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G-complexes with a compatible CW structure

By

Matija CENCELJ, Neza Mramor KosTA and Ales VAVPETIC*

Abstract
If G is a toral group, i.e. an extension of a torus by a finite group,
and X is a G-CW complex we prove that there exists a G-homotopy
equivalent CW complex Y with the property that the action map p: G x
Y — Y is a cellular map.

1. Formulation of the result

Let G be a compact Lie group. A G-cell of dimension n is a space of the
form G/H x D™, where H is a closed subgroup of G and D™ is an n-cell. A
G-CW complex X (or an equivariant CW complex in the terminology of [9]) is
constructed by iterated attaching of G-cells. It is the union of G-spaces X (™)
such that X(© is a disjoint union of G-cells of dimension 0, i.e. orbits G/H,
and X (™1 is obtained from X (™ by attaching G-cells of dimension n+ 1 along
equivariant attaching maps G/H x dD"*t! — X The space X (™), which is
called the n-skeleton of X, is thus the union of all G-cells of dimension at most
n (the topological dimension of the space X (") is in general greater than n).
For basic facts about G-complexes see the original papers of Matumoto [6] and
Illman [4] or the exposition in [9].

For discrete groups G it is well known that every G-CW complex is also
a CW complex with a cellular action of G (this follows for example from [9,
Propositon 1.16, p. 102]). For non-discrete groups, Illman [5] gave an example
showing that a G-CW complex X does not always admit a CW decomposition,
compatible with the given G-CW decomposition, and proved that there always
exists a homotopy equivalent CW complex Y which is finite if X is a finite
G-complex.

In this paper we consider the following problem: given a G-CW complex
X, does there exist a G-space Y, G-homotopy equivalent to X, with a CW
decomposition such that the action p: GXY — Y is a cellular map with respect
to some decomposition of G. The existence of such a Y is interesting from the
point of view of equivariant homology and cohomology. For example, Greenlees
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and May showed that for some groups G the generalized Tate cohomology
defined in [3] can be calculated from the CW decomposition of Y. Also, the
Borel equivariant cohomology H¢(X) = H*(EG x¢ X) of a G-CW complex X
can be computed using the cellular cohomology of the CW complex Y which
is G-homotopy equivalent to EG xg X.

For a general compact Lie group G it is not known if every G-CW complex
is G-homotopy equivalent to a CW complex Y with the required properties.
Greenlees and May [3, Lemma 14.1] gave a construction of Y for any SO(2)-CW
complex X. For non-abelian groups, the construction of Y is more difficult,
since the fixed point sets (G/H)X of actions of subgroups K < G on the orbits
G/H can be nontrivial. In [7] the original proof for G = SO(2) was general-
ized to the two non-abelian 1-dimensional compact Lie groups, the orthogonal
group O(2) and the continuous quaternionic group Ngy(2)7'. In [1] a sufficient
condition for the existence of Y in the non-commutative case was identified and
it was shown that the group SU(2) satisfies this condition. Here we consider
general toral groups, i.e. groups G which are extensions

T G F

of a torus T over a finite group F. The two groups in [7] are both toral groups,
but there the construction of Y rests on a property of these two groups which is
satisfied only for a few particular groups G. It is not satisfied for any group G
containing a copy of Sy, the symmetric group on 7 letters [1], and in particular
for a general toral group, since a toral group may well contain a copy of S7.
We prove

Theorem 1.1.  For any toral group G and any G-CW complex X, there
ezists a G-homotopy equivalent CW complex Y with a cellular action of G.

The construction of the complex Y is similar to the construction of Green-
lees and May for G = SO(2), generalized to the non-abelian case G = SU(2)
in [1]. It requires the existence of a CW decomposition of every orbit G/H
such that first, the action p: G x G/H — G/H is cellular with respect to some
given decomposition of G, and second, the fixed point set (G/H)¥ of the nat-
ural action of K on G/H is a subcomplex for every K < G. More precisely,
since the orbit type of a cell is determined only up to the conjugacy type of
the group H, it suffices to show that there exists a family of subgroups /C,
containing at least one representative from every conjugacy class of subgroups
of G, and a CW decomposition of every G/H, H € K, such that the action
G x G/H — G/H is a cellular map and every fixed point set (G/H)¥, K € K,
is a subcomplex of G/H. In the terminology of [1], such a family K is a good
representative family of subgroups. In Section 2 we consider the case where G
is a torus. In this case the situation is simpler, since conjugation in an abelian
group is trivial. This implies first, that the only good representative family
K is the family of all subgroups of G, and second, that the fixed point sets
(G/H)X = {gH | g"'Kg C H} are either the whole space G/H (if K < H) or
empty, and therefore automatically subcomplexes of G/H. Therefore it suffices
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to give an explicit description of decompositions of orbits G/H, H < G, such
that the natural action of G with the standard decomposition is cellular. In
Section 3 we find a good representative family I of subgroups in a general
toral group G and extend the decompositions of tori from Section 2 to decom-
positions of G and of G/H, H € K with the required properties. The proof
of the theorem now follows from [1, Proposition 1]. Nevertheless, to complete
the arguments in the context of this paper, we give a proof of Theorem 1.1 in
Section 4.

2. Decompositions of tori

In this section, G is a compact connected abelian group, i.e. a torus T =
(SO(2))®. We can view T as R®/Z®, where R? is identified with the tangent
space of T' at the identity, or equivalently, as the cube I°* C R*, (where I =
[0,1]), with identified parallel sides. Let {a1,...,as} be the standard basis of
R® and 7: R® — T the projection. The standard (product) CW decomposition
of T has one 0-cell e = m(0) = €° (the unit of T), s closed 1-cells e} = 7(L}),
where L} is the 1-dimensional subspace of R® spanned by a;, and (j) closed
j-cells eﬂ = W(L?}) for every j < s, where J = {i1,...,4;} C{1,...,s} and Lﬂ
is the j-dimensional linear subspace spanned by {a;,i € J}. Clearly, every cell
of this decomposition is a closed subgroup of 7', and a j-cell ¢, is the product

ey = e}, ---ei. Let T denote the torus T with this standard decomposition.
Figure 1. The standard decomposition T
We call a CW decomposition of T" linear if every j-cell, j =0, ..., s, lies on

m(L), where L is a j-dimensional linear subspace of R*. Clearly, the standard
decomposition T is linear.

Theorem 2.1.  For any closed subgroup H < T, there exists a linear
CW decomposition of T, inducing a CW decomposition on the quotient T/H,
such that the actions p: TxT — T and p: TXxT/H — T/H are cellular maps.
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Proof. Since the quotient map ¢: T — T/H is a homomorphism of
groups, every orbit T/H (H < T closed) is a compact connected abelian group,
i.e. a torus.

A closed subgroup H < T is a product H = Hy x D, where Hy 2 T" is a
torus of dimension r < s, and D = Z/ny x --- X Z/ny, is a discrete torus. We
first consider the case where H = Hy = T". The tangent space of H at the
identity is a subspace L C R spanned by vectors b; = a1 +- - -+ a5, 5 €
Z, i =1,...,r. If we imagine the torus as I° with identified parallel sides,
then H = 7(L) consists of finitely many parallel r-dimensional planes inside
the cube I°. We cut the cube I® along all possible (s — 1)-planes which are
spanned by one of these planes and any s —r — 1 basis vectors a;,,...,a;,_,_,.
Since there are finitely many such hyperplanes this gives a subdivision of I*®
into convex polyhedra, and since the cuts along parallel sides coincide, this
subdivision determines a CW decomposition T of T which is linear and has
H as a subcomplex. For every k > 0, the (k + r)-skeleton of T consists of all
(k + r)-planes in I®, parallel to some (k + r)-subspace of R® spanned by L and
by k vectors {a;,,...,a;,}.

Figure 2 shows the decomposition T2 with respect to the subgroup Hs3; <
T? generated by the vector b = 3a;+as € R? (in this case r = 1, s0 s—r—1 = 0).

[y

wIin

— 1

1 2 3

Wl

Figure 2. The decomposition T? with respect to Hs ;

The quotient map T — T/H is covered by the projection R® — M in
the direction of L onto any linear subspace M of R® spanned by a subset
@iy, .-, ai,_ of basis vectors such that M & L = R®. This projection maps the
subdivision of I® into polyhedra to a subdivision of the unit cube I°*~" in M
which determines a linear CW decomposition of 7'/ H.

For example, let Hy 11 be the subgroup of T2 generated by the vector
b= a;+ay+ a3 € R® (in this case s —r — 1 = 1). Figure 3 shows the
decomposition T3 with respect to H 1,1,1- If M is the complementary subspace
to L in R® spanned by a1 and as, then the projection R® — M in the direction
of L maps the cube I® onto the hexagon shown in Figure 4. We can imagine
T? as the shaded square I? with identified parallel sides. Thus, the induced
decomposition 72 has two 2-simplices and projection 7% — T3/H; 1, = T?
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(0,0,0)
(1,0,0)
(0,1,1) (0,1,1)
(1,1,1) (1,1,1)
(0,0,1) (0,0,1)
(1,0,1)
(0,0,0) (0,0,0) (0,0,0)
(1,1,1) (1,1,1) (1,1,1)
(0,1,0)
(1,1,0)
(0,0,0) (0,0,0) (0,0,0)
(1,0,0)
Figure 3. The decomposition of T with respect to Hiq1
(0,1,0) (1,1,0)
(1,1,1)
(0,1,1) (1,0,0)
(0,0,0)
(0,0,1) (1,0,1)

Figure 4. The induced decomposition of the quotient T3 JHi11
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maps three 3-simplices onto any one of these two 2-simplices.

Let us prove that the actions of T on T' and on T/ H with these decomposi-
tions is cellular. In T' = R*/Z*, the product of two points 7 (z), 7(y), ,y € R?,
equals 7(z) where z = x +y. For any (k + r)-cell 78+" of T' and any cell €/, of
T, multiplication in 7" maps the product e?} x 7*F7 into the plane in I® spanned
by 784" and {a;,i € J}, and this is contained in the (k 4 r + j)-skeleton of 7.
Passing to the quotient, this implies that the product of a j-cell of T and a
k-cell of T/H is in the (j + k)-skeleton of T//H, so the action

p: TxT/H—T/H

is a cellular map.

If H=Hyx D, where Hy 2 T" isa torus and D = Z/ny X --- X Z/ny, is a
discrete torus, the proof of the proposition follows directly from the following
simple lemma, applied to the torus 7' with the decomposition 7" and to the
torus T = T*~" with the induced decomposition. O

Lemma 2.1. Let T =T/H be a torus with a given linear CW decom-
position, such that the action of T is cellular. For every closed discrete subgroup
D < T’ there exists a CW decomposition of T'/D such that the induced action
of T onT'/D is cellular.

Proof. The projection T — T"/D can be decomposed into
T —T' /Dy =T, — - — Tj_1/Dy_1 = T'/D,

where every group D; is isomorphic to a cyclic group Z/n;. Let 8 be a generator
of Dy and b = (by,...,bs_,) a generator of 71D in R®~™", where r = dim H.
Every component b; is of the form p;/q;, where ¢; divides the order ny of D;.
Let h: R"™° — R"~° be the linear isomorphism given by

h: (1‘1, s ,fﬂr—s) = (ql$1a cee 7Q7"—s:r'r—s)-

The map h~! induces a subdivision of the unit cube I°*~" into v copies I, ..., I,,,
where v is a multiple of ny. If the original decomposition of I°~" into convex
polyhedra arising from the given CW decomposition of 7" is repeated in each
one of these copies, a linear subdivision of I°~" is obtained which induces a
Ds-invariant CW decomposition of T”. Figure 5 illustrates this decomposition
of T” in the case where 7" = T3/H; ;1 = T? from Figure 4, and the discrete
subgroup D < T” is generated by b = (1/3,1/6) € R2.

The induced CW decomposition of T"/D; obtained in this way is linear
and clearly has the property that the action of T is cellular.

In the same way we construct a map h;: T;—1 — T;—1/D;—1 = T; for each
i=1,...,k. The CW decomposition of T"/D induced by h = hj o --- o h; has
the required property. O
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D=

| e

T T' /Dy

1
3

Figure 5. The decompositions of 77 and of T”/D in the case where D is the
cyclic group Z/6 generated by b= (1/3,1/6) € R?

3. Toral groups

In this section G is a toral group, i.e. an extension

p
T G F,

of a torus T over a finite group F. Our aim is to construct suitable CW
decompositions of G and of every orbit G/H where H is a member of a good
representative family I of subgroups of G. In order to do this, we first prove

Proposition 3.1.  For every toral group G, where T — G — F, there
exists a finite subgroup F' C G such that p: F' — F is surjective.

Proof. Let p1,...,p, be all primes that divide |F| and let

a- (e[t t]i)

The group A is a subgroup of T%. Since H?(F, A) = H?(F,T?%) (Lemma 3.1)
there exists a subgroup B of G which is an extension of A by F. We can write
A as the union

A=U2 Ay, A, ={z €Al (p1-p-)"x=0} C A

Let [¢] € H%(F, A) be an element representing the extension B. Because ¢: F x
F — A is a map from a finite set, there exists an n such that Im¢ C A,,. So
[¢] € H?(F, A,,) which means that there exists a finite subgroup F’ of B which
is an extension of F' by A,,. O

Lemma 3.1. H2(F, A) = H%(F,T%).

Proof. An exact sequence of groups A — T° — T%/A induces a long
exact sequence

o= H"YF,T/A) — H"(F,A) — H"(F,T%) — H"(F,T*/A) — - --
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Let [¢] € H™(F,T%/A). By [2, Corollary 4.2.3], |F| - [¢] = 0. There
exists a cochain 1 € C"~L(F,T%/A) such that |F|-¢ = 6(¢)). Therefore ¢ =
(1/F1)($) = 8((1/IFI)), honce [¢] = 0 and H"(F, T*/A) = 0. 0

Next, we generalize the standard decomposition T to a suitable CW de-
composition G of G with the property that multiplication G x G — G is a cel-
lular map. The basic property of G is that every product (fiejfi)---(fje]f;),
where f;, f/ € F' and e} is a l-cell of T, i =1,...,j, is in the j-skeleton G,
As a result, the restriction G|r is a subdivision of T, since every j-cell ef, eT
is contained in the j-skeleton of G. In addition to the (subdivided) cells of T,
the j-skeleton (G|7)") contains products of the form

o = (uifiterfr) - (uifitej fi) = ulfiterfu) - (7 tej fy)

where w; € F'NT, f; € F',i=1,...,j,and u = uy - - - uj. Geometrically ¢/ can
be described as the projection m(L?) of the affine space L, = i + L7 where L’
is the tangent space of the subgroup (f; ‘et f1)---(f; e} f;), and @ € 7~ (u).
If we imagine T as the cube I° with identified parallel sides, then every o7
consists of finitely many parallel j-dimensional planes.

The required CW decomposition G|z is constructed by cutting the cube
I*¢ along the finitely many planes 7(L*~!) corresponding to all possible o*~1.
Since the cuts on parallel sides coincide, this decomposition of I® into convex
polyhedra determines a CW decomposition of 7', such that every o; is con-
tained in a union of j-faces, and thus in the j-skeleton. This decomposition is
not linear, since L*~! is in general an affine and not a linear subspace of R*.
Nevertheless, multiplication is a cellular map, since the sum a + b of elements
a€ Ly and be LP? isin L, , where j < ji + jo.

The decomposition of T obtained in this way is extended to other com-
ponents of G in the following way. For every f € F’ the map v — fu is a
homeomorphism from 7' to the component f7T which induces a CW decom-
position G|;r = f(G|r) on fT. The j-skeleton (G|;7)") is the union of all
products fo’. If fi € F' N fT then f;, = fu, v € F'NT and fi0/ = fuo? =
f(c')7 is also in the j-skeleton (G|fr)Y), so the decompositions of fT' ob-
tained from multiplication by two different elements f, f' € fT coincide. Every
product (fiejfi)---(fjejf;) is contained in GU), since it can be rewritten as
florteign) - (g;lejgj), frg9: € F',i=1,...,7, and multiplication is clearly
cellular.

Example 1. Let G = Ngy@)T be the infinite quaternionic group,
which is an extension

p
T G 7)2.

We can represent G as the subgroup of SU(2) generated by rotations

T:{w:{% g],aeslcc}<SU(2),
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[0 1].

Since u is of order 4 in SU(2), it generates a copy of Z/4, so we let F' =
(u) 2 Z/4, and F”" = F'NT = +I (where I denotes the identity matrix in
SU(2)). Wegive T' < G the common subdivision of the standard decomposition
T ={e"=1Ie" =T}, and of —T, ie. {€} =1,e) =—1I,e; =51,ej3 =5},
and the second component 71" the decomposition induced by multiplication by
u, ie. {€J=wu, el =—u, el =uS} e} =uS'}.

and the element

Let K’ be any family of closed subgroups, containing precisely one repre-
sentative of every conjugacy class in G, and define

K={f'KfKecK' fecF'}.
The following theorem is an extension of Theorem 2.1 to toral groups.

Theorem 3.1.  Let G be a toral group and H € IC. There exists a CW
decomposition of the orbit space G/H such that the action p: GXxG/H — G/H
is cellular and for every K € K the fived point set (G/H)X of the natural action
of K on G/H is a subcomplex of G/H.

In the proof of the theorem we will need three additional propositions.

Proposition 3.2.  For any two closed subgroups H, A < G such that
H < A, and for any given u € T, there exists a CW decomposition of T/(HNT)
such that (WANT)/(HNT) is a subcomplex and the action of T on T/(HNT)
with the decomposition G|r is cellular.

Proof. Again we imagine the unit component 7" of G as the cube I* with
identified parallel sides. Then uwA N T is the union of finitely many parallel
planes {(u+c¢y) +La|qg=1,...,Q}, where L4 is the tangent space of A at
the identity. Since H < A, the tangent space Ly of H is a linear subspace of
Ly. Let {b;,i =1,...,7} be a basis of L such that the first r vectors form
a basis of Ly. We cut the cube I* along all (s — 1)-planes (u + ¢4) + L7,
where L5 ! = u; + L5, u; € F'NT, and L5~ is spanned by any collection
of linearly independent vectors containing by, ...,b,, and any s — r — 1 vectors
from the union {b;,i =7+ 1,...,7"} U{f ta;f,i=1,...,s, f € F'}, where a;
are standard basis vectors. This gives an (H N T)-invariant decomposition of
T which induces a decomposition of T'//(H NT) such that (uANT)/(HNT) is
a CW subcomplex, and such that the action of T with the decomposition G|p
is cellular. ([

Let us fix a subgroup H € K. For any K € K, let Ax denote the intersec-
tion
Ak =" (G/H)")NT={ueT|uv'Ku< H},
where ¢: G — G/H is the quotient map. Notice that, since conjugation by

elements of T preserves components, the set Ax is nonempty only for those
subgroups K of G, for which p(K) < p(H).
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Proposition 3.3. If K is a subgroup of H, then the set Ax is a sub-
group of T.

Proof. Since conjugation ¢, : G — G, p.(9) = u " lgu by an element
u € T preserves components of G, it follows that for every w € T and g € G
there exists a v € T such that u='gu = gv. Let u,u’ € Ak, and k € K. Then
there exist v,v’ € T such that u™'ku = kv € H and (v/)"'ku' = kv’ € H.
Then

(uu ) k(uu') = (W) TR = () k' = kv'v = (kv kT (ko).

Since this is a product of three elements from H, it is in H, so uu’ € Ak.
The fact that Ak is a subgroup follows either from Theorem 3.5 of [8] or from
the following simple argument: if u='ku = kv € H, also v € H, so

k= ukvu™! = uku~tv € H,
and therefore uku™!' = kv ! € H. Thus u™!' € Ag if u € Ag. O

Proposition 3.4.  For a given H, the family {Ax | K < H} contains
at most finitely many different sets.

Proof. Let K,K' < H be such that p(K) = p(K’), i.e. K and K’ have
elements in the same components of G. For every k € K there exists a k' € K’
such that k' = kv for some v € T. Then v =k~'k’ € HNT. For every u € T,

uw'w = u Yeou = u Tkuw

so u~'k'u € H precisely when v~ 'ku € H which means that v € Ag precisely
when u € Ags. The set Ax thus depends only on the projection p(K) < F.
Since F' is finite, there are only finitely many possibilities for Ag. O

Proof of Theorem 3.1.  Let K € K be such that Ax # (. Pick any element
y € Ag and let K =y 'Ky < H. Then

Ag ={u|v ' Ku=u'yKy tu < H} = {yv | v 'Kv < H} = yAg.

By Proposition 3.3, Ag is a group for every K. By Proposition 3.2 there exists
a CW decomposition of T/(H NT) such that Ax/(HNT) is a subcomplex of T'
and the action of G|r is cellular. By Proposition 3 the family {Az | K < H}
is finite. For every K € K, the number of groups K’ € K which are conjugate
to K equals F, so also the family {Ax | K € K} is finite and there exists a
common CW subdivision of T/(H NT) such that Ax/(HNT) is a subcomplex
for every K € K, and the action of G|y on T/(H NT) is cellular.

This decomposition is extended to other components of G in the same way
as the standard decomposition of T: for every f € F’, the homeomorphism
hy: T — fT, hy(t) = ft, determines a CW decomposition of hy(T). We
let every component of G have the CW decomposition which is the common
subdivision of the finitely many decompositions obtained in this way. This
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gives an F’-invariant CW decomposition of G such that the restriction to 7' is
a subdivision of the decomposition defined above. By construction, the induced
decomposition of G/H is F' invariant.

For a given K < H, the intersection of the fixed point set with the com-
ponent fT of G is

T (G YN T ={fulueT,uw ' f'Kfu< H}y = fA;-1x;.

Since the representative family /C is closed under conjugation by elements of
F', this implies that (G/H)¥ is a subcomplex for every K. The proof that the
action of G on G/H is cellular is similar to the argument used in the proof of
Proposition 2.1. ]

4. Proof of Theorem 1.1

Now that CW decompositions of the homogeneous spaces G/H, H € K,
are given, the CW complex Y and the G-homotopy equivalence h: X — Y is
constructed inductively by a similar process as in [3] and [1].

The 0-skeleton X is a disjoint union of orbits G/H;, where H; € K.
Let Yy be X(© with the CW decomposition of Theorem 3.1 on every 0-cell
G/H;. Then the action p: G x Yy — Yy is cellular. For every K € K the
fixed point set (X ()X is a disjoint union of fixed point sets (G//H;)¥ and is
a subcomplex. We define the G-homotopy equivalence on the 0-skeleton by
ho =id: X — Yj.

By induction we assume that there exists a CW complex Y,,_; with a
cellular action of G such that for every K € K the fixed point set (V,,_1)% is a
subcomplex of Y,,_; and a G-homotopy equivalence

hn—l : X(n_l) - Yn—l-

For any G-cell " € X (™, the attaching G-map G/H x S*~1 — X1 ig
determined by its restriction

p: STt o (X (nmIHH,
Let % be a non-equivariant cellular approximation of the composition
Bp_10@: 8" — (Vo)
Since the action of G on Y,,_1 is cellular, the G-extension
77/;: G/H x sl Ly,
of v is also cellular, and the space

Vo= [ (G/HixD") Uy, Yo
ereXx ()

is a CW complex with a cellular action of G. For every K € K, the fixed
point set (V;,)¥ is the disjoint union of subcomplexes (G/H;)% glued to the
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subcomplex (Y;,_1)¥ along the cellular map ¥ and is a subcomplex. The G-
homotopy h,: Y, — X, is obtained by extending the map h,_; over the
G-cells one by one. In the direct limit we obtain the desired CW complex Y
and G-homotopy equivalence h. O

Remark. The class of toral groups contains all normalizers of maximal
tori NT of compact Lie groups (including both 1-dimensional groups treated in
[7]), and it might be possible to use our Theorem 1.1 to prove a similar theorem
for general compact Lie groups. Nevertheless, as the example of SU(2) in [1]
shows, the step from NT to G in a general compact Lie group is nontrivial. It
seems more likely that there exists a compact Lie group for which the statement
of Theorem 1.1 does not hold.
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