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ABSTRACT KEY POLYNOMIALS AND COMPARISON
THEOREMS WITH THE KEY POLYNOMIALS OF
MAC LANE-VAQUIE

J. DECAUP, W. MAHBOUB AND M. SPIVAKOVSKY

ABSTRACT. Let (K, v) be a valued field and K (z) a simple purely
transcendental extension of K. In the nineteen thirties, in order
to study the possible extensions of v to K (), S. Mac Lane consid-
ered the special case when v is discrete of rank 1, and introduced
the notion of key polynomials. M. Vaquié extended this definition
to the case of arbitrary valuations.

In this paper we give a new definition of key polynomials
(which we call abstract key polynomials) and study the relation-
ship between them and key polynomials of Mac Lane—Vaquié.

Introduction

Let K be a valued field and K — K(x) a simple purely transcendental
extension of K. In the 1930s, S. Mac Lane considered the special case when
the valuation v of K is discrete of rank one and defined the notion of key
polynomials, associated to various extensions of v to K(x) ([2] and [3]). Key
polynomials are elements of K[z] which describe the structure of various ex-
tensions of p to K (x) and the relationship between them. Roughly speaking,
they measure how far a given extension of u to K(z) is from the monomial
valuation (the one that assigns to each polynomial f € K[x] the minimal value
of the monomials appearing in f). Mac Lane’s definition of key polynomials
was axiomatic: an element f € K[z] is a key polynomial for an extension pu
of v to K if it is monic, g-minimal and p-irreducible (see Section 2 below for
precise definitions).

Michel Vaquié ([7], [8], [9] and [10]) extended this definition to the case of
arbitrary valued fields K (that is, without the assumption that v is discrete).
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One important difference with the case of discrete valuations treated by Mac
Lane is the presence of limit key polynomials (which will not be discussed in
the present paper).

F. H. Herrera, M. A. Olalla, W. Mahboub and M. Spivakovsky defined
a different, though closely related notion of key polynomials (See [1], and
Herrera Govantes, F. J., Mahboub, W., Olalla Acosta, M. A., Spivakovsky, M.,
Key polynomials for simple extensions of valued fields, arXiv:1406.0657v3).
In their approach, the emphasis was on describing key polynomials by explicit
formulae and on constructing the successive key polynomials recursively in
terms of the preceding ones.

In his Ph.D. thesis (These doctorale, Toulouse 2013), W. Mahboub proved
comparison theorems between Mac Lane—Vaquié and HMOS key polynomials.
For other related results on key polynomials, see [4].

Apart from a better understanding of the structure of simple extensions of
valued fields in its own right, one of the intended applications of the theory
of key polynomials is the work towards the proof of the Local Uniformization
Theorem over fields of arbitrary characteristic. Jean-Christophe San Saturnino
(see Theorem 6.5 of [6]) proved that in order to achieve Local Uniformiza-

tion of a variety embedded in Speck[ui,...,u,] along a given valuation p
of k(uy,...,u,) it is sufficient to monomialize the first limit key polynomial
of the simple extension k(uy,...,u,—1) < k(ui,...,u,) (assuming local uni-

formization is already known in ambient dimension at most n — 1). Although
limit key polynomials are beyond the scope of this paper, we hope that the
comparison theorems proved here will clarify the relationship between differ-
ent definitions of key polynomials and therefore be useful for applications. For
the relation between key polynomials and pseudo-convergent sequences, see
[5].

Let p be an extension of v to K. In this paper we give a new defini-
tion of key polynomials (which we call abstract key polynomials) associated
to p and study the relationship between them and key polynomials of Mac
Lane—Vaquié. Associated to each abstract key polynomial ), we define the
truncation pug of p with respect to Q. Roughly speaking, g is an approxi-
mation to p defined by @. This approximation gets better as deg, @ and u(Q)
increase. We also define the notion of an abstract key polynomial ' being an
immediate successor of another abstract key polynomial @ (in this situation
we write @ < @'). The main comparison results proved in this paper are as
follows:

Theorem 28: An abstract key polynomial for p is a Mac Lane—Vaquié key
polynomial for the truncated valuation pg.

Theorem 31: If Q < Q' are two abstract key polynomials for u then Q' is a
Mac Lane—Vaquié key polynomial for ug.

Theorem 32 which, for a monic polynomial Q € K[z] and a valuation p'
of K(z), gives a sufficient condition for @ to be an abstract key polynomial
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for ¢/. Combined with Proposition 1.3 of [8], this describes a class of pairs of
valuations (u, u') such that @ is a Mac Lane—Vaquié key polynomial for x4 and
an abstract key polynomial for y’. This can be regarded as a partial converse
to Theorem 31.

This paper is structured as follows. In Section 2, we define the Mac Lane—
Vaquié and the abstract key polynomials and study their properties. In Sec-
tion 3, we prove our main comparison results stated above.

1. Preliminaries and notation

Throughout this paper, N will denote the non-negative integers, N* the
strictly positive integers. For a field L, the notation L* will stand for the
multiplicative group L\ {0}.

e Let R be a domain, K the field of fractions of R, p a valuation of K with
value group I'' and a € I'. We define:

(1) Po(R):={z € R such that u(z) >a},
(2) Pu+(R) :={z € R such that u(z) > a} ,
Po (R
(3) gru(R) :==@,er paf(R)) J
(4) Gu= gru(K) )
or eac € R such that = «a, we denote mn the 1mage o
(5) F h f € R such that p(f) d by iny(f) the image of
fin 7?1(5%); we call this image the initial form of f with respect to R
and p.

o Let K — K(x) be a purely transcendental extension of K. Let () be a monic
polynomial in K[z]. Every polynomial g € K[z] can be written in a unique
way as

(1.1) 9=y 9;Q,
=0
with all the g; € K[z] of degree strictly less than deg(Q). We call (1.1) the
Q-expansion of g.

DEFINITION 1. Let g =377_;9;Q’ be the Q-expansion of an element g €
K[z]. We put ug(g) := ming<;<s #(g;@Q’) and we call g the truncation of p
9;70
with respect to Q.

e Let p be a valuation of the field K(z), where z is an algebraically in-
dependent element over a field K. Consider the restriction of p to Klz].
Consider a monic polynomial @ € K|z]. Assume that g is a valuation (be-
low we will define the notion of abstract key polynomial and will show that
tg is always a valuation in that case). Fix another polynomial f and let
f=> [;Q’ € K[z] be the Q-expansion of f. Let a = ug(f). We denote
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by Ing f the element Z#(ijj):a f;Q7 € K[z]. Note that, by definition,
Ing f € K[z],
while in,, f € gr,,, K[z]. We have in,, (Ing f) =in,, f.

2. Key polynomials

2.1. Key polynomials of Mac Lane—Vaquié. We first recall the notion
of key polynomial, introduced by Vaquié in [8], generalizing an earlier con-
struction of Mac Lane [3].

DEFINITION 2. Let (f,g) € K[x]?. We say that f and g are p-equivalent
and we write f ~, g if f and g have the same initial form with respect to K
and p.

REMARK 3. The polynomials f and g are p-equivalent if and only if

p(f —g) > p(f) = u(g)-
Indeed, if

(2.1) in, f=in, g

then, in particular, u(f) = p(g). Furthermore, (2.1) says that f and g agree
modulo P (sy+. Thus

u(f —g) > p(f) = ulg)-

Conversely, if u(f —g) > pu(g), then in,(f — g+ g) =in,(g).

DEFINITION 4. Let (f,g) € K[z]?. We say that g is u-divisible by f or that
[ p-divides g (denoted by f |, g) if the initial form of g with respect to p is
divisible by the initial form of f with respect to y in gr, K[z].

REMARK 5. We have f |, g if and only if there exists ¢ € K[z] such that
g~ufe

DEFINITION 6. Let @ € K[z] be a monic polynomial. We say that Q is a

Mac Lane—Vaquié key polynomial for the valuation p if the following condi-
tions hold:

(1) Q is p-irreducible, that is, for any g,h € K|z, if Q |, gh, then Q |, g or

Qlph
(2) Q is p-minimal, that is, for every f € Klz], if Q |, f then deg(f) > deg(Q).

PROPOSITION 7. Let P be an element of Klx]. Assume that P is p-
irreducible. Then in,, P is irreducible in gr, K|[z].

Proof. Assume that in, P is reducible in gr , K [x], aiming for contradiction.
Write
in, P=1in, gin, h
with p(g), p(h) > 0.
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We have P |, gh, but P{, g and P{, h. This contradicts the p-irreducibility
of P. The Proposition is proved. U

REMARK 8. Assume that every homogeneous element of gr, K [x] admits a
unique decomposition into irreducible factors. Then @ is p-irreducible if and
only if its initial form with respect to p is irreducible.

We now introduce an alternative, though closely related notion of key poly-
nomials. Many of the results given in the next section, such as the crucial
Proposition 13, have their analogues in terms of MacLane—Vaquié key poly-
nomials and appear in the works of both MacLane and Vaquié. For more
details, we refer the reader to [2], [3] and [7], [8], [9], [10].

2.2. Abstract key polynomials. We keep the same notation as in Sec-
tion 2.1, and we add the following;:

(1) For each strictly positive integer b, we write 9 := %, the so-called
bth formal derivative with respect to x (see Remark 9 right below for a
detailed definition).

(2) For each polynomial P € K|z], let ¢,(P) := maxbeN*{w}.

(3) For each polynomial P € K(z], let b(P) := min I(P) where

I(P):= {b € N* such that M = SH(P)}.

REMARK 9. Let Az be an independent variable. For f € K[x] and j € N, let
0; f denote the jth formal derivative of f with respect to . The polynomials
0, f are, by definition, the coefficients appearing in the Taylor expansion of f:
flz+Az) =3, 0; fAz?. In papers on the local uniformization problem, the

formal derivatives 0; are often denoted by %%;
1

one indivisible symbol; its parts such as il do not make sense on their own.

this notation is regarded as

REMARK 10. Let P € K[z] be a polynomial. The definition of ¢,(P) may
seem a little mysterious to the reader. In a recent preprint (Novacoski, J., Key
polynomials and minimal pairs, arXiv:1711.04296) Josnei Novacoski gave a
much more natural and intuitive characterization of this quantity. Namely,
let R(P) denote the set of the roots of P in the algebraic closure K of K. J.
Novacoski shows that ¢, (P) equals

0,(P):= max j(x—a),
u(P) e h( P)N( )
where /i is an arbitrary extension of p to K|x].

DEFINITION 11. Let @ be a monic polynomial in K[z]. We say that Q is
an abstract key polynomial for p if for each polynomial f satisfying

Eu(f) Z EH(Q)7
we have deg(f) > deg(Q).
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REMARK 12. A useful way of thinking of ¢,(P) is the following: it is a
quantity that measures by how much the value p(P) can be decreased by
differential operators. Precisely, we have

(2.2) w(0yP) > u(P) — be,(P)

for all b€ N and equality holds in (2.2) if and only if b € I(P).

By definition, a polynomial @ is an abstract key polynomials if it has the
smallest degree among all the polynomials having ¢, at least as great as €,(Q).

In the original approach of [1] and (Herrera Govantes, F. J., Mahboub,
W., Olalla Acosta, M. A., Spivakovsky, M., Key polynomials for simple ex-
tensions of valued fields, arXiv:1406.0657v3), key polynomials were defined
as certain key elements of K|[x] that systematically witness all the instances
of the fact that a sum of terms can have strictly greater value than the com-
mon value of the summands. Their initial forms in, ¢} provide a natural sys-
tem of generators of the graded algebra gr, K [x], defined in the beginning
of Section 1. Similarly, the graded algebra @ . Po(K[z]) is generated by
the natural images of the key polynomials. A detailed development of any
of these three statements is beyond the scope of this paper; for this we re-
fer the reader to (Herrera Govantes, F. J., Mahboub, W.; Olalla Acosta, M.
A., Spivakovsky, M., Key polynomials for simple extensions of valued fields,
arXiv:1406.0657v3), Definition 3.1 and the comments following it, Proposi-
tions 3.4 and 3.6 and Definition 3.7 (pp. 10-12).

PROPOSITION 13. Lett > 2 be an integer, Q an abstract key polynomial and
Py,..., P, € K[z] of degrees strictly less than deg(Q). Let H§:1 P,=qQ+1r be
the Fuclidean division of HZ:1 P; by Q. Then

u(r)=p (H Pi) < (qQ).-

i=1

Proof. We proceed by induction on ¢.
First, consider the case t =2. We want to show that

w(PrPs) = p(r) < pu(qQ).
Assume the contrary, that is, u(PyP2) > pu(qQ) and p(r) > u(gQ). For each
j € N*, we have p(0;P1) > p(P1) — je,(Q), and similarly for Py, ¢, r, because
all these polynomials have degree strictly less than deg(@Q) and @ is an abstract
key polynomial. Since 1(9;q) > u(q) — je,. (@) for all strictly positive integers
J, we deduce that

w(q0y) Q) = p1(q) + 1(Q) — b(Q)eu(Q) < 11(Fp()—;Q) + 1(959)
for all j€{1,...,6(Q)}.

Hence, 1(9y(q)(4Q)) = 1(X1%) (9b(@)-19;Q)) = 1(ady)Q) = n(qQ) —
b(Q)en(Q).
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On the other hand,

1(9b() (4Q)) = 1) (P1P2) — D) (7))
> min{ 1 (9y(g) (PLP2)), 1t (Dp(qy (1)) }

b(Q)
> min{u (Z ajplab(Q)—jP2> ,M(ab@)?”)}

=0

> min  {u(Pr) = je (Q) + u(P2) — (b(Q) — 5)eu(Q),

0<5<h(@)
pu(r) = b(Q)en(Q) }
> w(gQ) — b(Q)en(Q),

which gives the desired contradiction. We have proved that u(PyPy) = p(r) <
1(g@), so the proposition holds in the case t = 2.

Assume, inductively, that ¢ > 2 and that the proposition is true for ¢t — 1. Let
P:= Hf;% P;. Let P=q:Q+ry and r1 P = go@Q + r be the Euclidean divisions
by @ of P and riP;, respectively. Note that ¢ = g1 P; + ¢2. By the induction
assumption, we have p(r1) = u(P) < pu(q:1Q), hence p(riP) = M(HE:I P) <
(g1 PiQ). By the case t =2, we have u(ri1P;) = p(r) < p(q2Q).

Hence, u(r) = p(r1P;) = p(ITi—y P) < min{p(q1 PQ), 1(2Q)} < il PLQ+
Q) = n(qQ). O

DEFINITION 14. Let @ be an abstract key polynomial for u, g an ele-
ment of K[z] and g = Zj:o g;Q7 the Q-expansion of g. Put Sq(g) ={j €
{0,...,s} such that u(g;Q’) = pug(9)} and dg(g) := max.Sq(g).

PROPOSITION 15. If Q) is an abstract key polynomial, then pg is a valua-
tion.

Proof. First, for any polynomials f and g, we have

(2.3) g (f+g) >min{ug(f), no(9) }-
We want to show that
(2.4) 1Q(fg)=nq(f) + rq(g).

If both f and g have degree strictly less than deg(Q), we have pug(f) = p(f)
and pg(g) = u(g). Furthermore, by Proposition 13, ug(fg) = p(fg). Since p
is a valuation, (2.4) holds.

Next, let ¢, and j be two non-negative integers. Let f; and g; be two
polynomials of degree strictly less than deg(Q) and let f;g; = a@ + b be the
Euclidean division of f;g; be Q). We have dega,degb < deg@ and

(2.5) p(figs) = p(b) < p(a@)
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(by Proposition 13). Then (fiQ")(g;Q7) = aQT + bQ™ is a Q-expansion
of (f;Q")(g;@’). By definition of g and (2.5) we have
(2.6) 1o (figiQ™) = n(bQ™)
= u(£:Q") +u(9;Q)
= 1q (fiQ") + nq(9;Q7),
which proves the equality (2.4) for f = f;Q" and g = g;@Q’ with deg f;,degg; <

deg Q.
It remains to show the equality (2.4) for arbitrary polynomials

F=Y_ 1@
§=0
and .
9=> g;Q.
j=0

It is sufficient to consider the case when all the terms in the Q-expansion of
f have the same value and similarly for g. In other words, we may replace
f and g by Inqf and Inqg, respectively. By (2.3), (2.6) and the distributive
law, we have

(2.7) 1Q(f9) = no(f) + nq(g)-
It remains to show that (2.7) is, in fact, an equality. Let

no :=min S (f)
and

mp :=min Sg(g).
We denote by

JrnoGmo =qQ + 1

the Q-expansion of f,,,gm,. Hence the Q-expansion of Ing(f)Ing(g) contains
the term rQ™ ™ which, by Proposition 13, is of value

e (rQ ™) = p(rQ ) = u(fr, Q" gime Q™) = o (f) + ne(9)-
This completes the proof. O

REMARK 16. Let o :=deg, Q. Wedefine Geq :=3 40, peo(inu, P)gr, K C
gr#QK[x]. It follows from the ¢ =2 case of Proposition 13 that G, is closed
under multiplication, so it is, in fact, a ring. The ring G, embeds into gruK[x]
by the natural map which sends in,,, f to in;, f for each polynomial f of degree
strictly less than a. We have

gt Klz] = G<aling,, Ql,
where in,, @ is transcendental over G ,. In particular, in,, @ is irreducible

in gr, Klz].

HQ
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LEMMA 17. For every polynomial f € K[x] and every b € N* we have

1Q (O f) = pQ(f) — beu(Q).
Proof. Let f= Z;:O [;@Q7 be the Q-expansion of f.

It is enough to show the result for f = f;@Q7. Indeed, if we have the result
in this case, then

1Q(Obf) = pq (Z 3b(ijj)>

j=0

> 01%1]125{#@ (0(f;Q7))}

> min {no(f;Q7) —b=u(Q)}
> Oglj_iréls{m(fj@j)} —be(@)

> p(f) = bep(Q).
Now, let us show the result for f = f;Q’. First, we show it for f = f;.
Indeed, €, (f;) = €u(f;) <e.(Q) since Q is an abstract key polynomial of
degree strictly superior than deg(f;). Hence,

1O fi) = (9 f5) > pq(f;) — beu(Q)-

This proves the lemma with f replaced by f;.

We have 11 (0,Q) > 11q(Q) — be,(Q).

To finish the proof of the lemma, it remains to show that if we have the
result for two polynomials f and g, we have the result for the product fg. Let
us suppose that we have the result for two polynomials f and g.

Then,

b
1o (9(f9)) = 1o <Z 8sf8bsg>
s=0

> min {pg(0sf) + g (9s—s(9)) }

~ 0<s<b
> min {10(9:/)} + min, {11q(D-+(9)) }

> 1 (f) = s2u(Q) + pq(g) — (b — s)en(Q)
> 1Q(fg) — beu(Q)-
This completes the proof. O

PROPOSITION 18. Let the notation be as in Definition 14. If So(g) # {0}
then there exists b € N* such that M =e,(Q).

Proof. First, replacing g by Ing(g) = ZjGSQ(g) 9@’ does not change the
problem. We want to show the existence of a strictly positive integer b such
that pq(0hg) = no(g) — ben(Q).
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Let ! be the minimum of Sg(g) \ {0}. Write | = p®u, with pfu. Let b:=
p°b(Q) € N*. We calculate Opg.

LEMMA 19. We have Oyg = urQ'—?" + Q" P"*1R 4 S, where:

(1) r is the remainder of the Fuclidean division of gl(ab(Q)Q)pc by Q.
(2) Re K]|z].
(3) S Kla] and ug(S) > alg) — be,(Q).

Proof. First, let us show that the Lemma holds for ¢ = ¢;Q' and that
for every integer j € Sg(g) \ {1}, we have 9,(g;Q7) = Q'"P"*'R; + S;, where
(R;,S;) € K[2]? such that 11(S;) > nq(g) — beu(Q).

Let us prove these two statements together.

First, put M; := {(bo, e ,bs) € NS+1,b0 +---+bs=0b,s S]}

By the Leibnitz rule,

Oy (ngj) = Z (C(bo, cee bs)abogj (H ab1Q> Qj—s) ,

(bo,...,bs)EM; i=1
:=T(bo,...,bs)
where C/(by,...,bs) are certain integers whose exact values can be found

in (Herrera Govantes, F. J., Mahboub, W., Olalla Acosta, M. A., Spi-
vakovsky, M., Key polynomials for simple extensions of valued fields,
arXiv:1406.0657v3). Here by “integer” we mean an element of the image of
the natural map N — K, that is, an element of N or [F, depending on whether
the characteristic of K is 0 or p > 0.

Put N :={(bo,...,bs) € M; such that by >0 or {b1,...,bs} £ I(Q)},

Siz= Y. T(bo,....bs),  a:=(0,b(Q),...,b(Q)) and
(bO;“wbs)eNj
Ybor penin, Tlbo - bs) i G #1,

l-p°+1p ._ o .
Q Rj:= Yoo, byeripn, T(bos - bs) it j=1.
(boy..sbs) #ax

pe

If j =1, the number of times the term T(0,b(Q),...,b(Q)) appears in

—— ———
pe

(@) is (pl(,) = u. Performing the Euclidean division of T'(0,5(Q),...,b(Q))

——_— ———

e
by @, we obtain

T(0,6(Q),...,b(Q)) = RoQ" " ™ +ur@"—"".
—g_/


http://arxiv.org/abs/arXiv:1406.0657v3

COMPARISON THEOREMS ON KEY POLYNOMIALS 263

We are now in the position to calculate 9yg:
g = 317( > ngj>
j€Sq(9)
=0(aQ)+ > (@)
J€Sq(g\{l}
=wQ 7+ QTR+ S+ Y (QTFTIR; +S))

J€Sq 9\ {1}
=urQ P + QP! <Rl + > R]) +S5+ >, S
J€Sa(9\{1} J€Sq(9\{1}
=R =S
with
pnQ(S) = min{uQ(Sz)#Q( > Sj) }
j€Sa(9\{1}

> min S,

7j€5@(9){'uQ( J)}

> pq(g) — beu(Q).

This completes the proof of the lemma. O

Next, in view of Lemma 17, we have 1q(0vg) > pnq(g) — benu(Q).

Hence, the Q-expansion of g contains the term urQ'?" and terms which
either are divisible by Q'~P"*! or have value greater than jug(g) — be,(Q).
To complete the proof of the proposition, it is sufficient to show that
paurQ' ") = uo(rQ'"*") = ug(g) — beu(Q). )

By Proposition 13, we have u(r) = uq(r) = 1(91(9q)@Q)? ), hence

alrQ' ) = (1@ )
= (9O Q)" Q')
= 1(91Q") + p°1(Be()Q) —P°1(Q)
= n(gQ") —p°b(Q)e,(Q)
= pq(g) — bEu(Q)-
This completes the proof. O

REMARK 20. It can be shown that the implication of Proposition 18 is, in
fact, an equivalence. This will be accomplished in a forthcoming paper.

COROLLARY 21. Let @ be an abstract key polynomial and f € Klz]. Sup-

pose that there exists an integer b € N* such that M =¢e,(Q) and
1Q(00f) = p(0uf). Then €,(f) = €,(Q).-
If moreover we have u(f) > pg(f), then e,(f) >€,(Q).
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Proof. We have e,(f) > =0@]) _ u)=ie@ef) _ mh)+benQ=nq(f)

This means that £, (f) = e,(Q) + “P=F9) > £ (Q). And if u(f) > po(f),
then €,(f) > e,(Q). O

PROPOSITION 22. The polynomial Q) is pg-irreducible.

Proof. Put L :=Frac(G<,) where a = deg(Q). Assume that

(inyo @) (g ¢) = (ing., ) (ingg h) € Lling,, Q).

Then there exists A € L*, such that in,,Q = Ain,, g or in,,Q = Ain,, h. Since
all of in,,@Q, in,,c, in,,g, in,, h are homogeneous elements of G <4 [in,, @],
so is A. This proves that @ is pg-irreducible. O

PROPOSITION 23. Let @ and Q' be abstract key polynomials such that
en(Q) <eu(Q') and let f € Klx].
Then pq(f) < o/ (f)- If no(f) = u(f), then ug (f) = n(f).

Proof. First, we show that pug (Q) = pu(Q). If deg,(Q) < deg,(Q’), this is
clear. Otherwise, we have deg,(Q) = deg,(Q’), since @ is an abstract key
polynomial and €,(Q) < €,(Q’). Let us suppose that pg(Q) < p(Q). Then
So (@) # {0}. In view of Proposition 18 and Corollary 21, we have ¢,(Q) >
£,(Q"), which is a contradiction.

Now let f = ijo ijj be the @-expansion of f. For each integer j €
{0,..., s}, we have

g (£;Q7) = o (f5) + jng (Q) = o (f5) + in(Q).

Then, since deg,(f;) < deg,(Q) < deg,(Q'), we have uq(f;Q’) =
u(f;) + 3n(@) = w(f;@Q7). Hence pg(f) > mino<j<s{ng (f;Q7)} =
ming<;<s {pu(f;Q7)} = pe(f).

Let us now suppose that pug(f) = p(f) < po/(f). As we know that pg/ (f) <
w(f), we obtain

nQ(f) = pq (f),

as desired. O

PROPOSITION 24. Let fi,...,fr € K[x] be polynomials and let n :=
max; <;<r{deg,(fi)}.

Then there exists an abstract key polynomial Q of degree less than or equal
to n such that for each integer i € {1,...,7}, we have ug(fi) = pu(fi)-

Proof. First, we show that it is sufficient to prove the proposition for r = 1.
Indeed, suppose the proposition proved when there is just one polynomial
and suppose r > 1. Hence, we can find Q1,...,Q, abstract key polynomials of
degrees less or equal than n such that for each integer ¢ € {1,...,r}, we have

pQi(fi) = n(fi)-
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Renumbering the Q;, if necessary, we may assume that ,(Q,) > ,(Q;) for
every integer ¢ € {1,...,r}. By Proposition 23, we have, for each ¢ € {1,...,7},
e, () = n(fo).

Let us show the case r = 1. We argue by contradiction. Suppose that there
exists a polynomial f such that for every abstract key polynomial @ of degree
less than or equal to deg,(f), we have pg(f) < p(f). Choose f of minimal
degree among the polynomials having this property.

CLAIM. There exists an abstract key polynomial Q of degree less than or
equal to deg,, f such that

1Q(Obf) = (0 f)

for every b e N*.

Indeed, let s =deg, f, so that for each integer j strictly greater than s, we
have 0;f =0. By the minimality assumption on deg,, f, for each i € {1,...,s}
there exists an abstract key polynomial Q; such that g, (0;f) = pn(0;f).

Take ani € {1,...,s} such that €,(Q;) = maxi<j<s{€,(Q;)}. Then, in view
of Proposition 23, for each integer 1 < j < s, we have pug,(0;f) = n(0;f), and
the claim follows.

Now, we have ug(f) < p(f), so in particular So(f) # {0}, and for each
beN*,

1Q(Opf) = (s f)-

In view of Proposition 18 and Corollary 21, we have

(2.8) en(f) > en(@).

We claim that the last inequality is true for every abstract key polynomial of
degree less than or equal to deg, f.

Indeed, let us take @' an abstract key polynomial of degree less than or
equal to deg, f. We have two cases.

First case: £,(Q’) < ¢e,(Q). In view of (2.8), we have £,(Q") <e,(Q) <
eulf).

Second case: £,(Q) < e,(Q"). In view of Proposition 23, we have

(O f) = pqQ(Osf) = nq: (O f)

for each strictly positive integer b. Since ug:(f) < u(f), arguing as before, we
have

€u (Ql) <eu(f)

By definition of the abstract key polynomials, there exists an abstract key
polynomial @’ of degree less than or equal to deg,, f such that €, (f) <e,(Q’).
This is a contradiction. ]
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3. The relationship between the abstract and the Mac
Lane—Vaquié key polynomials

The aim of this section is to study the relationship between the abstract
and the Mac Lane-Vaquié key polynomials.

DEFINITION 25. Let Q and Q' be two abstract key polynomials such that
en(Q) <e,(Q'). We say that Q' is an immediate successor of Q and we write
Q < Q' if deg,(Q’) is minimal among all the Q" which satisfy €,(Q) < e,(Q’).

DEFINITION 26. Suppose there exists a set M of key polynomials for v
with the same degree, that does not admit a maximal element for the order
relation defined above. Then a key polynomial Q" of minimal degree, satisfying
eu(Q) > €, (Q) for all Q € M is called a limit key polynomial for v.

REMARK 27. Limit key polynomials are very closely related to the notion
of defect extension in positive residual characteristic. Every simple defect ex-
tension can be understood in terms of the existence of a certain limit key
polynomial (details on this will appear in a forthcoming paper). Limit key
polynomials also seem to be important objects in the study of the Local
Uniformization Problem as witnessed by the work of J.-C. San Saturnino,
mentioned in the Introduction.

THEOREM 28. Let Q be an abstract key polynomial for . Then Q is a Mac
Lane—Vaquié key polynomial for pg.

Proof. We have to prove two things:
1. @ is pg-irreducible.
2. Q is pg-minimal.

Statement 1 is nothing but Proposition 22.

Now we are going to show the statement 2. We assume that Q|,,r. We
want to show that deg, r > deg, Q.

By assumption, there exists ¢ such that

(in.o @) (inugc) =iny,r € gr,, Kz] C Gealing, Q] C Llin,, Q].

Since in,,, @ is transcendental over L, we have

(3.1) deginHQQ (inHQT) >1.

Let r = Z?:o r;Q7 be the Q-expansion of 7. By the algebraic indepen-
dence of in,,Q over L (and hence, a fortiori, over G, ), we have in,,r =
> i i Tjing,, Q7. Combined with (3.1), this shows that n > 1. We obtain

deg, r =ndeg, Q + deg, r, > deg, Q + deg, r, > deg, Q.
This completes the proof. O
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LEMMA 29. Let Q and Q' be two abstract key polynomials for u such that
en(Q) <eu(Q'). Then
1o (Q') <n(@)-

Proof. In view of Lemma 17, we have M <¢e,(Q) for each
strictly positive integer b. Assume that po(Q’) = p(Q'), aiming for contradic-

tion. Then ) .
Q) — Q
M) = ra@Q) _ )
hence w <¢e,(Q). In other words, €,(Q") <¢e,(Q), which gives the
desired contradiction. O

PROPOSITION 30. Let @ and Q' be two abstract key polynomials for p. The
following conditions are equivalent:

(1) <@’
(2) po(Q") <u(Q') and Q' is of minimal degree with respect to this property.

Proof. (2)==(1). Let us assume that pg(Q’) < u(Q’') and that Q’ is of min-
imal degree minimal for this property. Then Sq(Q') # {0} and for each strictly
positive integer b, we have ug(9,Q") = 1(0,Q"). By Proposition 18, there ex-
ists b € N* such that M =¢,(Q). Hence M =,(Q),

and €,(Q) < w < ¢e,(Q"). If there exists a key polynomial Q" sat-
isfying €,,(Q) < ,(Q") of degree strictly smaller than deg, @', by Lemma 29
we would have pg(Q") < u(Q"), which would contradict the minimality as-
sumption on the degree of @’. This proves (1).

(1)=(2). Let us assume that @ < @’. By Lemma 29, this implies that
o (Q") < 1(Q'). Moreover, if there existed an abstract key polynomial Q"
satisfying po(Q"”) < p(Q") of degree strictly smaller than deg, @', take such
a Q" of minimal degree. By the implication (2)==-(1) of the Proposition we
would have ¢,,(Q) < ¢,(Q"), which would contradict the minimality assump-
tion on the degree of @’. This proves (2). O

THEOREM 31. Let Q and Q' be two abstract key polynomials for p such
that Q < @Q'. Then Q' is a Mac Lane-Vaquié key polynomial for pg.

Proof. We have to prove two things:

1. Q" is pg-irreducible.

2. @' is po-minimal.

First we show 1. Let a =deg, ). By Remarks 8 and 16, it is sufficient to
show that in,, (Q’) is irreducible in

G<a [ian (Q)} = gr#QK[x].

Let ¢: gr,, K[z] — gr, K[z] be the natural map which sends in, (f) to in,(f)
for every polynomial f. The map ¢ maps G, isomorphically onto its image
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in gr,, K[z]. The map ¢ is not injective if and only if there exists a polynomial
fsuch that ug(f) < p(f). In view of Proposition 30, we have this property for
J=@Q’; in particular, in,, (Q") € Ker(¢). We claim that Ker(y) is a principal
prime ideal, generated by in,, (Q’). Indeed, take any polynomial f such that
in,,, f € Ker(p) and let in,, f =in,, (a)in,, (Q") +in,, () be the Euclidean
division of in,, f by in,, (Q’). Then, if in,, () # 0 we have in,, (1) € Ker(p)
and so pg(r) < u(r), which contradicts the minimality of the degree of Q’.
Thus Ker(y) = (inu, (Q'))er,,, K[z]. Since gr, K[z] has no zero divisors, we
know that in,, (Q') is a prime ideal. Thus in,, (Q’) is irreducible in gr,, , K[z].
This completes the proof of 1.

Now we show 2. Assume that Q'[,,r. We want to show that deg,(r) >
deg,(Q'). First, we know that in,,(Q’) divides in,,(r) in the unique fac-
torisation domain Llin,, Q] D G<alin,, Q] = gr,,, K[z]. Hence r € Ker(). In
other words, ug(r) < p(r). On the other hand, we know that ug(Q') < u(Q")
and that Q' is of minimal degree for this property in view of Proposition 30.
By the minimality of deg,(Q’), we get the result. O

THEOREM 32. Fiz a monic polynomial Q € K[x]. Let y' be a valuation of
K (x) such that:
1. For each f of degree strictly less than deg(Q), we have p'(f) = u(f);
2. 1 (Q) > (@)

Then Q is an abstract key polynomial for '

Proof. Assume that Q is not an abstract key polynomial for u’. Then there
exists a monic polynomial g such that

(3.2) ew(9) > e (Q)
and
(3.3) deg(g) < deg(Q).

We can choose g of minimal degree for this property, and hence ¢ is an abstract
key polynomial.

Thus there exists an abstract key polynomial g such that £,/ (g) > €,/(Q)
and deg(g) < deg(Q).

Since every derivative of @) has degree strictly smaller than deg(Q), we
have

deg, g < deg,(0:Q) = iré%)f{degw(abQ)}.

By Proposition 24, replacing g by another abstract key polynomial with larger
€y, if necessary, we may assume, in addition, that

(3.4) 1 (06Q) = 1y (0pQ)

for all strictly positive integers b (at this point, the abstract key polynomial
g still satisfies (3.2) and (3.3) but we may no longer have the condition that
g is of minimal degree for this property).
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We claim that for each polynomial /i, we have
(3.5) u(h) = i ().
Indeed, let h = Zé‘:o h;g’ be the g-expansion of h. We have

l
g (h) = pg <Z hjgj> = min, {4/ (h) +ji'(9)} = min {u(hy) +jn(9)}
3=0 ==

0<5<l

by hypothesis 1.

Hence, pf)(h) = ming<;<;pu(hjg?) < p(h). In particular, p'(Q) > u(Q) >
11y (@) _

Recall that if QQ = Z;:o Q;¢’ is the g-expansion of (), we denote

So(@Q) = {5 €{0,.... s} (Qs97) = 1y (Q) }-
Suppose Sg(Q) = {0}, then p/(Q) > u, (Q) = p'(Qo). Hence,
(@) =i (S Qe ) 2 minid Qi) > Q).

which is a contradiction. We have proved that Sy(Q) # {0}.

By Proposition 18, there exists a strictly positive integer b such that
M =¢,v(g). By virtue of (3.4) we obtain €,/ (g) = M =

M Since 1/(Q) > 11, (Q), we have
H(Q) — 1 (0Q)

ulg) < HEEEEE) ),
which is a contradiction.
Hence, @ is an abstract key polynomial for ' O

PROPOSITION 33 ([8], Proposition 1.3). Let @ be a Mac Lane—Vaquié key
polynomial for the valuation p. Then there exists a valuation u' such that:

1. For each [ of degree strictly less than deg(Q), we have p'(f) = p(f)
2. p/(Q) > p(Q).

COROLLARY 34. Let Q be a Mac Lane—Vaquié key polynomial for the valu-
ation p. Then it is an abstract key polynomial for any valuation u' satisfying
the conclusion of Proposition 33.
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