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THE DIRICHLET PROBLEM FOR THE MINIMAL SURFACE
EQUATION IN Sol;, WITH POSSIBLE INFINITE
BOUNDARY DATA

MINH HOANG NGUYEN

ABSTRACT. In this paper, we study the Dirichlet problem for the
minimal surface equation in Sols with possible infinite boundary
data, where Sols is the non-Abelian solvable 3-dimensional Lie
group equipped with its usual left-invariant metric that makes it
into a model space for one of the eight Thurston geometries. Our
main result is a Jenkins—Serrin type theorem which establishes
necessary and sufficient conditions for the existence and unique-
ness of certain minimal Killing graphs with a non-unitary Killing
vector field in Sols.

1. Introduction

In [10], Jenkins and Serrin considered the Dirichlet problem for the minimal
surface equation in R?® = R? x R with possible infinite boundary data. They
considered a bounded domain © C R? whose boundary contains two finite
sets of open straight segments {A4;}; and {B;}; with the property that no
two segments A; and no two segments B; meet to form a convex corner. The
remaining portion of the boundary consists of endpoints of the segments A;
and B; and a finite number of open convex arcs {C;};. They found necessary
and sufficient conditions on the lengths of the sides of inscribed polygons,
which guarantee the existence of a minimal solution over €, taking the value
400 on each A;, —oo on each B; and assigned continuous data on each of the
open arcs C; (see [10, Theorems 2, 3 and 4]).

Some special cases are of interest. If {2 is a quadrilateral domain with sides
Aq,Cq, Az, Cy in that order, then the necessary and sufficient condition for a
solution to exist reduces simply to |A1| + |Az| < |C1] + |Cs|, that is, the sum
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of the lengths of the sides A; should be less than the sum of the lengths of the
sides C;. If the sides of 2 are Ay, By, As, Bs in that order, then the condition
becomes |A1| + |As| =|B1| 4 |Ba|. This solution was found by Scherk [20] in
1835.

In recent years, there has been much activity on this Dirichlet problem in
M? x R where M? is a two dimensional Riemannian manifold (see [3], [18],

[19]) and in the Heisenberg group Nils [1], in PSLy(R) [26]. Moreover, there
are non-compact domains on which this problem has been solved (see [3], [6],
[12], [16]). In these cases, authors considered the Killing graphs where the
Killing vector field is unitary.

The purpose of this paper is to consider the problem of type Jenkins—Serrin
on bounded domains and some unbounded domains in Sols which is a three-
dimensional homogeneous Riemannian manifold can be viewed as R? endowed
with the Riemannian metric

ds? = e**sda? + e **3da3 + dz3,

where (71,22,73) are canonical coordinates of R3. The change of coordinates
T =T, yi=e"?, t:=ux1,

turns this model into Solz = {(x,y,t) € R?: y > 0} with the Riemannian metric

dx? + dy?
d32:7x—2y

+ 52dt2.
By using the Poincaré half-plane model H?, Sol; has the form of a warped
product Solz =H? x, R.

For every function u of class C? defined on the domain €2 C H?, we denote
by Gr(u) = {(p,t) € Solg: p € Q,t =u(p)} a surface in Sols and is called 9,-
graph of u. Gr(u) is a minimal surface if and only if u satisfies the equation

(see Proposition 2.5)
2
Mu = div(&) =0
V1+y?[Vul]?

We will consider the case that the boundary 02 is composed of the families
of “convex” arcs {4;}, {B;} and {Cr}. We give necessary and sufficient
conditions on the geometry of the domain 2 which assure the existence of a
minimal solution u defined in 2 and u assumes the value 400 on each A;,
—oo on each B; and prescribed continuous data on each Cj.

We see that the vector field 0; is Killing and normal to the plane H?2.
A special point of the problem is that the vector field 0; is not unitary. The
important point to note here is that when  is a curve in H?, if y is a geodesic of
H?2, the surface v x R is no longer minimal in this warped product Riemannian
manifold Sols. Instead of this, v X R is minimal in Sols if and only if v is an
Euclidean geodesic (see Corollary 2.2). Hence, these Euclidean geodesics will
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play an important role in our problem. Moreover, because of the non-unitary
field 9, we don’t use the hyperbolic length to state our problem. In M? x R
the length of a compact curve v C M? is just the area of v x [0,1] in which
we are interested. However, for a curve v € H?, the area calculated in Solz of
v x [0,1] is the Euclidean length of  (see Proposition 2.3).

The problem of type Jenkins—Serrin is also solved for some unbounded
domains. The main idea in [3] is to approximate an unbounded domain Q by
a sequence bounded domain £2,, by cutting  with horocycles.

In our case, we use the Euclidean geodesics, Euclidean length instead of
the geodesics and the hyperbolic length, so we can’t use the horocycle of H?
to consider the problem of type Jenkins—Serrin on an unbounded domain.
However, we can generalize the previous result for some unbounded domains
by defining the flux for the non-compact arcs instead of using the horocycles.
Our main result (Jenkins—Serrin type Theorem 6.1) may be stated as follows.

THEOREM. Let Q be a Scherk domain in H? with the families of Euclidean
geodesic arcs {A;},{B;} and of mean convex Euclidean arcs {C;}.

(1) If the family {C;} is nonempty, there exists a solution to the Dirichlet
problem on Q (taking the value +00 on each A;; —oo on each B; and
prescribed continuous data on each of the open arcs C;) if and only if

2aeuc(73) < geuc(tp)a 2beuc (P) < geuc(,P)

for every Fuclidean polygonal domain P inscribed in Q2. Moreover, such
a solution is unique if it exists.

(2) If the family {C;} is empty, there exists a solution to the Dirichlet problem
on Q (taking the value +00 on each A;, —o0 on each B;) if and only if

Geuc (P) = beuc (P)

when P = and the inequalities in Assertion (1) hold for all other Eu-
clidean polygonal domains P inscribed in Q2. Such a solution is unique up
to an additive constant, if it exists.

In this theorem, we denote by £y (P) the Euclidean perimeter of 9P, and
by Geuc(P) and beyc(P) the sum of the Euclidean lengths of the edges A; and
B; lying in 0P, respectively.

We will have similar result for the Dirichlet problem for the minimal surface
equation in Sols with respect to 0,-graph. In the case of 9,-graph (9, is not
a Killing vector field), Menezes solved on some “small” squares in the (z,t)-
plane with data +o00 on opposite two sides and —oo on the other two sides
(see [17, Theorem 2]).

We have organized the contents as follows: In Section 2, we will review
some of the standard facts on Sols and establish minimal surface equations.
Section 3 will prove the maximum principle for the minimal surface equations,



894 M. H. NGUYEN

shown the existence of solutions. A local Scherk surface in Solz will be con-
structed in Section 4. Sections 5 will be devoted to proving the monotone
convergence theorem and describing the divergence set. Our main results are
stated and proved in Section 6.

2. Preliminaries

2.1. A model of Sols. The three-dimensional homogeneous Riemannian
manifold Sols can be viewed as R? endowed with the Riemannian metric

ds? = e**3da? + e~ 2*3dx2 + da3,

where (21,72, 23) are canonical coordinates of R3 (see for instance [22, §4] and
the references given there for more details). The space Sols has a Lie group
structure with respect to which the above metric is left-invariant. The group
structure is given by the multiplication

(z1,m2,23) - (y1,2,¥3) = (21 + € *3y1, 22 + €™y, 13 + Y3).
In this paper, we don’t use the Lie group structure. The change of coordinates
T = To, yi=e"3, t:=ux1,
turns this model into Sols = {(x,y,t) € R? : y > 0} with the Riemannian metric

2 dz? ery2
- 2

(2.1) ds + y2de?.

In the present paper, the model used for the hyperbolic plane is the Poincaré
half-plane, that is,

H? = {(z,y) eR*:y >0}

endowed with the Riemannian metric M. Hence, Sols has the form of a

warped product Solz =H? x, R. From (2.1), we have
1
y7

Hence, {y0.,y0y, i@t} is an orthonormal frame of Sols. Translations along
the t-axis

[10: | = 118y || = 10:l =y, (02, 0y) = Oz, Or) = (By, 0) = 0.

Tp, : Solz — Sols, (z,y,t) — (x,y,t+h)

are isometries. Therefore, the vertical vector field 0; is a Killing vector field.
Note that 9, is not unitary.

Let us denote by V the Riemannian connection of Sols and by V the one
in H2. By using Koszul’s formula,

(2.2) 20VxY, 2y =X(Y,Z)+Y(Z,X) - Z(X,Y)
for any vector field X,Y, Z of Sols, we obtain Table 1.
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TABLE 1. Table of VxY for X,Y € {0z,0y,0;} in Sols

Y
X Oz Oy Oy
0y iﬁy - i Oy 0
9, —to, -lo, 1o
Oy 0 i o —y*o,

Hence, the surfaces {t = const} and {z = const} are the totally geodesic
surfaces in Sols (Note that a totally geodesic submanifold ¥ C M is charac-
terized by the fact that VxY is a tangent vector field of ¥ for all tangent
vector fields X,Y of ¥, where V is the Riemannian connection of M). The
surfaces {y = const} are minimal, are not totally geodesic surfaces and are
isometric to R2.

2.2. Euclidean geodesic. First, we note that the vertical lines {p} x R C
Soly with p = (x,y) € H? aren’t geodesics in Sols. Indeed, let p = (z,y) be
a point of H2. A unit speed parametrization of {p} x R is v:R — Sols,t —
(z,y, %) One has 7/ = i@t. Thus, %7’ = V%&(%at) = —y0,. Since %’y’ #0,
{p} x R is not a geodesic in Sols.

PROPOSITION 2.1. Let v be a curve in H2. Then the mean curvature vector
of v xR in Sols is

2=
H’yXR =Y Reuc,
where Reue 15 FBuclidean mean curvature vector of v in H2.
Proof. We first compute H.xr. Without loss of generality, we can assume
Yy Y7

that ~ is a unit speed curve. So {%8,5,7’} is an orthonormal frame of v x R.
The mean curvature vector of v x R is by definition

. _ 1 _ +
(2.3) H,xr = <V;0t (;@) + V7/7’>
= L
= (—ydy + V)
= —yﬁyi + i,

where 7 is the mean curvature vector of ~ in HZ.
We now compute the Euclidean mean curvature vector e, of v in H2. By
Koszul’s formula (2.2), we have

(Vewe)xY = VY + $(<Xy>y +(Yy)X — (X,Y)Vy),
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where Veye (resp. V) is the Riemannian connection of H? with respect to the
Euclidean metric (resp. hyperbolic metric) and X,Y are tangent vector fields
of H?. Hence

(2.4) (Vew)x V) = (Vx7)* = §<X, Y)(Vy)*

where X,Y are tangent vector fields of . Since 7 is a unit speed curvature,
[7'l=1 and [|2-[leuc =1. By (2.4) and Vy = 4?9, we have

L o
v 1/9" v
(0 2) 12 Ly
v Y Y\Ny vy
1 1
Hence,
yzf_{euc =K yayL
Combining this equality with (2.3), we complete the proof. O

Let us mention two important consequences of the proposition.

COROLLARY 2.2. Let v be a curve in H? and Q be a domain in H? with
00 € C?. Then
(1) v xR is a minimal surface in Sols if and only if v is an Euclidean geodesic
in H2. However, these Euclidean geodesics need not have constant speed
parametrization.

(2) @ xR is a mean convex set in Sols if and only if Q2 is a mean convex
Euclidean in H2.

PROPOSITION 2.3. Let ~y be a curve in H2. Then the area calculated in Solz
of v % [0,1] is
Ay % [0,1]) = Leue(7),
where boyc(7y) is the Euclidean length of +.

Proof. Let us first compute the area of v x [0,1]. The surface v x [0,1] in
Sols is defined by

v % [0,1]: [0,1] x [0,1] — Sols, (t1,t2) = (v(t1),t2).
We have by definition

A(yx[0,1]) = / H@xou) (7x01hnﬁmm

[0,1]x[0,1]

//||7 (t1) Hy (t1)) dty dts
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1
- /0 Iy () [y (+(12)) dta

:/yds.
¥

The Euclidean length of v is by definition

éeuc(’y):/dseucz/yds'
ol vy

Combining these equalities, we conclude that

A(y % [0,1]) =/yds=€euc(7)~

¥
This establishes the formula. O

The ideal boundary of H? is by definition
OocH? = {(z,y) €R* : y =0} U {o0}.
The point oo of 9, ,H? is specified in our model of Sol; and we make the
distinction with points in {y = 0}.
DEFINITION 2.4. A point p € O, H? is called removable (resp. essential) if
pe{(z,y) €ER?:y =0} (resp. p=0).

2.3. The minimal surface equations. Let Q be a domain in H? and u be
a C? function on €. Using the previous model for Sols, we can consider the
surface Gr(u) in Sols parametrized by

(z,y) = (z,y,u(z,y)), (z,y) €

Such a surface is called the vertical Killing graph of u, it is transverse to the
Killing vector field d; and any integral curve of J; intersect at most once the
surface. The upward unit normal to Gr(u) is given by

—yVu+ L0,
(2.5) N=N,= —— v
V149 Vul?
where V is the hyperbolic gradient operator and |—| is the hyperbolic

norm. Indeed, Gr(u) = ®'(0), where the function ®: Solz — R is defined
by ®(z,y,t) =t —u(x,y). So, VO is a normal vector field to Gr(u). More-

over, since Vt = y—lzﬁt and (Vu,d;) =0, we have

— - 1 — 1

Vo =Vt—Vu= ?at - Vu, V®|? = 7 + || V2.
This establishes the formula (2.5). Denote

Y
W=Wy=v1+2|Vul?,  Xu:= %
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It follows that

1
N=-X,+——=0;.
+th

In the sequel, we will use this unit normal vector to compute the mean cur-
vature of a Killing graph.

PROPOSITION 2.5. Let Q be a domain in H? and u be a C? function on Q.
The mean curvature H of the Killing graph of u satisfies:

2
. (y*Vu
2. 20H =d
(2.6) y w( = )

with div the divergence operator in the hyperbolic metric, and after expanding
all terms:

3
y (22
2H = 3 ((1 + YU Ve — 2y UaUy gy + (1+ Yt ud )y, + 2?’) :

Proof. We extend the vector field N to the whole Q x R by using the
expression given in (2.5). The mean curvature of the Killing graph Gr(u) of
u is then given by 2H = divg,(,)(—N). Since 9; is a Killing vector field, we
have

. . . 1
2H = leSol3 (7N) = d1V8013 (Xu) — leSol3 (y—W8t> .

Let us compute

divsol, (yiwat> - <vyiw7at> + in divsor, (81) = 0,
divgols (Xy) = div(Xy) + <v%3tXu, ;5‘t>.
Moreover, since X, and 0; are orthogonal, we see that
<V%atXu, ;at> _ y%<vatxu,at> _ fy—12<Xu,Vat8t>,

%tat = —y?’@y =—yVy.

Combining these equalities, we deduce that
1
2H =div(X,) + —(Xu, Vy).
Y

It follows that

y*Vu
2yH = ydiv(X,) + (X, Vy) =div(yX,) = diV( W )

This is the formula (2.6). Expanding (2.6) yields

1 2 1 4 . 4
2H = div(y v“) = div<y Yo, + Y ”yay)

Y w Y w w
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—l 2 3 iy4uz _|_2 iy4uy
“y Yo\ 2w oy \y2 W

3

-y

=73

This completes the proof. O

By Proposition 2.5, the Killing graph of a C? function v: Q C H? — R is a

minimal surface in Sols if and only if u satisfies the divergence form equation
(2.7) Mu = div(yX,) =0,

yVu

VI+y2 [Vl

surface equation and can alternatively be written, by Proposition 2.5, as

where X, = . Equation (2.7) is the divergence form of the minimal

U
(2.8) (1 + y4u§)um — 2y4umuyu1y + (1 + y4ui)uyy + 2?1’ =0.

DEFINITION 2.6. A C? function u:Q C H?> = R is said to be a minimal
solution if u satisfies the minimal surface equation, i.e. Mu = 0.

EXAMPLE 2.7. We give some simple examples of minimal solution w.
(1) If the function w is of the form u(z,y) = f(x), then (2.8) becomes f” = 0.
Thus, u(z,y) = ax + b for a,beR.
(2) If the function w is of the form u(z,y) = f(y), then (2.8) becomes f” +
2L —0. Thus u(w,y) =2 +b for a,bER.
(3) We look for minimal solutions of the form u(z,y) = f(%). It follows from
(2.8) that f" =0. Thus u(z,y) =af +b for a,b€R.

3. Maximum principle, Gradient estimate and Existence theorem

3.1. Maximum principle. A basic tool for obtaining the results of this
work is the maximum principle for differences of minimal solutions. First, by
applying the proof of the comparison principle [7, Theorem 10.1], we have the
following theorem.

THEOREM 3.1 (Maximum principle). Let ui,us be two C? functions on a
domain Q C H?. Suppose ui and us satisfy Muq > Mus. Then us —uq cannot
have an interior minimum unless us — w1 %S a constant.

It follows from this theorem that:

PROPOSITION 3.2. Let ui,us be two functions of class C? on a bounded
domain Q C H? such that Muy > Mus, and liminf(us — uy) >0 for any ap-
proach to the boundary 02 of Q, then we have ugy > uy in Q.

Proof. Assume the contrary that {p € Q: ua(p) < ui(p)} is not empty.
Since liminf(us — uy) > 0 for any approach to the boundary 9Q and Q is
bounded, us — u; has an interior minimum in 2. By Maximum principle
(Theorem 3.1), uz —u; is constant, a contradiction. O
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FIGURE 1. An example of admissible domain.

The following result (Theorem 3.4) is a remarkable strengthening of this
situation. In what follows, for a subset Q of H?, we will denote by 0.2 the
boundary of Q in H? U 0, H?.

DEFINITION 3.3. A domain 2 C H? is called admissible if its boundary
0502 18 composed of a finite number of open, mean convex Euclidean arcs
C; (of class C?) in H? together with their endpoints (see Figure 1). The
endpoints of the arcs C; are called vertices of Q and those in OsoH? are called
ideal vertices of 2. Assume in addition that, the ideal vertices of this domain
are removable points (see Definition 2.4).

Let p= (x(p),y(p)) € H? and R > 0. Denote by Dx(p) the open hyperbolic
disk with hyperbolic centre p and hyperbolic radius R

Dr(p) = {q € H? : dg2(q,p) < R}.

If R <y(p), denote by DR°(p) the open Euclidean disk with Euclidean centre
p and Euclidean radius R

DG(p) = {q € H? : deuc(q,p) < R}.
The closure of Dg(p) (resp. DX(p)) will be denoted by Dg(p) (resp. Dy (p)).

THEOREM 3.4 (General maximum principle). Let Q C H? be a admissible
domain. Let uy,us be two minimal solutions on ). Suppose that limsup(u; —
uz) <0 for any approach to the boundary of Q exception of its vertices. Then
U1 S usg.

We should remark that this result is similar to the general maximum princi-
ple stated by Spruck [24, General Maximum Principle, p. 3] (resp. Hauswirth—
Rosenberg—Spruck [8, Theorem 2.2]) for constant mean curvature surfaces in
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R? x R (resp. in H? x R and S? x R) in the case of the bounded domain £,
and by Collin-Rosenberg [3, Theorem 2] for minimal surfaces in H? x R in
the case of the unbounded domain (2.

Proof of Theorem 3.4. Assume the contrary, that the set {p € Q:uy(p) >
uz(p)} is nonempty. Let N and e be positive constants, with N large and e
small. Define

0 iful_u2§57
p=<Qu; —uy—¢e ife<u; —us <N,
N —¢ iful—UQZN.

Then ¢ is a continuous piecewise differentiable function in € satisfying
0 <@ < N. Moreover, Vip =Vu; — Vus in the set where ¢ < u; —us < N,
and V¢ = 0 almost every where in the complement of this set.

Denote by E; (resp. E2) the set of vertices in H? (resp. vertices at 0o H?)
of 2. For each p € F», we consider a sequence of nested ideal geodesics Hp, ,,
n > 1 converging to p. By nested, we mean that if H, ,, is the component of
@2 \ Hpﬁ containing p on its ideal boundary, then H, 11 C Hprn. Assume
Hp i NHp, 1 = () for every different points p1, ps € Es. For n sufficiently large
satistying D1 (p1) D1 (p2) = 0,p1,p2 € By and DT (p1) NHyp,,1 = 0,p; €
FEi,p2 € Eo, we define zsee Figure 2) !

oo () (Y 7))

pPEE; pEE>
[ =00,00Q,  Ty=ad0,\T.

FIGURE 2. The domain €,,.
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It follows from definition that
(3.1) =0 on a neighborhood of I'y, Lene(T'2) =0 as n— co.
Define
Jn:/ ¢y<Xu1 _XUQ7V> dS,
oy,

where v is the exterior normal to 09, Wy, = /1 +¥?||Vu;||? and X, =
Yt =12
W, P T

uq

ASSERTION 3.1. (1) J, >0 with equality if and only if Vu; = Vuy on the
set Q, N{e <u; —ug < N}.
(2) J, is an increasing function of n.

Proof. By Divergence theorem, we have

Jn :/ div(<py(Xu1 — XW)) dA

n

=/ YV, Xu, —Xu2>dA+/ ediv(y Xy, —yXu,)dA
Qn Q

n

<yVLPa Xu1 - XU2> d'A + / (pdlv(yXu1 - yXuz) dA

~/Q,,,ﬁ{e<u1—u2<N} Q,

By our assumptions,
ediv(y Xy, —yXu,) = o(Muy — NMus) =0.
Moreover, on Q, N{e < u; —uz < N}, by formula (3.2) of Lemma 3.5, we have

yVu _ yVus >0
W, Wy, /| —

<yV@vXu1 - Xu2> = <yvu1 - yVUQ,
and equality if and only if yVu; =yVus. Then
Jn:/ YV, Xy, — Xu,)dA>0
QpN{e<u;—u2<N}
and J, =0 if and only if Vu; = Vug on Q, N{e <u; —us < N}. Since Q, is

an increasing domain, i.e. , C Q,41, J, is an increasing function of n. This
proves the assertion. O

ASSERTION 3.2. J, =0(1) as n — cc.

Proof. We have
Jn:/ ey(Xu, —Xu2,u>ds+/ oy( Xy, — Xu,,v)ds.
Fl 1_‘2

By Property (3.1), || X,

<1,i=1,2 and 0 <9 < N, we have

/ (py<Xu1 - XuzaV> ds=0
I
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and

/ cpy<Xu1 - Xuz ) V> ds
I'>

/ ©(Xuy — Xuy,s V) dSeuc
I
<2N/loue(T2) =0(1) asn— oo.

Assertion is then proved. O

It follows from the previous assertions that Vu; = Vuy on the set {e <
u; —uz < N}. Since € and N are arbitrary, Vu; = Vus whenever u; > us. So
u1; =us+c (¢ > 0) in any nontrivial component of the set {u; > us}. Then the

maximum principle (Theorem 3.1) ensures u; = u2 + ¢ in £ and by assump-
tions of the theorem, the constant must be nonpositive, a contradiction. [

LEMMA 3.5. Let vi,v2 be two vectors in a finite dimensional Euclidean

space. Then
o P\ Wit W AR
UPWL we /T 2 Wi Wa) )
2

where W; = /14 ||v;||?. In particular,
>0

U1 (%]
2 — —_—— =) >
(3.2) <111 Vg, W W2> > >

U1 V2

Wi Wy

U1 V2

Wi W

with equality at a point if and only if vi = vs.

Proof. Let us compute

vr v \ ol e 1 1
<1)1 ,UQ’Wl W2> W1 + W2 <’0171)2> W1+W2

1 1 1 1
_Wl_Wl+W2_W2_<Ul’U2><Wl+W2)
<1]1,1}2> 1
=W +Wsy)(1- —
(W1 + 2)< WilWe WiV
1 U1 V2 2 1
=W+ W) =l — || + 255
Wi+ 2)<2 W, W, 212

n 1 1
SWZ ~ WiWs
. Wi+ Wy (

U1 V2

2 Wi Wy

2+1 1\2
Wi Wa) )

This proves the lemma. O
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3.2. Gradient estimate. An important result concerning minimal solutions
is a gradient estimate.

THEOREM 3.6 (Interior gradient estimate). Let u be a nonnegative minimal
solution on a disk Dr(p) C H2. Then there exists a constant C' = C(R,p) that
depends only on R and p (C doesn’t depend on the function u) such that

Ival <s(“2).

where f(t) = e Moreover, if Dg, (p1) C Dg,(p2) then C(Ry,p1) <
C(R2,p2).

The proof of this result is similar to the one of the gradient estimate proved
by Spruck [25, Theorem 1.1] and Mazet [13, Proposition 16]. Before beginning
the proof, let us make some preliminary computation.

In this subsection, let us denote by X the Killing graph of u. The subscript
Y in Vy,divsy, Ay signifies that we compute the object in the Riemannian
metric of the surface X. If f is a function on €2, then we also denote by f the
composition @ Xx R— Q= R, (z,y,t) — f(x,y).

LEMMA 3.7. Let u be a minimal solution on a domain Q C H2. Then

1 1 1 2(8,, N)
VZUZ?@Ta |VZU2=?<1—W) and AzuZyTy

where W = /1 + y?||Vu||?.
Proof. Since u|y is the restriction of ¢ to ¥, we have
(3.3) Vsu=Vst=(Vt)' = y—lgaf.
It follows that
I9sul? = (1012 - @) = = (1- 17z ).
We continue to compute Axu. Since ¥ is minimal and 0; is a Killing vector

field, Equality (3.3) gives
. 1 .7 . 1 1 2
AEU = leg <y—23t ) = leE (Eé)t) = <V2?, 8t> = —E<ng,8t>.
Furthermore, we have
Vsy =Vy— (Vy, N)N = Vy —y*(9,, N)N.

Combining these equalities with Equality (N,0;) = {f;, we obtain
2(0y, N)

W
This completes the proof of the lemma. O

Asu = 7%(7y2)<8y7N><N7 6t> =
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Since 0; is a Killing vector field and % = (9;, N), then by the formula [2,
(1.147) p. 41] (see also [23 Theorem 3.2.2]) we have

(3.4) AZ W —(||A]|* + Ricgou, (N, N)) TR

where Ricgol, is the Ricci tensor of Solz and || A||? is the square of the norm
of the second fundamental form.

LEMMA 3.8. Let u be a minimal solution on a domain Q C H2. For each
C? function ¢ :Q — R, the Laplacian of ¢ on ¥ is given by

2
Y 1 1
Proof. Since the surface ¥ is minimal, we have

Aztp = diVZ VZQD = dng VQD = diVSol3 V(p - <vag0, N>

Asp=Ap—

Since i@t is a unit normal vector field to H? in Sols, we deduce that
= 1
diVSol3 VQp =div ch + <V latha, §8t> AQD + (Vatho, 8t>
1 —
=Ap— y—2<Vaﬁt7 Vo) =Ap+ = <V<p, Vy).
Equality N = _% + f—ﬁ, yields

_ Vu - )
(VnVep,N) = <v vz Vip, = yW > + <Vy%w, y—I;/>

y2
= W <VVUV(,0, Vu)

2
= WWWV% Vu) + WW% Vy).

1
2W2 <v3tv@7 8t>

Combining these equalities, we conclude that

2
Y 1 1
Asp=Ap— W<VVuV% Vu) + " (1 - W2> (Vo,Vy),
which completes the proof. O
Let us mention an important consequence of the lemma.

COROLLARY 3.9. Let Q C H? be a bounded domain and p be a point of Q.
Denote by d=dyz(—,p) the hyperbolic distance to p. There exists a constant
C = Cq depending only on 0 such that

sup|Agd2| <C,
Q

where X is the graph of a minimal solution u on Q. Moreover, if Q1 C Qs are
bounded domains then Cq, < Cq,.
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Proof. 1t follows from Lemma 3.8 and Equalities Vy = 4?9, W? =1+
y?||Vu|? that

2 1
[Asd?| < |AP |+ 55 [(VouVd?, Va)| + Ve ivyl

2
<A + e | Ve V|Vl + [ V]|

+ 92 Vul]?

Moreover, we have ||V, Vd?|| < ||[V(Vd?)||||Vu|| where [|[V(Vd?)]|| is the op-
erator norm of (1,1)-tensor field V(Vd?). Combining these inequalities, we
obtain

|Axd’| < [AP| +[|V (V@) || + [[Vd?].
Define C' = Cq = sup,cq supg (|Ad?| + [V(Vd?)|| + [|[Vd?||) and the proof is
complete. 0

Using Lemma 3.7, Formula (3.4) and Corollary 3.9, we are ready to write
the proof of Interior gradient estimate.

Proof of Theorem 3.6. We first consider the case u(p) > 0. Let us denote
v = = (0, N). By definition, J; = 9, + vN. We define an operator L on
Y by

Lf = Azf - 2U<V2%7 V2f>

We remark that the maximum principle is true for L. By Formula (3.4), we
have

1 1 2
As— = __QAZU + _3HVEUH2
v () v

2

1 . 2 1
= _ﬁ(—(RICSolg(N, N)+[|A*)v) + 3 —UZVZ;
. ! 1
= (Ricsol, (N, N) + || A ); 4+ VZE

—2 (see, for instance, [5]), we deduce that

1 1 1 . 1 2
AZ; — 2U<VE;,VZE> = (RleolS(N, N)+ ||A||2)— > ——.

From this and Inequality Ricgel, >
1

v

L
v v

Let us define h = 77% where 7 is a nonnegative function. Let us compute
1 1 1 1
v v v v
1 1 1
= <77A2— + 2<V277, V2—> + —Azﬂ)
v v v

1 1 1
— 2U<V2,77V§] + Vz?]>
() () v
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1 1
=nL—+ —Axn
voow
1
> (Axn — 277);

Fix € € (0,3). We define on ¥ the function

o(q) zmax{— wa) 4, da)” 0},

2u(p) R?’
where d = dyz(—,p). By definition,
1
pp)=5-¢e O0sp<l-e  supp(p)CCX.

We define np = ef% — 1 with K a positive constant that will be chosen later.
We calculate 7/(¢) = Kef%, () = K2eX¥. We then have supy, h > 0 and
it is reached at ¢ inside the support of ¢. At the point ¢, we have
Asn—2n= (0 (p)Ase+1"(@)IVsell*) —2(e"? - 1)
=" (K?||Vso|® + KAsp —2) +2
> eK“’(K2|\Vg<p||2 + KAsp —2).
The vector field 9,4 is well defined in Sols outside {(p,t) : ¢ € R} and has unit
length; dd, is well defined everywhere. The definition of ¢, Lemma 3.7 and
Inequality d(q) < R yield
_ Vzu _ Vde
2u(p)  R?
1

A 240] ||°

2u(p)y*  R?

2
(35)  [Vsel?= H =\

4d? 2 2d
1= g2 ) + |01+ g (07 )

U(@d,N>

(

>t () 0 e
e
(

Hence, if 3 < min{%,wﬁ(m} at g, then ||[Vygopl]? > W. Define C; =

M =supp,,)y and Cy = MQCDR(p) where Cp,(p) is the constant defined in
Corollary 3.9. Moreover, Corollary 3.9 gives

Azu . A2d2

2u(p)  R?

o 9 Asd?
2u(p)(Wy2<vy’N>) R

(3.6) App=—
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_ 1 <Vy7N>u y2A2d2u 9

]. CQ 2
) <01U(p) + pzulp) )
Combining (3.5) with (3.6) yields
K?|Vsol|? + KAsp —2
1 1 Co
p— 2ZZum? VK —
- SU(p)QyQK y?u(p)? (Clu( )" RQU( ) >K ?
1 Co
>~ (g2 Co o) 2
Z S0 (K 8<C’1u(p)—|— Rzu(p) )K 8C5u(p) ),

where C3 = 2M?. Tt follows that, if

= (301 + 8 )utp) +522u)? = 100utp) + 530, (D)

we obtain K?||Vsy||? + KAxp —2> 0, then, Lh > 0. By Maximum principle
applied to L, it implies that the maximum of & can only be attained at a

point g where W( 5 = mm{2, m} Thus,
K(3-2) 1 _ Ko(g) _ 1)1
e 2 —1 _h <h 1
( ) = ) < o) = (50 1)
e —1
B mln{#,m}

Letting € tending to 0 we get v(p) > min{y(f), 645"(17) }e~% . Hence,

||Vu(p)” <max{. 4 ’64U(P)} L(10Mu(p)+8M3Cp () (“22)2)
meR(p)y R

Combining this with Inequalities In(t) <t and 2t < 1+ ¢?, we obtain
(3.7) HVu H < ec(lﬂ%p))z)7

where C = C(R,p) =32+ MR+ max{mf )y74M2C’DR(p)}. In the case

u(p) = 0, Maximum principle (Theorem 3. 1) yields w =0 on Dg(p). The
inequality (3.7) is still true. This completes the proof. O

3.3. Existence theorem. In this subsection, we give a result concerning
the existence of a solution of the Dirichlet problem for the minimal surface
equation. By using interior gradient estimate (Theorem 3.6), elliptic estimate,
and Arzela—Ascoli theorem, we obtain the compactness theorem as follows.

THEOREM 3.10 (Compactness theorem). Let {uy,}n be a sequence of mini-
mal solutions on a domain Q C H2. Suppose that {uy}, is uniformly bounded
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on compact subsets of Q. Then there exists a subsequence of {u,}n converging
on compact subsets of Q) to a minimal solution on €.

THEOREM 3.11. Let Q C H? be a bounded mean convex Euclidean domain
with 00 € C?. Let f € C°(09Q) be a continuous function. Then there exists a
unique minimal solution u on Q such that uw= f on 0.

Proof. The uniqueness is deduced by General maximum principle (Theo-
rem 3.4).

Existence: Let «,8 be two real numbers such that a < f(z) < 8 for
all z € 0. Since Q C H? is a bounded mean convex Euclidean domain, by
Corollary 2.2, M? :=Q x [, 3] is a manifold of dimension 3, compact, and
mean convex. Define a Jordan curve o C 9M?3 by

o={(z f(z)) :x€0Q}.

By Geometric Dehn’s lemma (see [15, Theorem 1], [2, Theorem 6.28]), the
Jordan curve o is the boundary of a least-area compact disk ¥ in M?3, and
Y :=X\ o is embedded. By the maximum principle, ¥ is a subset of Q x R.

Then, it is sufficient to show that ¥ is a graph. Since ¥ C Q x [a, 3], for h
sufficiently large, 7,(X) N X = () where 75, is the translation along the t-axis.
So letting h decrease from 400 to 0, since o is a graph on 9, we get by
the maximum principle that 7,,(3) and ¥ do not intersect until A = 0. This
implies that ¥ is a minimal graph. O

In order to prove General existence theorem, Theorem 3.14, we shall make
use of Theorem 3.11, together with the classical Perron technique [4] (see also
[7, Section 2.8]).

A function u € C°(Q) will be called subsolution (resp. supersolution) in
Q if for every hyperbolic disk D CC € and every minimal solution A in D
satisfying uw < h (resp. u > h) on 9D, we also have u < h (resp. u>h) in D.
We will have the following properties of CY(£2) subsolution.

REMARK 3.12. (1) A function u € C*(Q) is a subsolution if and only if
Mu > 0. Indeed, the sufficient condition follows from Proposition 3.2. To
prove the necessary condition, assume the contrary that there exists a
subsolution w in € satisfying 9u < 0 on some hyperbolic disk D CC 2.
By Theorem 3.11, there exists a minimal solution h in D such that h =u
on 0D. Then u > h on D by Proposition 3.2. Since w is a subsolution,
u < h. Thus, w=~h in D. This implies that Mu=Mh =0 in D, a
contradiction.

(2) If u is a subsolution and v is a supersolution in the same bounded domain
Q and v > u on 02, then v > u on Q. To prove this assertion, we suppose
the contrary. Then at some point py € 2 we have

(u—v)(po) :sgp(u —v)=M>0
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and we may assume there is a disk D =D,.(pg) CC Q such that u—v# M
on 0D. Denote by @,v the minimal solutions respectively equal to u,v on
0D by Theorem 3.11, one sees that

M > sup(u —v) > (@ —)(po) = (u —v)(po) = M
oD

and hence the equality holds throughout. By the maximum principle for
minimal solution (Theorem 3.1), it follows that @ —o = M in D and hence
u—v =M on D, which contradicts the choice of D.

(3) Let u be subsolution in  and D be a hyperbolic disk strictly contained
in Q. Denote by @ the minimal solution in D satisfying @ =« on 0D. We
define in © the minimal lifting of u (in D) by

_Ja(p), peD,
Ulp) = {u(p), peN\D.

Then the function U is also subsolution in €2. Indeed, consider an ar-
bitrary hyperbolic disk D’ CC Q and let h be a minimal solution in D’
satisfying h > U on dD’. Since u < U in D’ we have u < h in D’ and
hence U < h in D'\ D. Since U is minimal solution in D, we have by the
maximum principle U < h in DN D’. Consequently U < h in D’ and U is
subsolution in €.

(4) Let wj,ug,...,uy be subsolution in Q. Then the function u(p) =
max{u1(p),...,un(p)} is also subsolution in Q. This is a trivial con-
sequence of the definition of subsolution.

Corresponding results for supersolution functions are obtained by replacing

u by —u in properties (1), (2), (3) and (4).

Now let 2 be bounded domain and f be a bounded function on 9. A func-
tion u € C°(Q) will be called a subfunction (resp. superfunction) relative to
f if w is a subsolution (resp. supersolution) in Q and u < f (resp. u > f) on
09. By Remark 3.12(2), every subfunction is less than or equal to every su-
perfunction. In particular, constant functions < infq f (resp. > supg, f) are
subfunctions (resp. superfunctions). Denote by S the set of subfunctions rel-
ative to f. The basic result of the Perron method is contained in the following
proposition.

PROPOSITION 3.13. The function u(p) = sup,cg, v(p) is @ minimal solution
in Q. Furthermore, infpq f <u <supyq f.

Proof. By Remark 3.12(2), any function v € S satisfies v < supyg, f. Since
the constant function v =infsq f belongs to S, this set is nonempty, so that
uw is well defined. Let ¢ be an arbitrary fixed point of Q. By the defini-
tion of u, there exists a sequence {v,}, C Sy such that v,(¢) = u(g). By
replacing v,, with max{v,,infsq f}, we may assume that the sequence {v,},
is bounded. Now choose R so that the disk D =Dg(q) CC Q and define V,,
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to be the minimal lifting of v, in D according to Remark 3.12(3). Then
Vo € S, Vi(q) — u(g) and by Compactness theorem (Theorem 3.10) the se-
quence {V,}, contains a subsequence {V,,, }; converging uniformly in any
disk D, (q) with p < R to a function v that is minimal solution in D. Clearly
v<uin D and v(q) =u(q).

We claim now that in fact v =wu in D. For suppose v(q) < u(q) at some
G € D. Then there exists a function @ e Sy such that v(g) <4(g). Defining
wy, = max{u, V,,, } and also the minimal liftings W}, as in Remark 3.12(3), we
obtain as before a subsequence of the sequence {W}, }, converging to a minimal
solution function w satisfying v <w <wu in D and v(q) = w(q) = u(g). But
then by the maximum principle (Theorem 3.1) we must have v =w in D.
This contradicts the definition of @ and hence u is minimal solution in 2. [

We will show the solution that we obtained (called the Perron solution)
will be the solution of the Dirichlet problem as follows.

THEOREM 3.14. Let  be a bounded admissible domain with {C;}; the
open arcs of OS). Let f; € C°(C;) be bounded functions. Assume C; are mean
convex Fuclidean to Q then there exists a unique minimal solution u on €
such that uw= f; on C; for all i.

Proof. The uniqueness of the solution is deduced from General maximum
principle (Theorem 3.4). Let a function f defined on 9 such that f(p) = f;(p)
if p € C;. Denote by u the Perron solution relative to 9t and f. We prove
that the minimal solution u satisfies the boundary conditions u = f; on C;.
Fix £ € C;, for some i. We must prove that
(3.8) peg’r;l%U(p) =f(8)-

We construct the local barrier at £ as follows. For r > 0 small enough,
consider the domain QND,.(¢). We approximate QND,.(¢) by C? mean convex
Euclidean domain Q¢ C QND, (&) by rounding each corner point of QND,.(§).
By Theorem 3.11, there exist minimal solutions wx € C2(£¢) NC%(Q¢) on Q¢
such that wy (&) = f(€) and

wo < f<wy on Q¢ N OLY,
w— <infpq f <supgo f <wi  on 0Q: NQL

From the definition of u and the fact that every subfunction is dominated by
every superfunction, we have

w_ <u<Lwy, on g,

we obtain (3.8). O
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4. A local Scherk surface in Sols; and Flux formula
4.1. A local Scherk surface in Sols.

THEOREM 4.1. Let Q C H? be a convex FEuclidean quadrilateral domain
whose boundary 0X) is composed of open Euclidean geodesic arcs Ay,Cy, Ay
and Cy in that order together with their endpoints. Suppose that

(41) éeuc(Al) + geuc (AQ) < Eeuc(cl) + geuc(CQ)-

Let f; be a nonnegative continuous function on C;, i =1,2. Then there exists
a minimal solution u in Q taking 400 on A; and f; on C; fori=1,2.

This result is an important case of Jenkins—Serrin type theorem. The graph
of the minimal solution in Theorem 4.1 is said to be a local Scherk surface in
Sols. This construction was motivated by [18, Theorem 2].

Proof of Theorem 4.1. This proof is divided into two cases.
CASE 4.1. Case f1 =0 and fa =0.

Proof. Let n be a fixed natural number. By Theorem 3.14, there exists a
minimal solution u,, in  taking n on A; and 0 on C; for i =1,2. By General
maximum principle (Theorem 3.4), 0 < u,, < u,4+1. We will prove that the
sequence {uy }, is uniformly bounded on compact subsets K of QU C; U Cs.
We first construct minimal annulus.

Let h > 0 be fixed. Let I'; be the curves that are the boundary of C; x [0, h]
and let 3; be a minimal disk with boundary I';. Using the maximum principle,
¥, =C; x [0,h]. By Proposition 2.3, the area calculated in Sols of 3; is

A3 = A(Ci X [0,R]) = h - Leue(Ci).
Consider the annulus 2 with boundary I'y UTy (see Figure 3):
2
A=QU7,(Q) U | (4 x [0,R]),
i=1
where 75, is the translation along the t-axis. By Proposition 2.3 and the fact
that the translations along the t-axis are isometries, the area calculated in
Sols of A is
A) = 24(9) + h(Ceue (A1) + lone(A2)).
Therefore,
ARA) — (A1) + A(B2)) = 24(Q) + h(leuc (A1) + Lenc(Az)
- geuc(cl) - ‘eeuc(CQ)) .
By the hypothesis (4.1), A(2A) — (A(Z1) + A(X2)) < 0 if h > hg where hyg is
sufficiently large. Hence, A(2) is strictly less than the sum of the areas of the

disks ¥;, and by the Douglas criteria [11] (see also [14, Theorem 1]), there
exists a least area minimal annulus 2((h) with boundary I'y UT'; for all h > hy.
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At

Cs

FIGURE 3. Annulus 2.

ASSERTION 4.1. For all h > hy, the annulus A(h) is an upper barrier for the
Killing graphs of the minimal solution u,. Moreover, the vertical projections
of the annulus A(h),h > hg is an exhaustion for QU Cy U Cs.

Proof. For the proof, we refer the reader to [18, p. 271, 272] and [19, p. 126,
127]. O

By this assertion, we conclude that the sequence {u,}, is uniformly
bounded on compact subsets of QU C7 UCs. By Compactness theorem (The-
orem 3.10), the sequence {uy}, converges on compact subsets of  to a mini-

mal solution v on 2 which assumes the above prescribed boundary values on
9. O

CASE 4.2. General case.

Proof. For every natural number n, by applying Theorem 3.14, there exists
a minimal solution u, on 2 with boundary values

Upla, =n and  up|c, =min{n, f;} fori=1,2.
By General maximum principle (Theorem 3.4), w, < tiy1.

ASSERTION 4.2. The sequence u, is uniformly bounded on every compact
subset K of QU Cy UCs.

Proof. Denote by K a compact subset of QU C; UCy. Let Q' C Q be a
convex Euclidean quadrilateral domain whose boundary 9’ is composed of
open Euclidean geodesic arcs A}, CY, A, and C} in that order together with
their endpoints, moreover, C/ is a relatively compact subset of C;,i=1,2. By
Condition (4.1) and the compactness of the set K, we can choose Q' large
enough such that K C Q' and loyc(A]) + Louc(AS) < Louc(C1) + Louc(Ch) (see
Figure 4). There is, by the previous case, a minimal solution w on " which
obtain the values +oco on A and 0 on C},i=1,2.
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C/

Ay
Ay

2

Cs

FIGURE 4. The quadrilateral domain Q' C €.

Since C/ is a relatively compact subset of C; and f; is a continuous function
on C;, f; is bounded on C] for ¢ =1,2. By General maximum principle
(Theorem 3.4), we have 0 < u, <w+max{supc, f1,supcy fa} on Q' UCTUCS.
Since K is a compact subset of Q' UCf U CY, {un}y, is uniformly bounded
on K. 0

It follows from Assertion 4.2 and the compactness theorem (Theorem 3.10)
that, the sequence {u,}, converges on each compact subset of QU Cy U5 to
a minimal solution u on Q. Moreover, we have u|c, = lim, o un|c, = f; and
ula, = limy, o0 Un|a, = +00. This completes the proof. O

O

PROPOSITION 4.2. Let Q C H? be a bounded conver Euclidean domain
whose boundary 0 is composed of an open Fuclidean geodesic arc A and an
open mean convexr Euclidean arc C with their endpoints. Let f be a bounded
continuous function on C. Then, there exists a minimal solution u in Q) taking
400 on A and f on C.

Proof. For every natural number n, by applying Theorem 3.14, there is a
minimal solution u,, on € taking n on A and f on C.

ASSERTION 4.3. There exists an Euclidean triangular domain T' C H?
whose boundary OT" is composed of open Euclidean geodesic arcs A', B',C’
together with their endpoints, moreover A C A" and Q\ A’ CT".

Proof. Let d be the intersection of H? with the Euclidean line in R? con-
taining A. Since the domain 2 is bounded, there exist two real numbers
x1,y1 with y; >0 such that Q C {(z,y) €H?:2 > 21,y >31}. Let d’ be the
line {(x,y) € H?: 2 = — 1} if d is of the form {(z,y) € H?:y =1y} and the
line {(z,y) € H? : y = L} otherwise. Let p be the point of intersection of d
and d’. For qed\ {p} and ¢’ € d'\ {p}, denote by A(p,q,q’) the Euclidean
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A A

BII C//

FIGURE 5. The Euclidean quadrilateral domain 7"\ T".

triangular domain in H? with vertices p,q and ¢’. Since one of the lines d or
d' is of the form {(z,y) € H? : y =y} for some yo > 0, we see that

(4.2) U A(p, q, q’) =H?\ (dU d’).

Since the domain € is convex Euclidean, by the definitions of d and d’, the
domain 2 is contained in a component of H? \ (d Ud’). It follows from the
boundedness of 2 and Formula (4.2) that there exists an Euclidean triangle
T’ of a form A(p,q,q’) satisfying the assertion. O

We define 6 t0 be Loye(B’) 4+ Louc(C') — Leuc(A’),§ > 0. Taking an Euclidean
triangular subdomain T" of T” with sides A”, B”,C" where B” c B',C" c ('
such that Loye(A”) + Louc(B") + Lowe(C”) < 6 and QNT” = (see Figure 5).
Hence, 7"\ T” is a convex Euclidean quadrilateral domain whose boundary
is composed of four open Euclidean geodesic arcs Ay, Cy, Ao, Cs in that order
with their endpoints, where A; = A’, Ay, = A”,Cy; € B’ and Cy C C’. By defi-
nition, we have QUC C T"\T” and feuc(A1) + louc(A2) < Louc(C1) + Loue(Co).

It follows from Theorem 4.1 that there exists a minimal solution w defined
on the Euclidean quadrilateral domain 7'\ T” taking the value +o0o on A;
and 0 on C;, i = 1,2. By General maximum principle (Theorem 3.4), we have

min{O,igff} <tUp <Upt1 <w+supf on QUC.
c

It follows from Compactness theorem (Theorem 3.10) that the sequence {uy, }n,
converges on every compact subset of QU C' to a minimal solution u on Q.
Moreover, we have u|c = f and u|4 = lim;,—, o0 un|a = +00. This completes
the proof. O

LEMMA 4.3. Let Q C H? be a bounded convexr Euclidean domain whose
boundary 092 is composed of an open FEuclidean geodesic arc A and an open
mean convex Euclidean arc C with their endpoints. Let K be a compact subset
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of QUC. There exists a real number M such that if u is a minimal solution

on  and

(1) if liminfwu > ¢ for any approach to C' within Q and if liminfu > —oco for
any approach to A within Q then u>c— M on K,

(2) if limsupu < ¢ for any approach to C within Q@ and if limsupu < +oo for
any approach to A within Q2 then u<c+ M on K.

Proof. Suppose that liminfu > ¢ for any approach to C' within Q and
liminfu > —oo for any approach to A within Q (otherwise let u:= —u). It
follows from Proposition 4.2 that there exists a minimal solution w on €
such that w|4 = +o0o and w|c =0. Define M =supy w € R, by the general
maximum principle (Theorem 3.4), we have u > ¢ —w on . From this, we
conclude that u > c— M on K. This completes the proof. O

COROLLARY 4.4 (Straight line lemma). Let Q C H? be a domain, let C C
00 be an open mean convexr Euclidean arc (convexr towards Q) and u be a
minimal solution in Q. If u diverges to +00 or —oo as one approaches C
within , then C is an Fuclidean geodesic arc.

Proof. Assume the contrary, that there exists a minimal solution u over 2
that takes the value 400 on C' where C is not an Euclidean geodesic arc. Let
I'(C) be the open Euclidean geodesic arc of H? joining the endpoints of C.
Denote by Q(C) the domain delimited by C UT(C). After shrinking C if
necessary, we may assume that Q(C)UT(C) C Q (see Figure 6).

Let ¢ be a point in Q. It follows from the lemma 4.3 that there exists a real
number M depending only on ¢ such that u(q) > ¢— M for all real number c,
a contradiction. (]

THEOREM 4.5 (Boundary values lemma, [3, p. 1882]). Let Q C H? be a do-
main and let C' be an open mean convexr Fuclidean arc in 9. Suppose {un}n
is a sequence of minimal solutions in ) that converges uniformly on every

FIGURE 6. The domain Q(C).
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compact subset of Q0 to a minimal solution u. Suppose each u, is continuous
on QUC.

(1) If {un|c}n converges uniformly on every compact subset of C' to a con-
tinuous function f on C then u is continuous on QU C and u|c = f.

(2) If {un|c}n diverges uniformly on every compact subset of C to +oo (resp.
—00), then u diverges to +oo (resp. —o0) when we approach C within 2.

Proof. For p € C, define f(p) = lim,, o0 tun(p). It is sufficient to show that,
for pe C and M € R such that f(p) > M, there exists a neighborhood U of p
in QU C that satisfies v > M on U NK.

Let M’ such that M < M’ < f(p). Since f is continuous (or f = +400)
and uy|c converges uniformly on every compact subset of C to f, there is a
neighborhood C’ of p in C' and Ny € N such that u,(z) > M’ for every = € C’
and for every n > Ny. Consider two cases as follows.

(i) If C" is not an Euclidean geodesic arc. Denote by I'(C') the open
Euclidean geodesic arc of H2 joining the endpoints of C’ and by €’ the domain
of H? delimited by C’ UT'(C") (see Figure 7). After shrinking C’ if necessary,
we may assume that ' UT'(C”) is contained in Q.

By Proposition 4.2, there exists a minimal solution w on £’ such that
w|cr = M" and w|p(cry = —oo. It follows from the general maximum principle
(Theorem 3.4), that u, > w on Q' for every n > Ny. Hence, we have u > w
on €. Since w is continuous on Q' U C" and w(p) = M’ > M, there is a
neighborhood U of p in Q' UC’ such that w > M on U. Therefore, u > M on
UnQ.

(i1) If C" is an Fuclidean geodesic arc. Consider a convex Euclidean quadri-
lateral domain P C ) such that 9P is composed of four open Euclidean geo-
desic arcs By, C1, Bo, C5 in that order with their endpoints, where p € C; C C’,
OP\ C" C Q and Leue(B1) + Loue(B2) < Louc(C1) + Loue(C2) (see Figure 8).

C/

P

T(C)

F1GURE 7. The domain €'.
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Ch p

FIGURE 8. The domain Q' when C’ is Euclidean geodesic.

Since u, converges uniformly on each compact subset of Q to u, M" :=
infzec, nentn(x) > —00. By Theorem 4.1, there is a minimal solution w on
P such that w|c, = M, w|c, = M" and w = —o0 on By U By. It follows from
the general maximum principle (Theorem 3.4), that u, > w on P for every
n > Ngy. Hence, we have u > w on P. Since w is continuous on P U Cy and
w(p) = M’ > M, there exists a neighborhood U of p in P U Cy such that
w>M on U. Then u> M on U NS This completes the proof. O

4.2. Flux formula. Fix a minimal solution « on a domain Q C H?. By
definition, we have that div(yX,) =0 where X, = ——%2% _ is a vector

1492 Vul?
field on €, || X,|| < 1.
Let v be an arc in Q NH? such that its Euclidean length £e,.(7) is finite.
Denote by v a unit normal to v in H2. Then, we define the flux F,(v) of u
across v by

Fuly) = / (y X0, v) ds,

if v C Q, if not, we define F,(y) = F,(I"), where T is an arc in {2 joining the
end-points of 7 such that £eu.(I') < oo and the domain in H? delimited by ~y
and T is simply connected. Clearly, F,(v) changes sign if we choose —v in
place of v. In the case v C 9€), v will always be chosen to be the outer normal
to 0N2.

The following result gives geometric interpretation of flux. Let v:(0,1) —
Q be an arc in . Denote by v a unit normal to 7. Denote by 5 the arc on
the graph Gr(u) defined by (0,1) — Sols,7(¢) = (v(t),u(y(t))). Let U be the
unit normal to 7 in Gr(u) such that the frame (N,7’,7) is positively oriented
at a point 4(t) if and only if the frame (9¢,~',v) is positively oriented at ~(¢).

PROPOSITION 4.6. Let u be a minimal solution in a domain Q C H2 and
let v:(0,1) = Q be an arc in Q. Then, we have

F.(v) = /(&,D}ds.

5
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Proof. Without loss of generality, we assume that the frames (9:,v',v) and
(N,7',V) are positively oriented. Then N x 7' = ||7’||V and 9y x ' = y||7'||v.
Since 7(t) = (y(t),u(y(t))), we have 7' =+" + (w0 ) 0;. It follows that

717 =8 x5 = (=X + —20) x (0 + (we) ).

From this, we deduce that

H’/y\/H<at7/V\> = <8t7 _Xu X 7/> = <Xu7 _’Y/ X at> = H’V/Hy<Xua V>'

Integrating this on (0,1), we see that

[omras= [ Flans= [ Il a= [wxms

which proves the proposition. O

PROPOSITION 4.7 (Flux theorem). Let u be a minimal solution on a domain

Q CH2.

(1) For every curve vy in QNH? that leue(y) < 0o we have |Fy(7)| < leue (7).

(2) For every admissible domain Q' of Q such that Lew.(0Q) < 0o, we have
F,(09) =0.

(3) Let v be an open arc in Q or an open mean convex Fuclidean arc in 02
on which u is continuous, obtains the finite value and leyc(y) < co. Then
[Fu ()] < Leuc(7)-

(4) Let v C 9Q be an open Euclidean geodesic arc (Leye(y) < 00) such that u
diverges to 400 (resp. —oo) as one approaches v within €, then F,(y) =
Louc(7) (resp. Fu(y) = —Leuc(7))-

Proof. (1) - Case v C Q. Since || X,|| <1 we have

|Fu(y)] s/\@xu,w!dss/yds=eeuc(v>.

- Case v ¢ €. By definition, for every ¢ > 0, there is an arc I' C  joining the
endpoints of v such that loyc(T") < loyc(y) + € and F,(y) = F,.(T'). Moreover,
the previous case yields |Fy,(T")| < feuc(T"). Then |F,(7)| < louc(y) + €. This
proved the result.

(2) - Case € is bounded. By divergence theorem, we have

F,(09) = /

(yXyu,v)ds= / div(yX,)dA=0.
o9’

- Case €0 is unbounded. Denote by E the set of ideal vertices of Q’. For each
p € E, we take a net of the geodesics H,, ,, that converges to p (see Figure 9).
Let us denote by H, , the component of H2 \ H, ,, containing p on its ideal
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FIGURE 9. The domain Q' and Hp,,.

boundary. Assume H,, 1 N Hyp, 1 =0 for every different ideal vertices p1,p2

of /. We define
@, =\ (U Hp,n).
pEE

These subdomains of ' are bounded. It follows from the previous case
that F,(0€,) = 0. Thus, we have

Fu(09) = F, (0Q) = F,(0,) = Y Fu (0 N'H,n) — F.u (0, \ 0).
pEE
Since Loy (0€)) < 00, by (1) we have
S F (0 N Hpn) | €D leue (Y NHy ) =0 as n— oo,
peEE peE
Moreover, applying (1) again yields
| Fu (09, \ 0Q)| < Lewe (0, \ 0Q) <> lenc(Hpn) =0 as n— oo.
peE

This completes the proof.
(3) - Case v C 2. Since || X,] <1 we have |(yX,,v)| <y, then

B < [ [Xa) ds < [ yds =ty

- Case v C 99Q. It is sufficient to show that |Fy ()| < leuc(7y) for a small arc .
Fix p € 4. Let € > 0 such that Q. (p) := QND.(p) is a domain whose boundary
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\

7
;/C P \

Qc(P)

FIGURE 10. The domain Q.(p).

is composed of two open arcs C7,Cs and their endpoints, moreover Cy C v
and Cy C QN ID.(p) (see Figure 10).

By the general existence theorem (Theorem 3.14), for § € {—1,1}, there is
a minimal solution vs on Q.(p) with vs =u+ 0 on C; and vs =u on Cy. It
follows from the Lemma 3.5, that

/ (Vvs — Vu,yX,; —yX,)dA>0.
Qe (p)

Since u,vs are the minimal solutions
(Vus — Vu,y Xy, — yXo) =div((vs — u)(yX,, — yXy)).

By the divergence theorem and the fact that vs —u takes the value § on C
and 0 on Cy, we have

0< / ((vs — w)(yXovs — yXu),v)ds =8(F,;(C1) — Fu(Ch)).
99 (p)

Combining these inequalities and Assertion (1), we obtain

Fu(Cl) < F’Ul (Cl) S geuc(cl)v
Fu(Cl) > Fv,l(cl) Z _Eeuc(cl),

which completes the proof.

(4) We show for the case u diverges to +oco as one approaches v within Q.
For each g € 0, denote by N(g) the unit upward pointing normal vector to
the graph of u —u(q) at the point (g,0). We first prove that
(4.3) lim N(q)=-v(p), Yper.

q€Q,q—p
Assume the contrary that there exists a sequence g, € €0, ¢, — p such that
lim, oo N(¢n) = v # —v(p). Let ¥ be the Killing graph of w. Define
Qn = (gn,u(gn)). Since uly = 400, ds(Qn,0%) > dgz(gn,0Q \ 7). More-
over, lim,,_, o gn, = p, there exists R > 0 such that dx(Q,,9%) > R for n large
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FIGURE 11. The domain P(g).

enough. Since ¥ is stable, we deduce from Schoen’s curvature estimate [21]
(see also [2, Theorem 2.10]) that

sup HA(q)H <k,
€DR/5(Qn)

where A is the second fundamental form of ¥ and x is an absolute constant.

Hence, by [2, Lemma 2.4], around each Q,, the surface ¥ is a graph over
a disk D,.(Q,) of the tangent plane at @, of ¥ and the graph has bounded
distance from the disk D,.(Q,). The radius of the disk depends only on R,
hence it is independent of n. So, if ¢, is close enough to 7y, then the hori-
zontal projection of D,.(@,,) and thus of the surface ¥ is not contained in €,
contradiction. Thus, (4.3) is proved.

Let n be a compact subarc of . Define d := %deuc(n,aQ \ 7). For each
0<e<d, let P(e) C 2 be the rectangular domain with sides 1,171 (¢),n2(¢)
and n3(e) in that order such that leyc(n1(€)) = Leuc(n3(€)) = € (see Figure 11).
Denote by v, the unit outer normal to 9P(e). By definition, v.(p) = v(p)
for p € . For each q € P(d), define v(q) = v.(q) where € is the unique real
number satisfying g € n2(¢). For each p € n, we have limgeq q—p v(q) = —v(p).
Combining with (4.3), we obtain

lim  (X,(q), -1, .
qedf?ﬁf (0),v(q)) VpeEn

We deduce that
@) FumE)= [ X S [ yds =t
n2(e) n

Now applying Assertions (1) and (2) for 9P(g), we have
Fu(0P()) +me
Fu(mi(e)) < leue(mi(e)) =, Vie {1, 3}.

Combining with (4.4) and Assertion (1), we have Fy, (1) = feuc(n). It follows
that Fy,(7) = louc(y)- O
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PROPOSITION 4.8. Let {un }n be a sequence of minimal solutions on a fized
domain Q C H? which extends continuously to 0 and let A be an Euclidean
geodesic arc in OQ such that ley.(A) < co. Then

(1) If {un}n diverges uniformly to 400 on compact sets of A and while re-
maining uniformly bounded on compact sets of 2, then

Tim B, (4) = Lee(A).

(2) If {un}n diverges uniformly to 400 on compact sets of Q while remaining
uniformly bounded on compact sets of and A, then

nhﬁngo F,, (A) = Loy (A).

5. Monotone convergence theorem and Divergence set theorem

In this section, we will state Monotone convergence theorem and Divergence
set theorem for minimal solutions. The results are adapted from [10], [18].

5.1. Monotone convergence theorem. This subsection will be devoted to
the proof of Monotone convergence theorem (Theorem 5.2). Interior gradient
estimate (Theorem 3.6) implies a version of the Harnack inequality for minimal
solutions, which is crucial for this proof (see [9, Theorem 3] for a similar result
for minimal solutions in R3).

THEOREM 5.1 (Local Harnack inequality). Let Dg(p) be a disk in HZ.
There exists a continuous function r:[0,00) — (0,00) and a function ®(t,s)
defined on t € [0,00),s € [0,7(t)) such that

(5.1) u(q) < @ (u(p),dg=(p,q))

for every nonnegative minimal solution u on Dr(p) and every point g € Dr(p)
satisfying duz(p,q) < r(u(p)). Moreover,

(1) the function r is a strictly decreasing function tending to zero as t tends
to infinity;

(2) for each fized t, ®(t,—) is a continuous strictly increasing function with
O(t,0) =t and lim,_,,. ;- (t,s) = o0;

(3) forti,ta €]0,00),t1 <ta and s € [0,7(t2)), we have ®(t1,s) < P(ta,s).

Proof. Let u be a nonnegative minimal solution on Dg(p) and let ¢ be a
point of Dr(p). Denote by v : [0, R) — Dr(p) the unique unit speed hyperbolic
geodesic passing through ¢ with initial point p. Let f(¢) be the function
eC(+) ag in Interior gradient estimate (Theorem 3.6), where C' = C(R,p).
For s € [0, R), since u is defined on the disk Dg_s(y(s)), we have by Interior
gradient estimate (Theorem 3.6):

(o) (s) < [Vulrio) | < 7 (0 ).

S
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For each t > 0, we define a function s+ ®(¢,s) by the conditions

(5.2) %(t,s) = f(%), O(t,0) =t.

Define the function v(t,s) = @éi’i). The conditions (5.2) yield

d_;)(tﬁs) - 1 B "
o) i SRy 0=%

These conditions give

v(ts) g R
. =1 .
(53) [ f&)+s PR-s

By a similar argument, we have

u(y(s))
R—s

5.4
(54) ue f(5)+5
It follows from (5.3) and (5.4) that u(y(s)) < ®(u(p),s) whenever ®(u(p),—)
is well defined on [0, s]. This proves (5.1).
Since the right-hand side of (5.3) is a strictly increasing function on s €
d

[0, R) and tending to 400 as s — R and the integral [;° f(§—)§+§ is convergent,
R

the functions v (¢, —), ®(t,—) are defined on [0,7(t)) where

(5.5) r(t) = R — exp <log(R) _ /ﬁ h %)

and lim,_,.;- v(t,s) = co. Since 7(t) < R, we have lim,_,,.4)- ®(t,s) =
limg_,, )~ (R — s)v(t,s) = co. From this and (5.3), we obtain (2). Asser-
tion (1) follows from (5.5). And finally, (5.3) gives v(t1,s) < v(ta,s) if {1 <2
and 0 < s <r(t2), which proves Assertion (3). O

o

THEOREM 5.2 (Monotone convergence theorem). Let {u,}, be a monotone
sequence of minimal solutions on a domain Q C H2. We define the subsets
U=U{un}tn) and V=V {un}n) of Q by the formulas

M:{peﬂzsup‘un(p)’<oo}, V=0\U.
neN

Then, U is an open set. Moreover, {un}, converges uniformly to a minimal
solution on compact subsets of U and diverges uniformly to +o0o or —oco on
compact subsets of V.

The set U (resp. V) in Monotone convergence theorem (Theorem 5.2) is
called to be convergence set (resp. divergence set) of the sequence of minimal
solutions {uy, }n.
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Proof of Theorem 5.2. Suppose that {u, }, be an increasing sequence (oth-
erwise let u,, :== —u,,). Let p be a point of U. There is a positive real number
R such that

Dr(p) CQ, C:= inf w(q)>—o0.
g€DR(p)
Define g = sup,,cyun(p) — C € R>g. The function ®(¢,s) in Local Har-
nack inequality (Theorem 5.1) is well defined on [0, ] x [0,7(p)). Define
e = s min{r(u), R}. For each q € D.(p), by using the local Harnack inequality
(Theorem 5.1), we have

(5.6) un(q) = € < @(un(p) = Crdre(p,q)) < @ (“’ #) '

By the definition of U, D.(P) CU. Then U is open.

Since {u,}, is monotonically increasing, by (5.6), the sequence {u,}, is
uniformly bounded on compact subsets of U. It follows from the monotonicity
and Compactness theorem (Theorem 3.10) that {u, }, converges uniformly to
a minimal solution on compact subsets of U.

Finally, by the Dini’s monotone convergence theorem, {uy, }, diverges uni-
formly to 400 on compact subsets of V. We include a proof for completeness.
Let K be a compact subset of V and let N € R be given. For each n let
Vi={p€V:u,(p) > N}. Each u, is continuous so V,, is an open subset of V.
Since uy, < Up41, we have V,, C V,,41. Since u,, converges pointwise to +0o on
V, the sequence {V,,}, is an open cover of V. Moreover, since K is compact,
there is some 7 € N depending on N such that K C V,, for all n > n. That is,
if n>n and p € K, then u,(p) > N. This completes the proof. O

5.2. Divergence set theorem. We now show that the boundary 9V of the
divergence set V has a very special structure, when V is not empty.

THEOREM 5.3 (Divergence set theorem). Let Q C H? be a admissible do-
main whose boundary is composed with finitely open mean convexr Euclidean
arcs C;. Let {un}n be an increasing or decreasing sequence of minimal so-
lutions on . Then, for each open arc C;, we assume that, for every n, uy,
extends continuously on C; and either {u,|c, }n converges uniformly on every
compact subset of C; to a continuous function or {u,|c}n diverges uniformly
on every compact subset of C; to +00 or —oco. Let V =V ({u,}) be the diver-
gence set associated to {un }n.

(1) The boundary of V consists of the union of a set of non-intersecting in-
terior Fuclidean geodesic chords in € joining two points of 0X), together
with arcs in 0). Moreover, a component of V cannot be an isolated point.

(2) A component of V cannot be an interior chord.

(3) No two interior chords in OV can have a common endpoint at a convex
corner of V.
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(4) The endpoints of interior Euclidean geodesic chords are among the vertices
of Q. So the boundary of V has a finite set of interior Euclidean geodesic
chords in § joining two vertices of OS).

Proof. Without loss of generality, assume that the sequence {u,}, is in-
creasing and the divergence set is not empty.

(1) Tt is clear by Lemma 4.3 and Straight line lemma (Corollary 4.4) that
each arc of 0V must be Euclidean geodesic and that no vertex of 9V lies in
Q, then Assertion (1) follows (see [9, Theorem 6.2] for more details).

(3) Assume the contrary that (3) does not hold. Let 71,72 be two arcs of
OV having a common endpoint p € 92 at a convex corner of V. Choose two
points ¢; € v;, © = 1,2 such that the triangle A with vertices p, q1, ¢z lies in
Q. We can always assume that the Euclidean triangle A is either in ¢/ or
in V. Indeed, if A ¢V, we take a component A’ of U N A. Let 44,74 be
two Euclidean geodesic chords in 2 having a common endpoint p such that
the domain delimited by them is the smallest domain containing A’. Then
¥1,v5 C OV and A is the triangle delimited by 71,74 and gigz and A C U.
We can choose 71,74 in place of 41,72. By Proposition 4.8, we have

0=Fy, (08) =Fy,(pqx) + Fu,(P@2) + Fu, (@102),

lim F, (pg)= {éeuC(in) if AcCU,

1=1,2.
n—o00 —Loue (p_ql) itACY,

)

On the other hand lim, o |Fu, (§1G2)| < leuc(q1G2). Hence

geuc (m) Z éeuc (W) + éeuc (M) I

a contradiction.

(2) and (3) are proved with analogous arguments, using Lemma 4.3 and
Straight line lemma (Corollary 4.4). The details are left to the reader (see,
for instance, [10, pp. 329-331]). O

6. Jenkins—Serrin type theorem

Let © C H? be a domain whose boundary 0.2 consists of a finite number
of open Euclidean geodesic arcs A;, B;, a finite number of open, mean convex
Euclidean arcs C; (convex towards ) together with their endpoints, which
are called the vertices of Q and those in 0. H? are called ideal vertices of €.
We mark the A; edges by +o00 and the B; edges by —oo, and assign arbitrary
continuous data f; on the arcs C;, respectively. Assume that no two A; edges
and no two B; edges meet at a convex corner. We call such a domain €2
Scherk domain (see Figure 12). Assume in addition that, the ideal vertices of
Scherk domain are the removable points. A solution to the Dirichlet problem
on € is by definition a minimal solution on §2 assuming the above prescribed
boundary values on the arcs A;, B; and C;.
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H2

F1GURE 13. A polygonal domain P inscribed in Q.

It is worth noting that if € is a Scherk domain, the Euclidean length of
boundary 0,2 is finite.

An Euclidean polygonal domain P in H? is a domain whose boundary 0P
is composed of finitely many open Euclidean geodesic arcs in H? together with
their endpoints, which are called the vertices of P. An Euclidean polygonal
domain P is said to be inscribed in a Scherk domain €2 if P C € and its vertices
are among the vertices of . We notice that a vertex may be in d,,H? and
an edge may be one of the A; or B; (see Figure 13).
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Given an Euclidean polygonal domain P inscribed in 2, we denote by
Loue(P) the Euclidean perimeter of 9P, and by aeuc(P) and beyc(P) the sum
of the Euclidean lengths of the edges A; and B; lying in 0P, respectively.

Now is a good time to state and to prove the main theorem of this paper.
This theorem is similar in spirit to that of [10], [18], [3], [19], [12].

THEOREM 6.1 (Jenkins—Serrin type theorem). Let 2 be a Scherk domain
in H? with the families {A;},{B;},{C;}.
(1) If the family {C;} is nonempty, there exists a solution to the Dirichlet
problem on Q if and only if

(61) 2aeuc(7)) < éeuc(P); 2beuc (P) < Eeuc(lp)

for every Euclidean polygonal domain P inscribed in Q. Moreover, such
a solution is unique if it exists.

(2) If the family {C;} is empty, there exists a solution to the Dirichlet problem
on Q if and only if

(6.2) euc(P) = beuc(P)

when P = and the inequalities in (6.1) hold for all other Euclidean
polygonal domains P inscribed in Q. Such a solution is unique up to an
additive constant, if it exists.

Proof. The uniqueness of the solution is deduced from Theorem 6.2.

Let us now prove that the conditions of Jenkins—Serrin type theorem (The-
orem 6.1) are necessary for the existence. Let u be a solution to the Dirichlet
problem on . When the family {C;} is empty and P = Q, using Flux theorem
(Proposition 4.7), we have

0=F,(0P)= > Fu(A)+ > Fu(B)

A;CoP B;COP
= > lewc(A)+ D —Lleue(Bi)
A;CoP B;CoP
= euc(P) = benc(P),
as the condition (6.2).

In the other case, 0P\ ((U4,cop Ai) U(Up,cop Bi)) is nonempty and u is
continuous on this set. By Flux theorem (Proposition 4.7), we have

0= F,(0P)
= Y F(A)+ Y Fu(B)
A,Cop B,CoP

(Y40 (Y, 2)
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Z Fu(Az): Z Eeuc(Ai):aeuC(P)v

A, COP A;COP
Z Fu(Bl) = Z 7€cuc(Bi) = *bcuc(lp)
B, COP B;COP

and

s\ (U)LY )
<o\ (Y)Y 7))

= Leuc (7)) — Geuc (P) beuc (P .

We obtain |aeuc(P) — beue(P)] < Louc(P) — touc(P) — bouc(P). It follows the
conditions (6.1).

Finally, we prove that the conditions of Jenkins—Serrin type theorem (The-
orem 6.1) are sufficient. We distinguish the following cases:

CASE 6.1. Assume that the families {A;} and {B;} are both empty and the
continuous functions f; are bounded.

Proof. For any ideal vertex p of {2, we take a net of geodesics Hy, ,, which
converges to p. Denote by H,, the component of H?\ H,, containing p
on its ideal boundary. Assume H,, 1 N Hy, 1 =0 for every different ideal
vertices pi,p2 of € and assume that ﬁp)l doesn’t contain the vertices of {2
in H? where p is an ideal vertex. Let us define €2,, a mean convex Euclidean
subdomain of © delimited by 02\ U, Hp,n and by the Euclidean geodesics
in QN (U,cp Hp,n) joining the points of 00N (U,cp Hpn) where E is the
set of ideal vertices of 2. By definition, the boundary of €,, is composed of
open, mean convex Euclidean arcs C' C C; and open Euclidean geodesic arcs
Cpn CHpn,p € E together with thelr endpoints.

By Theorem 3.14, for each n € N, there exists a minimal solution u,, on
an Euclidean polygonal domain of €2, such that u, = f; on C’z , and u, =0
on J,ep Cpn- By General maximum principle (Theorem 3.4) the sequence
{tn }r is uniformly bounded on Q. By Compactness theorem (Theorem 3.10)
there exists a subsequence of the sequence {uy, },, converges uniformly on every
compact set of 2 to a minimal solution « : 2 — R that obtains the values f;
on Cj. O

CASE 6.2. The family {B;} is empty and the functions f; are non-negative.

Proof. There exists, by the previous step 6.1, for each n, a minimal solution
u, on ) taking the value n on A; and min{n, f;} on C;. It follows from the
general maximum principle (Theorem 3.4) that 0 < u,, < u,41 for each n.
Hence, we can apply Divergence set theorem (Theorem 5.3).
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ASSERTION 6.1. The divergence set V =V ({up},) is empty.

Proof. Assume the contrary, that V' is not empty. By Straight line lemma
(Corollary 4.4) and Divergence set theorem (Theorem 5.3), V cousists of a
finite number of Euclidean polygonal domains inscribed in 2. Let P be a
component of V. By Flux theorem (Proposition 4.7) and Proposition 4.8, we

have:
0=F, (0P)= S Fu,(A)+F,, (ap \ <U Ai>) :

A;COP
> Fu(A)

A, COP

S Z |Fun(A1)|§ Z gcuc(Ai):acuc(,P)v

A;COP A;COP

s o (04) =7\ ()

= — (Lene(P) = Geue(P)).

We conclude that eyc(P) — douc(P) < aouc(P), which contradicts with the
condition (6.1). O

and

By Assertion 6.1, we have U ({up }n) = . Thus {u,}, converges uniformly
on the compact sets of 2 to a minimal solution u. By Boundary values lemma
(Theorem 4.5), u takes the values +o00 on A4; and f; on C;. O

CASE 6.3. The family {C;} is nonempty.

Proof. By the previous steps, 6.1 and 6.2, there exists the minimal solutions
uT,u” and u, on Q with the following boundary values

Ai | B Ci
ut | 400 | 0 | max{f;,0}
Unp n -n [fz]T—Ln
u” | 0 | —oo | min{f;,0}

where [f;]",, is defined by

n

[fi]2n(p) = { filp) if —n<fi(p) <n,
n if fi(p) >n.

It follows from General maximum principle (Theorem 3.4) that v~ <wu, <
ut for each n. Then there exists, by Compactness theorem (Theorem 3.10)
a subsequence of {u,}, converging on compact subsets of {2 to a minimal
solution u on Q. Moreover, by Boundary values lemma (Theorem 4.5), u
takes the desired boundary conditions. O
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CASE 6.4. The family {C;} is empty.

Proof. We fix a number n € N. There exists, by Case 6.1, a minimal so-
lution v,, on ) that obtains the values n on A; and 0 on B;. It follows
from General maximum principle (Theorem 3.4) that 0 <wv, <n. For each
c € (0,n), we define

E.={v, > c}, F.={v, <c}.

Since v, =n on A;, there exists a component E! of E, satisfying A4; C OE".
Moreover, by the general maximum principle (Theorem 3.4), E. = J, E.. Sim-
ilarly, there exists, for each i, a component F! of F, satisfying B; C OF!, and,
we have F, = J; F!!. A detailed proof can be found in [3, Proof of Theorem 1].
The set F, is disconnected (resp. connected) for ¢ =¢ (resp. ¢ =n — ¢) with
€ >0 small enough. We define

[y = inf{c € (0,n) : the set F is connected}7 Uy = VUp — fbn-

By definition, u,, is a minimal solution on §2 which assumes the values n — u,
on A; and —pu,, on B;.

+

ASSERTION 6.2. There exist two piecewise minimal solutions ut,u~ on €

such that v~ < wu, <ut for every n.

Proof. There exist, by the case 6.2, the minimal solutions uzi on 2 such
that

(3

ut = oo on Ui’;ﬁi Ay, ur = —0o0  on Ui’;ﬁi By,
0 on A;U(U; By), 0 onB;U(U;A4)).

Define

u =maxu], u~ =minu,; .
7 7

Observe that, by definition of u,, both F, and F}, are disconnected. In
particular, for every i1, there exists an is such that Efjn N E}fﬂ = and we
obtain, applying the maximum principle,

0<uy,

<uj

iy i1 .
E#n Eﬂn

Similarly, for every ji, there exists an js such that F ﬂl NF ﬂﬁ =0 and we
obtain, applying the maximum principle,
Walpg, < il <0
It follows that v~ < u, <u™ for every n. O
By the previous assertion and the compactness theorem (Theorem 3.10),

there exists a subsequence {u,(,)}n of {u,}n that converges on compact sets
of 2 to a minimal solution wu.
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ASSERTION 6.3. We have:

AR o) =00 (0 = o) =00
Proof. Assume the contrary, that there exists a subsequence {fi/(n)}n of
{Ho(n)}n that converges to some pi. Then, by definition of u, that u takes
the values co on A; and — o, on B;. So, by the proof of necessity, 2acu(Q) <
Leuc(€2), which contradicts with Hypothesis (6.1). Then lim, oo flo(n) = 00.
In the same way, we can show that lim, oo (7 — fe(n)) = 0. O

So, by the previous assertion, we conclude u takes +0o on A; and —oo
on B;. U

This completes the proof of the existence part of the theorem. O

The remainder of this section will be devoted to prove a maximum principle
that is valid for solutions with possible infinite boundary data. This result
immediately proves the uniqueness of Jenkins—Serrin type theorem (Theo-
rem 6.1). The proof we give is a modification of the proof of the corresponding
result of Jenkins—Serrin [10], Spruck [24], Nelli-Rosenberg [18].

THEOREM 6.2 (Maximum principle for unbounded domains with possible
infinite boundary data). Let Q C H? be a domain whose boundary 08 con-
sists of a finite number of Euclidean geodesic arcs A;, B;, a finite number
of mean convexr Euclidean arcs (convex towards ) C; in H? together with
their endpoints, which are called the vertices of . Let ui,us be two minimal
solutions on Q) taking the value +00 on A; and —oco on B;.

(1) If the family {C;} is nonempty, assume that limsup(u; — ug) <0 when
ones approach to | J; C;.
(2) If {C;} is empty, suppose that u; <ug at some point p € ).
Then in either case u; < us on Q.
Proof. Assume the contrary, that the set {p € Q: uj(p) > ua(p)} is

nonempty. Let N and ¢ be two positive constants with N large and e small.
Define

0 iful—’U,QSE,
p=<Ku; —uy—¢e ife<u; —us <N,
N —¢ if ug —ug > N.

Then ¢ is a continuous piecewise differentiable function in Q satisfying
0 <@ < N. Moreover, Vip = Vu; — Vus in the set where ¢ < u; —us < N,
and V¢ = 0 almost every where in the complement of this set.

Denote by E; (resp. Eo) the set of vertices in H? (resp. vertices at O H?)
of 1. For each p € F», we consider a sequence of nested ideal geodesics Hp, ,,
n > 1 converging to p. By nested, we mean that if H, , is the component of
H?\ H,, containing p on its ideal boundary, then H, 41 C Hp,. Assume
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ﬁphl ﬁﬁpz,l = () for every different points py,ps € Eo. For n sufficiently large
satisfying E?C(pl) ﬁﬁ?c (p2) =0,Yp1,p2 € Ey and E?C(pl) NHp,1=0,Vp; €
FEq,ps € Es, we define

Qn:Q\ (( g @?C(p)) U ( U ﬁp,n», r=0naQ,

and

Lx = (0Q,) N <U XZ-> for X € {A,B,C}.

It follows from definition that
(6.3) =0 on a neighborhood of ', Lowe(T) =0 as n— oo.
Define

In :/ div(py(Xu, — Xy,)) dA.

n

ASSERTION 6.4. (1) J, >0 with equality if and only if Vu; = Vus on the
set Qp N{e <u; —us < N}.
(2) J, is an increasing function of n.

Proof. We have

T, = / 4V, Xo, — X, dA+ / pdiv(yXo, —yX.,)dA
Q Q

n n

YV, Xy, —Xu2>dA+/ ediv(y Xy, —yXu,)dA

/Qnm{a<u1—uz<N} Qn

By our assumptions,
wdiv(y Xy, —yXu,) = p(Mu; — NMusz) =0.
Moreover, on Q, N{e < u3 —uz < N}, by formula (3.2) of Lemma 3.5, we have

YV yVus\
W, Wy, | —

<yV(anu1 - XU2> = <yvu1 —yVug,
and equality if and only if yVu; = yVuy. Then
Jn:/ (yVo, Xy, — Xu,)dA>0
Q,N{e<u;—uz<N}
and J, =0 if and only if Vu; = Vug on Q, N{e <u; —us < N}. Since Q, is

an increasing domain, i.e. 2, C Q,41, J, is an increasing function of n. This
proves the assertion. O
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FIGURE 14. The domain €2, 5.

ASSERTION 6.5. J, =0(1) as n — cc.

Proof. For ¢ > 0 sufficiently small, define

o=\ (U B0).

pel AUl
As § decreases to zero, the set Q5 are expanding and (J; Q5 = Q. Then
Jy = lims_y0 Jn(0) where J,( fQ div(py(Xy, — Xu,))dA. By Diver-
gence theorem J, (0) = |, oq,, s P - Xuz7 v)ds Where v is the exterior nor-

mal to 092, 5. The boundary 8Qn’5 of 0, 5 consists of arcs A;(J) parallel to
A;, arcs B;(0) parallel to B;, I'(§) :=T'N 08, 5 and T'c (see Figure 14).
Thus

5) = Z/A‘(J oy(Xu, — Xu,,v)ds

By Property (6.3), [|X,i|| <1,i=1,2 and 0 < ¢ < N, we have

/ (py<Xu1 _XuzaV> ds=0
| el
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and

/ (py<Xu1 7Xu27’/> ds
r'(s)

/ 90<Xu1 *Xuzay>d5euc
I'(9)

< 2]Vgeuc (F((S))
< 2Nl (T)=0(1) as n— oc.

Otherwise, we have
/ ¢y<Xu1 _Xu27V> ds
A;(6)

=/ wy(1—<Xu2,V>)ds—/ ey(1— (Xu,,v))ds
Aqi(5)

Ai(5)

<N y(1— (Xy,,v))ds

and

/ <py<Xu1 7Xu2,l/> ds
B;(9)

:/ gay(1+<Xu1,1/>) dsf/ <py(1+<Xu2,V>) ds
B;(8) Bi(9)

<N y(1—|—<Xul,1/>) ds.
B;(9)

Now applying Flux theorem (Proposition 4.7) for the component of Q,, \ €, 5
containing A;(d) on its boundary, we obtain

/ Y(X oy ) ds = lone(As 1T ) + 0(1) = Lone (A:(5)) + o(1)
A;i(6)

as 6 — 0. Equivalently, we have fAi(é) y(1 — (Xu,,v))ds =o0(1) as 6 — 0.
Similarly, applying Flux theorem (Proposition 4.7) for the component of €2, \
2, s containing B;(J) on its boundary, we obtain fBi(é) y(1 + (X, ,v))ds =
o(1) as 6 — 0.

Combining these estimates, the assertion is then proved. O

It follows from the previous assertions that Vu; = Vuy on the set {e <
u; —ug < N}. Since € and N are arbitrary, Vu; = Vus whenever u; > uy. So
u1 = ug + ¢ (¢ > 0) in any nontrivial component of the set {u; > us}. Then the
maximum principle (Theorem 3.1) ensures u; = u2 + ¢ in £ and by assump-
tions of the theorem, the constant must be nonpositive, a contradiction. [
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