2(17Z61)+FQ(1 )
Ag(eg +ie3) + F2(62 + ie3), Ag(eg —ieg) — F2(62 —ies),
A3(1+Z€1) F3(1+Z€1), A3(1—i€1)+ﬁ13(1—i€1),
A3(€2 + 263) — Fg(eg + ieg), 43(62 — ieg) + Fg(eg - ’ieg) 26

Gos — iGos, 1G1a + Gis, Gaa — iG25,1G3a + G,
(Ga6 — Gs7) +i(Gar + Gs6), Ai(es —ies), Fi(eq — ies),
) As(1+ier) + Fo(L+ier),  As(ex —ie3) + F jes)
817 1‘12(64—i€5) —f2(€4—i€5), 1‘:12(66-1-2'67) —fsz e¢ + ier),
A3(1 — zel) F3(1 — iel) 43(62 - ieg) - ) )
A3(€4 —iep) + F3(64 —ies), As(eg—ier) — )
Goe +1Gor, 1G16 — G17, Gags + 1Gar, iG36 — G,
A1(66 + i€7), F1(€6 + i€7),
%2(64 —ies) + F:‘2(€4 — i65), /:12(66 + ’i€7) + }2—‘2(66 +ier),
A3(€4 —ie5) — F3(eq —ies), As(es + i67) — F5(eg + ie7) 10
93 = {(Gas + Gs57) +i(Gar — Gse)} 1

g1 =7(Mo_1))7 92 =T(Mo_2))7. g3 = T(AMg_3))T.

15

i
(V]
!

Proof. Note that for D1 = —Gy45 + 2Gg7 € $0(8) we have
1 1 3 3 1 1 3 3
Dy = ~Goy — ~Glag — 2 2 Dy = —=Got — ~Gag — = 2 Ger.
2 2G01 2G23 2G45 + 2G67, 3 2G01 2G23 2G45 + 2G67

We can then prove this theorem in a way similar to Theorem 3.6. O

Since iZ = (G45—2G67) (1/3) (2E1—E2—E3) = <p*(—361/2,diag(5i/6,
—i/6,—i/6,—i/6,—i/6,—i/6)), we have

274 )
(22 = exp 22 = pler, diag(6,07,671,07,071,671,071)), 0 = e7/9),

9ri . ~ ~ ~ - - 62671'61/4
2 =exp = 7 = (=0, diag(u’, p =t p T 1)),{ ri/12
po=e""?

-1 71'2'/9.

o
23 = exp %ZZ = p(—1,diag(v’, ks kL kT T k=e

Since 7' = i(GOl — 2G23) + (1/3)(2E1 —FEy— Eg)N is conjugate to Z = i(G45 —
2Ge7)+(1/3)(2E, — Ey— E3)™ under the adjoint action of (Eg“)™*, (in fact, for
6 = exp((1/2)(Goa + G154+ Gas + G37)) € FyN(EC)™, we have §-12'6 = Z),
we consider the following z5’, moreover z5” instead of z3. Since iZ’ = (—Go1 +
9Gas) + (1/3)i(2B) — By — E3)™ = (0, diag(i/3,/3,i/3, —2i/3,4i/3, —5i/3)),
we have

i
29 = exp %ZZ' = (1, diag(—w?, —w?, —w?, w?, w?, —w?))

:w¢(17d1ag(_ 1 151717 1))
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which is conjugate to
2" = wp(1,diag(1,1,-1,—-1,-1,-1)) = wo

under the adjoint action of SL(6, R) C (Es%)™.
Now, we shall determine the group structures of

’

(B6)ew = (B9, (Ee)o = (Bs)™, (E)ea = (E6C)™.

Theorem 3.10. (1) (E%)ey = (C* x Spin(10,C))/Zs, Z4 = {(1,1),
(_170)7 (i7¢(_i))’ (-’L,(ﬁ(l))}

2) (EsC)o = (C* x C* x SL(5,C))/Z2, Zo = {(1,1, E), (-1, -1, —E)}.

(3) (EGC)Gd = (Sp(l,C) x C* x SL(5aC))/Z2’Z2 = {(1’17E)7 (71,*13
—E)}.

Proof. (1) Let Spin(10,C) = (Es%)g, ([8], Proposition 3.22 (2)). We
define ¢ : U(1,C) x Spin(10,C) — (Eg)ew = (Ec)™" = (Ee)*" = (Es“)”
by
¢(0,8) = ¢(0)8.

Then ¢ is well-defined, is a homomorphism and Ker¢p = Z,4. Since (EGC)" is
connected and dime (u(1,C%) @ 50(10,0)) = 1+ 45 = 46 = 26 4 10 x 2 =
dime ((¢6€)ey) (Theorem 3.9), ¢ is onto. Therefore (Fe®)., = (U(1,C)
Spin(10,C))/ Z4 = (C* x Spin(10,C))/ Z,.

(2) Using the restriction mapping ¢ : U(1,C%) x S(GL(1,C) x GL(5,C))
— (E9)# of ¢, we can prove this in a similar way to Theorems 3.2 (2) and
3.7 (2).

(3) is proved in a way similar to Theorem 3.7 (3). O

X

3.4.1. Subgroups of type R © D55y, ROR © Ay and C(1) DR DAy y)
of E6(6)
Using the same notations as in 3.4, we shall determine the group structures
of
(Ee(6))ev = (E6“)=" N (EsS) ™, (Ese))o = (Es“)* N (E“)™,
(Eé(6))ed = (E) N (Ee“)™.

We define p € Eg C Eg© by
pP= w(lvdlag(lu _17 17 _17 17 1))
Theorem 3.11. (1) (Eg())ev = (R* x spin(5,5)) x {1, p}.

(2) (Eo()o = (RT x R" x SL(5, R)) x {1,72}.
(3) (Eo(s)ea = (Sp(1, R) x R" x SL(5, R)) x {1,72}.

Proof. (1) (Eg(e))er = (E6“)7 N (Es)™ = (RT x spin(5,5)) x {1,p}
([8], Theorem 3.25 (1)).



468 Ichiro Yokota

(2) is proved from Theorem 3.10, in a way similar to Theorem 3.8 (2).
(3) is as same as Theorem 3.8 (3). O

3.5. Subgroups of type C ® D;°.C & C & A,° and C @ A;° of Eg©

In the Lie algebra eg®, let

7 = i(G45 + 2067) + (2B — Ey — E3)N.

Theorem 3.12. The 3-graded decomposition of ege)y = (e69)™" (or

860)

)

e6(6) =93PPI DI 1 DG DY PP D g3
with respect to adZ, Z = i(Gys + 2Ge7) + (2E1 — Eo — E3)™, is given by

iGo1, Goz, iGos, iG12, Gis, iGas, iGas, ZGG%
Al( ), iAi(er), Ai(e2), iAiles), (E1— E»)”,
(1) iFl(elz, F1 (62), iFl(eg) (E2 - Eg)
g = (1+Z€1) Fg(l—I—iel) Ag(l—l€1)+Fg(1 )
A2(€2 + 263) + FQ((ZQ + 263) 42(62 — 263) ~F‘2(€2 — 263),
A3(1+zel) Fs(1+iey),  As(l—iey) + F3(1 —iey),
A3(€2 + 163) — Fg(eg + ieg), Ag(eg — ieg) + Fg(eg — ieg) 26

Gos +iGos, iG1a — G5, Gaa +iG25,1G34 — Gis,

(G46 +G57) —Z(G47—G56) 141(64—1—2'65), F1(€4+Z'65),

A2(€4 + 265) + F2(64 + 265) 42(66 — i€7) + 11—12(66 - i67), 11

A3(€4 +ies) — F3(64 +ies), As(eg —ier) — F3(eg — ier)

Gos + iGor, iGN16 — Gh7, G + iGoar, iG3e — Gar,

Al(eg +ier), ~(eg +ieq), ) )

92~ A2(€4 - @65) + Fy (64 — 265) 42(66 + i€7) + f‘jg(eﬁ + ’L'€7),
( €4 — 265) F ( €4 — 265) Ag(e(; + i€7) — F3(€6 + i67) 10

(G — Gs7) + 1(047 + Gi6), N

A2(1+261) Fy(1 +ieq), Ng(eg—ieg)—kffg(eg —ies),

A3(1—Z€1) Fg(l—lel), A3(€2—’i€3)—F3(€2—i€3) 5

g1 =7(N9-1))7 8o =7(Me_2))7, 95 = T(A(g_3))T

©

|

w
Il

Proof. Note that for D1 = Gy5 + 2Gg7 € 50(8) we have

3 3 1 1 3 3 1 1
Dy = -Go1 — =G93 — =G e D3 =—=Gop1 — =Ga3 — =G —Ger.
2 = 5o = 5023 = 5045 + 5 L6t 3 gbo1 = 5l = 5 b5 + 56T

We can then prove this theorem in a way similar to Theorem 3.9, using [8]
Lemmas 2.14, 3.3 and 3.29. ]
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Since iZ = (—G45—2G67)+i(2E1—EQ—E?,)N = <p*(—el/2,diag(5i/2, —i/2,
—i/2,—i/2,—i/2,—i/2)), we have

i
<22 = €xp %ZZ = 80(*61, dlag(la 71‘; 71‘; 71‘; 71‘) 71))),
5= e7re1/4

o
24 = exp %ZZ = (07" diag(d”,d"" a1, d™Hd 7, d 7)), { d=emi/*
= e 5

9ri
23 = €xXp %Z = @(_wla dlag(_w7 W, —Ww, —W, —Ww, _w))

= w?p(wr, (1,1,1,1,1,1)).

Since Z' = i(Go1 + 2Ga3) + (2F1 — E5 — E3)™ is conjugate to i(Gys + 2Ge7) +
(2E), — Ey — E3)™ under the adjoint action of Fy N (EgC)™ (see 3.4), we
consider the following z5’, moreover z5” instead of z5. Since iZ' = (—Gp —
2Ga3) + i(2E1 — E2 — E3)™ = ,(0, diag(s, ¢, —2i, i, —3,0)), we have

9mi
ZQI = exp %Z/ = (p(la dlag(_lv _15 17 _1a _17 1))5

which is conjugate to
2" = p(1,diag(1,1,-1,-1,-1,—-1)) = 0o

under the adjoint action of SL(6, R) C (Es“)™.
Now, we shall determine the group structures of

"

(B6)ew = (B9, (Ee)o = (Bs)™, (E)ea = (E6C)™.

Theorem 3.13. (1) (Es%)c, = (C* x Spin(10,0))/Z4, Z4 = {(1,1),

(_170)7 (i7¢(_i))’ (-’L,(ﬁ(l))}
(2) (E¢©)o = (C* x C* x SL(5,0))/ Z3, Zy = {(1,1,E),(-1,—-1,—E)}.
(3) (Es%)ea = (C* x SL(6,C))/Z2, Z> = {(1,1), (-1, —E)}.

Proof. (1) and (2) are proved in a way similar to Theorem 3.10 (1) and

(2)-
(3) Using the restriction mapping ¢ : U(1,C) x SL(6,C) — (Eg®)% of
©, we can prove this in a way similar to Theorem 3.7 (2). O

3.5.1. Subgroups of type R® D55, R® R® Ayy) and R® As) of
Es o)
Using the same notations as in 3.5, we shall determine the group structures
of
(Ee(6))ew = (E6“)=" N (EsS) ™, (Ese))o = (Es“)* N (E“)™,
(Es(6))ea = (E6©) N (Bg)™.



470 Ichiro Yokota

Theorem 3.14. (1) (Eg6))es = (RT x spin(5,5)) x {1, p}.
(2) (Eo()o = (RT x R" x SL(5, R)) x {1,72}.
(3) (Es(6)ea = (R x SL(6,R)) x {1,72}.

Proof. (1) is as same as Theorem 3.11 (1).
(2) is as same as Theorem 3.11 (2).
(3) is proved from Theorem 3.13 in a way similar to Theorem 3.8 (2). [

3.6. Subgroups of type C & D;°.C & C ® D, and C @ D5 of E¢°

In the Lie algebra ¢g©, let

4
7 =2iGoi + 5 (2B — By — Ey)™.

Theorem 3.15. The 3-graded decomposition of ege)y = (e6°)™" (or
c
6 )7

e66) =93PPI DI DgyDg; Dgo D g3
with respect to adZ, Z = 2iGo1 + (4/3)(2Ey — E5 — E3)™, is given by

iGot1, 1Ga3, Gaa, iGas, Gag, iGar, iGsa, G5, (E1 — E2)7,
_ ) iGs6, Gsr, 1G5, Gag, 1Gaz, iGse, Gz, iGer, (B2 — E3)7,
o= Al(ez) idy(es), Ailes), iAi(es), Aileg), iAi(er),
) iFl(eg) F1(€4) iFl(e ), Fl(eg) iF1(67) 30

Fi(e

Ag(l +Z€1) + Fg(l + 261) /:12 €2 +’L€3) +F2 es + tes),
(
(

( ( )
o= A2 eq +ies) + F2(€4 + ies), /}2(66 +ie7) + 2(66 +ier),
-1 3 1+Z61) F§(1+’L€1), (627163) Fg(eg 71163),
A3(€4 —ies) — F3(eq —ies), A3(66 - 267) F3(66 —ie7) 8
gy = { Goz — 1G12, iGog + Gi3, Goa — 1G4,  A1(1 —ieq), }
-2 iGos + G1s, Gos — iG16, 1Gor + Gz,  Fi(1 —iey) 8
Ag(l —iel) +F2(1 —iel) A2(€2 —263) FQ((ZQ —i€3),
. Az(eq —ies) + F2(64 —ies), As(eg —ier) + FQ(GG —ier),
-3 43(1 7161) F§(1 7’&61) 43(62+Z€3) Fg(eg +i63),
As(eq +ies) — F3(eq +ies), 3(eg + iey) — F3(66 +ier) 8

g1 = 7M@) g2 =T(Me_2))7, g3 = T(AMg_3))T-

Proof. Note that for Dy = 2G; € s0(8) we have
Dy = —Go1 — Gaz — Gus — Ger, D3 = —Go1 + Gaz + Gus + Ger.

We can then prove this theorem in a way similar to [8] Theorem 3.21, using [8]
Lemmas 3.3 and 3.17. O
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Since iZ = —2Go1+(4/3)i(2E, — By — E3)™ = ,(0, diag(4i/3, 4i/3, —5i/3,
1/3,1/3,—5i/3), we have

o
23 = exp TMZ = (1, diag(w?, w?, —w?, —w?, —w?, —w?)) = wo,

o
24 = exp %Z = (1, diag(w, w, iw, —iw, —iw, iw)) = w>D(e1),
e — @Z* . 4 4 4 4 _ 2mi/9
3 = €Xp 3 7<,0(1,d1ag(1/,1/,1/,1/,1/,1/)) yV=2=¢€ .

z3 is conjugate to

23" = (1, diag(v, v, v, vt 01, 1))

under the adjoint action of SL(6, R) C (E¢“)™". The explicit form of zs’ is

&1 x3 T2 251 voxy 1Ty
' (75 & x| = (VT3 852 V814
Ty T1 & vors 18T7 186

Now, we shall determine the group structures of

(B6%)ew = (B6©)2,  (Es)o = (Bs9)™,  (E6®)ea = (EsC)™

Theorem 3.16. (1) (Es%)., = (C* x Spin(10,0))/Z4, Z4 = {(1,1),
(=1,0), (G, (- i), (=i, 6(1)) }.

( ) ( )0 - (C* X C* X Spin(&C))/(Zg X Z4) Z2 - {(L 71)’(17
o)}, Z4—{( ,1,1), (=1, =1,1), (4, e1, ¢(—i) D(—e1)), (—i, —ex, () (e1))}-
(i ;()))(} Nea = (C* X szn(lo )/ 24, Zy = {(1,1),(=1,0), (i, 6(=1)),

Proof. (1) (B )ew = (E6)™ = ()= = (E6“)7 = (C*xSpin(10,C))/
Z4 (Theorem 3.10 (1)).

(2) Let Spin(8,C) = (EgC)E17F1(1)7F1(61) ([8], Proposition 3.22 (1)). We
define ¢ : C* x U(1,C%) x Spin(8,C) — (E¢%)o = (E9)™ = (B¢ )Ple) =
(EsC)P(e) by

¢(0,a,8) = ¢(0)D(a)s.
Then ¢ is well-defined, is a homomorphism and Ker¢p = Z5 x Z4. Since
(E6“ )PV is connected and dime(C @ u(1,C%) @ 50(8,C)) = 1+ 1+ 28 =30
= dime((¢6€)0) (Theorem 3.15), ¢ is onto. Therefore (Eg)o 2 (C*xU(1,C)
xSpin(8,C))/(Za x Z4) = (C* x C* x Spin(8,C))/(Z2 x Z4).

(3) C-vector subspaces

{&1E1|& € CY,  {Fa(w) + Fi(as) | w2, 23 € €Y,
{&Bo + &3 + Fi(21) | &, & € C,a1 € €}

of 3¢ are invariant under the action of the group (EGC)zSI. In particular,
a € (Eg9)*" commuts with 0. Hence we have (EgC)*" c (E¢%)?. Con-
versely, since (Eg”)*, (Fs®)? are connected and dime ((e6€)*') = 30 4 8 x 2



472 Ichiro Yokota

(Theorem 3.15) = 46 = 1 + 45 = dimc(C @ 50(10,C)) = dime((e69)7), we
have (E¢“)*" = (E¢“)?. Therefore (Es)ca = (E6©)7 = (C*xSpin(10,C))/Z4
(Theorem 3.10 (1)). O

3.6.1. Subgroups of type R ® D55, R® R® Dyy) and R D55 of
Ee o)

Using the same notations as in 3.6, we shall determine the group structures
of

(Bo(6))ev = (E6)* N (EsC)™,  (Egs))o = (B6©)** N (E6¥)™1,
(Es(s))ed = (E%)= N (Ee¥)™n.

Theorem 3.17. (1) (Eg(6))es = (R x spin(5,5)) x {1, p}.
(2) (Es(e))o = (RT x R x spin(4,4)) x ({1,0'} x {1, p}).
(3) (Eo(s))ea = (RT x spin(5,5)) x {1, p}.

Proof. (1) and (3) are as same as Theorem 3.11 (1).
(2) is found in [8] Theorem 3.25 (2). O

3.6.2. Subgroups of type R © D537, R ® R © Dy_2) and RO
D5(—27) of E6(—26) R
Let 71 = 6, '761,6; = exp(m/2)iFy(1) ([8], 3.4.4) and we use the fact that
_ Cy\my
Eg(—26) = (6~ ).

Theorem 3.18.  The 3-graded decomposition of eg—26) = (e69)1,
e6(6) = 9-3DPPg 2DPg_ 1 DG DY PP D g3
with respect to adZ, Z = 2iGoy + (4/3)(2E1 — E2 — E3)™, is given by

iGo1, Ga3, Goua, Gas, Gag, Ga7, Gaa, G35, (2E1 — Ey — E3)~,
G's6, Gar, Gus, Gag, Gar, Gz, Gs7, Ger, i(Ey — E3)™,

D7V Aiea), As(es), Arlen), Ailes), Ai(es),  Ailen),
iFi(e2), ilfi(es), iFi(ea), iFi(es), iFi(es), iFi(er) 30
(As(1+ier) + Fy(1 +ie1)) +i(As(1 +ier) — F5(1+ier)),
i(Aa(1 +ider) + Fo(1 +ier)) + (As(1 +der) — F3(1 +deq)),
(Ag(BQ + ieg) + Fg(eg + 263)) - i(A~3(62 - i€3) - ~3(62 — ieg)),
g, = i(:42(€2 + ie3) +F2(62 +ie3)) — (/}3(62 —ie3) — 1‘3‘3(62 —ies)),
- (Az(eq +ies) + Fa(ea +ies)) — i(As(eq — ies) — Fa(eq — ies)),
i(Az(eq +ies) + Fo(es +ies)) — (As(ea —ies) — Fi(eq — ies)),
(Az(es + ie7) + Fa(es + ie7)) — i(As(es — ie7) — Fs(es — ie7)),
i(Az(eg +ier) + Fa(es +ier)) — (Az(es —ier) — Fi(es — ier)) 8

g _ iGoa + Glg, iGoz + Glg, 1Gos + G1a Z:Zh(l — i61),
-2 iGos + Gis, 1Gog + Ghe, 1Gor + Gir Fi(1 —iey) 8
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(Ag(1 —ider) + Fo(1 —ier)) +i(As(1 —deq) — 3(171‘61)),
1(242(17161)4*1*:‘2(17261))+(A ~(].7’&61) (17%‘61)),
(Ag(eg —iez) + Fg(eg —ie3)) — (/}3(62 + ie3) — 3(62 + ie3)),
0= i(As(ez —ie3) + F2( es —iez)) — (As(e2 +ies) — F3(€2 +ie3)),
-3 (A2(64 —ies) + F2(€4 —ies)) — 2(43(64 +ide5) — F3(€4 +ies)),
(542(64 + ies) +F2( 4 —iez)) — (As(es +ies) — F3(€4 + ies)),
(Ag(eg —ie7) + Fg(eg — i67)) 2(43(66 +iez) — F3(€6 + i€7)),
i(As (e —ier) + Fa(es —ier)) — (As(eq +ier) — Fy(eq + ier)) 8
g1 =7(Mg_1))7 82 =T(Ng_2))T, 83 = T(A9_3))T-

Proof. We can prove this theorem in a way similar to [8] Theorem 3.35,
using [8] Lemma 3.34. O

Using the same notations as in 3.6, we shall determine the group structures
of

(Es(—26))ev = (B69)* N (Bs“)™,  (Eg(—26))o = (Ee°)* N (Eg)™,
(Eg(—26))ea = (E6)™ N (Eg“)™.

Theorem 3.19. (1) (Eg(_26))e0 = RT x Spin(9,1)).
(2) (Eg(-26))0 = (R" x R x Spin(8)) x ({1,0"} x {1, p}).
(3) (Fo(—26))ea = R" x Spin(9,1).

Proof. (1) and (3) are found in [8] Theorem 3.37 (1).
(2) is found in [8] Theorem 3.37 (2). O
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