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On the construction problem for
uni-instantaneous bilateral birth-death
processes

By

Qing-Ping Liu

Abstract
Let E={--,-2,-1,0,1,2,---}. Given a uni-instantaneous bilat-
eral birth-death pre-generator matrix @ = (¢;;) defined on E x E, we
investigate the existence conditions for the corresponding birth-death
Q-processes, and furthermore, construct all the processes when the exis-
tence conditions are satisfied. In addition, the uniqueness of the honest
Q-processes are investigated as well.

1. Introduction

In this paper, we consider the construction problem for uni-instantaneous
bilateral birth-death processes, which is one specific kind of denumerable conti-
nuous-time homogeneous Markov processes. A denumerable continuous-time
homogeneous Markov process, which, throughout this paper, will be simply
called a (Markov) process, is a time-homogeneous Markov process with a
continuous-time parameter and a countable state space. The time interval
is usually taken as [0,00) and the countable state space is denoted by E.

A matrix Q = (¢;5; 9,j € E), where ¢;; are real numbers, is called a pre-
generator if Vi,j € E, i # j, —oo < ¢ < 0 < g;; < oo, and Zqij < —qi-

Ve
Furthermore, if there exists a Markov process such that its transiion function
P(t) = (pij(t); i,7 € E),t > 0 satisfies

’ . P(t)_l
(1.1) Q= P/(0) = lim —4—

(where T is the unit matrix and the derivative P’(0) is taken in componentwise),
then @ is called a generator, or more precisely, the (infinitesimal) generator of

the corresponding Markov process, while the process itself is called a Q)-process
to emphasize the relation (1.1) between P(t) and Q. Following Reuter [22],
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the transition function P(t) (and the resolvent—the Laplace transform ¢ (\)
of P(t), as well), will be also called a Markov process (Q-process). When P(t)
satisfies P(t)1 = 1,V¢ > 0 (or equivalently, () satisfies AYp(A\)1 = 1,V >
0), the process is called an honest process. Here and elsewhere, the bold 1
represents the column vector whose components are 1, while the bold 0 will
represent the zero matrix or sometimes the zero column (row) vector.

For a pre-generator Q = (g¢i;; t,j € E), denote ¢; = —¢;; < oco. We
call a state i € E stable if ¢; < oo and, instantaneous if ¢; = oco. If all the
states are stable (instantaneous), then @ is said to be totally stable (totally
instantaneous). A stable state i is called conservative (non-conservative) if

Z gij = ai (correspondingly, Z gij < Gi)-

J#i J#i
A totally stable pre-generator @ is said to be conservative if all its states are
conservative. A non-totally stable pre-generator is said to be almost conserva-
tive if all its stable states are conservative.

For a non-totally stable pre-generator Q = (g;;), if ZQij < oo, for each

J#i
instantaneous state 7, then @Q is called a summable pre-generator.

It is obvious that a generator must be a pre-generator, but the converse is
not always true. Therefore the following three basic and important questions
arise.

e Existence For a given pre-generator @), under what conditions does
it become a generator, i.e. there exists a Markov process P(t) satisfying (1.1)?

e Uniqueness If the corresponding Markov process exists, is it unique?

e Construction How do we construct all the processes when they exist?
These questions are of particular significance since in most cases we only know
the infinitesimal behavior—the pre-generator.

In the totally stable case, when @ is a birth-death pre-generator:

—(ao + bo) bo 0 0
_ ai —((11 + b1) b1 0
Q= 0

a —(az+b2) by
or a bilateral birth-death pre-generator:

a_q 7((1_1 + b—l) b_1 0 0

Q = 0 ag —(a1 —‘rbo) bo 0

0 0 a —(a1+b1) b

the above three questions were perfectly solved by Feller [13], [15], Reuter [22],
Hou [16], Wang and Yang [30], [31], [32], [39], [40]. In deed, the existence
and uniqueness are nothing but the special cases of some more general results.
Feller [13] showed that any totally stable pre-generator must be a generator
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and constructed a Q-process F(t) = (fi;(t)), t > 0 for a given Q. He further
showed F'(t) enjoys the minimal property in the sense that for any @Q-process
P(t) = (pi;(t)), pij(t) > fi;(t), 4,5 € E, t > 0. The process F(t) satisfies both
the Kolmogorov backward equation system

d fij(t)
dt

= g frjt), VijeEE

keE

and the Kolmogorov forward equation system
dfi;(t .
fij()zz.fzk(t)qk.ﬁ VZ,]GE.

dt keE

This process F(t) and its resolvent, denoted by ¢(\) = (¢;;(N)), are known as
the Feller minimal process.

For the uniqueness, Reuter [22] gave, for a conservative totally stable gen-
erator (), the uniqueness criterion, which states that the Q-process is unique if
and only if the equation (Al — Q)u = 0 has no bounded nontrivial solution for
some, and therefore for all, A > 0. While for a general non-conservative @, Hou
[16] showed that the Feller minimal process ¢(A) is the unique @Q-process if and
only if the following two conditions hold simultaneously: (1) For some (and
therefore for all) A > 0, there exists a number ¢y > 0 such that A¢p(A)1 > ¢x1;
(2) The equation v(A — Q) = 0, 0 < v € [ has no nontrivial solution for some,
and therefore for all, A > 0. Where [ stands for the space of all absolutely
summable vectors on F.

Concerning the construction of processes, in the birth and death case,
Feller [15] obtained all the processes which satisfy simultaneously both the
Kolmogorov backward and forward equation systems, Wang [30] derived all
the honest processes, Wang and Yang [31], [32] and Yang [40] constructed all
the birth and death processes; in the bilateral birth and death case, all the
processes were constructed by Yang [39].

In the non-totally stable case, when @) is a uni-instantaneous birth-death
pre-generator:

-0 qo1 qo02 do3
Q _ ay 7((11 -+ bl) bl O
0 ao —((l2 + b2) bo

Tang [29], using Chen’s resolvent decomposition theorem [1] (see also [2]), got
the following results for the existence.

z is regular z is exit z is entrance or natural
Process exists iff | Process exists iff al = | Process does not exist
ap(X) €l oo and ap(A) €1

Where z is the boundary point of Q@ (Qn is the pre-generator by eliminating
in @ the first row and the first column); ¢n () is the minimal @ y-process;
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a = (qo1, 402, 903, - - - ). Tang constructed all the processes when the existence
conditions are satisfied. He also investigated the uniqueness for the honest
processes.

In the double-infinite birth-death case, i.e. both infinitely many instan-
taneous and stable states exist, where the pre-generator ) has the following
form

qd—2,-3 — qd—2,—1 q—2,0 qd—2.1 qd—22
_ qd-1,-3 G—1,-2 —o0 q—1,0 qd-1,1 q—1,2
Q o 0 0 agp 7((10 + bg) bg 0
0 0

0 a1 —(a1 + b1> by

Liu [19] showed by an approximating method that when the pre-generator is
summable, it must be a generator.

In this paper, we study the construction problem for the uni-instantaneous
bilateral birth-death processes, where the pre-generator is

a_q —(a_1+b_1) b_4 0 0

Q= o qo,—2 q0,—1 —o0 qo1 qdo2

0 0 ap  —(ar+b1) b

We have the following conclusions for the existence.

1 22

Z Regular Exit Entrance or Natural
Process exists iff | Process exists iff | Process exists iff
Regular ad(N) €y ap(N) €ln ap(N) € Iy (Theorem

(Theorem 3.4) (Theorem 3.6) 3.3)

Process exists iff | Process exists iff | Process exists iff al =
Exit ap(N) €l al = oo and oo and ag(A) € Iy
(Theorem 3.6) ap(N) €y (Theorem 3.3)
(Theorem 3.5)
Process exists iff | Process exists iff | Process does not exist
ap(N) € ln al = oo and (Theorem 3.1)
(Theorem 3.3) ap(N) € ln
(Theorem 3.3)

Entrance
or Natural

Where 2!, 2% are two boundary points of Qx (see Definition 2.2 below), Qx
is the generator in (2.2) below, ¢(A) is the minimal @y process, and o =
(- ,QO,—2,¢]0,—1,¢]01,¢102,'")-

When the existence conditions are satisfied, all the corresponding Q-
processes are constructed in Section 3. In addition, the uniqueness for the
honest Q-processes is considered there as well.
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We note that the conclusions for the uni-instantaneous bilateral case can
not be directly derived from the known results for the unilateral cases. In
fact, no matter the bilateral pre-generator ) is decomposed into two uni-
instantaneous unilateral ones )1 and ()2, where

_ s a_o —((1_2 + b_z) b_s 0
Q1= 0 a_1 —(a_1 +b—1) b_y and
q0,—-3 qo,—2 qo,—1 —o0
—0 qo1 qo2 qo3
Q _ a1 —((11 + b1) b1 0
2 0 as —(ag +b2) by

or is decomposed into two unilateral ones with one being totally stable and
one uni-instantaneous, it is difficult to combine two unilateral processes, both
having infinitely many states, into a bilateral process, since we do not know how
the process from the states in one part transits to the states in the other part.
Moreover, it seems no hope to construct all the bilateral processes by combining
two unilateral ones, as well. For example, as the existence is concerned, if one
applies Tang’s results for the former decomposition, then when one of the two
boundary points, say z', is entrance or natural, the other one 22 is regular,
it is seen that the Qi-process does not exist, while when as@2(A)1 < oo, the
Q2-process exists (a2 = (qo1, 902, Go3, " -+ ), P2(A) is the minimal Qapn-process,
where Qon is the pre-generator by eliminating in @) the first row and the first
column). Therefore one may possibly conclude incorrectly that the Q-process
does not exist! However, from the last table above, we see that the Q-process
does exist when a¢(A)1 < oco. So we shall not divide the bilateral pre-generator
into two unilateral ones. Instead, we shall adopt the method that starts from
the totally stable @ y-processes (where @ y is the totally stable part of @), then
extend them into the uni-instantaneous Q-processes.

In our argument, Chen’s resolvent decomposition theorem plays a key role.
To state Chen’s theorem, let Qg = (gij; 4,7 € E) be a pre-generator defined on
E x E. Let b € E be a single state and N = E'\ {b}. Let Qn = (gi5; i,5 € N)
denote the restriction of Qg on N x N. Denote a = (qv;; j € N) and 8 =
(giv; © € N). Iy represents the set of all absolutely summable column vectors
on N.

Theorem 1.1 (Chen’s resolvent decomposition theorem [1], [2]).  Sup-
pose R(A) = (r;(A); 4,5 € E), A > 0 is a Qg-process defined on E x E where
E = N U{b} and the generator Q = (¢;5; 1,5 € E) = ( 9 ), where

B QN
a» = —qvp- Then R(N) can be uniquely decomposed into

(1.2) R(\) = ( 8 w&) >+r(/\) ( 5(&) ) (1, nN))
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where P(A\) is a Qn-process, n(\) and &£(N\) satisfy the following conditions
(1.3)~(1.7):

(L3)  n(A) € Hy ={n(A); 0 <n(A) €ln,

n(pa) —nlpe) = (Mz — p)n(p)Y(p2), ¥ pa, pe > 0}
(14) £ e Ky ={(V); 0<E(N) <

E(p1) — &(pe) = (M2 — p)Y(p)€(p2), ¥ paa, 2 > 0}
(1.5) €0 <1- (V)1
1.6 xli_{r;o)\n()\) =« and )\hﬁn;o X)) =0

(1.7) lim A(n(A),1—¢&) < oo

A—00
where £ = )l\inz){()\) and c is a finite constant such that
(1.8) c> /\lim A(n(N),1=§) and ¢+ /\lim An(N), &) = q.
So, if qp = 00, it follows that

(1.9) )\lim A(n(N), &) = o0 or equivalently /\lim A(n(A),1) = .

r(A) is determined by

(1.10) r()) =

If R()\) is honest, then

1

(L) EA) =1 =MW1, r) = 375r 55y

and ¢=An(A),1-¢)
In particular, X(n(\),1 — &) is independent of .

Conversely, If we have a Qn-process ¥Y(A),\ > 0 and a pair of vectors
n(A) and £(N) which satisfy (1.3)~(1.7) and )\lim A(n(A), &) < oo, when gy, < 0o
or /\lim A(n(A),&) = oo, when g, = oo, then choose a constant ¢ satisfying
(1.8), define r(X) as (1.10), and finally define R(\) as (1.2). The R(\) thus
constructed then must be a Qg-process. Furthermore, if £(N\), r(\) and ¢ are
chosen as (1.11), then R(X) is an honest process.

Note. (1) Here and elsewhere, (-, -) stands for the product of a row and
a column vector, in order to emphasize that the result is scalar. More precisely,

for a row vector z = (z;) and a column vector y = (y;), (z, y) = xy = Z X Yi-

1
(2) The row vector n(A) and the column vector £(A) in the above theorem
are actually vector families parameterized by A > 0. However, for simplicity, we
do not write ’A > 0’ wherever the vector families appear, unless it is required.
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We call the process 9(A) in (1.2) the projection (or, the restriction) of R(\)
on N x N, denoting as 1()\) = *R()), and call R(\) an expansion process of
1¥(X). Note that the expansion process is usually not unique. We shall denote
Gy(A) = {R(X); R()) is an expansion process of 1(\)}, i.e. Gy (A) is the set of
all those expansion processes of (\).

The above theorem, especially the converse part, is particularly useful. It
allows one to investigate existence/uniqueness conditions and construct pro-
cesses for complicated cases via simple known results. Note that the recent
works of Chen [1]-[3], Tang [29], Liu [19], [20] and Fei [11], [12] are all based
on this theorem.

In the next section, we shall concentrate on preparing some lemmas, which
will be used in the proofs of the main results. While the main results are given
and proved in Section 3.

2. Some lemmas

Hereafter, let the state space E = {---,—2,-1,0,1,2,---}. Denote N; =
(o, —n,,—2,—1}, No={1,2,--- ,n,---} and N = Ny U Na.

Let Qg = (gi;;%,j € E) be a uni-instantaneous bilateral birth-death pre-
generator, {0} is the instantaneous state, i.e.

—00 ifj=i=0
a; ifj=i—1,ie N
(2.1) % = b ifj=itlieN
—(ai-i-bi) ifj=d,ieN
0 ifj#£i—-1,i+1,ie N
where 0 < go; < 00,0 < a; < 00,0 < b; < 0o are all real numbers. Obviously,
Qr is an almost conservative pre-generator. Let Qn, Qn, and Qu, be the
restriction of Qg on N x N, N; x Ny and Ny X Na, respectively. Qn, @n, and
@n, are all totally stable generators.
We call a Qg-process R(A) = (r;;(A);¢,j € E) an almost B-type process
if
/\T,’j()\) = Z qikrkj(/\) + 51']', Vi€ N,j cFE.
keE
Then we have the following

Lemma 2.1. If Qg is a generator, then all the QQg-processes must be
almost B-type.

Proof. Since all the stable states of Qg are conservative, the conclusion
easily follows from Theorem 2.7.3 of [42]. O

Let ¢*()\) be the Feller minimal Qy_-process, a = 1, 2 and ¢()) the Feller
minimal @ y-process. Then by a simple argumentation, we can easily get

o= ety )
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Since Qn, = (¢ij; 1,5 € N1) and Qn, = (qi5; i, € N2) are two totally stable
ordinary birth-death generators, we can define their standard measures, natural
scales and boundary points as usual.

Definition 2.2. (1) The standard measure of Qy, is defined as:

a_y a_10_2+G_py1
=1, g = e g, = e
H—1 ) H—2 b_g’ H b_ob_g---b_,
. 1 1 1
The natural scale of @y, is defined as: 21 = —, 2.9 = — + —, -+,
b,1 b,1 a_1
1 1 b_ob_3---b_,
zin:_ __l’_...+ 2 3 +1 , e
b_y a_1 a_10_20_3" " Q_n41
And the boundary point of Qy, is defined as: z! = lim z_,,.
(2) Similarly, we can define the standard measure of Qn,:
by biba - bp—1
lel’ H2:_7 ...7ILL"L:77.'.
a9 agasg - - - Qp
The natural scale of Qn,:
1 1+1 1+1+ +a2a3---an,1
Z:_7Z:_ _7...’zn:_ N P —_—
' ai ? ai by ay by b1babsz -+ - by—1

And the boundary point of Qn,: 2% = lim z,.

We say 2! and 22 are the two boundary points of
(N 0
2.2 = 1
(2:2) =% o

Definition 2.3.  The boundary point 2%, a € {1,2}, is said to be
(1) regular, if z* < co and Z L < OC;

neN,
(2) exit, if 2% is not regular and Z (2% = 2z ) fin, < 00;
neNg
(3) entrance, if 2% is not regular and Z i < OO;

neN,
(4) natural, for all other cases.

Now let ut(A) = (- ,u_n(N), -+ ,u_o(N),u_1(A\)) be the solution of the
following equation

’U,,l()\) =1.
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Then actually, we have

U_1(>\) =1
’u_g()\) =1+ b_l(Z_Q — Z_l) —+ )\(2_2 — z_l)u_l()\)p_l

n—1
Un(\) =14b_1(20 = 21) + A Y _ (2o — 2 )u_j(Np—;

Similarly, let u?(\) = (u1(\),u2(A), -+ ,u,(N),--+) be the solution of the fol-
lowing equation

{ ()\I — QNQ)U =0
ul(/\) =

We have precisely

ul(/\) =1
us(N) =14 a1(2z2 — 21) + A(2z2 — 21)ur (M) 1
(2.4) -
un(N) = 1+a1(z2 = 21) + A Y (20 — 2)u; (V)
j=1

4(A
Let u(2',A) = lim u_p(A), u(z%A) = lim u,(A). Set X%(\) = ul(‘z(i)
a =1, 2. Then X%()\) is the maximal solution of the following equation
()\I — QNa)u =0
(2.5) { 01— an

and satisfies
(2.6) X2(j0) = Age (0, ) X3(N), VA, i >0
where Aga (A, 1) = I+ (A —p)9*(p). Moreover, if for some A, X*(\) = 0, then

XA =0.
Now, define two column vectors on N by

v (). wo ()

We have the following

Lemma 2.4.  Suppose u(\) is a solution of the following equation

0<uempy,
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where my is the space of all bounded column vectors on N. Then u(\) can be
expressed as a linear combination of X'(\) and X2(\):

(2.8) u(X) = t1(A) X (A) + t2(A) X (N),

where to(N),a = 1,2 are two non-negative scalar functions of A.
Moreover, when u(\) further satisfies

(2.9) u(p) = Ap(X, pu(X), VA, p>0

where Ag(A\, 1) =1+ (A —p)o(p), then to(X),a = 1,2 in the above expression
(2.8) can be selected to be independent of A. More precisely, we have

[0, ifX*(N)=0
(210 fa(X) = { ter if X°() £0.
Proof. Let u(\) = ( ZNl 8; ) is a solution of the equation (2.7), where
N2

up, (A) is the restriction of u(A) on Ny,a =1, 2. Since

(2.11) A~ Qy = ( A ’OQNl v _OQN )

un, (A) (a € {1,2}) must be a solution of

{ (M —Qn,)u=0

0<uempy,,

thus there exists some ¢,(A) > 0 such that

(2.12) un, (V) = L (DX,
Hence u(\) = uNb()\> > + ( UNQO()\) > =t1(A)XE(N) +t2(A) X2(N), and we
get (2.8).

If further, u(\) satisfies (2.9), since (2.9) is equivalent to

un, (1) = Aga (A p)un,(A), VA, >0

for each a € {1,2}, so together with (2.6) and (2.12), we get
un, (1) = ta(N) X (1)

Since un, (1) = to () X (1), we get to(A) = to(u) when X*(u) # 0, ie. to(N)
is independent of \. When X%(\) = 0, it is obvious that we can set t,(\) = 0.
The proof is complete. O

Let

771(/\) = ( ) n—n()‘)7 T 77—2()‘>’ 77—1()‘) )7
772()‘) = (771()\)7 772()‘)7 R 77n()‘)7 )
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be two row vectors on Ny and Ns, respectively. Their components are defined
as the following

N u_p, . .
%7 if 2! is regular
u(21,
= b_1u_ (N ph—ny . .
N-n(A) ﬂ(—l())\“), if z! is entrance
ut (21,
0, if z! is exit or natural
Z’Ei%)ﬁ", if 22 is regular
Nn(A) = %, if 22 is entrance
0, 7 if 22 is exit or natural
where
—n—1(A) —u_py (A
(2.13) ut (24 \) = nlgrgo ut, (N ul,(\) = £ 2_1(_3 _ Z_ 2
m A)— n A
Q11) W@ = Imoab) ury = ) )
n—oo Zn+1 — Zn

Each 7%(X\) (a = 1,2) satisfies the equation

(2.15) { V(A = Qn,) =0

0<ve lNa
and has the property
(2.16) n* (1) =n"(NAga (A p), VYA u>0.

Moreover, if for some A, 7%(A) = 0, then n®(\) = 0.
Now define two row vectors on N by

7N = (0'(\), 0), 7°(A\) = (0, n*(N).
Then we have

Lemma 2.5.  FEach solution v(\) of the following equation

{ oML —Qn) =0

0<vely
can be expressed as a linear combination of f*(A\) and 7%(\):
(2.17) v(A) = di (N7 (A) + d2 (V)7 (N),

where da(N) >0, a = 1,2 are two scalar functions of .
Moreover, when v(\) further satisfies

o(w) = vV As(A ), VA >0
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then dq(N),a = 1,2 in the above expression (2.17) can be selected to be inde-
pendent of \. More precisely, we have

— 0, ifn*(A\)=0
da(X) = { dor i 7900 #0.

Proof. Using equation (2.11) and noticing that each n®(A) (a = 1,2)
satisfies equation (2.15), the lemma can be proved in a similar way to Lemma
2.4. O

Remark 2.6. (1) Combining (2.3) with (2.13) and (2.4) with (2.14), it
is easy to get (c.f. [42])

N =boyr A u (Mg, ut(N) =a1+ 2> u(Mpy,

thus the four sequences {u’_ (A}, {uf(N)}, {u_,(\)} and {un()\)} are all
increasing in n and therefore their limits: u™ (21, \), ut (22, \), u(z!, \) and
u(2%, \) exist as n goes to cc.
(2) u(z*, A) < oo (a =1, 2) iff 2% is regular or exit;

ut (2% \) < oo (a =1, 2) iff 2% is regular or entrance. So
X“()\) # 0, iff 2% is regular or exit;
7%(\) # 0, iff 22 is regular or entrance.

Denote
(2.18) MI(Qn)={w;0 <u <1, (M —Qn)u=0}
(2.19) LI(Qn)={v;0<v el v(A\—Qn) =0}

where [ denotes the space of all absolutely summable vectors on E. MI(Q N)
and £} (Qy) are sometimes simply written as M7 and £, respectively. It is
well-known that both the dimensions of Mj\“ and L‘j\’ are independent of A (see
Reuter [22], and also Yang [42]). We shall therefore use m*(Qy) (or m™) and
nt(Qn) (or nT) to denote the dimensions of MY and L, respectively. When
mT = 0, we say Qu is null exit; When m™ = 1, we say Qu is single exit and
when m7 is finite, we say Qu is finite exit. Similarly, when n™ = 0, 1, we say
Qn is null entrance and single entrance, respectively, while when n™ is finite,
we say Qn is finite entrance.
Recall the definition of Hy and K, in (1.3) and (1.4). We have

Lemma 2.7. X%\) € M{(Qn)NKy and 7%(\) € L (Qn) NHy, for
a=1,2.

Proof. Since X*(\) satisfies (2.5) and (2.6), n®(\) satisfies (2.15) and
(2.16), i.e. X%(A) € M7 (Qn,) NKge and n*(X) € £+(QN,) NHga, it immedi-
ately follows that X%(\) € MT(Qn) NKy and 7%(\) € L (Qn) N Hy. O
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Let X! — (X1

in € N), X% =

(X2;n e N), Y =

199

(Yl:n € N) and

Y2 = (Y,2; n € N) be four column vectors having the following components

b_l(Zn — Z_l) +1

= N-
X={d G e
0, n € No

b_1(2t —2,)
N
V=4 bq(zl—z_1)+1 neMm
s n € Ny

Obviously, we have

(2.20)

X'+ X247l 4v2=1.

Next, set YE(A\) = ¢._1(A\)b_1, Y2(\) = ¢.1(\)ay, that is

Denote B, = (gio; i € No), a = 1,2, 8= (gip; it € N) =

Then we have
(2.21)

Lemma 2.8.

X\ 10

Gon (N

¢—1,—1'()\)b—1
é1,-1(N)b_1

(bn,—l ()‘)b—l

Y2

S_n1(Vas

¢_171'()\)a1
(;5171()\)(11

¢n,1<')‘)a1

0
b1
a1
0

YI) +Y?(N) = ¢(N).

(1) For each a € {1,2},

AX®(\) — 0

AG(N)X® = X — X°(N).

(AT o0)

n e Ny
n € Ny

n € Ny

n € No.

(2)

While when z% is reqular or exit, or equivalently, X*(\) # 0, we have

lim X*(\) = X%

A—0

and when z% is entrance or natural, or equivalently, X*(\) = 0, we have

AB(N)X® = X,
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(2) As A T o0,

0, ifneN\{1}
AY;W_’{ by ifn=-—1

a1, ifn=1
AYHZ(A)_’{ 01, if ne N\{1}

and for each a = 1,2, Y*(\) | 0. Moreover, we have

lim Y(\) = Y* and ApA)Y* =Y" —Y*(\).

(3) The following equality holds:
(2.22) AN =1 — (N3 — X (\) — X2(N).

Proof. (1) Since the restriction of X%()\) on N, is X%()\) and on N\N,
is 0, and the same assertions hold for X*(\) by Lemma 6.5.1 and Lemma 6.5.2
of [42], so the conclusions easily follow.
(2) Similar to (1).
(3) Since by Theorem 2.10.5 of [42], A¢*(A)1 =1 — ¢*(N\) B, — X?(A) for each
a € {1,2}, (2.22) follows immediately. O

Lemma 2.9.  Suppose a,b € {1,2}, a # b, then
(2.23) Mt (N X = 0.
If z* is reqular, then
(2.24) )\lim AT (A)X* = 0.
Proof. (2.23) is trivial and (2.24) follows from Lemma 6.5.5 of [42]. O

Note that a Qn-process () is called a B-type process if it satisfies the
Kolmogorov backward equation

(AL = QNn)Y(A) =1
We have the following

Lemma 2.10.  If R()\) is a uni-instantaneous bilateral birth-death Qp-
process and ¥(X) is its projection on N x N, where N = E\{0}, then ¥(}\)
must be a B-type Qn-process and have the following form

(2.25) Dij(A) = dii(N) + XF A EF(A) + X2 FF ()
or in matriz form
(2.26) P(A) = o(A) + XN FH ) + X2(N)F2(N)

where F(\) = (F}'(A\); j € N) > 0, a = 1,2 are two row vectors defined on N
satisfying

(2.27) AF (A1 < 1.
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Proof. By Lemma 2.1, every Qg-process R(\) must be an almost B-type
process, then by Lemma 3.4 of Chen [3], the projection process () of R(\)
on N x N is a B-type process. Finally, by Chapter 8 of [42], we know ¢ ()) has
the stated form of (2.25) or (2.26) and F'*(\) satisfies (2.27). O

Lemma 2.11.  Suppose ¥()) is a B-type Qn-process, n(A) € Hy. De-
note I = iirrb @(\). Then we have
(1) sup Ap(MTB < o0, i.e. sup A \)(Y' +Y?) < 0.

A>0 A>0

Consequently, for any non-negative row vector ay such that anyg(\) € Iy, we
have

(2.28) an(Y'+Y?) < lim inf Aano(\)(Y! +Y?) < o0

(2) If X is a bounded non-negative column vector satisfying Ap(N\)X = X,V A >
0, then )\lim An(A)X < oo.

FTOOf, (1) Let Yl(/\) = @b._l()\)b_l and YQ(/\) = ’(/).1(/\)&1. Denote Yye =
)l\ir% Y%(A),a = 1,2. Then by doing the same work as in the proof of Lemma

2.11.4 of [42], we can get )\lim M(AN)Y® < o0, a = 1,2. Since Ap(A\)Y? is
—00
increasing in A and Y%(\) > Y%(\) implies Y > Y2, we get sup \p(\)Y* <
A>0

sup A\n(\)Y* = )\lim An(AN)Y* < oo, which yields
A>0 o0

sup Ap(MTB = sup \p(\) (Y +Y?) < 00
A>0 A>0

In particular, when an@(A) € Iy, from that ¢()) is a B-type Qn-process and
and(A) € Hy, we immediately get (2.28).

(2) For A >,
p(n(p), X) = p(n(A) + A = w)n(N)(p), X) = n(n(A), X + (A = )y (p) X)
= p(n(2), X) + (A = w)(n(A), p (1) X)
Z p(m(A), X) + (A = ) (n(A), no(p) X)
= u(n(A), X) + (A = p)(n(A), X) = An(A), X),
s0 A(n(N), X) is decreasing in A and therefore
Jim A(n(A), X) < u(n(n), X) < oo O

Lemma 2.12.  Suppose ¥(A) is a B-type Q n-process of the form (2.26).
n(X) € Hy, satisfying )\lim M(A) =a = (gio; i € N). If F*()\) #0 (a € {1,2}),
then -

lim sup An(A) X* < oo.
A—00

Proof. When X%(\) = 0, the conclusion easily follows from Lemma 2.8
and Lemma 2.11 (2). Next, assume X*(\) # 0 and F%()\) # 0. By (2.26), we
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A = wnNX (W)L — pF () X°] = (X = )n(N)[X (1) — p X () F* (1) X°]
> (A = )nN[X (1) = (i) = ¢(1) X = (A = )n(N[X* = pgp () X°]
= (A= wnNX" = p(A = w)n(N)p(p) X
= (A= wn(N)X" = pln(p) —nN)]X* = N X — un(p) X,

if there exists some pg > 0 such that poF*(puo)X® = 1, then from the above
inequality we have

AN X < pon(po) X < oo, VA= po

and so

lim sup Ap(\) X* = )\lim AN X < occ.

A—00

_ re
Otherwise, for all u > 0, pF%(u) X* < 1. In this case, set h(u) = #,
L= pFe(p)Xe
then h(u) # 0 and for any A > pu,

(AVARAVARN|

so we have 1(A)[1 + (A — p)d(1)] + Mp(\) X “h() < n(p) + pn(p) X *h(p), thus
for any A > u,

AN X h(p) < AT+ (A = w)d(u)] + An(A) X “h(p)
< () + pn () X *h(p),

which follows that

lim sup Ap(A) X () < n(p) + pm(p) X *h(p) < oo

A—00

Since h(u) # 0, the above inequality implies that lim sup A(A\) X < oo, which
A—00

completes the proof. O

Lemma 2.13.  Suppose (A) = ¢(\) + X2 (N FE(A) + X2(A\)F2(N) is a
Qn-process. If both F1(\) # 0 and F%(\) # 0, then there exist no expansion
QE-processes of Y(A), i.e. Gy(\) =@.

Proof. If Gy(X\) # @, then by Chen’s resolvent decomposition theorem,
there must exist some 7(\) € Hy and some {(\) € K, such that (1.5)-(1.9)
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hold. However, by (2.20), Lemma 2.11 and Lemma 2.12,
Jim Ap(A)1 = lim MA)(XT+ X2+ Y +Y?)
< limsup Ap(A) (X' + X?) + sup \p(\)T'3 < oo,

A—00 A>0

which contradicts to (1.9). This completes the proof. O

Lemma 2.14.  Suppose (A) = ¢(\) + X2(N)F*(N), a € {1,2} is a B-
type Qn-process with X*(\) # 0. Then F*()\) has the following properties
(1) F*(A) > 0 and AF*(\)1 <1.
(2) F*(\) satisfies the following equation

(220)  F*ONAg(\ ) = [1+ (= N(E" N, X (W)F (1) A >0

— M{F(N), X () F () Ag 1, N), i which

or equivalently, F*(\) = [1 + (u
), X ()] > 1 /\% > 0 and Fo(u)Ag(p,\) =

my, = [1 4+ (g — A)(F*A
my F*(A) > 0.
(3) Moreover, if F*(\) # 0, then it can be expressed as

e “n(N)
(2.30) F(A) = c1 4+ A(@n(X), X9)
for some
(2.31) “n(A) = a®p(A) + “(X) # 0

and some constant

(2.32) c1 > sup A(“n(N), 1 — X%,
A>0

where “f(\) € LT NHy can be further expressed as
(2.33) “1(\) = daf" (N) + doip” (A)

for some constants d,, dp > 0 (dp = 0 when /\lim )\ﬁb(/\))_(b =00 or®(\) = 0),

a

a’ s a non-negative row vector such that

(2.34) a’p(N) €ln and X’ < 0.

In fact, “n(\) and ¢1 can be taken as

(2.35) “N(A) = F*(po) Ag (1o, A), c1 =1 — po(*n(po), X*)

for any fized po > 0.
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Proof. All the conclusions except (2.33) and a?X’ < oo in (2.34) come
from Theorem 3.2.1 of [42], we only give the proof for (2.33) and a*X?® < occ.
By Lemma 2.5, “7j(\) allows an expression as

“1(A) = dafi* (V) + " (),
for some constants d,, dp > 0 (dy = 0 when 7°(\) = 0), hence
AN, 1= X% = A(n(\), Y +Y? + X7)
= AN, Y +Y?) + 20N X” + MdaTf (V) + dyip” (1) X°
=A"n(A), Y +Y?) + Map(N) X" + dp A" (V) X
While by Lemma 2.11, sup A{*()), Y 4+ Y?) < oo, so the above equality and
(2.32) imply =
atXb < hmmf/\aaqs( )X < o0

and d, = 0 when /\lim MP(N X = oo, O

According to Lemma 2.13 and Lemma 2.14, in the following, we shall al-
ways assume
(A) Y(\) = ¢(\) + XN F(N), a € {1,2}, where F(\) possesses the proper-
ties (1)—(3) in Lemma 2.14.

Lemma 2.15.  Assume the assumption (A) with X*(\) # 0 and F%(\)
# 0. Then there exists an n(\) € Hy, such that

(2.36) /\lim An(A) = a = (gi; i € N)

if and only if aX® < co and ad(N) € ly.

When aX® < oo and ad(N) € Iy are satisfied, take a row vector “n(\) €
H, such that (2.30)—(2.34) hold, then take a constant A > 0, set o/ = o+ Aa®,
take a row vector i} (\) € L NHy such that i (\) = d,n*(\) + dj,ii°(\) for
some constants d.,, d; > 0 and such that
(2:37) 7)) = A-n(\)

(2.38) lim A(d], — Ad,)7" (V) X" < o

furthermore, take a constant co satisfying

(2.39) aX® + Jim ANdl, — Ady)7* (V)X < Acy + o

(a X+ Alim Mdl, — Ad,)7"(N\)X® = Acy + co when a1 + )\lim Ao (V)X <
00), let n'(A\) = &’ d(N) + 7' (N) and finally let

Mi'(A), X — g
1+ A(“n(A), X)

Then this n(A) belongs to Hy and satisfies (2.36). Moreover, any vector be-
longing to Hy, and satisfying (2.36) can be obtained in the above way.

(2.40) n(\) =n"(\) -

n(A).
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Remark 2.16.  When the boundary point z* is regular, by Lemma 2.9,
)\lim AT (A) XY = oo, so (2.38) is equivalent to d!, = Ad,, and (2.39) has a

simpler form aX?® < Ac; + co, where the equality aX® = Ac; + ¢5 holds when
a®l < oo and d, = 0.

Proof of Lemma 2.15.  (I) Necessity. Suppose that there exists an n(\) €
H, satisfying (2.36). By Lemma 2.12, we have Alim An(A) X < oo, so by

Fatou’s lemma, we immediately get

aX?® < lim A\ X* < oo.

A—00

Furthermore, n(A\) € Hy implies, for any A > p > 0,

(A= p)nN)o(r)1 < (A — p)n(N)p(p)1 +n(A)1 =n(p)1,

so we have

/\_TM/\H(AW(M)I <n(p)1,

hence Fatou’s lemma and (2.36) yield a¢(p)1 < n(p)l < oo, i.e. ap(p) € Iy.
Next we show 7() possesses the form of (2.40). Let () and ¢; be taken,
for some fixed pp > 0, as (2.35), which satisfy (2.30)—(2.34). Since

n(to) = (A + (A = 10)¥ (o))
=N + (A = po)e(po)] + (A = po)n(N) [ (o) — d(1o)]
=n(A\)Ag(A, po) + (A — po)n(N) X (10) F* (o),

where Ag(A, o) = I+ (A — po)o(po). Multiplying A, (po, A) in the two sides
of the above equality and using the property Ay (X, po)Ag(to, ) = I, we get

n(10) Ag(p0, A) = 1(A) + (A — 110)n(A) X (p10) F(p10) Ag (10, A),

thus

n(A) = n(p0) Ag (10, A) — (A — 110)n(N) X (p10) F(p10) Ag (10, A),
that is
(2.41) n(A) =n"(A) = (A = po)n(X) X (o) - “n(N),

where 7/(A) = n(po)Ag(po, A) € Hy. Denote dy = (A — po)n(A)X*(po), and
multiplying by (A — po)X*(uo) in (2.41), we then have

dy =

(2.42) N o
pon’ (pr0) X AN X Y~

T T (™ (i) X%+ Aen(A), X9)  er + A{an(h), X9)’
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where ca = pon(110)X?® < un'(po)l < oo (note the denominator 1 + (A —
10)(n(X), X%(o)) = myyx > 0). Combining (2.42) with (2.41) we get (2.40).

Next, we turn to show that A, o/, 77/ (\), and 7'()) satisfy the conditions
stated in the Lemma. First, we show d) T and has a finite limit as A T oo.
Since for any A, u > 0,

and (p — po) F(p) X (o) < pF*(p) X (o) < 1, it is easy to conclude from
the above equality that dy T as A 1. On the other hand, by multiplying
Ag(A, 1) in both sides of (2.41) and noticing that ' (A)As(A, w) = n'(p) and
“N(A)Ag(A, 1) = “n(p), we have

' (1) = n(N)Ag(A, 1) +dx - “n(p).

Since li/\m inf n(X)Ag(A, 1) > ap(p), so by letting X go to oo in the right hand

of the above equation, we get for any p > 0

(2.43) ' (1) > ag(u) + A - "n(p),
in particular,
(2.44) ' (k) = A (),

where A = )\lim dy. Since *n(p) # 0 and dy > 0 for A > pg, we thus get
— 00

0< A< oo.
Now suppose the Riesz decomposition of /() € Hy, is

(2.45) 1'(A) = a/¢(A) +7'(N)

where o’ is a non-negative row vector such that o/¢(\) € Iy and, 7' (\) €
ﬁ;\r NHy, according to Lemma 2.5, possesses further an expression as 7/(\) =
d,n*(\) + d;°(A) for some constants d.,, dj > 0.

Recall that *n(\) has the similar expression of (2.31) and (2.33
constants dg, dp > 0 (dp = 0 when Xllngo MP(N X = 0o or 7P(N) =

) for some
0) and o

satisfying a®¢(\) € Iy and a®X?® < oco.

Since by Lemma 2.11.3 of [42], *n(X) and n’(\) satisfy
(2.46) “NA) 10, A-p(A)—a’, Ao
(2.47) 7N\ 10, M(\)—a, Ao
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so by multiplying A in (2.41), then letting A\ — oo and using the properties
(2.46) and (2.47), we obtain

(2.48) a=a —Aa®

hence o/ = a + Aa®. While (2.37) easily follows from (2.43), (2.31), (2.33),
(2.45) and the expression of 77/ ()).

To verify (2.38) and (2.39), first, noticing that as A T oo, dy T A, so we
have
A (A) X — ¢y

A—dy=A— i
A c1+ A{en(A), X9)

10,

that is

Aci +ca — A (A) — A-p(N)]X*
e+ A{tn(A), X)

Furthermore, substituting (2.31), (2.45) and (2.48) into the above equation, we
have

1o.

Acy + ¢2 — Aad(N) X — A[T'(A) — A~ “p(A)]X*
c1+ >\<a7l(>\)7Xa>

Therefore, from the above two equations, we conclude that

0.

Al'(A) — A (X)X < Acy + s,

(2.49) )\a(b()\)Xa FA[F(N) —A- aﬁ()\>]Xa < Acy + co,

and when lim A{*n(\), X*) < oo,

— 00

(2.50) A (A) — A-“n(N)] X — Acy + co,

' Aap(N) X+ A7 (N) — A-*7(\)]X* — Acy + co.
Since
(2.51)

)\li—>n(>lo Aap(N)X® = aX® — AILII;O aX(\) =
i (X) = A “q(N)] X = A[(dg, — Ada)i1*(A) + (d), — Ady)i7” (X)X
= Md;, — Ada)7" (A X?

aX® (- Lemma 2.8 (1))

and

A n(X), X = Aa®d(\) X + A(daif® (N) + dyif” () X
= Xa%p(N) X + M 7" (M) X,

by taking limit in (2.49) and (2.50), we get

aX®+ )\lim )\(d:1 - Ada)ﬁa()\)Xa < Aci +co
—00
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which holds the equality when

(2.52) Jim Aa®p(N) X + Jim A" (M) X < oo.
Since
(2.53) lim Aa%p(N\)X* < oo

A—00

implies a®X® < co and furthermore, from (2.32) we have a®(1 — X?) < oo, so

(2.53) further implies a*1 < oo, which in turn, implies (2.53) itself, therefore

(2.52) is equivalent to a1 + /\lim AT (A) X < 00, which, together with the
— 00

above argument, shows (2.38) and (2.39). The necessity is proved.

(IT) Sufficiency. Suppose aX® < oo and ag()\) € ly. We show the 7())
constructed as (2.40) satisfies (2.36) and n(A) € Hy.

A (V)X — o

Denote dy — 2 then (2.40) can be simpl itt
enote dy o M) X en ( ) can be simply rewritten as
(2.54) nA) =n'(A) —dx - “n(N).
Since
A g Aot e =) A
Cl+)\< ( 5 a

), X)
et e — Mag)X® — A7) — A GO
c1 + A" n(A), X9) ’

from 7' (X), “n(A) € Hy and (2.31), (2.34), (2.37) and the equality o = a+Aa,
(A = d,i*(N) + d}yi’ (\), we conclude that

(2.55) 1'(A) = A-n(X),

and furthermore, by Lemma 2.11.3 and Lemma 2.11.4 of [42], as A\ T oo, we
have

(2.56) MNXT M W) —a
(2.57) A-TNXE T A m)X T AT —a
(258) Al —A-"m)IXCT AT — A-“)IX ]
(2.59)

Aad( M) X T aX.

So from (2.39), (2.51), (2.58) and (2.59), we get 0 < A —dy — 0, i.e.
(2.60) dy<A and dy— A as A7 oc.
Furthermore, from (2.54), (2.56), (2.57), (2.60), it follows

lim Ap(\) = — Aa” =«

A—00



On the construction problem for uni-instantaneous bilateral birth-death processes 209

which shows (2.36).
To show n(A\) € Hy, we need to verify the following two assertions:

(2.61) n(p) —n(A) =X = pnN)p(p), A, p>0
(2.62) 0<n(A) € ly.

/

Since 7(\) can be also written as n(\) = 7'(\) — (A (M) X® — ¢2)F%()\), and
7)€ Hy, e /() — 1/ (\) = (A — m)'(No(), ¥ A, g > 0, we have

() —n(X)

n' () —n

>
|
—
=
=
o
o
|
Q
()
eS|
R
+
—
i
s\
—
N
=
|
o
|
Q
)
S~—
|
2
—~
>
S~—

+

. _
(
+ (M (V)X —
(A -
— ('
(

(
- (N

>~
|
T
=)
|
Q
N
S|
P
>
s
S
}/
=
|

>

)

“—c2) ()

o) + ' (N X = ea)[1 4 (= A)F (X)X (1) F () —
c (1) (- (2.29))

(A’ (N X = c2) F*(p)—

>

>
|

(
(A -
- (A

—

= |

3
A\/A\_/A\/E\\_/A\_//—\\//—\

(
(
(
A—p

which shows (2.61).
Finally, by (2.55), we have

n(A) =n'(A) —dx-"n(A) = n'(A) — A-*n(A) = 0.
On the other hand, '()), *n(A\) € Hy implies ' (\) € Iy and *n(A) € Iy, thus
n(A) =n'(A) = dx - "n(A) < max{|dr[, 1}(n'(A) + *n(X)) € In.

This leads to the conclusion (2.62). The proof is complete. O
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Lemma 2.17.  Assume assumption (A), aX® < oo and a¢()) € .
Let n(X\) be taken as in Lemma 2.15. If al < oo, then as A — oo, we have
(1) For any b € {1,2}, A\p(\) X" — oo if and only if N[}’ (\) — A-27(AN)] X® — oo
(2) M(N)1 — oo if and only if \[if(\) — A - *(N)]1 — co.

Proof. Since

Acy +co — /\[77/()\) —A. an(/\)]Xa
c1 4+ A(*n(A), X9)
Acy + co
o+ Aen(N), X))’

A61+CQ
0<(A—dy)-“g(\) < _
< A=d)-"n) < T oy X

A—dy =

“n(A) = (Aer + c2) F*(A),

we have

(2.63) 0<AMA—=dy) A1 < (Acy + c2)AFY(A)1 < Acy 4 ¢o < 0.
On the other hand, by (2.31) and (2.45), we have

n(A) =1'(A) = dx-*n(A) = a'¢(A) + 7' (A) = daa"¢(A) + “n(N)]
= ag(A) + ( —dy)a"p(A)+

+(A=dx)-"nA) + [7'(A) = A-*n(N)]
= ag(A) + (A —dx) - n(A) + [7'(A) — A-“7(A)].

Thus the assertions of the lemma easily follow from (2.63), (2.64) and the
assumptions. ([l

(2.64)

Lemma 2.18.  Assume assumption (A) with X*(\) # 0 and F*(\) #
0. () € Hy, satisfying )\lim An(A) =« and )\hm An(A)1 = oo, then if and only
—00 —00
if Xb(\) # 0 (b # a, b € {1,2}), there exists a column vector £(N) satisfying
the following conditions (2.65)—(2.69):

(2.65) 0<¢N) <1

(2.66) EN+MN1<1
(2.67) EA) = &) = (1 = N p(ME(w)
(2.68) )\li_)n;o M) =p

(2.69) AILII;OAU(A)(I —¢) <o

where £ = )l\ir% E(N).
When X°(\) # 0, £()\) can be expressed as

(2.70) E(N) = 6(N)B + X (A) = AX (N F* (N,
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where X (\) € M:\" NKy has the following expression

(2.71) X(\) =t X\ + X ()

for some non-negative constant t, satisfying

1
(2.72) lim —A("(A),1-X") <t, <1 and
—0o0 C]

(2.73) E=Y'4+Y?2+1,X*+ X°,
In particular, the equality in (2.66) holds iff t, = 1.
Proof. (I) Necessity. The resolvent equation of ¢(\) implies that F(\)

satisfies the following equation F*(\) = F%(u) + (u — A)F*(u)y¥(X), so by
Lemma 3.1.3 of [18],

(2.74) (= NF“N)E(p) = pF ()€ — AF*(N)E

where § = )l\irr%)f()\). Furthermore, by (2.67) and noticing that X¢(\) =
Ag(p, N) X (1), we have

EN) = Ap(p, NE() + (1 — N XN F*(N)E (1)
= Ay, NE(p) + X (N [F ()€ — AF*(N)€]
Ag(p, V[E(R) + pX () F(n)€] = AX (A F(N)E
hence
(2.75) EN) + AX YN FUNE = A, N)[E (1) + pX () F* (1)€]
that is
(2.76) T(\) = £(A) + AX (N F*(\)¢ € Ky

By (2.68) and Lemma 2.8, we get

(2.77) lim AT(\) =

A—00

thus the Riesz decomposition of T'(A) must have the following form
(2.78) T(A) = o(A)B + X (N)

where X () € M} NKy and therefore there exist some non-negative constants
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t, and t, such that
(2.79) X(\) =t X\) + t,X°(N)
where t, = 0 when X°(\) = 0. So £()\) is expressed as

§N) =T\ = AX (N F* (V)¢
(2.80) = d(N)B + X(A) = AX (N F*(\)¢

¢
HN)B + 1, XN\) + 1, X°(N) = AX¢(N)F(N)E.

Now, by (2.67), we have £ = £(\) + AY(A)€, which yields /{imo A(A)E =0, or

equivalently
)l\in% Ap(A)E =0 and ;in% AXYN)F*(N)E=0

so together with (2.21) and Lemma 2.8, by letting A — 0 in (2.80), we get

(2.81) - YO+ YP+t,X+1,X" when X°(N)#0
' Tl Y 4 Yt 4t X when X°(\) =0
[ A=ty X 4+ (1 —t3) X" when X°(X\) #0

hence 1 —¢ = { (1—t,) X + X, when X®()) = 0.

Since Ap(A\)1 = Ap(\)(Ye +Y? + X + X?), by Lemma 2.11 and Lemma 2.12,
we see that /\lim An(A)1 = co implies /\lim M(A\)X? = oo, therefore from

(=t )A(NX+ (1 —t)M(A) X, when X(\) #0
Ap(A)(1 =€) = { (1— ta))\Z()\)X’l + )\77()\)?)_(‘7?7 when X°(\) =0

we see that when X?(\) = 0, (2.69) can not be satisfied. So when there exists
a &()\) satisfying (2.65)—(2.69), the condition X®(\) # 0 is necessarily required.
When X°()\) # 0 is satisfied, from the above argument and the above equation,
it follows that ¢, = 1. Substituting this into (2.79)-(2.81), we immediately get
(2.71), (2.70) and (2.73).
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Next, by (2.66), (2.80), (2.20) and (2.22), we have

0<1-¢(A)— A1

=1-¢(N)B —taX"(N) — X°(N) — Mp(A\)1+
ApA)YT+ Y2 +1,X0 + XY

c1 + Aan(N), X @)
=1—¢(N)B—tX*(N) — X°(N) — Mp(A)1+
AW+ Y2+ X0+ XP) — (1 - t,) X7
c1 + Aen(N), X @)
) = XP(A) = Mp(N)1+
W>1 e (A~ ta) X
(2.82) 1+ >\<a77(A)7X“> 1 + Man(N), X9)
=1-¢(N)B —tX"(\) — X°(\) — Ap(N)1—

+ X%(\)

+ X%(\)

ca AN (1 =) X

— X e, x9)
=X\ + X°(\) =t X(\) — XP(\)—

A=A (1 — ta) X
c1 + A(*n(N), X9)
Ao

nN(A —ta

= (1 - ta)Xa(/\) - Xa(/\) e+ )\<a77()\) )z'a>

(1 — ta)Cl

= X“(A)cl +)\<a7’}()\),Xa>7

o (1 —tg)er >0, ie.

(2.83) tq < 1.

Apparently, (2.66) holds the equality iff ¢, = 1.
On the other hand, by(2.68) and Fatou’s Lemma, we have

lim inf A, (1, N (1) > $(N)3

p— 00

213

and by (2.74) we know pF®(p)¢ is increasing in y and thus has a limit B < 1
as p T 0o, so by letting p1 — oo in (2.75), we get T(A) > ¢(A)5 + BX*(N). ie.

ON)B+t X (N) + X'(N) > ¢(M)B+ BX*(\)
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therefore (t, — B)X%(\) + X°(\) > 0, which implies ¢, > B. Since

AN (YE+Y2 +1,X% + XP)
c1 + Aen(A), X9)

_ Bey A )[(B — t) X - Y - Y2 — XY

- 1 +)\<a77 A), X4)

_ Bey+ (ta— B)er = A-p(A) (Y + Y2 + XP)

- 01+>\< n(A), Xa)

_ tact = A "m)(Y! 4+ Y X)

a c1 +A(n(X), X)

0<B—AF*(\)¢=D—

+ B —1,

we have

1 _ 1 _
te > —X- N (Y + Y2+ X% = — X)), 1 - X9
C1 C1

for all A > 0. Combining this with (2.83), we get (2.72).

(IT) Sufficiency. If X®(\) # 0 and £()\) is taken as in (2.70)—(2.73), we
show £()\) satisfies (2.65)—(2.69).

First, by (2.72) and (2.82), we immediately get (2.66). And, by (2.70),
(2.71), (2.73), Lemma 2.8 (1) and Lemma 2.14 (1), we can also easily get
(2.68). Next, from (2.73) we have

(2.84) V(L - €) = (1 t) AN X",

hence (2.69) is guaranteed by Lemma 2.12. Moreover, by (2.82)

€0 = 1 ML - X°(N)— fﬁ@jg‘i? 7

so by (2.72), we get (1 —t4)er < ¢ — A(*n(A), 1 — X?), hence

G ALV, 1= X?)
§N) 21 = W1 = XN = <y
=1 - XN - X9(\) + X(N) A.an(ﬁ)l

=1- (N1 = X\) + AX*(\)F (M1
=1-2p(\)1 - X*(\) = p(N)B+ X°(\) (. Lemma 2.8 (3))

i )

which, together with (2.66), implies (2.65).
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Next, by (2.70) and Lemma 2.8, we have
§A) = o(N)B+ X (A) = AMe(A) — d(N)§
— YT+ YE) 4 X () + AN — Ab(VE
— YA 4+ Y2 + LX) + XU + A (Y
Y2 H 1, X+ X0) = Mp(\) (Y + Y2+ 1, X 4 XP)
=Y Y241, X+ X M) (Y + Y2+ £, X + XP)
={ = MM,

therefore by the resolvent equation of 1(\), we have

§A) = &(n) = Mp(p)§ = Mp(N)E = (1 = M) (MN)E — pl(X) — ¢ (p)]€
= (1= A)pNE = plp = NN p(p)¢
= (= NN = (&) = (1 = N (NE(w),

which shows (2.67).
Finally, we show

(2.85)

¢ = lim¢(\) = Y1 +Y? 46, X+ X°.
By letting u | 0 in (2.67), we obtain

(2.86) EA) =& = AN,
hence )1\13%) Ap(AN)€ = 0, and thus

(2.87) lim A¢(N)¢ = 0.

Denote ¢ =Y + Y2 +t,X%+ Xb. By Lemma 2.8,
(2.88) MpNE =€ = YIA) = Y2(N) = X(N),
letting A | 0, we get iimo Ap(N)E = 0. Let X0 = ¢—¢'. Then by (2.87) we have

(2.89) lim A¢(X)X° = 0.

Noticing that the ¢ in (2.85) is actually Y + Y2 +¢,X® + X°, which is de-
noted here by ¢, we then get from (2.85) and (2.86) that A\p(\)X° = XO.
Furthermore,
EN) =& = xpNE =¢ = X = (V)€ - X)
=¢ - X0 A¢(A)<§’ = X7 = AXN P - X9
=& = X = Xp(NE + AN X7 = AX (A F*(N)E
=YY+ Y2+ X(\) - X0+ )\qb(A)XO —AXTN)F*NE (o (2.88))
— 6B+ X(N) = X+ ASNX° AT (NP (V)
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so by (2.70) we have X" — A¢(A) X° = 0, therefore by (2.89)
XY= Jim M(NX° =0

as is required. The proof is complete. 1

Remark 2.19.  We shall denote F%(A) = F*(\; ¢1,a%, dg,dp) to em-
phasize that the F%()\) in Lemma 2.14 (3) satisfying (2.30)—(2.34) is actually
decided by ¢1, a®, d, and dp. Similarly, the n(\) as (2.40) in Lemma 2.15 will
be denoted by n(A) = n(A; ¢1,¢2, A, @, %, dg, dp, dl,, d;) and the {(A) in Lemma
2.18 satistying (2.70)—(2.73) will be denoted by £(X) = &(A; B, ta, F4(N)).

3. Existence and construction theorems

Suppose @ is a uni-instantaneous bilateral birth and death pre-generator
defined as (2.1), with {0} being the instantaneous state. Since @ is written as

Qn, B 0
Q= ap  —00  ap )
0 B2 Qn,

where aq = (gio; @ € Na), Ba = (qoj; § € Na), @ = 1,2, to apply Chen’s
resolvent decomposition theorem 1.1 in our case, the decomposition (1.2) should
be modified into the following form

PH) 0w

(3.1) R(\) = 0 0 0 +
PP 0 PN
£N1(A>
+T(/\) 1 (nN1<)‘)7 17 nNz()‘))
Ens(A)

where 1% ()\) is the restriction of the Q y-process 1()\) on N, x Ny, a,b € {1,2},
én,(A) and nn, (A) are the restrictions of £(A) and n(A) on N, (a = 1,2),
respectively, with £(\) and n(\) satistying (1.3)—(1.11). «, B in (1.6) are defined

here by o = (gio; 1 € N) = (a1, az2) and 8= (qo;; j € N) = ( g; >

Now we have the following

Theorem 3.1.  If both z' and 2z are entrance or natural, or equiva-
lently, QN is null exit, then QQg-process does not exist.

Proof. Suppose both z! and z? are entrance or natural, then @y is null

exit, i.e. X%(\) =0, a = 1,2, therefore 1)()\) = ¢()\), the Feller minimal Q -
process, is the unique B-type Qn-process. If there exists a Qg-process R(\),
then by Chen’s theorem, there exist a row vector n(A\) € H, and a column
vector () € K such that (1.5)—(1.9) hold. Since M = {0}, by taking Riesz
decomposition for £(\), we have

€)= ¢(N)B =Y (\) +Y2(N).
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Thus ¢ = )l\in%g(A) =Y!'+Y? By Lemma 2.11,

lim A(n(\),€) = lim Ap(\)(Y' +Y?) < 00

A—00 A—00

which is in contradiction to (1.9). O

Theorem 3.2.  If Qy is uni-exit, then all the Q g-processes, if exist, are
necessarily expansions of the Feller minimal Q n-process ¢(N).

Proof. Suppose Q) p-processes exist. Let X(\) be the non-zero exit so-
lution of Qu, thus X°(\) =0, b # a, a,b € {1,2}. Let R(\) be a Qp-process
and ¥()) its projection on N x N. Then by Lemma 2.10, ¢)(A) has the form
P(A) = d(A) + XN F(N). If F¢(\) # 0, for any n(\) € Hy, satisfying
(1.6)—(1.9), by Lemma 2.8, Lemma 2.11 and Lemma 2.12, we have

Jim ()1 = Tim Ap(A)(X° + X'+ Y +Y?) < oo,

which is in contradiction to (1.9). So it must hold F*(A) = 0 and thus ¢(\) =
P(N). 8

Theorem 3.3.  If one of the boundary points, say z%, is reqular or exit,
and the other one 2° is entrance or natural (b#a,a,b e {1,2}), or equivalently,
QN is uni-exit, then
(1) when 2% is regular, Qg-process exists if and only if ad(N) € In;

(2) when 2% is exit, QE-process exists if and only if al = oo and ad(N) € ly.

When the existence conditions are satisfied, each Qg-process R(X) is an
expansion of the Feller minimal Qp-process ¢(\) and can be obtained in the
following way: Take

(3.2) n(\) = ad(N) + da7(N) + dpi” ()

with dg >0, dy > 0 (dy > 0 if al < oo, dy = 0 if 2% is exit, dy = 0 if 2° is
natural), and

(3.3) EN)=1- (M1
select a constant ¢ such that
(3.4) ¢ > (N X = o = constant

finally, define r(\) as (1.10) and R(X) as (3.1).

R(\) is honest iff ¢ = a®. Moreover, the honest process is unique when
one of the boundary points is exit and the other one is natural, otherwise, there
exist infinitely many honest processes.

Proof. (1) Suppose the boundary point z® is regular, and 2” is entrance
or natural (b # a, a,b € {1,2} ), then @ is uni-exit and thus, by Theorem 3.2,
if the @ g-process exists, then for any Qg-process R(\), its projection t(\) on
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N x N is just the Feller minimal @ ny-process ¢(A). And furthermore, by Chen’s
resolvent decomposition theorem, there exist uniquely a row vector n(\) € Hy
and a column vector £(A\) € Ky such that (1.5)—(1.9) hold. Since every vector
n(A) € Hy allows a Riesz decomposition

(3.5) n(A) = ad(A) +7(A)

where 7(\) € LI NHy. So agp(A) < n(\) € Iy implies ag(A) € Iy. The
necessity is proved.

Conversely, if ag(X) € Iy, then take a row vector n(\) as (3.2), a column
vector £(A) as (3.3) and a constant ¢ as (3.4), finally, define () as (1.10) and
R(\) as (3.1). Now we show that the R(\) thus constructed is a Qg-process.

By Chen’s theorem, we only need to show n(A) € Hy, £(X) € Ky, (1.5)-
(1.9).

First, from Lemma 2.7, Lemma 2.8, and noticing that

EN) =1 = 2p(N)1 = ¢(N)B + X(N),
it easily follows that n(\) € Hy, £(X) € Ky, and (1.5)—(1.6) hold. Next, when
al = oo, we have li}\minf)\n()\)l > al = oo, and when al < oo, by Lemma

2.9, we have

li/\m inf An(\)1 > li/\m inf Ap(\) X

> liminf d, A\ij* (M) X = o0,
A—o00
therefore (1.9) holds. Finally, by (2.20), (2.21) and Lemma 2.8 (2),

€= lim ¢(X) = lim(¢(A)5 + X))
= ;in%(Yl()\) +Y2N) + X \) =Y+ Y2+ X =1 X",

and by Lemma 2.8 (1), for any A, u > 0,

An(NXP = M) + (= N)(MN]X" = An(p) XP + M) (n — ) p(M) X°

we get
A1), 1 =€) = Ap(\)X? = ¢° = constant,

which shows that (3.4) implies (1.7)-(1.8). The proof of the sufficiency is
completed.

Now we show every Qg-process R(\) can be obtained in the above way.
By Chen’s theorem, we only need to show each vector in Hy and K, must have
the form of (3.2) and (3.3) respectively. By Lemma 2.11.3 of [42] and (1.6), we
have

n(A) = ap(A) +1(A)
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where 7j(\) € LT NHg. By Lemma 2.5, 7j(\) can be further expressed as

N(A) = da®(N) + du” (N)

with d, > 0, dy, > 0 and d; = 0 when 2 is natural (-.- 7°(\) = 0). While when
al < oo, (1.9) forces d, > 0. Thus (3.2) is shown. Similarly, by Lemma 2.11.3
of [42] and (1.6), we have

€)= o(N)B+E(N)
where £(\) € M NKy. By Lemma 2.4, £()\) can be further expressed as
£ =t X(N) (2 X°(\) =0).
So
EN) = 6B+ 1K), €= lm () =TB+ X",

By Lemma 2.1, lim An(A)(I'8 + X®) < o0, s0 (1.9) implies

lim Ap(A\) X = co.

A—00

On the other hand,
1-¢=T8+X"+X"—¢=(1—-t,)X*+ X",
so the above two equalities and (1.8) forces ¢, = 1 and thus
EN) = o(N)B+X(A) =1 = A(M)1,

as is desired.

Finally, by Chen’s theorem, it is obvious that the process R()) constructed

as above is honest iff ¢ = A(n(\),1 — ¢) = o®. Since the choices of 7(\) are
infinite, there exist infinitely many honest processes as well.
(2) Suppose 2% is exit, and z° is entrance or natural ( b # a, a,b € {1,2} ). So
Qn is uni-exit and thus X?(\) = 0, 7%(\) = 0. We only show the necessary
condition al = oo and argue the uniqueness for the honest processes. The
proof for the other conclusions are similar to the proof of (1).

Suppose that the @ p-process exists, then for any @ pg-process R(\), its
projection ¥(A) on N x N is the Feller minimal @ y-process ¢(A). By Chen’s
theorem, there exist uniquely a row vector n(A) € Hy and a column vector
£(N\) € Ky such that (1.5)-(1.9) hold. By Lemma 2.11.3 of [42] and Lemma
2.5, we have n(A\) = a¢(\)+din®(A\) where d > 0. So if al < oo, then by Lemma
2.9,

lim sup Ap(A) X* = limsup(Aap(A) X + My (V) X %)

A—o00 A—o00

= limsup Aagp(\) X* < al < oco.

A—o00
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In addition, by Lemma 2.11, we have
sup Ap(A) (Y2 4+ Y?) < oo, )\lim M(M)Xb < 0.
A>0 o0
So we get
Jim Ap(A)1 = Tim Ap(A)(Y* + VP + X+ XP) < o0,

which is in contradiction to (1.9). The necessity is shown.

Finally, when the existence conditions are satisfied, we see that when z¢
is exit and z® is natural, 7(\) = a¢()\) is uniquely determined, thus the honest
process is unique. While in other cases, the choices of () are infinite, therefore
we have infinitely many honest processes. The proof is complete. 1

Theorem 3.4.  If both z' and 2% are regular, then the Q g-process exists
if and only if ap(N) € ly.

When ag(X) € Iy, each Qg-processes R(N) is either an expansion of the
minimal Qn-process ¢(X) or an expansion of a non-minimal Q N -process ().

(1) The expansion Qg-processes of the minimal Qn-process ¢(\) can be
obtained in the following way: Take V(X)) = ¢(N),
(3.6) n(A) = ag(N) + diij* (A) + daif*(N)
(3.7) EN) = oM+ 1 XH(N) + 1 X2(N)
where dg, >0, 0 <t, <1,a € {1,2} (d1 + d2 > 0 when al < co; t, = 1 when
dy >0 or aX® = c0), then take a constant c such that (1.8) holds, and finally,
define r(\) as (1.10) and R(X) as (3.1).

R(\) is honest iff t1 = ta = 1 and ¢ = 0. Moreover, there exist infinitely
many honest expansion Qg-processes of ().

(2) The expansion Qg-processes of the non-minimal QN -processes can be

obtained in the following way (This case forces aX* A aX? < o0):
When aX® < oo (a =1 or2), first take a non-minimal QN -process

(3.8) P(A) = (N + XN F(N)
where F*(X\) = F(\; ¢1,a%,d,,0) is taken as in Lemma 2.14; then pick up a
constant A > 0, take a row vector

(39) 77(/\) = 77(/\7 Cl,CQ,A,O{,O{a,da,O,d;,dg)

as in Lemma 2.15, where d, = Ad,, dj, >0 (dj, > 0 if al < 00), co satisfies
(3.10) Acy +cy > aX® (Acp+cx =aX®if a®l < oo and d, = 0);
then take a column vector

(3.11) EN) = &N Bita, FU(N))
as in Lemma 2.18, furthermore, select a constant ¢ satisfying (1.8) and finally,
define r(A) as (1.10) and R(X) as (3.1).

R(A) is honest iff t, = 1 and ¢ = 0. Moreover, there exist infinitely many
honest expansion Qg-processes of the non-minimal Q N -processes.
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Proof. Suppose both the two boundary points z* and z? are regular. Then
by Remark 2.6(2), X%(\) # 0, 7%(\) # 0, for a = 1, 2. If Qpg-process exists,
by Lemma 2.10, each Q g-process R(A) is an expansion of a B-type Q y-process
¥ (A), which takes the following form

YA = o) + XTI () + X2 F2(N)

where F'*(\) > 0, a = 1,2 are two row vectors defined on N satisfying A\F'®(\)1
< 1. Furthermore, by Lemma 2.13, there necessarily exists at least one a €
{1,2} such that F*(\) = 0.

(1) When F(\) = F?()\) = 0, the Qg-process R()\) is an expansion of the
minimal @Qy-process ¥(A) = ¢(A). By Chen’s decomposition theorem, there
exist uniquely a row vector n(A) € Hy, a column vector {(A) € Ky and a
constant ¢ such that (1.5)-(1.9) hold. It is easy to show a@(N) € Iy by using
the same argument as in Theorem 3.3. Moreover, by Lemma 2.11.3 of [42] and
(1.6), we have

n(A) = ag(X) +17(), E(N) = (VB +E(N)

where 7j(\) € LT NHy and £(\) € M7 NK,. By Lemma 2.5 and Lemma 2.4,

7i(A), £(N\) can be further expressed as

1) = di(N) + da(N), €)=t X1(N) + 2 X3(N)
with d, > 0, ¢, > 0. So

(3.12) n(A) = ag(A) + din' (A) + don® (N)
EN) = d(N)B + 1 XH(N) + 12 X2(N),

therefore
€= ;ii%f()\) =T+t X + X2 =Y +Y? 4 ;X + 1, X2
1— =Y 4+ V24 X 4 X2 —e=(1—t) X+ (1 — 1) X?
and

1-(N) =1-0N)B -t X1\ — t2X2(N)
=Ap(N)1+ XN + X2\ — 61 X1 () — 6. X%(\) (0 (2.22))
=AML+ (1 —t) X (N + (1 — ) X2(N).
By (1.5) and noticing () = ¢(\), we have
0<1-Ap(N)1—¢(N)
= (1= t) X' () + (1~ t2)X*(N),

which implies t; <1 and to < 1. It is easy to see t; = to = 1 iff (1.5) holds the
equality.
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Furthermore, we have

M1 = p\)(Y+ Y24+ X+ X?)
= M\ (Y +Y?) + dag(A )(X1 + X%+
+ (do A (A) + do AP (V) (X + X?)
=AY +Y?) + Aad(\) (X + X?)+
+ d AT N X+ do AP (V) X? (0 (2.23)),

so from Lemma 2.9 and Lemma 2.11, we conclude that (1.9) holds if and only
if d; + dy > 0 when a(X! + X?) < oo, or equivalently, al < co. Since

AN (1 =€) = MN)[(1 =) X" + (1 — t2) X7]
= Aap(N)[(1 — 1) X + (1 — t2) X2+
+di (1= t)M (N X + do(1 — t2) AP (V) X?,

(1.8) implies that t, = 1 when d, > 0 or a X = 00, a € {1,2}.

Conversely, if agd(N) € Iy, n(A), £&(A) and constant ¢ are taken as (3.6)—
(3.7) and (1.8), then from the above argument, we can easily conclude that
n(A) € Hy, £(N) € Ky and (1.5)—(1.9) hold, thus by Chen’s theorem, the
process R(\) constructed as in (1) of Theorem 3.4 is a @ g-process.

It is obvious that the process R(A) is honest if and only if t; = ¢2 = 1 and
¢ = 0. Furthermore, since the choices of dy,ds and therefore n(\) in (3.12), are
infinite, we have infinitely many honest expansion @ g-processes of the minimal
Qn-process ¢(N).

(2) When R(\) is an expansion of a non-minimal @ y-process ¥(\) =
d(A) + X¢(N)F(\) with F¢(\) # 0 for some a € {1,2}, then by Lemma
2.14, F*()) can be expressed as F*(\) = F%(\; ¢1,a%, dg, dp) with ¢1, a®, dg, dp
satisfying (2.30)-(2.34). Since z° is regular, by Lemma 2.9, /\lim AP (M) X =

00, so the constant dj, in (2.33) should be taken as zero. Therefore
F(N) = F(\; c1,a%,dg, 0).

In addition, by Chen’s decomposition theorem, there exist uniquely an
n(A) € Hy, a £(\) € K, and a constant ¢ such that (1.5)-(1.9) hold. By
Lemma 2.15, we have aX?® < oo, hence aX! A aX? < oo and n()\) can be
expressed as (3.9). By Lemma 2.9 and Remark 2.16, we get ¢ satisfies (3.10).
Moreover, by Lemma 2.11(1) and Lemma 2.12,

limsup Ap(\) (Y + Y 4+ X?) < oo,

A—00

o (1.9) is equivalent to )\lim A(A)X? = co. Since
AT (V) = “GANX" = dpAi" (V)X

so when al < oo, by Lemma 2.9 and Lemma 2.17, we see that hm )\n(/\))_(b

00, and therefore (1.9), is equivalent to dj > 0. Combining thls Wlth (2.38), i
follows that d/, and dj satisfy the desired condltlons
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On the other hand, by Lemma 2.18, any vector {(A\) € K, satisfying
(1.5)—(1.7) can be expressed as (3.11). Furthermore, the other conclusions are
guaranteed by Chen’s theorem. The necessity is showed.

As for the sufficiency, suppose a¢(A) € Iy, aX?® < 0o and, ¥()\), n()), and
&(A) are taken as (3.8)—(3.11), and the constant c is taken as (1.8), then it is
easy to see 1(\) is a non-minimal @ y-process, ¢ satisfies (1.7)—(1.8) and, by
Lemma 2.15 and Lemma 2.18, n()\) € Hy, () € Ky and they satisfy (1.5)-
(1.6). Moreover, the choosing of the constants d,, d/, and dj result in (1.9).
Therefore by Chen’s theorem, the process R(A) defined as (1.10) and (3.1) is
an expansion @ g-process of ¥ (\).

Finally, the process R(A) is honest iff (1.5) and (1.8) hold the equality
which, by Lemma 2.15 and (2.84), are equivalent to t, = 1 and ¢ = 0. Fur-
thermore, since the choices of d, and therefore n(\) in (3.9), are infinite, we
have infinitely many honest expansion @) g-processes of the non-minimal Q-
processes. The proof is complete. O

Theorem 3.5.  If both z' and 2> are exit, then Qg-process exists if and
only if al = 0o and ad(N) € Iy.

When al = oo and ap(X) € Iy, each Qp-process R(X) is either an ex-
pansion of the minimal Qpn-process ¢(N\) or an expansion of a non-minimal
Qn-process Y(N). More precisely, each R(X) can be obtained in the following
way.

(1) When R(X) is an expansion of ¢(N), put Y(A) = p(XN), n(A) = ap(N),
E) = o(N)B+ 11 XE(N) + taX2(N) where t, (a = 1,2) are two constants sat-
isfying 0 < to < 1 and ty = 1 if aX® = oo, then take a constant c satisfying
(1.8), and finally define r(X) as (1.10) and R(X) as (3.1).

R(N) is honest iff t1 =ta =1 and ¢ = 0. Moreover, the honest expansion
QE-process of the minimal Q n-process is unique.

(2) When R(X) is an expansion of a process (X) # &(N) (this case forces
aX'ANaX? < oo and aX'VaX? = 00), in the case aX® < 0o and aX® = oo,
b # a, a,b € {1,2}, first take ¥v(\) = d(\) + XU(A\)F*(\), where F*(\) =
Fe(X; e1,a%,0,0) is taken as in Lemma 2.14, then pick up a constant A > 0,
take a row vector n(\) = n(A; c1,¢2, A, ,a%,0,0,0,0) as in Lemma 2.15, where
¢y satisfies Acy+cy > aX® (Aci+co = aX® if a®l < o), then take a column
vector E(X) = E(X; B, ta, F*(N\)) as in Lemma 2.18, select a constant ¢ satisfying
(1.8), and finally, define r(\) as (1.10) and R(X) as (3.1).

The process R(\) is honest iff t, = 1 and ¢ = 0. Moreover, there exist in-
finitely many honest expansion Qg-processes of the non-minimal Q N -processes.

Proof. Suppose both the two boundary points z! and z? are exit, then
we have X%(\) # 0 and 7%()\) = 0 for a = 1,2. If the Qg-process exists, then
by Chen’s theorem, for each Qg-process R(A), there exist a @ n-process (),
two vectors n(A) € Hy, and {(\) € Ky and a constant ¢ such that (3.1) and
(1.5)—(1.9) hold. Since by Lemma 2.10 and Lemma 2.13, 1)(A) must possesses
the form

(3.13) P(A) = 6(A) + X (N F(N)
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for some a € {1,2} and F*()\) having the properties of Lemma 2.14, so corre-
sponding to F*(A) = 0 or # 0, we have ¥(\) = ¢(\) or ¥(N\) # ¢(A), which
means that the Qg-process R(\) is either an expansion of the minimal Q-
process ¢(\) or an expansion of a non-minimal @ y-process ¥(A). In the former
case, n(A\) € Hy and £(N\) € Ky, so n(X) takes the simple form

n(A) = ad(})

hence n(\) € Iy is equivalent to ag(A) € Iy and (1.9) equivalent to al = oo
This shows the existence conditions for the first situation (1) of the theorem.

As for the second case, i.e. F%(A) # 0 in (3.13), it immediately follows
from Lemma 2.15 that aX® < oo and a¢()\) € Iy. In addition, by Lemma 2.11
(1) and the equality Ap(A\)1 = Ap(A)(Y! +Y2) + An(A)(X* + X?), we see that
(1.9) is equivalent to

(3.14) Jim Anp(A) (X + X) = o0
— 00
Moreover, since 7%(\) = 0 and 7°(A) = 0 (b # a) result in all the constants d,,

dp in (2.33) and d),, d; in the expression of 7'(A) in Lemma 2.15 equal zero, by
Lemma 2.14 and Lemma 2.15, we have

An(A)(X“+X”> = A('(A) = dx - “n(N)(X* + XP)
= A’ (\) — ( DX+ XP) + A = dy) n(\) (X + XP)
= A@'B(A) — Aa“p(N) (X + X°) + AMA — dr)“n(A)(X* + X*)
= Mg\ (X + X%) + A(A = dy)*n(A\)(X* + X°)

where d) =

Mn'(N), X@
ACE on )~ From the last equality above, and noticing

c1 + >\< R > '
(2.63), we conclude that (3.14) is further equivalent to

(3.15) Jim Aag(A) (X + X*) =
While the following inequality
(X4 X < lim Aag(\)(X* + X°) < lim Aag(N)1
A—o00 A—00
<al=a(Y*+Y%) +a(X*+ XY

implies apparently that (3.15) is equivalent to a(X?® + X?) = oo and also
al = oo. This shows the existence conditions and the by product that X* and
X? satisfy a X A aX? < 0o and a XV aX? = .

We note that in situation (1), the honest @ g-process is unique since the
vectors n(A), £(A\) and the constant ¢ there are all uniquely determined. The

proof of the rest conclusions of situation (1) and (2) is very similar to Theorem
3.4, and therefore is omitted. O
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Theorem 3.6.  If one of the two boundary points, say z%, is reqular,
and the other one 2 is exit (b # a, a,b € {1,2}), then Qg-process exists if and
only if ap(X) € ly.

When the condition is satisfied, each Qg-process R(X) can be obtained in
the following way.

(1) When the R(X) is an expansion of the minimal Qn-process ¢p(\), put
B = (V) et 1(A) = ad() + da*(V), £ = SN + £ X (A) + X (N),
where dg, tq, ty (b # a) are non-negative constants and d, > 0 when al < co;
te = 1 when aX® = co ordy > 0: t, = 1 when aX® = co. Then take a constant
¢ satisfying (1.8), and define r(\) as (1.10) and R(X) as (3.1).

The process R(\) is honest iff to = t, = 1 and ¢ = 0. Moreover, there exist
infinitely many honest expansion Q g-processes of the minimal Q n-process ¢(N).

(2) When R(X) is an expansion of a non-minimal Qn-process (\) (this
case forces aX* ANaX¥ < oo, where k # k, k, k € {1,2}), when aX* < oo, first
take (N) = G(A) + XE)FE(N), where F¥(A) = {?bg o Zb:;i::g)): Z o
is taken as in Lemma 2.14, with of satisfying a*¢(\) € In and o X* < oo;
next pick up a constant A > 0, take a row vector n(\) = n(\; c1,c2, A, a, a¥ d,,

p )
0,d,,0) as in Lemma 2.15, where {ZZ ; ﬁjz: ZZ ; Z
ca > aX¥ (Acy 4+ co = aXF if oF1 < oo and daliqy(k) = 0), then take a
column vector () = £(\; B, tx, F¥(N)) as in Lemma 2.18, more precisely,

and co satisfies Acy +

EN) = dN)B + 6 X (A) + XP () = AXEOFF ) (Y 4 Y2 4 4, X7 + XF)

1 _
where ty, is a constant satisfying )\lim —AFn(\),1 = X*) <ty <1, then select
—o00 C1

a constant ¢ satisfying (1.8), and finally, define r(A\) as (1.10) and R(\) as
(3.1).

The process R(X\) constructed above is honest iff t, =1 and ¢ = 0. More-
over, there exist infinitely many honest expansion Qg-processes of the mon-
minimal @ n-processes.

Proof. Suppose the boundary point z® is regular, and the other one 2° is

exit (b # a, a,b € {1,2}). Then we have X*(\) # 0, X*(\) # 0, 7%(\) # 0 and
7°(\) = 0. If the Qp-process exists, then by the same argument to Theorem
3.5, each Qg-process R(\) is an expansion of a B-type @ n-process 1(\), which
takes the following form

D) = o(N) + XFNFF (),

where F¥(\) > 0, k = a or b, is a row vector defined on N satisfying AF*(\)1 <
1.

(1) When R(A) is an expansion by the minimal @ n-process ¢(A), i.e.
F¥()\) = 0, then by Chen’s decomposition theorem, there exist uniquely a
row vector n(A\) € Hy, a column vector {(A\) € K, and a constant ¢ such that
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(3.1) and (1.5)—(1.9) hold. By Lemma 2.11.3 of [42] and (1.6), we have
nA) = ap(N) + dai®(A),  E(A) = d(A)B+ taX*(A) + 6, X" ()

for some non-negative constants d,, t, and t;. So by following the same lines
of the corresponding proof in Theorem 3.4, we can easily show the existence
condition a¢p(A) € [y and the first part (1).

(2) When R()) is an expansion of a non-minimal Qpy-process (), i.e.
FE(\) # 0, we can also follow the same way to Theorem 3.4 to show the
existence condition ag(A) € Iy and the conclusions of the second part (2).

The proof is completed. O

Finally, we give the equivalent conditions for a¢(\) € g, which enable us
to check by using the elements of the pre-generator matrix.

Proposition 3.1.  Let aq = (qoj;j € N1), a2 = (qo;3] € N2), «
.’w1_27w1_1)"', Wy = (w%’w%’... , w2 )

3l

(alaa2)' Let Wl = (7w1—Ja g
J [ee)
where w!; = (' — z_j)Zu_n + Z (' — 2 ) and w? = (2* -
n=1 n=j+1
J oo
zj) Z Iy + Z (22 — 2,)tin. Then
n=1 n=j5+1

(1) ap(N) € lg is equivalent to ag9®(N) € In,, a =1,2.
(2) If z* is regular or exit, then a,@®(N) € In, is equivalent to agW, < oo, or
more precisely, Z qojw§ < 00.
JENa
(3) If z° is entrance or natural, then a,¢®(N\) € Iy, is equivalent to a,1 < oo,

or more precisely, E qoj < 00.
JENa

Proof. The conclusions easily follow from Theorem 6.9.3, Theorem 6.9.4
and Theorem 6.9.5 of [42]. O
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