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Unconditional uniqueness of the derivative
nonlinear Schrodinger equation in energy space

By

Yin Yin Su WIN

Abstract
We consider the unconditional uniqueness for the Cauchy problem
of the derivative nonlinear Schrodinger equation. The proof is based on
the Gauge transformation and the Fourier restriction method.

1. Introduction

We consider the Cauchy problem of the derivative nonlinear Schrodinger
equation:

(1.1) 10y + Ogpu = g(u) on (0,7) xR, T >0,
(1.2) u(0,z) = ug(z) € H'(R),

where g(u) = 60, (|u|*u) and u(t, ) is a complex valued function of (0,T) x
R,0, = 2,6 €R.

Our purpose is to study the unconditional well-posedness of (1.1)—(1.2)
in energy space. In [10], Kato introduced the concept of the unconditional
well-posedness of the Cauchy problem with power nonlinearity. He explained
that the solution need the auxiliary condition to ensure the well-posedness,
but in some cases it can be removed. We consider particularly the model case
of the pure power nonlinearity g(u) = |u|*u with o < &5 (N > 3). Let
Ug € H! (RN)

1. Assume o < 1%5. There exists a unique solution u € C([0,T), H'(RV))
NLY((0,T), L"(R™)), for some T > 0, where (¢, ) is admissible pair.

2. Assume a = 2. There exists a unique solution u € C([0, 7], H'(RY))
N LY((0,T), L"(R™)), for some T > 0, where (¢, ) is admissible pair.
In (i), the auxiliary space L2((0,T'), L") can be removed, it is bonus in the words
of Kato, which may or may not appear in the theorem. Hence we say that (i) is
unconditional well-posedness. But in (ii), the auxiliary space L2((0,T), L") is
essential part of the well-posedness because we might not prove the uniqueness
without the auxiliary conditions. Hence we say that, (ii) is conditional well-
posedness in H'(RY) with the auxiliary space L((0,T), L").
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We first recall the some known results of (1.1)—(1.2). In [14], Tsutsumi
and Fukuda proved that the solution of (1.1)—(1.2) is global existence in
L*(0,T; H)NC(0,T; H5~1), s > 3/2. Their results was improved by Hayashi
[7] and he proved the uniqueness in C(R, H(R)) N L{2 (R, H3(R)). He devel-
oped the gauge transformation technique to reduce the derivative nonlinearity
to another nonlinearity, but the new equation still contains the derivative in
the form of u?u,. In [13], Takaoka used the Fourier restriction method to
handle the gauge equivalent equation containing the derivative and he proved
the Cauchy problem (1.1)-(1.2) is sharp local well-posedness in H®(s > 1/2).
In spatial periodic case, [9] Herr proved the same result as Takaoka. In our
study, we emphasize the gauge equivalent equation to prove the unconditional
well-posedness.

We give some notations and function spaces which are used in this work.

We let ||.||, be the norm of LP(R) where 1 < p < co. The space time mixed

norm LYLY is defined by
1/p
Flzgus = ( [ 171 at)

with the usual modifications when p = co.
Let S(R) be the Schwartz space. Given s € R, one defines

H*P(R) := {f(z) € S'(R); (1 + [¢[*) 27 € LP(R)}
and

el e = 1771 (1 + [€1) 2| o

When p = 2, we write H52 = H*.
We define the Fourier transform in time by

Fo(f)(r) = / e ()t

and the spatial Fourier transform by

F(N© = [ e pla)da.
Let Ff = F,Fcf. We also denote it by ]?
For s,b € R. We define X ,(R x R) which is very useful to estimate the
derivative nonlinearity,

Xop = {f €8 () (T+&)"fe L)
where () = (1+ [.|]2)2. In X, it has two weights, the one (£) is elliptic and
the other is parabolid (7 — £2) which it is important to consider geometrically.
For any time interval (0,7), T > 0, we define the restricted space
Xs,b((ovT) X R) by

lull xr, := inf {|[a]|x, , : @o,r)xr) =u}-
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In complex conjugate case, |G| xs» = ||u||X;b.

Since the uniqueness of solution is a main part of the unconditional well-
posedness, we consider the uniqueness only. We recall the results of Takaoka
[13] and Herr [9]. Takaoka [13] proved that the gauge equivalent solution is
unique in X 1, N L (W2>) for s > % and Herr [9] proved in X1 NYeo
for s > % where the norm of auxiliary Y ;-space is related to the norm of
X, with L2-integral for the spatial frequency variable £ and L'-integral for
the time frequency variable 7. While the Sobolev embedding Xg;b — L (H?)
holds for b > %, we need the extra conditions such as the space Y, ;. To
explain our result, we start the following observation. We first see that if
u € L>=(0,T; H'(R)) then we have v € L*(0,T; H'(R)), which means u € X7 .
On the other hand, by taking the Fourier transform on both sides of (1.1), we

2
can see Fu = % € L*(R?), i.e.,, u € Xo1. By using the interpolation

between above two cases, we get the solution u € X 11 Hence, if the solution
is unique in X 1, the problem (1.1)-(1.2) is unconditionally well-posed in H*.

The unconditional uniqueness is a concept of uniqueness which does not
depend on how to construct the solution. For example, we consider (1.1)—(1.2)
with zero Drichlet boundary condition on the ball B centered at the origin
with radius R > 0. Let uy be a compactly supported function in H!(R). If
|uoll£2(By) is small, we have a global solution ur € L>(R; Hg(Bg)) such that

[w®)lL2(Br) = lluollL2(Br)
and
E(u(t)) < E(uo)

where E(u(t)) = |0zull}z g,y — 31m [, wiaudyudzr. Indeed, because we have
by the Gagliardo-Nirenberg inequality,

‘Im/B utud, udx SCH“HQL?(BR)HUH?P(BRV

R

there exists a solution v € L™(R, Hg(Bg)) when |jug|r2(p,) is sufficiently
small. Then the passage to the limit as R — oo leads to a solution in
L>®(R; H'(R)). In this case, the proof of existence does not imply that a
such solution is in the auxiliary spaces. But our Theorem 1.1 below show that
when ug € H} this solution is identical to the solution given by Hayashi [7] and
Takaoka [13]. Our main result is as follows.

Theorem 1.1.  Letug € H(R) and T > 0, assume that u and v are two
solutions of (1.1)~(1.2) in L>=(0,T; H*(R)) with the same initial data. Then
u(t) =v(¢), t € [0,T].

The plan of this paper is composed as follows. In section 2, we give some
useful linear estimates. In section 3, we derived the estimates of nonlinearity
on Bourgain space. Finally, in section 4 we present the gauge transformation



686 Yin Yin Su Win

and prove that the solution of gauge equivalent equation is unique in X3 , and

the solution of (1.1)—(1.2) is unique in L°°(0,T; H').

T
1
2

[N

2. Linear estimates
Let s1,82,b1,bs € R. There exists ¢ > 0 such that

(2.1) lullx., ., < cllullx

s9,bg )

where s5 > s1, by > b;. We have known the usual Strichartz estimates

1
(2.2) lullzg, < ellullxo,, 0> 3
and
(2.3) lullrz = llullxo.o-

By using the interpolation of (2.2) and (2.3),
.3
(2.4) ullps < ellullx, . where b* > 3

The solution of (1.1)—(1.2) with the initial data «(0) = up admits the equivalent
integral equation

(2.5) u(t) = U(t)uo—z'/o Ut — )0, (|ulu) (t')dt’

where U(t) = €%, is the free Schrodinger operator. In this proof we want to
consider the local solution in time, for that purpose we introduce time cut off
function in (2.5). Let ¢; € C°(R) with 0 < ¢; < 1. 9¥1(¢) = 1 on |t| < 1,
1(t) =0on |t| > 2 and Y7 (t) = 1 (t/T) for any 0 < T < 1. Then

(2.6) ) = b (O Oua = e (e) [ Ut =)0

where f(t) = 0, (|u?u)(t). Since the relation of X, and H*?
HuHXs,b = ”U(_t)uHHvav
there exists ¢ > 0 such that

141 (£)U () uol

Xop = llor(®)uoll g

(2.7)
< clluo| -

We next consider the convolution part of (2.6)

[ (U * Pllx.., <cllf]

Xs/,b/
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where * is convolution in time and it is equivalent to

ILf [ < el fll o

with some constant ¢ ,where X, j and HY are the dual of X, and HsP,
The operator L is defined by

(2.8) (Lf) = br(t) / F(t)dt’

Lemma 2.1. Let s € R and the followmg estimates are hold.
L HLfIIH1 <ellfll -3 +efirrsr 1717 Hf(r)ldr,

2 Wr(U+)lx,,, < c||f||xs,,%+c{f<§>2$<f (r =€) Fu(r )l )
where some constant ¢ and [ (7,&) = x{|7 — &|T > 1}f(7’, £).

Proof. 'We first prove (i), we may define

(2.9) /O "R = ¢ /_ Z " =1 fryar

1T

and we split f = fi + f_ where
Fe(r) = Fr)x(r|T > 1),

Then (2.9) becomes

where

(2.10) - /f (ir) kD7
(2.11) 1T = 1/)T7'"* (f+(T)(iT)*1),

(2.12) 111 = —;pT/ f—;S_T)dT

The first contribution is bounded by

@19 eSO

Hence the first norm is estimated by 7%, since the support of . The
second norm is bounded by

(2.14) /'ﬁ(T)Hﬂk_ldT = CTl_ka”H’% </| T<1<T>dT>

< cTH|f]

1
2

1
2
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Combining them, the first contribution is bounded by

(2.15) 11,3 < eIl -3

t

When we apply H 2 norm on II, we see that

||II||H = H<T>% (Fevr *ftf+(7')(i7')_1)‘

1
2

2
t L’r

< cf|irltdr « it (r)n) |, e [dr (AL )

L2

By using Young inequality,

(2.16)
-~ 1 _ -~ 1 _
111y < ellbrlrl# s |l Fefe (DIl oz +elldrlloll(n) 2 Fofe()lr) e
el sup (rTHHTTE 4 sup |7[ETUE)|f
|7|>T—1 |7|>T~ H,
<C||fHH;%

1
We apply H; norm on IIT and by using Young inequality, we get

12115 < clivrl,y [ Ir7F(lar

<e / 7|4 ) d.
|T|T>1

Combining I, IT and III, we get

(2.17)

2.18 L 1 <c ,,+C/ 717 f(7)|dr.
(2.18) LA 3 ||fHHt; |T|T21| |7 f(7)]

t

Fix ¢ and multiplying each by (£)2?* and taking the L? norm over £&. We obtain

(2.19) [lorUfl,. g < ellfl,,. s +c{ [ /mm T|-1|f<7>|d7>2d5} .
Substitute U(—t)f for f, then we get (ii). O

3. Nonlinear estimates

In this section we derive the nonlinear estimates in the framework of L?
based Bourgain spaces. Let f be a nonnegative function such that

Film &) = (ri + €3 (&) [a(r, &),
Fa(73,&) = (3 — E2)3(&3) 2 [(13, &)
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where i=1,2 and 7,£ € R. Here the scales of time and space are different for
the Schrodinger equation. Let 7= X3 7, £ = %3, &;.
We consider [13],

(3.1) o—01—03—03=2(§—&)(€ &),

where o; = 7; + §i2,z' = 1,2 and 03 = 73 — £2. So either of the following two
cases happens

(3.2) =&l <Tor[§—&| <],
3.3 ‘f—fl‘ >1and|§—§2| > 1.

Lemma 3.1.  Let u(t) be supported on {t;|t| < T} with 0 < T < 1.
Then, there exist c,é > 0 such that the following estimate holds.

(34) luy wz Optisllx, , < cTllullx, | lluzllx, , luslx

11
2°'2

Nl=

1
3

N=

1
3

Nl=

1
5
Proof. Consider

[luru20pus||x,

1
3

(35) (€)3(&) \ filri, &) falT2, €2) f3(73, €3)
- H/ A (Hf’=1<£i>%> EHENCIEE S

where dy = drd§.

Case 1: In the region € — &;| < 1 or |§ — &| < 1, we have,
(3.6) A

(€1)2(&2)2(&3)2
Then
(3.7)
_ J1(71, &) f2(72, &2) f3(73, §3)
bosnsdctsly y < | f - [ S i i

— cH<a>—% (<gl>%|a1| % (€)% g % <£3>%|ﬁ3|)\

2
L'n&

By Plancherel theorem,

luru202ts x, |
2 2

1
< |yt piu| |
t,x

(3.8) 1
- HHLD; i

X,

=
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where P = i0; + 0z, Then we apply the Lﬁm dual Strichartz estimate and
Holder inequality,

HH;LIDEW

1
< CHH?ZleQui

4
Xo.-4 L3,
1
(3.9) < oI, HDg u;
% t,x
< CHDx uiHXO%+€'
We conclude that
(3.10) lur ug Ouiisllx, , <cTlurllx, | lluallx, , lluslx, ,
2 2 2'2 2'2 2°'2

Case 2: In the region [ — &;| > 1 and | —&] > 1.

We first assume |&] < [¢]/2 and [&] < [€]/2. Since [¢] < | = &i| + [&l,
€1 < It ol + I, € < clé — &[*I¢ — €of%. In addition, if €] < |ga]/2, since
|€13\ <€ =&l + 1€ — ol + 4], we get |&] < ¢ — &1|2[¢ — &[>, We conclude
that

(€2 (&) o
(G) (&) (&) (€ — )€ —&)F ~ (&)3(&)?
On the other hand |¢| << [&] and |£] << |&2|, we have the identity
1 ¢ 1

E-& (E-&)&a &

(3.11)

We can show that

1 . €] +L
€ =&l 7 €= &ll&a] &l
< & 1
T e =&l 2 6|2
1 c

< .
€= &lM2 7 |&af/?
Similarly, we can show that

1 < c
€ = &f1/2 7 &2

Since

1€3] < €]+ [&1] + |2 < e(l€1] + [€2])

and if either || < |€2] or [£2] < |&1] we then conclude

(€)% () «_°c
(E1)3(E)3 ()3 (E— )3 (E—&)F ~ (&1)3(&)2

(3.12)
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Next, we consider the four subcases according to the one of ¢’s is the largest.
Subcase 1. ((o) > max{{o1), (02), (03)})
By Plancherel theorem and using Hélder inequality,

(3.13)

||’U,1’U,2(9 U3||X S C

/ f1(71>51)f2(72752)f3(737§3)du1dﬂ2
R4

(61)% (&) 21, (04)

W=
[N

2
LT,g

1
=cC HUﬂLQDzQ 1_L3‘

l_
< cllurllzs lluzlls D3 s]lps

This estimate follows after applying the Sobolev embedding at both space and
time for u;,us as well as L* Strichartz estimate for uz. We use again Sobolev
embedding, we get

(314) ||U1’U,2(91’U,3||X < CH?ZlTé||uiHX

1
’2

[N
Nl

1
2

Subcase 2. ((o1) > max{{(c), (02), (03)})

(3.15)
lurusduiislx, , <c / f1(T17§1)fl (T27§2)f3;( fl)dm duz
373 1 (61)2(&2)2(0)2 (02)2 (03)2
= )7 (o« aal = o) Haal) |,
By Plancherel theorem and Sobolev embedding in time,
I(P) = ((PYrunua D3 ) 12, < el (P)}urua D3 sl x,
(3.16) < c||<P>%u1uQDéﬂgHLi7Lt§

1 i
< cll(P)2uallpz ps lluzlles D7 usl|rs -
Applying Sobolev embedding again,
1 1
[{(P)2urllzzrs < cl(P)2urllx,
g,

(3.17)
< cllurllx

3 19
]

Nf=

We obtain the required estimate.
Subcase 3. ((o2) > max{(0), (01), (03)}). The proof is same as subcase 2.
Finally, Subcase 4. ({o3) > max{(o), (c1), (02)})

We have,
(3.18)
_ f1(717§1)f (Tza§2)f3(73a€3)
Belisllx, . < E \3:83) 101 d
huwsditaliey e[ [ TR s s

L2,
= ||U1’U,2f_1f3||xo,7%.
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Applying the dual of Strichartz estimate and Holder inequality, we get

lurua F~ 1f3H <CIIU1HL8 luzllps IF " fall 2,
(3.19)
SCTG i:l”uiHX%é

O

Lemma 3.2.  There exists ¢,é > 0 such that for T € (0,1), then the
following estimate holds.

(3.20) { [ ([ Ee §>|dr)20zg}é <o Ll

where each u;(t),j = 1,2,3 has support in (0,T).

)

=

Proof. We consider in the following two cases.
Case (1). In the region | — & | <1lor € —&| < 1.

{ [ ([oriFe 5>|d7)2d5}
[

Applying Schwartz estimate in time, (3.21) is bounded by

1
2

=cC

2 1
L2,LL

(3:22)  cl{o) "Il L2l {o) " (<§1>1/2|ﬁ1| * (€2) /2 ilg| <§3>1/2|?f3\) 2 -

where % <p< %, by case 1 of lemma 3.1, we obtain the required estimate.
Case (2). In the region of | — &;| > 1 or |£ — & > 1. We note that [9],

(3.23) (1—€)% > c(n— ) (m— &) (s — &) (- &) — &)
We can estimate multipliers as the previous lemma,
(€)% ¢l _ c
T2 (E)3 (€ — G) 1306 — L)130 7 (€1) (€a) 5(€) 3 739(¢&y) 3730

Next, we consider the four subcases according to the one of ¢’s is the largest.

Subcase 1. ({o) > max{(o1), {(02), {03)})
Hence (3.21) can be estimated by

324
H/ / J1(71,&1) fa(T2, &2) f3(73,€3)
R+ (€1)2 (€a)

VE(£)373(&5) 373001 ) 340 (o) 30 (05) 3+
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where § < %. Fix £ and applying Young inequality for variable 7, (3.24) is
bounded by

(3.25)
oo | ] ] e

/Rz@ g o0 Il ) 2 (o) 301, o L2

Since Cauchy Schwarz inequality
fi(&i) 1o fi(&)
‘ <Ui>%+6 L < H<Uz‘> L2 <Ui>5*6 12

(3.25) is bounded by
396 “143s M2 (e,)~ fi(&) —14ss || S3(8s)
G20 [+, Iate | 2o R i )

We use again Young inequality for £, (3.26) is bounded by

fi(&)
<0-i>6—€

f3(&3)

<0-3>5—e

(3.27) L, ()2 (£5)"3+%

4
3

L2 L2

LIS

L L

Applying Hélder inequality and 6 is chosen sufficiently small, (3.27) is bounded
by

fi(&)

3, (&) "2 ¢
1_1H<€> 2 HL‘E1 <0i>6_e 12

1 1_(5—e)n
< el () 2 (o) 2 O Vil 2

3
< CHi:lnuiHX; 1_.
272
Similarly we can prove for the o}s which is the largest of o;, ¢ # j, where

1 <,j < 3 by using Cauchy-Schwarz inequality for 7. The required estimates
are follow as (3.14), (3.16), (3.17) and (3.19). O

Lemma 3.3. Let s € R, there exists ¢,é > 0 such that for T € (0,1)
then the following estimate holds.

(3.28) (T2 s < e Ty Jus]

| X,y
X, 53

[

where each u;(t),i=1,...,5 has support in (0,T).
Proof. Let & = Zle &; then (£) < Zf:1<fi>~ We can see simply

(3.29) T = |[(Dz)® His:lui“xo _

I,

=

[
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Then
5
H<DJL’>S H?:1Ui"X0 -1 < CZ H<DI>S uiHZ:l,i#kukHXo 1
1T 2 i—1 T2
5
s, 15 4
(3.30) < C; | Diwidl}_y i s, u1c||L§m

5
<c Z 1D; Uz‘||L§IH2:1,2‘¢1€||UI<:||L§,I
i=1

< Ty fluif

XS

[N

where the estimates are used by dual Strichartz estimate and Holder inequality.
O
4. Gauge transformation

In this section we define the gauge transformation which is introduced by
Hayashi [7] to derive from the derivative nonlinearity to some new nonlinearity.

Definition 4.1.  Let G be the nonlinear map from L?(R) to L*(R) by

(4.1) Gf(z) = el \f(y)\zdyf(x).
The inverse transform of f is given by
i [T 1f(y))?
(4.2) G f(w) = e e Wy £(gy
Lemma 4.1.  The gauge transformation is a bicontinuous from H' to
H'.

Proof. There exists ¢ > 0 such that for any f,g € H'. Using the mean
value theorem and there exists 6 such that 0 < 6 < 1, then

Gf(x) ~ Gyla) = I OO (f(z) — g()

+i (/; l9(y)Pdy — /; |f(y)2dy> g(x)
/01 exp (—m /Oz [f(y)|Pdy — (1 - H)i/om |g(y)|2dy) 4.

Taking L? norm on both sides and applying Holder inequality,

IGf = Gyllzz < cllf = gllee + I1f* = gl lgllz2

(4.3)
<cllf =gl + [1£11Z2 + lglZ2)-
Similarly
0. (Gf — G 2 < |0 (f — 2 + — 2
g 10:GT =GOl < el — sz + 17 ~ ol

< {1029l + I1fllze + lgllze + (1F 22 + llgllz2)*}-
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Then we get

(4.5) IGf = Gyllar <cllf —gllar

We can simply verify that let
v(z,t) = et \u(y)IQdyu(x)

of

be solution in X7
2

(S

100 + Ogev = 0|02 0pv 4+ 6*|v|/*v on (0,T) xR, T > 0,6 € R

(4.6) v(0,2) = vo(z) € H,

which is equivalent to (1.1)—(2).

Theorem 4.1.  We assume that vo € H'(R), there exists T such that
0<T<1. Setv=G(u). Let v,v € XTI, be two solutions of (4.6) with the
272
same initial data in H'. Then there erists a unique solution in X1 . for all
272
te(0,7).

Proof. For any vy € H' and let M > 0 with |lvg|| 71 < M and there exists
T such that 0 < T < 1, we want to prove that the transformation

(4.7) v(t) = Y1 (O)U (t)vo(t) + ipr(t) /0 U(t — 5)(i0|v|?0pv + 6%|v|*v)ds

is a contraction. Let v, € X7 ; be two solutions of (4.6) with the same initial
272
data. Let
Yro(t) = Y1(6)U ()00 (t)
(4.8) . ! S B CNHI2 55 82055 (o) |5 145
+igrt) | Ut = s) (@07 (s)[0]°0,0 + 67¢7(s)|0] 0)ds.
0

Assume HUHX{_; = ||¢r0||xr < M. Then for allt € (0,7) with 0 < T < 1,

»

1
applying lemma (2.1), (3.1), (3.2) and (3.3), we get

(4.9) [v(t) — 7o)l x

Nl

< CTE(M? + MY)||v(t) — pro(t)||x

T T
11 11
272 22
choose T < ——L2— is sufficiently small, then
2C(M?2+M4)e
- 1 -
(4.10) [v(®) = dro@®)lixy , < 5llv(t) —dro@®)lxy | -
2°2 2°'2

Hence v(t) = r0(t), we conclude that v(t) = 0(t) for all ¢t € [0,T). O
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Proof of Theorem 1.1. Let ug € H'. We define vy = G(ug) € H', since

the gauge transformation is continuous. Let v(()n) € C* with v(()n) — o in H.

We define

un(t, ) = G (v,) (L, z),
g (t,) = G g (k).
We have
(4.11) lunllzee 2y = llonlleL2)-

We can see that
Oz, = (395%(33) + |Un|211n(:1:)) e o lonl?dy
Then
10utin | Lo (£2) < ell@pvnllnse(r2) + cllvnllf e r2)-
By Gagliardo-Nirenberg’s inequality,
10zun Lo L2y < cl|OzvnllLee(r2) + CHaxvnnLtw(Li)HUnHQLfO(Lg)a

then
(4.12) 0xtun| Lo L2y < e(1+ ||vn||2L;>o(Lg))||”n||Lz’°(Hé)7
for all v, € H'. Similarly,

[t = tm || 2o a1y = |G (wn) = G~ vl Lo (1)
< CM)|lvn — vmllLee a1y

We conclude that there exists a unique solution u € L*((0,7T), H*(R)) such
that u, — uin L°°((0,T), H*(R)), then we obtain the unique solution of (1.1)—
(2). O
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