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FATOU’S THEOREM FOR SUBORDINATE BROWNIAN
MOTIONS WITH GAUSSIAN COMPONENTS
ON C%! OPEN SETS

HYUNCHUL PARK

ABSTRACT. We prove Fatou’s theorem for nonnegative harmonic
functions with respect to killed subordinate Brownian motions
with Gaussian components on bounded C*! open sets D. We
prove that nonnegative harmonic functions with respect to such
processes on D converge nontangentially almost everywhere with
respect to the surface measure as well as the harmonic measure
restricted to the boundary of the domain. In order to prove this,
we first prove that the harmonic measure restricted to 9D is mu-
tually absolutely continuous with respect to the surface measure.
We also show that tangential convergence fails on the unit ball.

1. Introduction

In [15], Fatou showed that bounded classical harmonic functions in the unit
disc converge nontangentially almost everywhere. The nontangential conver-
gence of harmonic functions is generally called Fatou’s theorem. Later the
Fatou’s theorem for diffusion processes is extended into many directions. The
Fatou theorem is established on more general domains and in [1] the au-
thor proved the Fatou’s theorem for classical harmonic functions on uniform
domains. The other direction is to establish the Fatou’s theorem for more
general operators than Laplacian. In [9] the authors established Fatou’s the-
orem for a family of elliptic operators in the unit ball in C?, d > 2. These
results deal with the nontangential convergence of harmonic functions with
respect to operators that correspond to diffusion processes.

The Fatou’s theorem is also established for pure jump processes. In [4], [5],
the authors showed that regular harmonic functions with respect to stable
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processes (see Definition 2.3 for definition of the regular harmonic functions)
converge nontangentially almost everywhere on half-spaces and Lipschitz do-
mains, respectively. The Fatou’s theorem is established for other jump pro-
cesses and in [17] the author proved the Fatou’s theorem for harmonic func-
tions with respect to censored stable processes on bounded C':! open sets.

Recently, there have been many interests about Markov processes that have
both diffusion and jump components. A typical prototype of these processes
would be an independent sum of a Brownian motion with a symmetric stable
process and their potential theoretical properties have been investigated in
[10], [11], [12]. In [20] the authors studied subordinate Brownian motions
(SBMs) with Gaussian components and established the boundary Harnack
principle for harmonic functions with respect to such processes, established
sharp two-sided Green function estimates, and identified the Martin boundary
with the Euclidean boundary of C''! open sets.

In this paper, we consider subordinate Brownian motions X with a diffu-
sion component and a quite general jump component (see Section 2 for precise
definition). The main goal of this paper is to prove that the Fatou theorem
holds true for nonnegative harmonic functions with respect to killed processes
XD (Corollary 4.12) on bounded C*! open sets D. We prove that the non-
tangential convergence occurs almost every point with respect to the surface
measure of 0D. Note that this is a very different situation from a case when
underlying processes are pure jump processes. For regular harmonic functions
with respect to symmetric stable processes the authors in [4], [5] showed that
the Fatou theorem for stable processes requires more restrictive conditions
than for Brownian motions. For harmonic functions with respect to killed
symmetric stable processes, it is proved that a certain harmonic function is
comparable to dp(z)% ~!, which cannot converge as the point = approaches a
point in D in [8, Equation 11].

We prove the Fatou theorem using both analytical techniques and prob-
abilistic techniques that are similar to [17] or [18]. However, this process is
not straightforward. In the probabilistic techniques to establish the Fatou
theorem for censored stable processes in [17] or the relative Fatou theorem
for symmetric stable processes in [18], the author identified the probabilis-
tic martingale convergence of nonnegative harmonic functions with analytical
nontangential convergence and an oscillation estimate for harmonic functions
on balls of different radii played an important role ([17, Proposition 3.9] and
[18, Proposition 3.11]). The oscillation estimate for harmonic functions on
balls with respect to those processes is quite straightforward due to explicit
expressions for Poisson kernels for balls for stable processes. Such explicit
expressions for the Poisson kernels are not available anymore for general sub-
ordinate Brownian motions with Gaussian components. To overcome this dif-
ficulty, we first establish relative Fatou theorem for harmonic functions with
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respect to killed processes (Theorem 3.5) and we use the relative Fatou theo-
rem to identify the probabilistic convergence with the analytic nontangential
convergence (Proposition 4.7).

This paper is organized as follows. In Section 2, we define the subor-
dinate Brownian motions with Gaussian components and state a few prop-
erties about them. In Section 3, we establish the relative Fatou’s theorem
for harmonic functions with respect to X, which asserts the existence of
nontangential limit of the ratio of harmonic functions with respect to killed
processes. In Section 4, we prove the Martin measure of harmonic function
F(z) :=P,(X,, € 0D), which represents the probability that the processes
exit the domain through the boundary, is absolutely continuous with respect
to the surface measure (Theorem 4.11) and establish the Fatou theorem for
XP (Corollary 4.12). In Section 5, we establish an integral representation
theorem (Theorem 5.3) for harmonic functions with respect to X. We also
show that our result is best possible by showing that tangential convergence
of harmonic functions on the unit ball can fail.

In this paper, the upper case constants A, Ry, Ry, Rs,C1,Cs,Cs,Cy will be
fixed. The value of lower case constants €, §, 1, ¢ or c¢1,ca,... will not be
important and may change from line to line.

2. Preliminaries

In this section, we define subordinate Brownian motions with Gaussian
components and state some properties about them. Recall that a subordinator
S = (S¢,t > 0) is an one-dimensional Lévy process taking values on [0, 00) with
increasing sample paths. A subordinator S can be characterized by its Laplace
exponent ¢ through the relation

E[e %] =M ¢t>0,A>0.

A smooth function ¢ : (0,00) — [0,00) is called a Bernstein function if
(=1)"D™¢ < 0 for every positive integer n. The Laplace exponent ¢ of a
subordinator is a Bernstein function with ¢(0+) =0 and can be written as

(X)) = bA + / (1—e*)ym(dt), A>0,
(0,00)

where b >0 and m is a measure on (0, 00) satistying f(O,oo)(]' At)m(dt) < oo.
m is called the Lévy measure of ¢. In this paper, we will assume that b > 0 in
order to have a nontrivial diffusion part for subordinate Brownian motions.
Without loss of generality we assume b= 1.

Suppose that W = (W, :t > 0) is a d-dimensional Brownian motion and
S =(S;:t>0) is a subordinator with Laplace exponent ¢, which is indepen-
dent of W. The process X = (X;:¢>0) defined by X; = W(S;) is called
a subordinate Brownian motion and its infinitesimal generator is given by
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d(A) := —¢(—A), which can be constructed via Bochner’s functional calcu-
lus. On CZ(R?) (the collection of C? functions in R? which, along with partial
derivatives up to order 2, are bounded), ¢(A) is an integro-differential oper-
ator of the type

AfG@)+ [ (Fa+9) = Fa) = V@) -yl 1<) ),
where the measure J has the form J(dy) = j(|y|) dy with j: (0,00) — (0,00)
given by

jr) = / (4mt) =2/ (dt).
0
Throughout this paper, we will impose two conditions on ¢ and m.

CONDITION 2.1.

1. The Laplace exponent ¢ of S is a completely Bernstein function. That
is, the Lévy measure m has a completely monotone density (i.e., m(dt) =
m(t) dt and (—1)"D™m >0 for every non-negative integer n).

2. For any K > 0, there exists ¢ = ¢(K) > 1 such that

m(r) <cm(2r) forr € (0, K).

Note that Condition 2.1 is the main assumption imposed in [20].
There are many important subordinators that satisfy Condition 2.1 and we
list some of most important examples.

EXAMPLE 2.2.

1. A function ¢(x) is slowly varying at oo if limg_ . KL,((A—;)) =1 for all A>0.

Let ¢(\) be a complete Bernstein function which satisfies
A+ A 20N) < d(N) < A+ X 20(N),

for some constants 0 < ¢; < ¢p < 00, 0 < @ < 2, and ¢(A) is slowly varying at
o0. It follows from [19, Theorem 2.10] that Conditions 2.1 are satisfied for
those processes. In particular, these classes contain the sum of Brownian
motions and symmetric stable processes, relativistic stable processes with
mass m, and mixed stable processes and the corresponding ¢(\) are given
by ¢(A) = A-AY2 p(N) = A+ (Mm@ 4+ 0)2/2 —m), d(N) = A+ X2 \/2)
0 < 8 < a< 2, respectively.
2. Geometric stable subordinator

Let ¢(\) = A+ 1In(1 4+ A*/2), 0 < o < 2. From [26, Theorem 2.4] Con-

ditions 2.1 are satisfied. Note that when a = 2 it corresponds to the sum

of Brownian motions and Gamma processes and the corresponding Lévy
-

density is given by m(t) = %-.
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For any open set D C R%, 7p :=inf{t > 0: X; ¢ D} denotes the first exit
time from D by X. We will use X to denote the process defined by X/ (w) =
Xi(w) if t < 7p(w) and XP (w) =9 if t > 7p(w), where 9 is a cemetery point.
It is well known that XP is a strong Markov process with state space D U
{0}. For any function u(x) defined on D, we extend it to D U {9} by letting
u(9) = 0. It follows from [7, Chapter 6] that the process X has a transition
density p(t, z,y) which is jointly continuous. Using this and the strong Markov
property, one can easily check that

pD(taxay) 3:p(t,$,y) - Ew [p(t - TD7XTD7y);t > TD]) T,y €D

is continuous and is a transition density of X”. For any bounded open set
D Cc R4, we will use Gp(z,y) to denote the Green function of X?| i.e.,

GD(x,y):z/ pp(t,x,y)dt, x,y€D.
0

Note that Gp(z,y) is continuous on {(z,y) € D x D :x # y}.

The Lévy density is given by J(z,y) = j(|z —y|), 2,y € R? and it determines
the Lévy system for X, which describes the jumps of the process X: For any
nonnegative measurable function F on R, x R? x R? with F(s,z,z) =0 for
all s>0 and x € RY, and stopping time 7" with respect to {F; :¢ >0},

e[S roxe x| e[ [ ([ Fen s an) as]

s<T

Using the Lévy system, we know that for any nonnegative function f >0 and
every bounded open set D we have
(2.1)

B [f(Xr0) Xy #Xn] = [ [ Gol)Iw2)dur(2)dz, weD.

We define Kp(x,2) = [, Gp(z,y)J(y,z)dy and (2.1) can be written as

(2.2) E, [f(XTD%XTD, #Xo] = L Kp(z,2)f(z)dz, z€D.
e
Now we state the definition of harmonic functions.

DEFINITION 2.3.

1. A function u:R? — [0,00) is said to be harmonic in an open set D C R?
with respect to X if for every open set B whose closure is a compact subset
of D,

u(z) =E, [u(X,,)] for every z € B.
2. A function u : R? — [0, 00) is said to be regular harmonic in D with respect
to X if
u(x) =E, [u(X;,)] for every z € D.
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3. A function u: R? — [0, 00) is said to be harmonic with respect to X if for
every open set B whose closure is a compact subset of D,

u(z) =E, [u(X%)] =E, [u(XTB),TB < TD] for every z € B.

Note that it follows from strong Markov property that every regular har-
monic function is harmonic.
The following Harnack principle is proved in [20, Proposition 2.2].

PROPOSITION 2.4. There exists a constant ¢ > 0 such that for any r € (0, 1],
zo € R and any function f which is nonnegative in R and harmonic in
B(xg,r) with respect to X we have

f@) <ef(y) forall z,y € B(xg,r/2).

Recall that an open set D in R? is said to be a (uniform) C*! open set
if there are (localization radius) Ry > 0 and Ag such that for every z € 9D
there exist a C! function 1 = 1), : R? — R satisfying 1(0,...,0) = 0, V¢)(0) =
(0,...,0), [Vi(xz) = Vi(y)| < Ao|lxr—y|, and an orthonormal coordinate system
CS.:y=(y1,--,Yd—1,Yd) := (§,ya) with its origin at z such that B(z, Ry) N
D={y=(9,yq) € B(0,Rp) in CS, :yq > (7)}. In this paper we will call the
pair (Ro, Ag) the characteristics of the C1'! open set D.

We state the result about the Martin boundary of a bounded C*! open
set D with respect to X”. For the definition and its basic properties of the
Martin boundary, we refer readers to [21]. Fix zg € D and define

Mp(x,y):= m, x,y € D,y #£x,xg.
A positive harmonic function f with respect to X is called minimal if, when-
ever g is a positive harmonic function with respect to X? with ¢ < f, one
must have f = cg for some positive constant c¢. Now we recall the identifi-
cation of the Martin boundary of bounded C''! open sets D with respect to
killed processes X with the Euclidean boundary in [20].

THEOREM 2.5 ([20, Theorem 1.5]). Suppose that D is a bounded C1'' open
set in RY. For every z € dD, there exists Mp(z,2) :=lim,_,, Mp(z,y). Fur-
thermore, for every z € 0D, Mp(-,z) is a minimal harmonic function with
respect to XP and Mp(-,21) # Mp(-,29) for 21,20 € D, 21 # z3. Thus the

minimal Martin boundary of D can be identified with the Euclidean boundary.

Thus by the general theory of Martin boundary representation in [21] and
Theorem 2.5, we conclude that for every harmonic function u > 0 with respect
to XP, there exists a unique finite measure p supported on 9D such that
u(z) = [, Mp(x,z)u(dz). p is called the Martin measure of w.

Finally, we observe that the Martin kernel Mp(z, z) has the following two-
sided estimates. Let p(z) = inf{|z—z|: z € D°} be the distance of x from D°.
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PROPOSITION 2.6. Suppose that D is a bounded C*' open set in R%, d > 2.
Then there exist constants ¢y = c¢1(d, D, $) and co = co(d, D, ¢) such that

Y 5
(2.3) 1|$D_(Z)d SMD(J'J,Z)SCQL%D_(Zfd, z€D,z€dD.
Proof. Let
(z,y) \w7;|d—2 (IA 6D|(;2‘;T2(y)) when d > 3,
gp\x, =
log(1 + %) when d = 2.

Then it follows from [20, Theorem 1.4] there exists ¢; = ¢1(d, D, ¢) and ¢y =
ca(d, D, ¢) such that

(2.4) c1gp(x,y) < Gp(z,y) < cagp(x,y).

From Theorem 2.5 the martin kernel Mp(x,z) can be obtained by Mp(x,z) =
lim,_,, % Now from (2.4) we immediately get the assertion of the
proposition. O

3. Relative Fatou theorem for harmonic functions
with respect to XP

Throughout this section we assume that D is a bounded C'! open set in
R?, d > 2 with the characteristics (Rg, Ag). In this section we prove relative
Fatou’s theorem for nonnegative harmonic functions u and v with respect to
XP. For any finite and nonnegative measure p supported on 9D we define

Mpu(x) = Mp(x,z)u(dz), x€D.
aD
Since Mp(-, 2) is harmonic with respect to X? for z € D (see Theorem 2.5),
it is easy to see that Mpu(x) is nonnegative and harmonic with respect to
XP.
Now we define Stolz open sets. For z € 0D and 3 > 1, let

A/j = {xED:(SD(x) < Ro and |z — 2| <65D(x)}.

We say x approaches z nontangentially if z — z and x € A? for some 3 > 1.

It is well known that C'™! open sets satisfy uniform interior and exterior
ball property with some radius of R (see [2, Lemma 2.2]). By decreasing Ry
in the definition of C1'! open sets if necessary, we may assume R = Ry. In
particular C1! open sets are k-fat open sets with k= 2 (see [18] for the
definition of k-fat open set). It follows from [18, Lemma 3.9] that for any
z€0D and 8> 1% AP £ () and there exists a sequence {y;} C A? such that
limg 00 Yx = z. From now on, we will always assume this condition for g so
that A% # () for all z € OD.
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Recall the following property of the surface measure o, called Ahlfors reg-
ular condition (see [23, page 992]): there exist constants Ry = Ry(D,d),
Cy =C1(D,d) and Cy = C5(D,d) such that for every z € D and r < Ry
(31) Cir' < Ci0(0DN (B(z,r)\ B(z,7/2))) <o (0D N B(z,7))

< C20(dDN (B(z,7) \ B(2,7/2))) < Cor®™".

The next lemma is similar to [23, Lemma 4.4]. Since we are working on C'+!
open sets, the proof is simpler.

LEMMA 3.1. Let v(x) = Mpv(x), where v is a finite and nonnegative mea-
sure on 0D. For v-almost every point z € 0D, we have

liminf v(z) > 0.
AEBJ,‘—}ZEBD

In particular v-almost every point z € 0D, we have

. dp(z)
3.2 lim =0.
( ) AEBJ:—)Z ’U(ZL’)

Proof. If © — z € 0D nontangentially, there exists a constant 8 > 0 such
that

dp(z) <|z—z| < Bop(x).
Take x € D such that |z — z| < Ry and take w € B(z,|x — z|) N dD. Then
|z —w| < |x—z|+ |z —w| < 2|z — 2| so that we obtain Mp(z,w) > c; Mp(x,z)
by (2.3). This implies
v(z) > / Mp(z,w)v(dw) > ¢ Mp(z,2)v(B(z, |z — z|) NdD)
ODNB(z,|x—z|)

B(z,|x — z|)NdD)
|z — z]d—1 '

(5 ({E) y(
> C |xD_ Z|d1/(B(z, |z —2[) NOD) > c5

By (3.1) we have o(B(z,|r — 2| N D)) > c4|x — 2|1 for some constant
¢4(D,d). Hence, we have

o(B(z,|x — z|) NOD) > e 1
v(B(z,|r —z|)NndD) ~ "v(z)’

and by [6, Theorem 5] the symmetric derivative

lim sy o(B(z,|z —z|)NOD)
ooo? U(B(z, |z — 2|) N D)

is finite v-almost every point z € 9D. O

The next lemma is an analogue of [23, Lemma 4.3].
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LEMMA 3.2. Let z € 0D and v be a nonnegative harmonic function with

respect to X P with Martin measure v. Suppose that p is a nonnegative finite
5D (I)

measure on 0D. If lim,_,, O 0, then for every n >0 we have
. faDﬁ{\z—wlzn} Mp(z, w)p(dw)
lim =0.
T—z ’U(,]j‘)

If we assume lim,,_, , 65(%) = 0 nontangentially, then the above limit also need

be taken nontangentially.

Proof. If |z —w| >n and |z — 2| <n/2, then |z — w|>n/2. Thus, from
(2.3) we have

/ M (e, wypldu) < | O0@) )
oDN{|z—w|>n} aDN{|z—w|>n} [T — W]
< en~4p(x)u(0D).
Hence, we have
Jopngz—uizn Mp (@ w)B(dw) _ 4(0D) op(x)
v(z) ot ()
as T — 2. O

REMARK 3.3. Note that the condition lim,_,, 65(53) =0 cannot be omit-

ted. To see this, take any points z,Q € D with z A Q. Let p=v =
d;zy be Dirac measures at z € 9D, v(x) = Mpv(r) = Mp(z,2), and n =
|z — @]/2. Then from (2.3), liminf, ,¢ Oplz) > clz — Q|4 > 0. Clearly

v(z)
f@Dﬁ{\wa‘zn} Mp (z,w)u(dw)
v(z)

=1 for any x € D.

Suppose that p and v are two measures supported on 9D. It follows from
the Lebesgue-Radon—Nikodym theorem ([16, Theorem 3.8]) there exists ps
singular to v and f € L*(0D,v) such that du = f dv + dus. Such a decompo-
sition is called the Lebesgue decomposition. Consider all points z € 9D for
which

. - Jpennop(£0) = FG)r(du) + pa(du))

(3.3) ey v(B(z,1) N D) o

It is well known that v-a.e. z € 9D (3.3) holds true (for example, see [16,
Theorems 3.20 and 3.22]).

The next lemma is the nontangential maximal inequality that is analogous
to [23, Lemma 4.5].

LEMMA 3.4. Suppose that p and v are nonnegative finite measure on 0D.
For any x € D and z € 0D such that |x — z| <tdp(x) there exist constants
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c1=c1(d,D,p,t) and ca = ca(d, D, p,t) such that

p(BEN0OD) _ o Moleoluldu) _ | p(B(zr)19D)
r>0 v(B(z,r)NOD) = [, Mp(z,w)v(dw) = ~ >0 v(B(z,r)NID)

Proof. The proof is similar to [23, Lemma 4.5] but we provide the details
for the reader’s convenience. Define B,, = B(2,2"|x — z|) N 9D for n >0
and Ag:= By and A,, = B, \ B,,—1 for n>1. Suppose that w € By. Then
|z —w| < |z —z|+ |z —w| <3|z — 2| and |z — w| > dp(z) > Izt;z‘ Hence, it
follows from (2.3) there exist c3(d, D, ¢) and c4(d, D, ¢) such that

5D(’JI) > 6D($)

Mp(z,w) ZC3|$_w|d _633d|x—z|d’

and .

5D(£U) t (5D(£L')
< .

o —wd = Ao =2

Mp(r,w) <cy

Hence, for any w,w’ € B; we have

dp(xz) 3% c36p(x) ca 3444
|z — 29 ez 3z —z[¢ T c3
Suppose that w € A,,, n > 2. Then [z —w| < |z —z|+|z—w| < 2"+ 1)z —2| <
2ty — 2] and |z —w| > |w—z| — |z — 2| > (2"t = 1)|z — 2| > 2" 2|z — 2|
Hence from (2.3), we have

Mp(z,w) < cut? Mp(z,w').

op(x) < c30p(x)

MD(I’,'LU) Z C3 ‘x _ w|d py (2,,L+1)d‘x _ z|d7

and
(SD (m) C4(SD (.’1?)
o —wld = @ 2)dz — 2[4’

Hence for w,w’ € A, n>2, we have

Mp(z,w) <c4

ca0p (@) 2% e3dp(x) €4
M < =
p(z,w) < 27— 2Ydz — 2 ez (2nH1)d|g — 2|4 = cg

C43dtd
C

Mp (z,w").

0423d)

=—). Then we have for any w,w’ € A,,, n>0

Set c5 := max(

(3.4) Mp(z,w) < esMp (z,w').
Set a,, :=sup,,c 4, Mp(z,w) and by, := supy>,, ai, for n > 0. Clearly b, > a,
for n > 0. Suppose that w € A,, and w’ € Ay, with k >n+ 1. Then |z —w| <

27|z — z| < 28" lx — 2| < |z — w'|. Hence from (2.3), there exists a constant
¢ = c6(d, D, ) > 1 such that

Op(2) Op() <cgMp(z,w).

Mp (z,w') §C4\x—w’\d _C4|m—w|d <

Hence, we have b,, < cga,, for all n > 0.
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Since D is bounded there exists kg € N such that 0D C Ui‘;o A,,. Hence it
follows from (3.4) and from the fact that b, < cga, we have

Mp (z,w)pu(dw)
oD

ko
_ z:: /A Mp(aw)u(d)

ko ko
<> anp(An) <Y bap(An)
n=0

n=0
ko
<bot(Bo) + Y bu (1(Bu) — p(Bo))

< Z (b, = by 1)p(Bn) + big pt(Br,)

SNV

<§2§5E§§ZZ§Q§§§ ]:)Z::(bn an)V(Bn)—i-kau(Bko))
N

= T D) )

<o PRI S st

<csnmp SRR [ (st

=csens BT D) [, Mot e

Now set cs := c5¢6. The opposite inequality can be proved in a similar way
and this proves the assertion of the lemma. O

Now we state the main theorem of this section.

THEOREM 3.5. Let u,v be mnonnegative and harmonic functions with re-
spect to XP. Let u(x) = [, Mp(x,w)u(dw) and v(z) = [, Mp(z,w)v(dw),
where u and v are nonnegative and finite measures on 0D. Let du = f dv+dus
be Lebesgue decomposition of p with respect to v. Then for v-almost every
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point z € 0D we have

lim = f(z
peres U(m) f( )
as x — z nontangentially. More precisely, the convergence holds for every

z € OD satisfying (3.3) and lim,_,, 55’(%) =0 as x — z nontangentially.

Proof. The proof is similar to [23, Theorem 4.2] but we provide the details
for the reader’s convenience. Fix a point z € 9D that satisfies (3.2) and (3.3).
Define dji = |f(-) — f(2)|dv + dus. Then given £ > 0 we have

([ o)) - f)vaw) +

_ Jop Moz, w)(dn)
B v(x)
- f(’?Dﬁ{|wfz|Zn} MD('I’ w)ﬁ'(dw) + faD MD(xaw)ﬂ|B(z,n) (dU))
B v(x) v(x) ’
where fi|g( ) is the truncation of fi to B(z,7) NdD and n >0 is a constant

which will be determined later. Applying Lemma 3.4 to the measures fi| (. »)
and v, we get

[ Moo )|

faD Mp (wvw)ﬂ‘B(z,n)<dw)
v(x)
3 ﬂ|B(z, )(B(Z,T)ﬂaD)
S B ) N aD)
B Jopnp.m ([f(w) = f(2)[v(dw) + ps(dw))
-ty v(B(z,r) N D) '
Using (3.3), choose 7 so that (3.5) <e&/2. Since |f(-) — f(2)| € L'(dv), for this

7 it follows from Lemma 3.2 we can take J such that

f8D0{|w—z\2n} Mp (.%‘, w)ﬂ(dw)
(@) <e/2,

for all € A? with |z — 2| < 4. O

(3.5)

4. Harmonic measure and Fatou theorem

In this section, we study the harmonic measure that is supported on 9D.
The main result is to show that the harmonic measure supported on 0D is
absolutely continuous with respect to the surface measure of C'>! open sets
D and to find the Radon—Nikodym derivative.
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For any Borel subset A of RY, we use T :=inf{t > 0: X; € A} to denote
the first hitting time of A. The next proposition is an analogue of [18, Propo-
sition 3.1], which was stated only for zy but we remove this restriction and
prove the result to hold for all z € D.

PROPOSITION 4.1. For any A € (0,1/2), there exists ¢ = ¢(D,d,¢,\) >0
such that for any x,y € D satisfying |y — x| > 20p(y) we have

]P)I(TB;‘ < TD) > CGD(xvy)(SD (y)d_27
where By := B(y, \op(y)).

Proof. The proof in the case of d > 3 is almost identical to that of [18, Pro-
postion 3.1]. We only give the proof in the case d = 2. Since x ¢ B(y,20p(y)),
Gp(z,-) is harmonic in B(y,2A0p(y)). Define GDIB)\ ka Gp(z,z)dz=

E.[f, " 1px (Xs)ds]. By Proposition 2.4, there exists a constant ¢; > 0 such
that

(4.1) Gplpy (@) > e1Gp(2,y)op(y)

It follows from the strong Markov property that

™
(4.2) Gplpr(z) <P, (Tpr < Tp) sup Ew/ 1pr(Xs)ds.
Y Yy 0

we?ﬁ

It follows from [20, Theorem 1.4] that for any w € B—;‘,

(4.3) Ew/ ].BA(XS)dS:/ Gp(w,v)dv
0 v B)

302/ In 1+M dwv.
” =P

Note that for w € B—g‘, dp(w) <|w—y|+dp(y) < (1+A)dp(y). Hence, using a
polar coordinate system centered at w and integration by parts with du = rdr,

v=In(l+ “*A)i—;‘D(y)z), we see that (4.3) is bounded above by

2 2
02/ (14 EEN@7Y
5 fw—of?
1 2 2
<02/ In (14_%) dv
B(w,2A6p (y)) lw — vl

/z,r/z,\éD y)r1 <1+ (1+/\)25D( )? )drd9

2 2X0p (y)
<eco| 2w _r In 1+—(1+>\) %p(y)
2 72

0
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o /2/\613(.1/) r(14+X)%5p(y)? dr)
0 2+ (1+X)2dp(y)?

< <2ﬂwln<1 N (1;;?)2>

1 2X0p (y)
5 (L4200 (y)* In(r + (1+A)26D(y)2)] )
0

< e20p(y)? (4m2 ln(l + (1;;2”2) +m(1+ A)“H(W))

+27r[

<esp(y)*.
Combining (4.1)—(4.2) with the display above, we immediately get the asser-

tion of the proposition. O

For any positive harmonic function h with respect to X, we use (P?, X*)

to denote the h-transform of (P,, X). That is,
WXP) .
h(z)
In case h(:) = Mp(+,2) for some z € D, (P!, X}') will be denoted by (P2, X7).

Now we prove a proposition that is an analogue of [18, Proposition 3.10], which
was stated only for x¢ but we remove this restriction.

P(A) :_]Ex{ A}, AcF,.

PROPOSITION 4.2. Suppose that A € (0,1/2). For any z € 0D and 8> 1,
there eists ¢ = c¢(D,d, ¢, \,x,B) > 0 such that if y € AP satisfies 26p(y) <
|z —y|, then

P (Ths <7ph) >c,

where B, = B(y,\dp(y)) and ng =inf{t >0: X7 € B,}.

Proof. We only give the proof in the case of d =2, the proof in the case
d >3 is similar. Fix z € 9D and > 1. Since B(y,2Xép(y)) C D, Mp(-,z)
is harmonic in B(y,2Adp(y)). By the Harnack principle (Proposition 2.4),
we have Mp(Xt,,,2) > c1Mp(y,z) for some constant c; > 0. Now it follows

from Proposition 4.1 that

P (T5y < 75)

B 1
o Mp(x,2)
MD(yaz)
MD(va)
GD(SC',y)MD(y,Z)
MD(IVZ) .

E. [Mp(Xr

Bé\az)aTBﬁ < TD]

> Po(Tpy <7p)

> Co
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It follows from [20, Theorem 1.4] that

Gp(z,y) > 03111(1 + M)

[z —yl?
Let diam D := sup{|x — y| : 2,y € D} be the diameter of a set D. Since y €
A8 |y — 2| < Bép(y), |v —y| <diam D, and |z — z| > 6p(z). Hence from
Proposition 2.6, we have

bp()? o= op()?
= Cs N .
ly — z|? | — y|? B2 (diam D)2 U

Recall that A € F,, is said to be shift-invariant if whenever T' < 7p is a
stopping time, 14 0o 07 =14 P,-a.s. for every x € D. The next proposition
is an analogue of [18, Proposition 3.7]. The proof is identical to that of [18,
Proposition 3.7] (see also [3, p. 196]) so we omit the proof.

Pz (Tg; < Tfj) >y

PROPOSITION 4.3. If A is shift-invariant, then x — PZ(A) is a constant
function which is either 0 or 1.

PROPOSITION 4.4. For any z € 9D, we have
Pi(th <o0) =1, zeD,

and
]P’m(tlTnnX =z TD<OO) =1, zeD.

Proof. The proof in the case of d > 3 is similar to that of [18, Theorem 3.3].
We only give the proof in the case of d = 2. First note that by [20, Theorem
1.4] and Theorem 2.5 and a similar argument as in [14, Corollary 6.25] we
have

Gp(z,y)Mp(y,2)
Mp(x,z)

Hence, we have

<ca((Ivin(lz—yl ™)+ (1 vin(ly—=""))).

/ Litcrzydt
1 oo

V(o )/ E,[Mp(XP,2);t <7pldt
Gp

(i[ y)MD(yv )
/ Mp(z,z) dy

<c /D((l vin(lz—y| ™)) + 1 vin(ly—27"))) dy < oo,

which implies that PZ(77 < o0) = 1.

Now we claim that P (lims,z X7 = 2) = 1. Note that the Lévy process
X satisfies the (ACP) condition in [25, Definition 41.11]. Tt follows from [25,
Theorem 43.9] that any single point is polar, hence P, (T, < co) = 0 for every
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z,y € RY. Now the rest of the proof is the same as that of [18, Theorem 3.3],
[14, Theorem 5.9], or [13, Theorem 3.17]. O

The theorem above implies that P, (limy, X; € K) = 1x () for every z € D
and Borel subset K C 0D. Hence the next theorem, which is an analogue of
[18, Theorem 3.4], follows easily.

PROPOSITION 4.5. Let v be a finite measure on 0D. Define
h(z) := Mp(z,w)v(dw), z€D.
oD
Then for any x € D and Borel subset K of 0D,
. 1
]P’Z(hmh Xre K) = o) /KMD(x,w)I/(dw).

TR

Now the next proposition, which is an analogue of [18, Proposition 3.5],
follows easily from Proposition 4.5. The proof is almost identical to that of
[18, Proposition 3.5] so we omit the proof.

PROPOSITION 4.6. Let v be a finite measure on 0D and h(x) =
Jop Mp(x,2)v(dz). If A€ Fyp,, then for any Borel subset K of OD,

ph (Am {}Tifé Xhe K}) - ﬁ /KP;(A)MD(x,z)u(dz).

Now we state a proposition which will play an important role later.

PROPOSITION 4.7. Let u,h be nonnegative harmonic functions with respect
to XP and pu and v be their Martin measures, respectively. Let dp = f dv+djus
be Lebesgue decomposition of u with respect to v. Then for every 8> 1, x € D,
and v-almost every z € 0D we have

Coou(r) L u(XF ))
4.4 Pz lim ——= = lim =1.
( ) “ (Afaw—)z h({E) t7h h(X{fZ)
Proof. Since u is a nonnegative harmonic function with respect to X, u

is excessive with respect to X”. Hence, we have E,[u(X})] < u(z) for every
x € D. So by the Markov property for the conditioned process, we have for

every t,s >0
u(X7) 1

w(XP )
= il -2 (i) -
Xy X lnxh ] r(xE)
Therefore, u(X[*)/h(X}') is a nonnegative supermartingale with respect to P»
and so by the martingale convergence theorem we have that
Xh
lim u( th)
et h(X7)

u(XY)
h(Xt)

Exn [u(XP)] <

exists and is finite P-a.s.
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By Proposition 4.6, we have that

I_Ph<l ulXy)

ARy h(Xth)

1 ouw(XP) e )
=— Pz{ 1 exists and is finite | M p(z, dz).
ho) /6D l(t%% h(x7) xists and is fini p(z,z)v(dz)

Since PZ (hmtTTD R(X: ; exists and is finite) < 1 and h(z) = [,, Mp(z,z) x

exists and is ﬁnite)

v(dz), we must have

. u(X7)
4.5 Pz 1
(45) w(tﬁ% hX?)

exists and is ﬁnite) =1,

for v-a.e. z€ 0D.

We will show that (4.4) holds for z € 9D satisfying (3.2), (3.3), and (4.5).
For any 3> 1, choose a sequence y;, € A? such that y, — 2. It follows from
Proposition 4.2 that for any A € (0,1/2),

P ( By <Th io.) > 1ikrgi£f19>;( By < H) > c¢>0.
Since {Téﬁ < 7§ i.0.} is shift-invariant, by Proposition 4.3 we have
k
P2 (X7 hits infinitely many B;‘k) Pz ( gA <7hio.)=1.

Suppose that {t;,k € N} is an increasing sequence of nonnegative numbers
such that X;, € B)‘v under P;. By Proposition 4.4, we have lim.z X7 =z
under PZ. Let ' = (A4 3)/(1 = X). Then it is easy to check that X7 € AP
Since P (limy oo X7, = 2) =1 it follows from Theorem 3.5

u(XE) o u(x)

1 = prg
(Q“éo W(XZ)  alomss h(x))

Since the limit limtTT 5 ( X: g exists under PZ, it must be the same as the limit
via ty. Thus, for any g > 1

(s 1) _ gy UKDy DY

IEDZ

x

= lim = lim
5I(X7) koo M(XP)  afza—z h(x) O

Now we state the main theorem of this section, which is an analogue of
[18, Theorem 3.18]. The proof is almost the same with [18, Thoerem 3.18].
Let u,h be positive harmonic functions with respect to X and p and v
be their Martin measures, respectively. Let du = fdv + dus be Lebesgue
decomposition of p with respect to v. Note that it follows from Theorem 3.5
that for any g > 1,

u(x

Su.n(z):= lim —=
U7h() Agaw—)z (SU)

~

is well defined for v-a.e. z € 9D.
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PROPOSITION 4.8. Suppose that u,h are positive harmonic functions with
respect to XP and that u/h is bounded. Let v be the Martin measure of h.
For every x € D, we have

u(x) = Mp(z,z)sun(2)v(dz).
aD
Equivalently, s, n(z) is the Radon—Nikodym derivative of the Martin measure

of w with respect to v.

Proof. Tt follows from Proposition 4.7 that for every x € D and v-a.e.
z€dD and > 1,

P;( im 4% i “(th)) ~1.

Alsz—z h(!L‘) ttrp h(Xt )

Now take an increasing sequence of smooth open sets {D,,},>1 such that
D,, C Dy 41 and |, D,, = D. Then we have

1=P§(Iim <%>(sz)=lim M @>

n—r00 " t7h h(XtZ) Alsz—z h(z)

- IP’;( lim (%) (X7.) = Su’h(z)’tlTiHI% X7 = z)

n—oo

z : u z _ : z
e (JLHOIO (ﬁ) (X%) = sun (#ﬁ% Xt ))

for v-a.e. z € D. By Propositions 4.3 and 4.6 we have
1 . U 2\ _ . z
1= h(z) /aD Pz <nh%rrgo <h> (X7:) = sun (tl%g; X ))MD(% z)v(dz)
. U .
=2t (i ()0, ) = (1 52) ).

Therefore, by the bounded convergence theorem and the harmonicity of u/h
with respect to P?, we have

u(z) Rl YW | _mh| 1 u h\| _ wh : h
h@) —nlgréoEx [(h) (XTS)] =E7 nlgrgo W (Xﬂ'{) =[E; [Su’h<t1¢1£%Xt )}
for every z € D. By Proposition 4.5 we have
1
h . AN
(4.6) E; [1K<tlg% X )} =@ Jon Mp(z,w)l g (w)v(dw).

Clearly (4.6) remains true if 1x(w) is replaced by simple functions of the
form > | a;14,(w) where a; >0 and A; C D are disjoint Borel subsets of
0D. Since s, is bounded, there exists a sequence of bounded simple func-
tions fi,(w) < sy, n(w) converging to s, p(w). Then it follows from bounded
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convergence theorem that

=i 1) g )]

1
= lim — M
A Ty ) Mp s w) fa(w)v(dw)
1 /
= — Mp(z,w)syn(w)v(dw).
h(l’) oD D( ) ( ) ( )
Now the proof is complete. [l

In order to study the harmonic measure supported on 0D, we need auxiliary
functions. Let
F(z):=P,(X,, €9D), z€D,
and
G(z) :/ Mp(z,2z)o(dz), ze€D,
aD

where o is the surface measure of dD. It is easy to see that F(z) and G(z)
are harmonic with respect to X”. Now we prove that G(z) is bounded on D.

LEMMA 4.9. There exist constants Cs,Cy depending only on D, d, ¢, xqg such
that
0<03§G($U)§C4<OO.

Proof. Recall that D satisfies the Ahlfors regular condition (3.1). First sup-
pose that dp(z) > Ry. Then we have diam D > |z — z| > dp(x) > R; for any

z € 0D. Hence it follows from Proposition 2.6, we have Mp(z,2) > ¢1 \iD—(Z)d >
€1 —(diailD)d and Mp(z,z) < cz |iﬂi(:)d < c26p(x)' =4 < cuRI™%. Hence, we have
Ry
= M dz) > ¢ —————0(0D
G(z) /BD p(x,2)o(dz) > 1 (diamD)dJ(a ),
and

G(z)= /{m Mp(z,2)o(dz) < cao(OD)RI™.

Now suppose that dp(z) < R;. For each x € D let P = P(z) € 0D be a
point such that |z — P|=dp(z). Let A, = A, (z)={2€0D:2" oz — P| <
|x — z| < 2"z — P|}, n € N. Since D is bounded, there exists N = N(z)
such that 9D C ngl A,,. Note that {z€ 90D :|z— P| < |x— P|} C A; since if
|z—P| <|x—P| then |x —z| < |z —P|+|P—z| <2|z—P|and |z — z| > |z — P|
for any z € OD. Since dp(z) = |z — P| < Ry it follows from (3.1)

G(z) = BDMD(x,z)J(dz)z . Mp(x,2z)o(dz)

(5D(l‘) 5D($)
> > Y\
_(:g/A1 |mzda(dz)_C4/A1 2d|w,p|d0(d’z)
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dp(x)
> 64/ —————0(dz)
{z€0D:|z—P|<|z—P|} 2d‘x - P‘d
5D(9€)
5D( ) d—1
Zc5m| z— P|
C5

Now we prove an upper bound. Notice that for any 0 < r < diam D there
exists a constant cg such that (0D N B(z,7)) < cerd=t. If r < Ry this is
just (3.1). If 7 > Ry, then (DN B(z,7)) < 0(D) = cg R < cer?~1, where

cg 1= ‘;gj‘,’i). Since A, C{z€0D:|z—P|<(2"+1)|z — P|} C{z€0D:

1
|z — P| < 27+1|z — PJ}.

N
G(z) = Mp(z,z)o(dz) < Z/ Mp(z,z)o(dz)

oD
<C7Z/ \z—z|d a(dz) <C7Z/ §p(z) (2" l\x—PD o(dz)
<C75D 1 dz2 d(n— 1) )

< crdp(x)'™ dZQ dnVg({z€0D:|z—P|<2"z - P[})

n=1

<C85D 1 dz2 d(n— 1)(2n+1|x P|)

n=1

N o)
S 08226171 Z 9—n S 0822(171 Z 9N _ 6822d71'

OD) A& and Cy =R}~V c2%47 L. O

Now set C3:=¢; (dlamD do(

It follows from Lemma 4.9 that ggig is bounded in D. Thus it follows from

Proposition 4.8 that, for any 5> 1, the limit

P
(4.7) SF7G(Z)_A51;I;1—>Z G

exists o-a.e. z € 0D and F can be written as

F(z)= - Mp(z,w)spq(w)o(dw), x€ D.
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Next proposition says as the starting point x approaches 0D, the prob-
ability that subordinate Brownian motions with Gaussian components exit
the domain through the boundary of the domain 0D converges to 1. It was
proved in a more general setting in [24, Theorem 3.2] and we record the fact
here for the reader’s convenience.

PROPOSITION 4.10. Let D be a C%' open set in R, d > 2. Then for every

point z € 0D
lim P, (X,, €0D)=1.
D>x—2z€0D

Proof. Subordinate Brownian motions are isotropic processes hence they
satisfy conditions (H1;R% «) and (Ho;RY, ) in [24] and all points of D are
possible (see [24] for details). Hence, it follows from the remark (¢) under [24,
Theorem 3.2] lim,—, ,cop Pr(X,, €9D)=1. O

Now the next result follows immediately from Proposition 4.8.

THEOREM 4.11. For any B > 1, the limit

(2) I F(x) ) 1

spa(z) = im = i
Afsezcop G(T)  Afsuszcop G(T)

exists o-a.e. z€ 0D and 0 < Cs5 < spg(z) < Cy < oco. Furthermore, F(x) can

be written as

F(z)= 8DMp(slc,w)SRG(w)a(dw), zeD.

As a corollary of Proposition 4.10, Theorems 4.11 and 3.5 we can prove
Fatou’s theorem for nonnegative harmonic functions with respect to X2

COROLLARY 4.12. Let u(x) be nonnegative and harmonic with respect to
XP on D. Then for any > 1 the nontangential limit
lim  wu(z)
Agaz%z

exists for o-a.e. z € 0D.

Proof. From Theorem 4.11, we have F(x) = [, Mp(z,w)spc(w)o(dw),
z € D. Tt follows from Theorems 3.5 and 4.11 lim 5. ;(é)) exists o-a.e.
z € 9D. From Proposition 4.10, we have lim,_,, F'(z) = 1. Hence

lim u(x) exists o-a.e. z € OD.
Afsz—2 (|

Now we show that
(4.8) Pp(z,z) :=Mp(z,z)spa(z), z€0D

is the Radon-Nikodym derivative of the restriction of harmonic measure
P.(X;, € ) to OD with respect to the surface measure o on 0D. In or-
der to do this, we need a few lemmas. For any z € 9D, we let ¢, be the
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CU! function associated with z in the definition of C*! open set. For any

HAS {y = @,yd) € B(ZvRO) 1 Yd > ¢z(g)} we put Pz(l") = Tq — ¢z(i‘) For
r1,72 >0, we define

D.(ry,r2) == {y €D:r1>p.(y)>0,]g] < 7’2}~
Let Ry := Ro/4(y/1+ (1 + Ag)?). The following result is [20, Lemma 4.3].

LEMMA 4.13 ([20, Lemma 4.3]). There exist constants \g > 2R; ",
ko € (0,1) and ¢ = c(Ro,Ao) such that for every A > Ao, z € 0D and x €
Dz(2_1(1 + AQ)_lﬁo)\_17 KJQ)\_l) with £ =0,

P.(X € D) <cAip(x).

"D (koA—1,a—1)
LEMMA 4.14. For any r < Ry and z € 0D we have
lim P, (X,, ¢ B(z,r),X-, €9D) =0.
T—rz
That is, for any € >0 there exists a constant § = §(e) > 0 such that for any
x €D with |x — z| <6 Pp(X,, ¢ B(z,7),X;, €9D) <e.

Proof. For any r < Ry, we take a large enough \ so that D, (koA~1,A71) C
B(z,r). Then,

{XTD ¢ B(z,1), X, € 8D} C {XTDzmorl,rl) € D}.
It follows from Lemma 4.13 that
Py (Xr & B(z,7), Xrp €OD) <Pu(Xr, ., €D)

<ceMdp(z) < ez —z|.
By taking § =¢/cA, we arrive at the desired assertion. O
LEMMA 4.15. For any continuous function g on 0D, define
ug(z) :=E,[9(X+p), Xrp, €0D], wz€D.
Then for any z € 0D,

i, 1a(2) =502,

Furthermore ug(x) is given by

ug(x) = Mp(z,w)spq(w)g(w)o(dw), x€D.
oD

Proof. For any € >0, let §; = §1(¢) > 0 be such that
(4.9) |g(y) - g(z)‘ < e whenever |y — z| < 4.

Without loss of generality, we may assume d; < Ry. Let ¢ be the constant in
Lemma 4.14 so that

(4.10) P, (X, ¢ B(2,01), Xr,, €0D) <
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for |z — z| < §. It follows from Proposition 4.10 that there exists d2 > 0 such
that

(4.11) P,(X,, ¢ dD) < e

for |z — z| < d2. Combining (4.9)—(4.11) we get that, for any z satisfying
|z — 2| < A da,

{uy (Z)’
|]E [9(X+p), X+, €0D] — g(2)|
|]E [g(XT ), Xrp € B(2,01), X, € 0D
E, [g(X X, & B(z,61), X, € 3D]
(Z)IP’QE(X € B(z,61), X EaD)
— 9(2)Ps(Xrp, ¢ B(2,01), X-,, €0D)
— 9(2)Pu(X-, ¢ OD)|
< 2||g||oo1P’z(XTD ¢ B(z,01), Xrp, €9D) + ||gllocPa(Xrp, ¢ OD)
+E:[|9(Xrp) — 9(2)|, X+, €0D, X;,, € B(z,61)]
< 4el|gloo-

It follows from (4.7) lim,_,cop lg((;:)) = g(2)sp.q(z) for o-a.e. z € 9D. Since

D is bounded 9D is compact and u4(z) is bounded. Hence from Proposi-
tion 4.8, we have

ug(x) = Mp(z,w)sp.q(w)g(w)o(dw), z€D. 0
oD

THEOREM 4.16. For any (Lebesgue) measurable set A € 0D
P.(X,, € A4) :/ Mp(z,w)spa(w)o(dw), x€D.
A

Proof. Let A be a (Lebesgue) measurable set in dD. Choose bounded
and continuous functions f,(z) converging to 14(z). Then it follows from
Lemma 4.15 and the dominated convergence theorem

Po(Xr, € A) =By (14(Xr)) = ( 1im fu(X,,)) = Tim o (fu(Xr,))

= lim Mp(z,w)sp.g(w) fn(w)o(dw)

= - Mp(z,w)spa(w)la(w)o(dw). O

Combining this with the two-sided estimates on Mp(x,z), we have the
following theorem.
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THEOREM 4.17. The function Pp defined in (4.8) is the Radon—Nikodym
derivative of the restriction of the harmonic measure P, (X, €-) to 0D with
respect to the surface measure o on 0D. Furthermore, there exist positive
constants Cs(D,d, d,x¢) < Cy(D,d, p,xg) such that

%, (x,2) € D x OD.

Therefore, the harmonic measure restricted to 0D is mutually absolutely con-
tinuous with respect to the surface measure o on 0D.

5. Integral representation of harmonic functions with respect to X

In this section, we investigate the integral representation of nonnegative
harmonic functions with respect to X and show that tangential convergence
of harmonic functions with respect to X can fail.

Let D be a bounded C'*! open set in R?, d > 2. Take a sequence of smooth
open sets {D,,}, D, C D, C D41, U;—, D,y = D. Let 7, :=7p, be the first
exit time of D,,. We will define some auxiliary sets A, B,C,D C Q). Let

Az{wEQ:XTB;AXTD}, B=Q\ A,

C={weQ:7,=7p for someneN}, and D=0Q\C.
Since X,, € D¢ and XTB € D for x € D we have P,-almost surely

A={weQ: X, €D} ={weQ: X,, ¢9D}.
Suppose that w € A\ C. Then 7,(w) < 7p(w) for all n € N. By the quasi-left
continuity of Lévy processes, we have lim, 4+, X;, (w) = X, (w). But this
implies X, (w) € D°N D = dD, which is a contradiction. Hence, A\ C =) or
A C C. By taking complement we also have D C B.

Finally, consider C \ A ={w € Q: 7, = 7p for some n and X,, € dD}.
Clearly C\ A C {X,, € 9D for some n}. Note that {X, € 9D} ={X,, €
OD and X - # X, } since D,, C D. Since [9D| =0 for any C! open set D,
it follows from (2.2) we have

P, (X, €9D) =P, (X;, €0D, X - #X, )= Kp, (x,2)dz=0.
oD

Hence, we conclude that under P,, x € D
P,(C\ A)=0.

Hence from now on, we will identify all these sets to be equal under P,. That
is we let

{wEQ:XTB;éXTD}:{WEQ:XTDEEC}:{MGQ:TTL:TD for some n},
{wEQ:XTB:XTD}:{weQ:XTDEaD}z{wEQ:Tn#TD for all n}.
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Let J be
J = {r, =7p for some n} = {X,, € EC} = {XTB #X.,}.

LEMMA 5.1. Let u be a nonnegative function defined on D. For any open
set BC B C D, we have

By [u(Xr,), T =Ee[u(Xry), 78 = D) + Bz [Ex. (w(X,),T), 78 < 7p].

Proof. Take an increasing sequence of smooth opens sets {D,,} as in the
beginning of the chapter. For any open set B C B C D, we can take an open
set Dy such that B C Dy. Then 75 < 7p,. Hence, we have {rp =7p} C
{rp, =7p} C J. Hence, it suffices to show

Eq [u(XTD)7 I \{5= TD}] =E,; [EXTB (U(XTD)a j),TB < TD]~
From the strong Markov property of X, we have

E. [u(XTD), J\{rs = TD}]
=E.[u(X:,), T N{rs <7p}]
=E,[E[u(X:,), T N{rp < p}|Frs]]
=E. [E[w(X+p), J|Frp] 78 <7D)

:E$[EXTB (w(X+p),T), 78 <Tp]. O
LEMMA 5.2. Let u be a harmonic function on D with respect to X. Let

v(z) :=u(z) — B [u(X;,),J]. Then v(x) is nonnegative and harmonic with
respect to XP on D.

Proof. Take D,, C D,, C D,,;1 1 D. Since u is harmonic with respect to X,
we have
u(z) =Eq [u(X7,)] 2 Eo[u(X7p), 7 =70
As n — oo we have {7, =7p} 1T J. By the monotone convergence theorem,
we have

u(z) > E, [u(XTD), j].
From the harmonicity of v and Lemma 5.1, for any open set B C D whose
closure is compact in D, we have

E.[v(X7)]
=B, [u(X7,)] — Be [Exp [0(Xrp), T]]
=E,[uw(X;,), 78 <7p] —Es [ [u(XTD),j],TB <7p]
=B, [u(Xr,)] — Eo[u(Xr,), 78 = 0] — B4 [Ex, [u(Xr,), T, 78 < TD]
= u(z) — Eq [u(Xr,), J] t+E [ (Xrp), T

—E,; [U(XTB)vTB ] []EX [ (XTD)7J:|7TB <TD]
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=v(z) + E, [U(XTD)vJ] —E, [U(XTB)7TB = TD]
—EI [EXTB [’LL(XTD),j],TB <TD]
=v(x). O

THEOREM 5.3. Let u be nonnegative and harmonic on D with respect to X.
Then there exists a unique measure i, supported in 0D so that u(z) can be
written as

uw)= [ uwEpepdy+ [ Moz (o).
D° oD
Proof. Tt follows from Theorem 2.5 and Lemma 5.2 there exists a unique
measure U, supported on 0D such that

u(x) —E; [U(XTD)’j] = oD MD(Z‘,Z)[Lu(dZ).

Now it follows from (2.2) that we have

ue)= [ Koy [ Mple o). .

In [22] it is proved that there exists a bounded (classical) harmonic function
on the unit disk in R? that fails to have tangential limits for a.e. 6 € [0, 27].
Using the similar method, in [17], [18] the author showed that the Stolz open
sets are best possible sets for Fatou’s theorem and relative Fatou’s theorem
for transient censored stable processes and stable processes, respectively for
d=2and D= B(0,1).

A curve Cj is called a tangential curve in B(0,1) if CoN0B(0,1) = {w} €
9B(0,1), Co \ {w} € B(0,1), and for any » >0 and 8> 1 Co N B(w,r) €
AP N B(w,r). Let Cp be a rotated curve Cy about the origin through an
angle 6. We will adapt arguments in [17], [18], [22] to prove that the Stolz
open sets are best possible sets for Fatou’s theorem for X by showing that
there exists bounded harmonic function u(x) with respect to XZ©1) such that
the tangential limit limzec, »—» u(z) does not exist, where Cy is a tangential
curve inside B(0,1).

We start with a simple lemma that is analogue to [22, Lemma 2] (see also
[17, Lemma 3.19] and [18, Lemma 3.22]). Let D = B(0,1) € R?, 2o =0, and 04
be the normalized surface measure of 9B(0,1). Define hi(z) :==P(X7,,, €
0B(0,1)) and ha(x) := fBB(O,l) Mpo,1)(z,2)01(dz). It follows from Theo-
rem 4.11

hi ()

AEB:D—)ZG(?B(O,I) h2 (‘r)

H(z) =
exists, 0 < ¢; < H(z) < ¢g < oo for some constants ¢q,ce > 0, and

hi(x) :/ Mpo,1)(z,2)H(2)o1(dz).
8B(0,1)



FATOU’S THEOREM FOR SUBORDINATE BROWNIAN MOTIONS 787

LEMMA 5.4. Let hi(x) = [,50.1) MB(o,1)(@,2)H(2)o1(dz) and U(z) be a
nonnegative and measurable function on 0B(0,1), and 0 < U(e¥) <1, 0 €
[0,27]. Suppose that U(e?) =1 for g — A <0 <60y + X for some 0 < \ <.
Let u(z) = faB(O,l) Mpo,1)(7,2)U(2)H(2)0o1(dz), © € B(0,1). Then for any
e >0 there exists 6 = 0(g, @), independent of \, such that

u(pe'?) .
l-e<—=<1 1— M0,
S (e ST 0

Proof. Since 0 <U(z) <1 we have

ulr) _ — 2,2)U(2)H(2)o1(dz
'S @ M@ /f)B(o,l) Mip(0,1)(,2)U(2)H(2)o1(d2)

< M x,z)H(z)o1(dz) = 1.
<5 Loy, Moo H ) (d2)

Let V(z) := %(Z) so that 0 < V(2) < 5 and V(") =0for g —A <0 <+ .
By the triangular inequality, we have |e0 —e?| < |¢?00 — peif0| 4 |peifo — | =
(1—p) + |pe'? — €. Hence,

|peifo — ei| > e — ¢i®| — (1— p)

sin(902_ 9) ‘ — 68160 — 6

2
2 —00 — 0] — 6160 — 0|
™

- (3—5>|90—9|
Vs

for |0y — 0] > . Hence from (2.3) we have for p>1— M\

>2

2
Mpo,1) (peigo7 ew) V(ew) do

2m 60
V(e”)
< e P)/O | peifo — ¢if|2 do

2 -2 de
<a(i—p(2=s / _4_
i p)<7T ) |6—60|>A |60 — 02
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From Theorem 4.11 H(ew) < ¢y for some constant co > 0. Hence, if § < % we
have
u(pet?) 1 1 [

(@) = ey 3, Moo (e, ) (1 =2V (")) H (e) df

= ha(pet®) <h1 (pe™) = 2e1c: (2- 6)2>
Z 1-— 63(5.

Now for given ¢ take § = % A é and we reach the conclusion of the lemma. [

Once we have Lemma 5.4 by adapting the argument in [22], we have the
following theorem.

THEOREM 5.5. There exists a bounded and nonnegative harmonic func-
tion u(z) with respect to XBOY such that for a.e. 6 € [0,27] with respect to
Lebesgue measure,

lim  wu(z) does not exist.
|z]|—=1,2€Cy
Proof. Let hy(x) =Py (Xry,,, € 9B(0,1)) as in Lemma 5.4. By following
the argument in [22] there exist nonnegative harmonic functions uy(z) with
respect to XB(%:1) defined on some E; such that

lim ()
z—wedB(0,1) hy (x
(

3

= 0 radially and

~ —

3

RE) gk along one branch of Cy.

lim sup
e—weaB(0,1) ()

Let u(z) = >z, ur(z). For this u(z) by following the argument in [22] with
Lemma 5.4 (see also [18, Theorem 3.23]), we have

1m
|z|—=1,2€Cy hl(x)

does not exist for a.e. 6 € [0, 27].

It follows from Proposition 4.10 lim,_,.cop(0,1) h1(z) = 1. Hence, we have

lim  wu(z) does not exist for a.e. 8 € [0, 27]. O
|z|—1,2€Cy
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