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AN EXAMPLE OF WEAKLY AMENABLE AND CHARACTER
AMENABLE OPERATOR

LUO YI SHI AND YOU QING JI

ABSTRACT. A complete characterization of Hilbert space opera-
tors that generate weakly amenable algebras remains open, even
in the case of compact operator. Farenick, Forrest and Marcoux
proposed the question that if 7" is a compact weakly amenable
operator on a Hilbert space ), then is T' similar to a normal op-
erator? In this paper, we demonstrate an example of compact
triangular operator on infinite-dimensional Hilbert space which
is a weakly amenable and character amenable operator but is not
similar to a normal operator.

1. Introduction

Let 2 be a Banach algebra, and let X be a Banach 2-bimodule. A deriva-
tion D : A — X is a continuous linear map such that D(ab) =a-D(b) + D(a)-
b, for all a,beA. A derivation D : A — X is said to be inner if there exists
x € X such that D(a) =a-x —x-a for all a € 2A. A Banach 2-bimodule X is
said to be commutative if a-x =z - a for each a € A,z € X. For any Banach
2A-bimodule X, its dual X* is naturally equipped with a Banach 2(-bimodule
structure via [a - f](z) = f(z - a),[f - a](x) = f(a-z),aeU,x e X, f € X*.

We can now give the definition of amenability, weak amenability and char-
acter amenability for a Banach algebra:

DEFINITION 1.1. A Banach algebra 2 is amenable if, for each Banach 2-
bimodule X, every derivation D : 2% — X* is inner.

Received June 15, 2010; received in final form December 25, 2011.

Was supported by NSF of China (11226125), NSF of China (10971079), NSF of China
(11226106) and Colleges and Universities Science and Technology Development Foundation
of Tianjin (20110322).

2010 Mathematics Subject Classification. Primary 47C05. Secondary 46H35, 47A65,
4TA66, ATB15.

(©2013 University of Illinois

1415


http://www.ams.org/msc/

1416 L. Y. SHIAND Y. Q. JI

DEFINITION 1.2. A commutative Banach algebra 2 is weakly amenable if,
for each commutative Banach 2-bimodule X, every derivation D : A — X is
inner.

Let 21 be a Banach algebra and (1) the spectrum of 2, that is, the set of
all non-zero multiplicative linear functionals on . If p € o(A) U{0} and if X
is a Banach space, then X can be viewed as left or right Banach 2(-module
by the following actions. For a € 2,2 € X:

(1.1) a-x=¢(a)zx,
(1.2) x-a=p(a)x.

If the left action of 2 on X is given by (1.1), then it is easily verified that
the right action of 2 on the dual 2-module X* is given by f-a=¢(a)f, for
all f e X* ae®A. Throughout, by (¢,2)-bimodule X, we mean that X is a
Banach 2(-bimodule for which the left module action is given by (1.1). (2, p)-
bimodule is defined similarly by (1.2). Let ¢ € o(21) U {0}, a Banach algebra
2 is said to be left ¢ amenable, if every derivation D from 2l into the dual
A-bimodule X* is inner for all (¢,)-bimodules X; 2 is said to be right ¢
amenable, if every derivation D from 2 into the dual 2-bimodule X* is inner
for all (2, )-bimodules X. 2 is said to be left character amenable, if it is left
¢ amenable for all ¢ € o(A) U {0}; A is said to be right character amenable,
if it is right ¢ amenable for all ¢ € o(A) U {0}.

DEFINITION 1.3. A Banach algebra 2l is said to be character amenable, if
it is both left character amenable and right character amenable.

The concept of amenable Banach algebras was first introduced by John-
son in [6]. Weak amenability was first defined by Bade, Curtis and Dales
in [1], [3]. Character amenability was first defined by Monfared [7]. Ever
since its introduction, the concepts of amenability, weak amenability and
character amenability have played an important role in research in Banach
algebras, operator algebras and harmonic analysis. We only would like to
mention the following deep results due to Willis [8] and Farenick, Forrest and
Marcoux [4], [5]:

Given a complex separable infinite-dimensional Hilbert space ), we write
B($) for the bounded linear operators on ). If T'€ B(§), denote the norm-
closure of span {T% : k € N} by 2z, where N is the set of natural numbers.
T is said to be amenable (weakly amenable or character amenable) if Ar is
amenable (respectively, weakly amenable, character amenable).

In [8], Willis showed that:

THEOREM 1.4. Suppose T is a compact amenable operator, then T is sim-
ilar to a normal operator.

In [4], [5] Farenick, Forrest and Marcoux showed that:
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THEOREM 1.5. Suppose T is a triangular operator with respect to an or-
thonormal basis of 9, then T is amenable if and only if T is similar to a
normal operator whose spectrum has connected complement and empty inte-
70T,

A complete characterisation of Hilbert space operators that generate weakly
amenable algebras remains open, even in the case of compact operators. In
[4], [5] Farenick, Forrest and Marcoux proposed the following question:

QUESTION 1.6. If T" is a compact weakly amenable operator on §), then is
T similar to a normal operator?

It is well known that if §) is a finite-dimensional Hilbert space, then T €
B(H) is amenable, weakly amenable or character amenable if and only if T
is similar to a normal operator. The purpose of this paper is to demonstrate
an example of compact triangular operator on an infinite-dimensional Hilbert
space which is weakly amenable and character amenable but is not similar to
a normal operator.

2. Compact triangular weakly amenable operator

Suppose o is a compact Hausdorff space. Let C'(o) denote the Banach
algebra of all continuous functions on o with the supremum norm ||f|. =
Sup,cq |f(x)]. Throughout this paper, we let o = {0,A1,)2,...}, where
{An}52, is a sequence of positive real numbers which converge to zero. Let

(0 Nz
(o W)

where N is a normal operator with spectrum o, then T is an operator on an
infinite-dimensional Hilbert space. In this section, we obtain that T is weakly
amenable, but is not similar to a normal operator. Especially, if let

A1
A2
N = A3 ,

then T is a compact triangular operator.
The following lemma is easily verified.

LEMMA 2.1. Suppose 2 is a commutative Banach algebra which is generated
by the idempotent elements in A, then A is weakly amenable.

Proof. Let P denote the set of the idempotent elements in 2. Assume X
is a commutative Banach 2A-bimodule, and D : %l — X is a derivation. For
any p € P, D(p) = D(p?) = D(p*) and D(p*) = 2pD(p), D(p°) = 3p* D(p), so
D(p) =0. Since p € P is arbitrary and 2l is generated by P, it follows that
D(a)=0 for all a € 2. That is to say, 2 is weak amenable. O
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Our main result in this section will be that for any normal operator N with
1
0 Nz

o N > is weakly amenable but is not similar to a normal

spectrum o, T' = (

operator.

1
THEOREM 2.2. Let T = (8 ]\J[VQ ), where N is a normal operator with

spectrum o, then T is weakly amenable.

Proof. By Lemma 2.1, it suffices to show that 2 is generated by the
idempotent elements in it.

Step 1. g = {(g Ng%v)) . f€C(0), £(0) = 0} 2 M, where f(N) is de-
fined by functional calculus of normal operators.

Indeed, for any polynomial p(z) =Y p_, apz* = zzz;é Apy12

p(T) has the form
(0 N%Q(N))
0 p(N) )
0 A

For any A = ( 0 A22> € Ar, there exists a sequence of polynomials {p,},

pr(0) =0 for all n such that ||p,(T) — A|| = 0. ie. ||pn(N)— Az — 0 and

IN2g,(N) — Aga]| — 0. Therefore, there exists a function g on o, such that
o 9(V)

0 N%Q(N))’

kA

zq(2),

122 Gn — glloo — 0 and ||pn — 22gloe — 0. Tt follows that A = (
and g € C(0),g(0) =0. That is to say, %y C M.

For any f € C(o), f(0) =0, there exists a sequence of polynomials {p,
pn(0) =0} such that ||p, — fllco — 0. Let p, = 2q,, for every n, there exists
a polynomial 7,,,7,,(0) = 0 such that ||r, — 22 ¢nlec < 1. Therefore, 227, —
Flloo <1127 (rn = 22¢n) oo + [P0 = flloc = 0, and [|2r, — 22 f[|oc — 0. Tt follows

N .
that Tr,(T) — (8 Né(f(iv)>' That is to say, M C 2.

Step 2. A is generated by the idempotent elements in it.
It is easy to verify that if for each n, we let

L7 =A\pn;
ho(z) =4 VAn #
0, 2% Ap,

then (O hn (V)

0 Nin, (N)) is an idempotent element in Ar, and Ar is generated by

0 hn (N)

idempotent elements {<o N Ao ()

)};’f:l. The proof is completed. O

PROPOSITION 2.3. If T € B($H1 @ $H2) has the form T = (Tél %2), and T
is amenable. Then, there exists an invertible operator S € B(H, ® H,) such

that STS™! = (T“ 0 )

0 Too
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Proof. For each A € 2y, A has the form (AO“ ﬁ;;) with respect to the

decomposition $H; @ Ho. Then 7: A — (AO“ Agz) is a representation of

2Ar. Because C; has a Banach 2Ap-bimodule structure defined by A -a =
m(A)a,a-A=an(A) for all A € Ap,a € Cy, then B(H) has a dual Ar-bimodule
structure defined by A-a=7(A)a,a- A=an(A) for all A€ Ap,ae B(H).

Define a mapping D : A7 — B($) by D(A) = (8 A62). Note that

D(AB) = <8 AubBiz gAl?B”) — 7(A)D(B) + D(A)x(B).

Therefore, D is a derivation. Since 2(p is amenable, it follows that there exists
a Sp € B(9) such that D(A) =m(A)Sy — Som(A) for all A€ Ap. It follows
that A1o = A11S12 — S12A9> for all A € Ar.

Let S = (é 3}2), then STS™ ! = (T(l)l T12+512%2_T“812>- Since Th2 =

T11S12 — S12Ths, it follows that ST S~ ! = (T(l)l ng). O

1
Finally, we will obtain that T = <8 J\J[\f ) is not similar to a normal oper-
ator. Indeed, suppose T is similar to a normal operator, by [4], Theorem 2.7
and the proof of Proposition 2.3, we get that T is amenable and there exists
an bounded operator B such that

@ NGN)E )65

Therefore, there exists an bounded operator B such that BN = N %, which is
impossible. Hence, T is not similar to a normal operator.

REMARK 2.4. Theorem 2.2 shows that there exists a compact triangular
operator with infinite spectrum which is a weakly amenable operator but is
not similar to a normal operator. However, we do not know if a compact
quasinilpotent operator can be weakly amenable. It would be very interesting
to know whether this result is true. Indeed, if any compact quasinilpotent
operator can not be weakly amenable, then it is easy to get that a compact
operator T" with finite spectrum is weakly amenable if and only if T is similar
to a normal operator.

3. Compact triangular character amenable operator

Let @ be the Volterra operator on infinite-dimensional Hilbert space, then
by [7], Corollary 2.7 and [2], Corollary 5.11, @ is a compact quasinilpotent
operator which is character amenable. However, the lattice of invariant sub-
spaces of @) is a continuous nest, i.e. @ is not a triangular operator. In this

1
0 N2

section, we will prove that T'= (0 N

> is a character amenable operator,
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for any normal operator N with spectrum o. Hence, there exists a compact
triangular operator which is a character amenable operator but is not similar
to a normal operator.

In [7], Monfared obtained a necessary and sufficient condition for a Banach
algebra to be character amenable.

LEMMA 3.1. A Banach algebra 2 is character amenable if and only if ker ¢
has a bounded approximate identity for every ¢ € o(A) U{0}.

1
PROPOSITION 3.2. Let T = (8 1\11\72 >, then for any polynomial p, A\, € C,

- o [ Aap(AnT) —g(N)N?

(Al =T)p(Apd =T) = ( 0 (Al — N)p(AI —N) )’

where {q} is a polynomial which satisfy the equation Apyp(An) — (A — 2)p(An —
z) = zq(2).

Proof. Note that if T has the form T = (Aél %2 ) , with {N;} a collection of

commuting operators, then T% = (J\gf A]’Q?Z ) , where NF — NF = (N, — N3) Ay,
for all ke N.
1
. 0 N2
It is easy to check that for any k£ >1 and T = (0 N ),

MNep o —Nk-IN3
_ Tk — n
s G

and for any polynomial p

()‘TLI - T)p()‘n‘[ - T) - ( pO ()‘nI - ‘;]V)p()‘nl - N)) 7

where {q} is a polynomials which satisfy the equation A,p(A,) — (A —2)p(Ap —
z) = zq(2). O

Using Lemma 3.1, and Proposition 3.2, we will prove T is a character
amenable operator.

THEOREM 3.3. Let T = <8 ]\]f\f ), then T is character amenable.

Proof. By Lemma 3.1, it suffices to show that 2l and 2, ;—7 have bound-
ed approximate identities.

It is verity that 27 has a bounded approximate identity. Indeed, for any
polynomial p(z) = ¢ apz? = 2 3770 app12¥ 2 2q(2), p(T) and p(T)T has

the form
(3 ) (3 )
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Let {pn} be the sequence of polynomials such that {p,(N)} is the bounded
approximate identities of Ay, then {p,(T")} is the bounded approximate iden-
tities of Ap.

Hence, we only to need prove that 2, ;_r has a bounded approximate
identity for any n.

For each fixed n, assume that f, is a smooth function defined on [\, —
A1, An] and satisfies that

0, z=0;
fn(2) =
1, z e P\n*)\la)\n*)\n—l}U[)\n*>\n+1a)\n]-

There exists a sequence of polynomials {pg, px(0) = 0} such that py and pj, (the
derivative of py) converge to f,, and f/ uniformly on [A,, — A1, A,], respectively.
Since A, I — N is a normal operator with spectrum (A, I — N) = { A, Ay —
AL, An — Ag,...}, and for any f € C(o(A,I — N)), f(0) =0, we have ff, =
fuf =f, it follows that f,(\,I — N) is an identity of 2y, ;_n and f, (A1) =
NuT. Hence, | (0 = N)pr (AT = N)— (AuT = N)|| = 0 and [pi(AnT) — ]| 0,
when k — oo.
By Proposition 3.2,

Anpr(An) —qe(N)N )
AT = T)puAul —T) = ,
Out =Dt 1) = (M RO
where {qi} is a sequence of polynomials which satisfy the equation A,,pr(A,) —

(A — 2)pe (A — 2) = 2zqx(2). Note that

AnpPk(An) = Anpr(An — 2)
z

qx(2) = pr(An — 2) = = AP (Ekon,2)

for some & 5, » € [An, — A1, A,] and for all z € 0. Hence, {¢x} is bounded on o.

Since ||[Ngip(N) — N|| = [[Anpr(And) — (Al — N)pp(ApI — N) — N|| — 0,
it follows that {qx(N)} is a bounded approximate identity for 2. Hence,
|IN2gp(N) — Nz|| — 0. Therefore, {px(AnI —T)} is a bounded approximate
identity for Ay, r—7. O

REMARK 3.4. Theorem 3.3 shows that there exists a compact triangular
operator with infinite spectrum which is a character amenable operator but
is not similar to a normal operator. Moreover, by Lemma 3.1 we can describe
character amenable operator with finite spectrum: If T € 9B($)) with finite
spectrum o (T) ={61,d2,...,0,}, then T is similar to

0+
021 + Q2

ond +Qn
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where Q) is a quasinilpotent operator for 1 < k <n. By Lemma 3.1, T is
character amenable if and only if 2, has a bounded approximate identity
for1<k<n.
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