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A note on moduli of vector bundles on rational
surfaces

By

Kota YOSHIOKA

1. Introduction

Let (X, H) be a pair of a smooth rational surface X and an ample di-
visor H on X. Assume that (Kx,H) < 0. Let My(r,c1,x) be the mod-
uli space of semi-stable sheaves E such that rk(E) = r, ¢1(E) = ¢; and
X(E) = x. The relationship between moduli spaces of different invariants
is an interesting subject to be studied. If (¢;, H) = 0 and x < 0, then
Maruyama [Ma2], [Ma3] studied such relations and constructed a contraction
map ¢ : Mg (r,c1,x) — Mpg(r—yx,c1,0). Moreover he showed that the image is
the Uhlenbeck compactification of the moduli space of p-stable vector bundles.
In particular, he gave an algebraic structure on the Uhlenbeck compactification
which was topologically constructed before. After Maruyama’s result, Li [Li]
constructed the birational contraction for general cases, by using a canonical
determinant line bundle, and gave an algebraic structure on the Uhlenbeck
compactification. Although Maruyama’s method works only for special cases,
his construction is interesting of its own. Let us briefly recall his construction.
Let E be a semi-stable sheaf such that tk(F) = r, ¢1(F) = ¢; and x(E) = x.
Then H' (X, E) =0 for i = 0,2. We consider the universal extension

(1.1) 0—EFE—F—H(X,E)®Ox — 0.

Maruyama showed that F is a semi-stable sheaf such that rk(F) = r — y,
c1(F) = ¢; and x(F) = 0. Then we have a map

(1.2) ¢: Mg(r,c1,x) = Mg(r—x,c1,0).

He showed that ¢ is an immersion on the open subscheme consisting of p-
stable vector bundles and the image of ¢ is the Uhlenbeck compactification.
For the proof, the rigidity of Ox is essential. In this note, we replace Ox by
other rigid and stable vector bundles Fy and show that similar results hold,
if the Eop-twisted degree degg, (E) := (c1(Ey ® E), H) = 0. If H is a general
polarization, then we also show that im ¢ is normal (Theorem 4.5).
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We are also motivated by our study of sheaves on K3 surfaces. For K3
and abelian surfaces, an integral functor called the Fourier-Mukai functor gives
an equivalence of the derived categories of coherent sheaves, and under suitable
conditions, we get a birational correspondence of moduli spaces (cf. [Y3], [Y?5],
[Y6]). For rational surfaces, we can rarely expect such an equivalence (cf.
[Br]). For example, an analogue of Mukai’s reflection [Mul] (which is given
by (1.1)) may lose some information. Indeed we get our contraction map ¢ :
My(rye1,x) = Mpu(r—x,c1,0).

In Section 5, we also consider the relation between different moduli spaces
in the case where degp £ = 1. Then we find some relations on (the virtual)
Hodge numbers (or Betti numbers) of moduli spaces. If X = P2 by using
known results on Hodge numbers ([E-S], [Y1]), we calculate Hodge numbers of
some low dimensional moduli spaces. We also determine the boundary of the
ample cones in some cases.

2. Preliminaries

2.1. Twisted stability

Let X be a smooth projective surface defined over an algebraically closed
field . For a point P € X, £p denotes the skyscraper sheaf on X defined by
the structure sheaf of P. Let K(X) be the Grothendieck group of X. For
x € K(X), we set

(2.1) v(z) = (tkz,c1(z), x(z)) € ZB NS(X) @ Z.

Then v : K(X) — Z @ NS(X) & Z is a surjective homomorphism and ker v is
generated by Ox (D) — Ox and ¢p — £, where D € Pic’(X) and P,Q € X.
For v = (r,e1,x) € Z®NS(X) @ Z, we set tky =r, ¢1(y) = ¢1 and x(y) = x.
For coherent sheaves F/, F' on X, we set

(2.2) X(E,F):=Y (1) dimExt'(E, F).

(2:3) (z,y) = x(,y).

Lemma 2.1.  Forxz,y € K(X), we have

x(z,y) = —rk(z) rk(y)x(Ox) — (c1(z), c1(y))

(2.4) + rk(y) (Kx, e1(z)) + tk(z)x(y) + rk(y)x(y).

In particular, x(z,y) = x(y,z) + (Kx,c1(y"Y ® x)), where y¥ is the dual of y
in K(X) (that is, y¥ == 37 (—=1)i€atl, (y, Ox)).
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Proof. Let chy(z) € A%2(X)®Q ([F]) be the second Chern character of .
By the Riemann-Roch theorem, we get

(2.5) x(x) =rk(z)x(0Ox) — (Kx,c1(x))/2 + /X cha ().
Hence [ chy(z) = x(x)—rk(z)x(Ox)+(Kx,c1(x))/2. Applying the Riemann-
Roch theorem to x(z,y), we get (2.4). O

By (2.4), x( , ) also induces a bilinear form on Z & NS(X) & Z. We also
denote it by x( . ): x(v(#),7(y)) = x(, y)-

Definition 2.1.  Let My (v)* % (resp. Mg (7)"*) be the moduli stack
of p-semi-stable sheaves (resp. p-stable sheaves) E such that v(E) = v €
Z®NS(X) @ Z.

Let Q(v) := Quot’éx(il)e; N /X be the quot-scheme parametrizing all quo-
tients Ox(—)®N — E with v(E) = 7. Assume that N = y(E(l)). Let
Qu(7)*** be the open subscheme of Q(vy) whose points consist of quotients
Ox(=1)®N — E such that

(1) E is a pu-semi-stable sheaf with respect to H,

(2) H(X,0%") — H°(X, E(l)) is an isomorphism and H(X, E(l)) = 0
for i > 0.

The general linear group GL(N) acts naturally on Qg (7)**¢. For a sufficiently
large I, M (7)**% is described as a quotient stack:

(2.6) Mpu (1) = [Qu(7)"**/GL(N)].

For G € K(X) ® Q with rkG > 0, we define the G-twisted rank, degree,
and Euler characteristic of z € K(X) ® Q by

kg (z) = 1k(GY ®@ 2),
(2.7) degg(2) == (c1(GY @ 2), H),
xa(z) = x(G¥ @ x).
For t € Qs¢, we get
. doggle) _demols)  xoln) _ wic)
’ rkg(z) rkig(z) rkg(z)  rkeg(z)

We shall define the G-twisted stability as follows.

Definition 2.2 ([Y6]). Let E be a torsion free sheaf on X. E is G-
twisted semi-stable (resp. stable) with respect to H, if

YG(F(nH)) _ xc(E(mH))

(29) I"kg(F) - I"kg(E) ’

n>0

for 0 C F C FE (resp. the inequality is strict).
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By the Riemann-Roch theorem, we see that

(2.10)
xg(E(mH)) xc(F(nH)) _ (deg(E) B deg(F)) n (X(E) X(F))
rkg(FE) rkg(F) rk(E) rk(F) tk(E) rk(F)

+(01(E) c1(F) Cl(G)>.

k(E) tk(F) kG

Hence the twisted stability depends only on o := ¢;(G)/1kG € NS(X) @ Q
and it is nothing but the twisted stability due to Matsuki-Wentworth [M-W].
By (2.10), the following relations hold:
(2.11)

u-stable = G-twisted stable = G-twisted semi-stable = p-semi-stable.

As the usual stability, we have the notion of the Harder-Narasimhan filtration
and the Jordan-Holder filtration. For a G-twisted semi-stable sheaf F, let

(2.12) F:0clhHhCF,C---CFs=F

be the Jordan-Holder filtration of E with respect to the G-twisted stability.
We define the Jordan-Hélder grading by

(2.13) gr(E) =@ Fi/Fie1.
i=1

As the usual stability, gr(E) does not depend on the choice of F. The S-
equivalence ~ is the equivalence relation such that £ ~ E’ if and only if

gr(E) = gr(£").

Definition 2.3. For v € Z @ NS(X) @ Z, let M%(7)** be the moduli
stack of G-twisted semi-stable sheaves E with v(FE) = v and M%(7)*® the open
substack consisting of G-twisted stable sheaves. For the usual stability, i.e.,
G = Ox, we denote MG* ()% by My (7).

Let Q% (7)®* be the open subscheme of Qg (7)*** in (2.6) such that the
quotient sheaf E is G-twisted semi-stable. Then

(2.14) MG (7)* = [QF (7)**/GL(N)].

Theorem 2.2 ([M-W]).

(1) There is a coarse moduli scheme Mi(v) of S-equivalence classes of
G-twisted semi-stable sheaves E with v(E) = 7.

(2) Mf[(’y) is a projective scheme over t.
For a p-semi-stable sheaf F, let

(2.15) F:0cklhHhCF,C---CFs=F
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be the Jordan-Holder filtration of E with respect to the u-stability. We set
E; := F;/F;,_;. We define a Jordan-Holder grading with respect to the u-
stability by:

(2.16) gt (E) = @ E;.

Unfortunately grix(E) depends on the choice of the filtration F. In order to get
an invariant of F itself, we set

S S

(2.17) or(E) = P E o Per(EYY/E)),

i=1 i=1
where EYV := Home, (Homo, (Ei,Ox),Ox) is the double dual of E; and
gr(EYV/E;) is the Jordan-Holder grading of the semi-stable sheaf EY /E;.

Remark 1. Every 0-dimensional coherent sheaf E' is semi-stable in the
sense of Simpson [S] and every O-dimensional stable sheaf is the skyscraper
sheaf ¢, x € X.

Lemma 2.3. og(E) does not depend on the choice of F. Hence we may
denote op(E) by o(E).

Proof. We shall prove our claim by induction on rk £. We may assume
that E is properly p-semi-stable. It is easy to see that

(2.18) or(E) = op(EY) @ gr(E"Y/E),

where F is the Jordan-Hélder filtration of EVV induced by the filtration F.
Hence we may assume that E is locally free. Let

(2.19) F:0CF/ CF,C---CF. =E,  i=1.2

be two Jordan-Holder filtrations of E. By the induction hypothesis, we may
assume that F! # F2. Since ! and F}? are p-stable, we see that F} + F? =
F} @© F2. We take the Jordan-Hélder filtrations of E

(2.20) F:.0CF/CFiCc---CF/=E, i=34
such that

FY = F}, F{ = F},
(2.21) F3 = Fy = F! + F},

F}=F}, j>3.

Obviously ogs(E) = ops(E). Let Fi, 1 < i < 4 be the induced filtration of F*
on E/F}. By the induction hypothesis, we get
oF! (B/F}) = Uf3(E/F11)7

(2.22) ) )
052 (E/F2) = 054 (E/F?).
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Hence we see that

o1 (E) = F{ ® o (B/F})
= F| ®ogs(E/F))
= ops(E)
= op1(FE) = op2(FE).

(2.23)

3. Construction of the contraction map

From now on, we assume that (X, H) is a pair of a rational surface X
defined over ¢ and an ample divisor H on X. Thenv: K(X) - Z ®NS(X)®Z
is an isomorphism. Throughout this note, we assume that

(3.1) (Kx,H) <0.
By this assumption and the Serre duality, we get the following lemma.

Lemma 3.1.  Let E and F be torsion free sheaves such that deg E/rk E
=deg F/rk F. Assume that E and F are p-semi-stable with respect to H. Then
Ext?(E,F) =

Definition 3.1. A coherent sheaf E on a rational surface X is excep-
tional, if

Hom(E, E) = ¢,
(3.2) Ext' (B, F) =
Ext*(E, E) = 0.

Example 3.1. Ox is an exceptional sheaf. Let E be a stable torsion
free sheaf with respect to H. If F is rigid, that is, there is no infinitesimal
deformation, then by Lemma 3.1, we see that E is an exceptional vector bundle.
For more details on exceptional vector bundles, see [D1], [D-L].

Let Ey be an exceptional vector bundle which is stable with respect to H.
Let eg € K(X) be the class of Ey in K(X). We set vy := y(Ep) and w := y(tp),
P € X. We define homomorphisms L, R, : K(X) — K(X) by
(3.3) L, (z) =2 — x(x,eo)eo, z € K(X),
' R.,(z) ==z — x(eo, x)eq, z € K(X).
It is easy to see the following equality.

Lemma 3.2.  x(z,Re,(y)) = x(Le, (2),y) for all x,y € K(X).

3.1. Existence of a p-stable vector bundle
In this subsection, we shall give a sufficient condition for M g (ryo — aw)**
to be non-empty.
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Lemma 3.3.  Assume that My (ryy — aw)# 55 # 0. Then Mg (ryo —

aw)"=5% is smooth and dim M (ryo — aw)*™*% = 2ratk Ey — r2.

Proof. For E € Mg (rv — aw)***, Lemma 3.1 implies that
(3.4) Ext*(E, E) = 0.
Hence Mg (rvyo — aw)# %% is smooth and
(3.5) dim My (ryo — aw)*** = dim Ext(E, F) — dim Hom(E, E)
= —x(E,E) =2rark Ey — r*.

O

Lemma 3.4. If M5 (ryo—aw)® #0, thenr =1 anda = 0, or ark Eog—
r>0.

Proof. Let E be an element of ME? (ryy — aw)®. Since E is simple and
Ext*(E, E) = 0, we get

1 > dimHom(E, E) — dim Ext*(E, E)

(3.6) )
=x(E,E)=1r"—2rark Ey.

Hence a > (1/(2rk Ep))(r — 1/r) > 0. Assume that x(Eo, E) = r — ark Ey >
0. Then there is a non-zero homomorphism Ey — E. Since ¢1(E)/tkE =
c1(Ep)/ 1k Ey, the Ey-twisted stability of E implies that

1 _ X(EOaEO) < X(E07E) _r= CLI'kEO

tkE,  tkE, ~ rrkE, rrk Ey

(3.7)

and the inequality is strict, unless » = 1. Therefore a =0 and r = 1. O

Lemma 3.5.  Let E be a p-semi-stable sheaf of degp, (E) = 0. Then the
canonical evaluation homomorphism ev : Hom(Ey, E) ®¢ Ey — E is injective
and coker(ev) is u-semi-stable.

Proof. We set G := ker(ev). Then G is locally free and degg, (G) = 0.
Assume that G # 0. Let Gg be a p-stable locally free subsheaf of G such that
degp, Go = 0. Then we have a non-zero homomorphism ¢ : Go — Ep. Since
Gy is locally free and degg, (Go) = 0 means deg(Go)/ rk Go = deg(Ep)/ 1k Ey,
¢ must be an isomorphism. Hence Hom(Ey, Gp) # 0. On the other hand, ev
induces an isomorphism

(3.8) Hom(Ey, Hom(FEy, E) ®¢ Fy) — Hom(Fy, F).

Hence Hom(Ey,G) = 0, which is a contradiction. Therefore G = 0. We
next show that I := coker(ev) is p-semi-stable. Assume that I has a torsion
submodule T. Then J := ker(E — I/T) is a submodule of E containing
im(ev). By the p-semi-stability of £, 0 > degg, (J) = degg, (T). Hence T is of
dimension 0. Since im(ev) is locally free, J = im(ev). Thus I is torsion free.
Then it is easy to see that coker(ev) is u-semi-stable. O



146 Kota Yoshioka

Corollary 3.6.  If My(ryo — aw)*5° # 0, then a > 0.

Proof. If a < 0, then dim Hom(Ey, E) > r for all E € Mg (ryo — aw)* 5.
By Lemma 3.5, we get a contradiction. O

Proposition 3.7. My (ryo—aw)** # 0, if r —ark Ey < 0. Moreover,
there is a p-stable locally free sheaf E with v(E) = rvyy — aw.

Proof. Let W be a closed substack of Mg (ryo — aw)*** such that E be-
longs to W if and only if there is a quotient F — G such that (¢;(G)/rk G, H) =
(c1(Eo)/ tk Eo, H) but ¢1(G)/ 1tk G # c1(Ey)/ 1k Eg. Let f : Eg" — @i, ta,,
xz; € X be a surjective homomorphism. Then E := ker f is p-semi-stable and
does not belong to W. Hence My (ryy — aw)*** \ W is a non-empty open
substack of Mg (ryo — aw)**5. For pairs of integers (r1,a;) and (rg,as) such
that 71,79 > 0, a1,a2 > 0 and (r; + ro,a1 + a2) = (r,a), let N(ri,a1;r2,a2)
be the substack of My (rvy — aw)**° consisting of F which fits in an exact
sequence:

(3.9) 0—-F —FE— FEy —0,

where E} is a p-stable sheaf with v(E7) = r170 — a1w and Ej is a u-semi-stable
sheaf with v(Es) = r9y9 — asw. By Lemma 3.1, we get Eth(EQ, E;) =0. By
[D-L, Section 1] or [Y4, Lemma 5.2], we see that

COdimMH(r'yo—aw)/"“ N(’I“l, ai;ro, ag) > —X(El, EQ)

(310) = (a17“2 =+ (127“1) rk Eg — r179.

By Lemma 3.4, (a1 + a2)rk Ey — (r1 + 7r2) > 0. Hence if a3 = 0 or ay = 0,
then we get (ajre + agry) tk Eg — rir9 > 0. If a3, as > 0, then by using Lemma
3.4 again, we see that (ayre + asri)rk Eg — r1re > asrirk Ey > 0. Therefore
N(r1,a1;72,a2) is a proper substack of Mg (ryg — aw)#* \ W, which implies
that My (ryo — aw)** # 0. By [Y1, Theorem 0.4], the locus of non-locally
free sheaves is of codimension rrk Ey —1 > 0 (use (4.7) in Section 4.1). Hence
M (ryo — aw)*® contains a locally free sheaf. O

3.2. Universal extension and the contraction map
We define a coherent sheaf £ on X x X by the following exact sequence

(3.11) 0— & — pi(EY) @ p5(Ey) &5 Oa — 0.

Then £ is pp-flat and &, := &z}« x is an Ep-twisted stable sheaf with v(&,) =
rk(Ep)y(Eo) — w. In particular x(Ep,E;) = 0. Let E be a coherent sheaf on
X. By (3.11), we have an exact sequence:

0 —— po(E@pi(E)) —— Hom(Ey, E)®¢ By —~— E
(3.12) ——— R'py.(E ®pi(E)) —— Ext’(Ey, E) ® By —— 0

—— R’p2.(E @ pi(E)) —— Ext’(Eo, B) ® By — 0.
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Lemma 3.8.  For a u-semi-stable sheaf E of degg (E) =0, we have

(3.13) p2:(€ ® pi(E)) = R*p2. (€ @ pi(E)) = 0.

Proof. For E € My (v)**°, Lemma 3.5 implies that ev : Hom(Ey, ) ®¢
Ey — E is injective. Hence p2.(€ ® pi(E)) = 0. By Lemma 3.1, we get
Ext?(Ey, E) = 0. Therefore R?py. (€ @ pi(E)) = Ext*(Fy, E) ®¢ Eg =0. [

The following is our main theorem of this section.

Theorem 3.9.  Lete € K(X) be a class such that tke > 0 and degp, (e)
= 0. Then,

(1) we have a morphism ¢, ey : Mg (vy(e)) — Mflo (v(é)) sending E to the
S-equivalence class of R'pa.(€ @ pi(E)), where é := Re,(e).

(2) The restriction of ¢~y to Mu(y(e))*='°¢ is an immersion, where
My (y(e))-5te¢ is the open subscheme consisting of u-stable vector bundles.

(3) 6(e)(E) = boe) (') if and only if o(E) = o(E").
In order to prove this theorem, we prepare some lemmas.
Lemma 3.10.
(3.14) Rp:.(€ ® pi(Eo)) = 0.
Proof. 'We note that degg, (£o) = 0. Since ev is isomorphic and
(3.15) Ext!'(Ey, Ey) = 0,

by using (3.12), we get that R'ps.(€ @ pi(Ep)) = 0. This and Lemma 3.8
imply our claim. O

Lemma 3.11.  For a pu-semi-stable sheaf E of degg, (E) = 0, we have
(3.16) Hom(Ey, R'pa. (€ @ pi(E))) = 0.

Proof. By the Leray spectral sequence and the projection formula, we get
(3.17)  Hom(Ey, R'p2.(E @ pi(E))) = HY(X x X,E @ p}(E) @ p3(EY)).

Since Rp1.(€ @ p3(EY)) = 0,

L
(3.18) Rp1.(€ @ pi(E) @ p3(Ey)) = Rp1.(€ @ p3(Ey)) @ E =0,
which implies our claim. ]
For simplicity, we set [ := Rlps. (€ @ pi(E)).

Proposition 3.12.  For a p-semi-stable sheaf E of degp, (E) =0, E s

~

an Ey-twisted semi-stable sheaf with x(Eq, E) = 0.
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Proof. By (3.12) and Lemma 3.5, E fits in an exact sequence
(3.19) 0 — Hom(Ey, E) ®¢ Ey 8 E — E — Ext!(Ey, E) ®¢ Ey — 0.

By using Lemma 3.5 again, we see that Eis p-semi-stable. It is easy to see that
X(Fo, E) = 0. Assume that E is not semi-stable and let G be a destabilizing
subsheaf. Then degg, (G) = 0 and x(Ep,G)/rkG > 0. By Lemma 3.1, we get
Ext?(Ey, G) = 0. Hence Hom(Ey, G) # 0, which contradicts Lemma 3.11. [

Remark 2. If E is an Ey-twisted semi-stable sheaf such that x(Fo, E)
< 0, then E fits in an exact sequence

(3.20) 0— E — E — Ext'(Ey, E) @ Eg — 0.
By Lemma 3.11, (3.20) is the universal extension.

Lemma 3.13.  Let E be a pi-stable vector bundle of degg, (E) = 0. Then
E is an FEy-twisted stable vector bundle.

Proof. We may assume that F # Ey. Then E fits in the universal exten-
sion

(3.21) 0—E—E— E -0,

where h = dim Ext'(Ey, E). Hence E is locally free. Assume that E is not
Ey-twisted stable. By Proposition 3.12, there is an Ep-twisted stable subsheaf
G1 of E such that degp (G1) = Xx(Eo,G1) = 0 and Gy := E/Gy is an Ep-
twisted semi-stable sheaf with degg, (G2) = x(Eo,G2) = 0. If E is contained
in G1, then we get a homomorphism Egah — Gao. Since x(Ep,G2)/1tkGs =0 <
x(Eo, Egah)/h rk Ey, we get a contradiction. Hence F is not contained in Gj.
Since FE is p-stable, we get E N G1 = 0. Hence G; — Egah is injective. Let G’
be a p-stable locally free subsheaf of Gj. Then we see that G’ = Ej, which
implies that G is not Ey-twisted stable. Therefore E is Eg-twisted stable. [

Proof of Theorem 3.9. Let {Fs}ses be a flat family of p-semi-stable
sheaves of degp, (Fs) = 0. Then Lemma 3.8 and Proposition 3.12 imply that
{.7—'; }ses is also a flat family of Ep-twisted semi-stable sheaves (cf. [Mu2, The-
orem 1.6]). Hence we get a morphism ¢, () : Mpu(y(e)) — M (v(€)). Let E
be a p-stable vector bundle of degp (£) = 0 and ¢ : E — T a quotient such
that T is of dimension 0. Then for F' := ker ¢, we get an exact sequence

(3.22) 0 — po(E@pi(T)) — F — E — 0.
Let

(3.23) ochhchc---CcT,=T
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be a filtration such that T;/T;_1 = ¢,,, z; € X (i.e, the Jordan-Holder filtration
with respect to Simpson’s stability). Then G := p2.(€ ® pj(T)) has a filtration

(3.24) 0cGicGyC---CGp=G
such that G,;/G,_1 = &,,. Since Eis an FEy-twisted stable sheaf with
(3.25) degp, (E) = x(Eo, Eo) =0,

F is S-equivalent to E ® @, &,

For a p-semi-stable sheaf E of degp (E) = 0, let gri(F) = @), E;
be the Jordan-Holder grading of E with respect to the p-stability. We set
gr(EYV/E;) = @j t., ;- Then o(E) = @?ZI(EZ-VV © @, ;) and gr(E) =
@zﬁ:l(iv\v © D&, ;). Since JEZV\V are locally free, the set of pinch points of
gr(E) is {z,}i;. By Proposition 3.14 and Remark 3 below, EY is uniquely

~

determined by EYV. Hence o(FE) is determined by gr(E). Hence the claim
(3) holds. The second claim follows from Remark 3 (the proof is left to the
reader). O

Proposition 3.14.  Let F be an Ey-twisted stable sheaf such that
(3.26) deg, (F) = x(Eo, F) = 0.

Then
(1) F=¢&,z€X, or
(2) F fits in an exact sequence

(3.27) 0—FE—F—E™—0,
where E is a p-stable locally free sheaf.

Proof. Assume that F' is a u-stable non-locally free sheaf. Since
(3.28) X(Eoy F¥Y) = x(Bo, F¥Y [F) > 0

and Ext?(Ey, FVV) = 0, we see that FVY = E,. Since x(Eo, F) = 0, we see
that tk Fg =1and F =2 &, x € X. If F is a u-stable locally free sheaf, then F
satisfies (2) with n = 0. Assume that F' is not u-stable and there is an exact
sequence

(3.29) 0—Gy —F—Gy—0,

where G is a p-stable sheaf of degy, (G1) = 0 and Gy is a p-semi-stable sheaf
of degp, (G2) = 0. Then we get an exact sequence

(3.30) 0>G —F—Gy—0.

Since F is Fy-twisted stable and x(Fo, F) = 0, we get Hom(Fy, F') = 0, and
hence we also get Ext'(Ey, F) = 0. By using (3.12) and Lemma 3.8, we see
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that F = F. In particular Fis Ey-twisted stable. By the stability of F', we get
X(Fo,G1) < 0. In particular we get Ext! (Eo,Gl) # 0. Combining this with
(3.12), we get Gh # 0. Therefore G, = F and G, = 0. By using (3.12) and
Lemma 3.8 again, we see that Hom(Ey, G2) ®¢ Ey — G is an isomorphism.

We note that é\l fits in an exact sequence
(3.31) 0 — pan(E @ P}(GYY/G1)) — G1 — GYY — 0.

By the stability of F, (i) GYV/Gy = 0, or (ii) GYV/G1 = ¢, v € X and
GYV = 0. Therefore G is locally free, or F = &,. O

Remark 3. If F fits in the exact sequence (3.27), then
(3.32) E = ker(F — Hom(F, Ep)" ®¢ Ey).
Thus F is uniquely determined by F.

Example 3.2.  Assume that (X, H) = (P?,Op2(1)) and Ey = Qx(1).
Then we have a contraction

(3.33) Mpy(2,-H,—n) = [] Mu(2,—H,—k)"*' x 5"k X

0<k<n
sending E to o(E) = (EYV,gr(EVV/E)).

Remark 4. For a p-semi-stable sheaf E of degg (E) = 0, H(E) :=
Ext) (p5(E),€) is an Ey-twisted semi-stable sheaf such that degpy (H(E)) =0
and x(Ey,H(E)) = 0. Indeed, it is easy to see that H(E) is a p-semi-stable
sheaf such that deggy H(E) = 0 and x(Ey, H(E)) = 0. Since

(3.34) Hom(Ey, H(E)) = Ext' (p3(E), £ ® pi (Eo)) = 0,
H(E) is Ey-twisted semi-stable. Hence we have a morphism

(3.35) ey - M1 (y(e)) — T3 (4(eY)).

It is easy to see that 1), (¢ is an isomorphism and we get a commutative diagram.

(b(%ﬁf;’(v(e)) e myﬁfﬁwevn
_ Vry(e) S
M (1) My (v(V))
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4. The image of the contraction

4.1. Brill-Noether locus
We set 7 := mryy — cw, where m = crk Ey. Assume that H is general

with respect to 7, that is, for every u-semi-stable sheaf F' with v(F) =74 and
a subsheaf F’ of F,

deg(F') _ deg(F)
tk '~ tkF

!
if and only if (i) _— (7)

(41) rk(F") rk F’

(cf. [M-W], [Y2], [Y4]). Hence we get ME?(7)%* = My (7)** (cf. (2.10)). We
define the Brill-Noether locus by

(4.2) My F,n) = {F € My (7)"**| dim Hom(F, Eg) > n}

and the open substack Mg (7,n)o == Mu®H,n) \ Mu(¥,n+ 1). By using a
determinantal ideal, we see that My (7, n) has a substack structure. Indeed,
let Qu(7)*** be the standard open covering of Mg (7)*** in (2.6). We may
assume that

(4.3) HY(X,Eo(l)) =0, i>0.

Let Og,, 7ym-s=xx (=) — Q be the universal quotient and K the universal
subsheaf. We set

V.= HOIII;DQI_I(:{W_SS (OQH(%H.SS ><X(—l)@N7 OQH(;Y\)M.SS ®¢ Ep),

(4.4)
W= HomPQH(:,)wss (IC, OQH(;;);L»SS X Eo)

Since Ext*(Qq, Eo) = Hom(Ey, Qu(Kx))¥ = 0, ¢ € Qu(9)"**, (4.3) implies

that Ext’(K,, Ey) = 0 for all i > 0 and ¢ € QH( )#s5. Hence V and W are

locally free sheaves on Qg (5)**° and we have an exact sequence

(4.5) 0— Hom(9Q,,Ep) =V, - W, — Ext! (Qg, Eo) — 0, g€ QuB)H*.

Therefore we shall define the stack structure on Mg (7, n) as the zero locus of
ANV — AW, where s =dimV —n+1=dimW —n + 1.

Let Mg (,n70) be the moduli stack of isomorphism classes of F' — E&"
such that F € Mg(3)"** and Hom(E§", Ey) — Hom(F, Ey) is injective.
We have a natural projection Mg (J,ny)) — Mg(H,n). Let Mu(F,nv0)o
be the open substack of My (7,nvy) consisting of F with an isomorphism
Hom(E§™, Ey) — Hom(F,Ey). By [ACGH, Chapter II Section 2, 3],
My (7, n70)0 is isomorphic to Mg (5, n)o.

We shall show that Mg (5,n) is Cohen-Macaulay and normal. By [F,
Theorem 14.3] (or [ACGH, Chapter II Proposition (4.1)]), if My (¥,n) has an
expected codimension, that is, codim g, (5)u-ss Mg (5,n) = n?, then My (5,n)
is Cohen-Macaulay. We shall estimate the dimension of the substack Mg (¥;n

a) of My (7)""* consisting of F' € My (7)""** such that dim FVV/F = p and
FVV fits in an exact sequence

(4.6) 0—-E—F"YW —-G—0,
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where E is a p-semi-stable sheaf with v(E) = ryy — bw, GVY = EJ"™ and
v(G) = nyg — aw.

Lemma 4.1.  codimy,, 5)u-ss Mg (F;n, p,a) > n*+ (rrk Eg—1)(a+p).

Proof. For a locally free sheaf L, let QuotaL“/’X/B be the quot-scheme
parametrizing all quotients L — A with y(4) = aw. Then [Y1, Theorem
0.4] implies that

(4.7) dim Quot7x = (tk L + 1)a.

Let N be the substack of Mg ((r +n)yo — (a + b)w)*** consisting of F' which
fits in an exact sequence

(4.8) 0—-FE—-L—-G—0

where E is a p-semi-stable sheaf with v(E) = ryy — bw, GVY = EP" and
v(G) = nyg — aw. By [Y4, Lemma 5.2], we see that

(4.9)

dim N < dim Mg (ryo — bw)* % 4+ dim([Quot%“é;n/X/é/Aut(E?")]) —x(G,E)
= (2rbrk By — 72) + ((n1k By + 1)a — n?) + ((ra 4+ nb) rk By — n))
=(r+n)((a+d)rtkEy— (r+n)) +n(r+n)+a+brrk By —n?.

Hence by using (4.7) and the assumption (a + b+ p) rk Ey = r 4+ n, we see that

dim My F;n,p,a) =dim N + ((r +n)rk Ey + 1)p

(4.10) ,
<n(r+n)+a+p+brrkEy—n-.

Therefore we get

4.11
E:OdirilMH(:Y\)uss My F;n,p,a) > (r+n)2(a+b+p)rk Eg — (r +n))
—(n(r+n)+a+p+brrk Ey — n?)
=(r+n)?—n(r+n)—(a+p+brrk By —n?)
=n? + (rrk By — 1)(a + p).

]
Corollary 4.2. Ifr:=m—n > 1, then My(H;n) is Cohen-Macaulay.

Assume that 71k By > 2. Then codimpy, 5,0 Mu(F;n 4+ 1) > 2n + 1.
Thus, by Serre’s criterion, it is enough for the normality of Mg (5;n) to show
that Mg(F;n)o = Mpg(¥,m7)o is regular in codimension 1. For an ele-
ment F — EF™ of My (3,n70)0, the obstruction for smoothness belongs to
Ext?*(F,F — EJ™).
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Lemma 4.3. If F — EJ" is surjective or F is locally free, then
(4.12) Ext*(F,F — E™) = 0.

Proof. We have an exact sequence
(4.13) Ext?(F, E) — Ext*(F, F — Ey™) — Ext*(F,G — EJ™),
where E := ker(F — E$") and G := im(F — EJ"). By Lemma 3.1, we
get Ext?(F, E) = 0. Since Ext*(F,G — EJ™) = Ext!'(F, E$"/Q), we get our
claim. 0

If a +p > 2, then codim g, 5)u-ss Mu(F;n,p,a) > 2. If a+p < 1, then
a =0 orp=0. Assume that F' € Mpy(7,n)o belongs to My H;n,p,a). If
p =1 and a = 0, then FVV fits in an exact sequence (4.6). For a general
quotient map f: FVV — &,, v € X, ker f N E # E. This means that F' — E$"
is surjective. If p = 0, then F is locally free. Therefore by using Lemma 4.3,
we see that My (5, n) is regular in codimension 1.

Proposition 4.4.  Assume that rtk Ey > 2. Then Mg(H;n), n =
m — 1 s normal and a general member F fits in an exract sequence

(4.14) 0—FE—F—E™—0,
where E € My (5 — nyo)* !¢ and Hom(E, Ey) = 0.
The following is a partial answer to [Ma3, Question 6.5].
Theorem 4.5. Assume that rtk Eg > 2. For n:=m —r, we set
(4.15) My (3;n) == {F € My ()| dim Hom(F, Eo) > n}.

Then My (F;n) is normal, M g (;n) = ¢~(M (7)) and we have an identifica-
tion

(416) MH(?; n) = H H SniMH(’/‘i’}/Q — aiw)"'s’loc X SIX,

Ti,i,Mi,l T

where r;,a;,n;, 1 satisfy that a;xk Ey > 1, (r;,a;) # (rj,a5) for i # j, 1 +

Y nia; =a and Y, nyr; < v =m —n. Therefore ¢ (Mg (7)) is normal.

Proof. By Proposition 4.4, we get that MH@;Q is normal. Moreover
¢ (Mpr (7)#51°¢) is a dense subset of M g (7;n). Hence M i (J;n) = ¢y (M g (7)).
Let F be a poly-stable sheaf with v(F) =7, i.e., F is a direct sum of Ey-twisted
stable sheaves. By Proposition 3.14, there are u-stable locally free sheaves E;,
1 <4 < k with v(E;) = 79 — aw and points z; € X, 1 < j < [ such
that F = @le E;, @ @;:1 &z;. Since dim Hom(FE;, Ey) = a;tk By — r; and
dim Hom(&,,, Ey) = rk Eo, we see that

dim Hom(F, Eo) = » (a;tk Eg — ;) + 11k Eq

=ark Ey, —Zri :m—Zri.

(4.17)
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Hence F belongs to My (3;n) if and only if Y-, 7; < m —n = r. Then the last
claim follows from this. O

5. The case where degp (E) =1

5.1. Twisted coherent systems and correspondences

In this section, we shall treat the case where the Ey-twisted degree is 1,
where Ej is the exceptional bundle in Section 3. This case was highly motivated
by Ellingsrud and Strgmme’s paper [E-S]. In this section, we assume that

(5.1) (tk Bo)(—Kx, H) > 1.

Let e be a class in K (X) such that rke > 0 and deg, (e) = 1. We set v := 7(e)
and vy := v(eg) = Y(Eo). Then every p-stable sheaf E with v(E) = ~ is
pu-stable. Thus the G-twisted stability does not depend on the the choice of G.

Lemma 5.1.  Assume that there is a stable sheaf E with v(E) = ~.
Then —x(7,70) = 0.

Proof. For a stable sheaf E with v(E) = v, Hom(F, Ey) = 0. Since
degp, (E(Kx)) = degp, (F) + rk Etk Ey(Kx, H) < 0, we get Ext?(E, Ey) =
Hom(Ey, E(Kx))Y = 0. Hence —x(E, Ep) > 0. O

Proposition 5.2.  Mg(v) is projective and there is a universal family
on Mg (y) x X.

Proof.  Since deg, (e) = rkeg(ci(e), H) —rke(ci(eo), H) = 1, rke and
(c1(e), H) are relatively prime. Hence by [Mal], there is a universal family. O

In order to construct a correspondence, we consider Fy-twisted coherent
systems. Let Syst(E§",v) be the moduli space of Ey-twisted coherent systems:

(5.2)  Syst(EF™,7) = {(E,V)| E € My(v),V C Hom(FEy, E),dimV = n}.

Syst(E§"™, ) is a projective scheme over My () (cf. [Le]).
We set

(5.3) My (v); :={F € My ()| dimHom(Ey, E) = i}.

If i > n, then Syst(ES"™,7) Xary () Mu(v)i = Mu(7); is a Gr(i,n)-bundle,
where Gr(i,n) is the Grassmann variety of n-dimensional subspaces of an i-
dimensional vector space.

Lemma 5.3 ([Y3, Lemma 2.1]). For E € My(y) andV C Hom(Ey, E),
the following (1) or (2) occurs:

(1) ev: V ®¢ Eg — E is injective and coker(ev) is stable.

(2) ev: V ®¢ Eg — FE is surjective in codimension 1 and ker(ev) is stable.

Lemma 5.4.  Keep notation as above. If ev : V ®@¢ Ey — FE is surjective
in codimension 1, then
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(1) D(E) := Exty, (V @ Eo — E,Ox) is a stable sheaf of deggy D(E) =
1.

(2) Ext'(Ey, F) = 0.
In particular x(vo0,7) > n.

Proof. We have an exact sequence

gl‘tbx (im(ev) — F, Ox) — gl‘téx (V ®e By — E7OX)

— Homo, (ker(ev), Ox) — Exty  (im(ev) — E,Ox).

(5.4)

By Lemma 5.3, ker(ev) is stable and coker(ev) is 0-dimensional. Then
(5.5) Exty (im(ev) — E,O0x) = Exty, (coker(ev), Ox) = 0

and Ext3, (im(ev) — E,Ox) = Extdy (coker(ev), Ox ) is O-dimensional. Hence
D(X) is stable.
We next show that Ext'(Ep, E) = 0. Since ker(ev) is stable, we get

(5.6) Ext?(Fy, ker(ev)) = Hom(ker(ev), Fo(Kx))" = 0.

Combining the fact Ext'(Ey, Ey) = 0 with this, we see that Ext'(Fy, im(ev)) =
0. Since Ext!(Ep, coker(ev)) = 0, we get Ext!(Ep, E) = 0. O

Proposition 5.5.  Syst(E{",v) is smooth and
(5.7) dim Syst(Eg™", ) = dim M (y) — n(n — x(70,7))-

Proof. Let (E,V) € Syst(Eg",v) be an Ep-twisted coherent system.
Since V' C Hom(FEy, E), we have a homomorphism

(5.8) Hom(V @ Eo, V @¢ Eo) — Hom(V ®¢ Eg, E) — Ext'(V ®¢ Ey — E, E).

Then the cokernel is the Zariski tangent space of Syst(E§™, ) at (F, V) and the
obstruction space for the smoothness is EXtQ(V®g Ey — E,E). Ifrk(y—n~yy) >
0, then Ext*(V ®¢ Eo—E, E) = Ext?(coker(ev), E) = 0. If rk(y — nyo) < 0,
then by using Lemma 5.4 and an exact sequence

(5.9)  Ext'(V ®¢ Ey, E) — Ext*(V ®¢ Ey — E,E) — Ext*(E, E),
we see that Ext?(V @¢ By — F, E) = 0. Hence Syst(E$™,~) is smooth. Then
we see that
dim Syst(ES™, ) = dim Ext'(V @ Ey — E, E) — dim PGL(V)
(5.10) = —x(E, E) + nx(Eo, E) — (n® = 1)
= dim Mg (y) — n(n = x(70,7))-
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Proposition 5.6.  We set m := —x(v,7%)-

(1) If tky > nrk~yo, then Syst(E$™, ) is a Gr(m + n,n)-bundle over
My (y —nvyo).

(2) If tky < nrkqyg, then Syst(EF™,v) = Syst((Ey)®™, nyy — ), where
v = Y(EY) and v = (V). In particular Syst(ES™,7) is a Gr(m + n,n)-
bundle over My (nvyy — V).

Proof. We first assume that tky > nrk~y. For (E,V) € Syst(E$", ),
Lemma 5.3 implies that ev : V @¢ Ey — E is injective and coker(ev) is stable.
Thus we have a morphism 7, : Syst(E$",v) — Mpg(y — n7yo). Conversely for
G € My (v — nyo) and an n-dimensional subspace U of Ext'(G, Ep), we have
an extension

(5.11) 0—-U"®Ey—FE—G—0

whose extension class corresponds to the inclusion U < Ext'(G, Ep). Then E
is stable. Since

dim Ext' (G, Ey) = —x(G, Ep)

(5.12)
= —x(y —ny0,%) =m+n

and there is a universal family, we see that m, is a (Zariski locally trivial)
Gr(m + n,n)-bundle. Therefore we get our claim.

We next treat the second case. For (E,V) € Syst(ES",v), D(E) =
Exty (V @ By — E, Ox) fits in an exact sequence

(5.13) 0— EY — (V& Ey)Y — D(E) = Eaty (E,0x) — 0.

Hence (V ®¢ Ey)Y — D(E) defines a point of Syst((Ey)®™, nyy —~"). Thus
we get a morphism

(5.14) ¢ 2 Syst(Eg™,~) — Syst((Eg)®",nyg —7"Y).

Conversely for (F,U) € Syst((Ey)®", nyy —v"), we get a homomorphism
(5.15) UY @¢ Eg — Exty (U @ By — F,Ox).

It gives the inverse of ¥ (for more details, see [K-Y, Proposition 5.128]). |

Lemma 5.7.
(1) If rk(y — x(70,7)70) > 0, then My (v); = 0 for rk(y —ivo) < 0.
(2) If rk(y — x(70,7)0) < 0, then Mu(Y)y(vo) = Mu(7)-

Proof. 1f dim(Ey, E) = i with rk(y — i) < 0, then Lemma 5.4 implies
that x (70, 7) > . Hence rk(y—x(70,7)7) < 0. By Lemma 5.4, Ext' (Ey, E) =
0 for all E € My(vy). Hence My (Y)x(vo,7) = Mu (7). O

By using Proposition 5.6, we get the following theorem.
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Theorem 5.8. We set s .= —(Kx,ci(ef ®e€)) and ¢ := vy(Le,(€)) =
7 —x(7,7%)7%- Assume that n := —x(v,70) > 0. Then My(y) = Syst(E$™, )
and we get a morphism Ay, » : Mu(y) — Mu () by sending E to the universal
extension

(5.16) 0 — Eo ®¢ Ext'(E, Ep)Y — Ay, (E) = E — 0.

Hence we have a stratification

(5.17) Mp(y) =[]\, (Mu(¢):)

1>
such that A1 (Mp(¢)i) — My(C)i is a Gr(i,n)-bundle. In particular,

(5.18) Mu(v)o — Mu(Q)n

is an isomorphism for n > s.
Corollary 5.9. If0 > x(eg,e) = —k > —s, then

(5.19) M (y(e)) = Mu(v(Le, (€)))

is birationally Gr(s, k)-bundle. In particular, if x(eo,e) = —s, then Mg(v(e))
— My (v(Ley(€))) is a birational map.

Example 5.1.  Assume that (X, H) = (P! x P, Op1,p1(1,n)), n > 0.
We set L := Opiypi(—1,n+ 1). Then (L,H) =1, s = (L,—Kx) = 2n and
x(L) =0. Hence My (1+r,L,r) = Gr(2n,r).

5.2. Virtual Hodge polynomial

From now on, we assume that ¢ = C. For a variety Y over C, the co-
homology group with compact support H*(Y,Q) has a natural mixed Hodge
structure. Let eP4(Y) := Y, (—1)*hP9(HF(Y)) be the virtual Hodge number
and e(Y) := 3 eP?(Y)zPy? the virtual Hodge polynimial of Y. The virtual
Hodge polynomial satisfies the following properties (cf. [D-K]):

(1) If Y is a smooth projective variety, then e(Y) is the usual Hodge poly-

nomial of Y:
e(¥) = S (1Y yary
P.q

(2) For a closed subset Z C Y, e(Y) =e(Z) +e(Y \ Z).

(3) For a Zariski locally trivial fiber space Y — Z with a fiber F, e(Y) =
e(X)e(F).

We set a := —x(v,7%). Assume that rk(y — x(70,7)7) > 0. We shall
consider the vitrual Hodge polynomial of My (y + kvo); for some k,i. We set
t := xy. Then

e(Mpu(y+kv);) = e(Gr(a+3j —k,j))e(Mu(y + (k= 7)v0)o)
(5.20) [a+j — k]!

— me(MH(W + (k= j)%0)o),
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where

(5.21) [n] := t:_;f ]! = [n)fn — 1] -- - [1].

By summing up all e(Mg (v + kvo)k), we get

> la— Kle(Mp (v + kvo))y*

(5.22) k 1
_ (Z Wyj) (Z[a—l]!e(MH('y+l%)o)yl>-
i o ¢
Since
L)y e
(5.23) ( j Wy) —Zj: o
we get that

Lemma 5.10.  If rk(y — x(70,7)7) > 0, then

(5:20) €M (3 -+ o) = S (17802 Lo+ 1= ).
j=0
In particular
e(Mu (v + kv0)i)
I A e ST R (R R}
2, THA]

Since My (v +1v9)o =0 for a — s <1 < a, we also get the following relations:

(5.26) Z(—l)jtj(j‘”/Q%e(MH(er (l—7)%)) =0
o ]!

fora—s<l<a.

5.3. Examples on P?
From now on, we assume that X is P2. Then s = —(Kx,0Ox(1)) = 3.
Hence we get the following relations:

> (109D Pe(Mpy (v + (a — j))) =0,

=0
(5.27) D (LTI 4 e(Mp (v + (a = 1= j)%)) = 0,
Jj=20
Z(_l)jtj(j_l)p%e(MH(v +(a—2—j)v)) = 0.
=0 :

By a simple calculation, we get
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Proposition 5.11.

e(My (v + (a—2)%))
= Z(_l)jt(j-Fl)j/Z%e(MH(y +(a—3—=j))),

=20
e(Mp (v + (a—1)70))
(5.28) = (1)t 4 3] + Le(Mu (v + (a — 3 = j)70)),
=20

e(Mg (7 + avo))

= z:(_l)jt(j+1)j/2%e(]\/j}l(7 +(a—3—j))).
Jj=0 '

Assume that Fy := Ox. We set 7 := v(Ox(1)). Then

My (y —aw — ) = {O0;)(1 — a)| I is a line on P?}

(5.29) - pt

Hence My (v — aw)1, a > 2 is a P?-bundle over P2. By the morphism
(5.30) My (v — aw) — My (y — aw + avo),
the fibers of My (y — aw); — P? are contracted.

Example 5.2. If a =2, then Mg (y — 2w + 2v) = Mg (y? — v) = P2
That is, F € Myg(y — 2w + 27) fits in a universal extension

(5.31) 0— 0% - FE— 0)-1) —0.

Moreover we see that Mg (y — 2w + i), @ = 0,1 are P2-bundle over Mg (y —
2w + 2v9) X P2

Example 5.3. If a = 3, then My (y — 3w) — My (v — 3w + 37) is the
blow-up along Mg (v — 3w + 3v0)4 = My (v — 3w — 7p). This was obtained by
Drezet [D3, IV].

By [E-S] and [Y1], we know e(Mg(r, H,x)) for r = 1,2. By using Propo-
sition 5.11, we get the following:

1+ 2t + 5t% + 6t3 4 5t* + 2t° + ¢5,

1+ 2t +6t% 4+ 9t3 + 12t* + 9t5 + 65 + 27 + 5,
=142t + 5t% + 8¢ 4+ 10t* + 8t° + 5¢° + 27 48,
14t 4 3t% +3t3 + 3t + 5 16,

(5.32)
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e(My(1, H,—1)) = 1+ 2t + 6t 4+ 10t> + 13t* + 106> + 6t° + 27 + 15,
e(My(2,H,0)) = 1+ 2t + 6t> + 13t + 24¢* + 35¢t° + 41¢°
+35t7 4+ 241% + 13t° + 610 + 2t 4+ ¢12,
e(Mpg(3,H, 1)) = 1+ 2t + 6t> + 12> + 24¢* + 38t° + 54¢° + 59¢7
(5.33) + 5418 + 38t% 4 24t10 + 12611 4+ 6112 4 2613 4 ¢4
e(My (4, H,2)) = 1+ 2t + 5t% + 10> 4 18t* + 28¢° 4 385 + 42¢7
+ 3815 4+ 28t% + 18¢10 + 10t + 5¢12 4 2613 4 14,
e(My (5, H,3)) = 1+t 4 3t* + 5> + 8t* + 10> + 12t°
+ 1047 4 8¢ + 5% 4+ 310 4 ¢ 4412,
If Eg := Qx (1), then degg, (Ox) = 1. We set v = v(Ox). Then
o My (y—aw) — My (v — aw + 2avp) is a closed immersion for a > 2.
o If a =2, then My (v — 2w+ v9) — Mpu(y — 2w + 47) is the blow-up
along My (y — 2w).
Here we remark that Drezet showed that Mpy(y — 2w + 4y9) = Mpg(9,
—4H,—-1) = Gr(6,2) (see [D1, Appendice|). Since e(Mp(1,0,—-1)) = 1 +
2t + 3t3 + 2t3 + ¢4 and e(My(3,—H,—1)) = e(My(3, H,2)), Proposition 5.11
implies that
e(My(3,—H,—1)) = 1 + 2t + 5t* + 83 + 10t* 4 8t° + 5¢° + 27 + 15,
e(My(5,—2H, —1)) = 1 + 2t + 5t + 8> + 13t* + 14¢°
4 13t% 4 8t7 + 5t + 29 4+ 19,
(5.34) e(Mp(7,—3H,—1)) = 1+ 2t + 4¢> + 6t> + 9t* + 10¢°
+9t5 + 67 + 4% + 2¢° + ¢10,
e(Mg(9,—4H,—1)) =1+t +2t> + 26% + 3t* + 267 +2t5 + 7 + 48
(=e(Gr(6,2))).

5.3.1. Line bundles on Mg(y)

Let pary (ve)) : Mu(v(e)) x X — Mg(y(e)) and ¢ : My (y(e)) x X — X be
the projections, and let £ be a universal family on My (y(e)) x X. We define
a homomorphism 6, : e+ — Pic(Mg(vy(e))) by

(5.35) Oc () := det pasy, (v (€Y @ ¢*(2)),

where et 1= {z € K(X)| x(e,z) = 0} and £ is the dual of £ in K (Mg (y(e)) x
X). The following is a special case of Drezet’s results.

Theorem 5.12 ([D2]).  Assume that dim My (y(e)) = 1 — x(e,e) > 0.
Then 0. is surjective and

(1) b, is an isomorphism, if x(e,e) <0,

(2) ker 8, = Zey, if x(e,e0) = 0.
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We set € := L., (e). By a simple calculation, we see that the following
diagram is commutative:

eJ_ <—0 éJ-/eo
(5.36) 9{ l"é
Pic(Mp(y(e))) «———— Pic(Mu(7(€)))
v(eg),v(e)

We set o, := —(rke)Og + x(e, O )Cp. Then it gives a map to the Uhlenbeck
compactification [Li]. Bc := Re,(ag) gives the map Ay(eo) y(e) : Mu(y(e)) —
M (+(2)).
o If Fy = Ox, rke > 0 and x(e, eg) < 0, then the nef. cone of My (v(e))

is generated by a, and f.

This is a generalization of [S].

For v := (3, H,5 — a), we set vy := (1,0,1), 71 :=v(Qx (1)) = (2, —H,0),
§ :=v+ay and n:=~" 4+ (2a—3)y1. Ng(v) denotes the Uhlenbeck compact-
ification of Mg (y)**!°¢. Then we get the following diagram:

. Mp(y) < 0 — Mu(yY) \
WV \ / \\%v
Mg () Ng(7) Mg (n)

Mp(vV) contains P2*~3-bundle over Mg (1,0,2 — a) and A, v contracts
the fibers. /\WO)A,‘MH(W)VL is a Gr(a — 2+ i,a — 2)-bundle over My (6)q—24; =
My (y—1i70)o- Then it is easy to see that My (3, H,5—a) % My(3,—H,2—a).
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