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SHARP INEQUALITY FOR MARTINGALE MAXIMAL
FUNCTIONS AND STOCHASTIC INTEGRALS

ADAM OSEKOWSKI

ABSTRACT. The paper contains the description of the optimal
constant 0 = 3.4351... for which the following inequality holds.
Let X be a real-valued martingale, H be a predictable process
taking values in [—1,1] and let Y be an It integral of H with
respect to X. Then

sup V|
t>0

<p

A version of this inequality in the discrete-time case is also es-
tablished. The proof is based on Burkholder’s technique, which
relates the above estimate to the construction of an upper solu-
tion to a corresponding nonlinear three-dimensional problem.

sup | X¢|
t>0 1

1. Introduction

The paper aims at answering a natural and basic question about the sto-
chastic integrals, stated by Burkholder in [5]. Let us start with introduc-
ing the necessary notation. Suppose that (2, F,P) is a complete probabil-
ity space, equipped with a nondecreasing right-continuous family (F;);>o of
sub-c-algebras of F. Assume in addition, that Fy contains all the events of
probability 0. Let X = (X;);>0 be an adapted real-valued martingale, which
has right-continuous paths with limits from the left and suppose H = (H;)¢>0
is a predictable process taking values in the interval [—1,1]. Let Y = (¥})¢>0
be the Ito integral of H with respect to X, that is, for ¢t >0,

Y, =HyXo+ H,dX;.
(0,t]
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1134 A. OSEKOWSKI

Let X* = sup,|X;| stand for the maximal function of X and let || X|, =
Sup;sg || X¢||, denote the pth moment of X, 1 < p < occ.

In the literature, there has been an interest in the sharp comparison of the
sizes of X and Y defined as above. An excellent source of information on this
subject is the survey [4] by Burkholder (see also references therein), which
contains moment, weak-type, exponential and escape inequalities, and much
more. For more recent results, see the papers [10], [11] by the author and [15]
by Suh.

In what follows, we will be particularly interested in maximal estimates.
In [5], Burkholder introduced a method to determine the optimal constants
in the problems of this type (see Section 2 below) and used it to establish the
following sharp inequality.

THEOREM 1.1. If X and Y are as above, then

(1.1) 1Y [l < &l X7,
where kK =2.536... is the unique positive solution to the equation
1-k
=3—e
K Xp—

Using Burkholder’s technique, the author established two further results in
this direction. In [8] it was shown that if the martingale X is nonnegative,
then the optimal constant in (1.1) decreases to 2+ (3¢)~! =2.1226.... The
paper [9] contains the proof of the related estimate, where the first moment
of Y is replaced by the first moment of the one-sided maximal function of Y.
To be precise, it was proved that if X, Y are as above, then

(1:2) [sup 2 | < mllx,
t>0 1

where 1 = 2.0856. .. is the unique positive solution to the equation 1 —n =
210g(§ —1). Furthermore, if X is assumed to be nonnegative, the best con-
stant in (1.2) equals 14/9 =1.555....

In the present paper, we focus on the bound

(1.3) 1Y)l < BIX" 1,

a stronger estimate than the ones considered above. By (1.2) or Davis’ square
function inequality (cf. [7]), we see that (1.3) holds with some finite univer-
sal 3. We will determine the optimal value of this constant.

THEOREM 1.2. The constant 3 = 3.4351... given by (3.5) below, is optimal
in (1.3). It is already the best possible even when the process H takes values
in {—1,1}.

It suffices to establish the discrete-time version of this result; then one
obtains the continuous-time extension using approximation theorems due to
Bichteler [1] (see [5] for analogous argumentation). Let us reformulate our
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problem in this new setting. Suppose that f = (f,)n>0 is a discrete-time real-
valued martingale, with a difference sequence (dfy,),>0 defined by dfy = fo and
dfp, = fn — fn—1 for n>1. Let v = (v,)n>0 be a predictable sequence taking
values in [—1,1] and let g = (g5 )n>0 be a transform of f by v: that is, assume
that dg, = v,df, for n > 0. In the particular case when v, is deterministic
and takes values in {—1,1}, we will write dg, = £df,. If f and g satisfy
dgn, = *df;, for all n, we will say that g is a £1-transform of f. We will use
the notation f* =sup,>q|fn| and | f|l, = sup, || frllp, analogous to the one
used in the continuous-time setting.
The discrete-time version of Theorem 1.2 can be stated as follows.

THEOREM 1.3. Assume that f, g are martingales such that g is a transform
of f by a predictable sequence bounded in absolute value by 1. Then

(1.4) g™l < B,

where B is given by (3.5). The constant (8 is the best possible. It is already
the best possible even if g is assumed to be a £1-transform of f.

A few words about the structure of the proof and the organization of the
paper. We will use Burkholder’s technique, which is described in the next
section. The method relates a given maximal inequality for martingales to an
upper solution to a certain nonlinear problem. In contrast with the papers [5],
[8] and [9], where the corresponding problems were two-dimensional, we will
have to construct a function of three variables; this results in a considerable
growth of difficulty of the calculations. The solution is presented in Section 4,
using an auxiliary differential equation, studied in Section 3. Section 5 is
the most elaborate and is devoted to the optimality of the constant 3. In
Section 6, we establish some technical facts needed in the earlier sections, and
in the final part of the paper we present some concluding remarks as well as
some open problems, which await further research.

2. Burkholder’s method

Throughout this section, we deal with the discrete-time setting. In order to
apply Burkholder’s technique, we need some reductions in (1.4). First, using
standard approximation, we restrict ourselves to simple martingales f: that
is, we assume that for any n the random variable f,, takes only a finite number
of values and there is a deterministic N such that fy = fy41 = fnya ="
almost surely. Moreover, we may assume that | fy| > 0 with probability 1. The
next observation is that it suffices to show (1.4) for £1 transforms. It is an
immediate consequence of the following fact.

LEMMA 2.1. Let g be the transform of a real valued martingale f by a
real-valued predictable sequence v uniformly bounded in absolute value by 1.
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Then there exist real valued martingales F7 = (FJ),>0 and Borel measurable
functions p; : [-1,1] — {—1,1} such that, for j >1 and n >0,

fn:FZJnJrl? f;:(anJrl)*?

9n = Z Py (”O)Génﬂa

j=1
where G is the transform of FJ by € = (ex)k>0 with e, = (—1)F.

Proof. This is essentially Lemma A.1 in [4]. The only difference, which
is the equality fr = (F3, )", follows from the construction of the sequence
(F7) there. O

The final observation is that it suffices to prove
(2.1) lgnlly < Bl fxlla

for any n. This is a consequence of the fact that f, and hence also g, are
simple.

Now we are ready to describe the method. Let us explain it in the general
setting. Suppose that V: D — R is a fixed function, where D =R x R x
(0,00) x (0,00). Assume that we are interested in the inequality

(2.2) BV (fa,9n, frr90) <0

for all n and all pairs (f,g) of simple martingales such that P(|fy| >0) =1
and ¢ is a *1-transform of f. The key idea to study this problem is to
introduce the class U(V) which consists of all functions U : D — R satisfying
the following properties: if (x,y, z,w) € D, then

(2.3) Ulz,y,z,w) =U(z,y,|z|V 2|y Vw),
(2.4) U(z,y, |z, |y)) <0 if [z]=y| >0,
(2.5) V(z,y,z,w) <U(z,y,z,w),

and, furthermore, for any |z| < z, |y| <w,e € {—1,1}, « € (0,1) and ¢1, t € R
such that oty + (1 — a)t2 =0,
(2.6) aU(x+t1,y+etr,z,w) + (1 — a)U(x + to,y + eta, z,w)
<U(x,y,2,w0).
The connection between the class U (V') and the inequality (2.2) is described
in the following result.

THEOREM 2.2. IfU(V') is nonempty, then (2.2) is valid.

Proof. The argumentation is similar to the one used in the proof of Theo-
rem 2.1 in [5]. Using (2.3) and (2.6), one proves that (U(fx, gk, [, 95))k>0 is
a supermartingale. Therefore, by (2.5) and then by (2.4),
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We have the following result in the reverse direction, a slight modification
of Theorem 2.2 from [5]. It will be the key tool to provide the lower bound
for the constant (.

THEOREM 2.3. Suppose V satisfies (2.3) and assume that the inequality
(2.2) holds for all m and all pairs (f,g) of simple martingales such that g is a
+1-transform of f. Then the class U(V') is nonempty. Furthermore, assume
that Uy : D — R s given by
(27) UO(xayaZ,w) :Sup{EV(fnagn,f;:\/Zag:\/w)}v
where the supremum is taken over all pairs (f,g) of simple martingales such

that f starts from x, g starts from y and for all n > 1, dg, = tdf, almost
surely. Then Uy is the least element in U(V).

From now on, we will consider V' =V, given by
V’Y(‘T7y7z7w) = ‘yl \/w—'y|x\ Vz

and our aim is to find the smallest y for which the class U(V,) is nonempty.
Due to the additional homogeneity of V., we see that it suffices to search for a
suitable U in the class of functions satisfying U (Az, Ay, Az, \w) = AU (z,y, z,w)
for all A >0 and (z,y,z,w) € D (see (2.7)). Thus, the problem is three-
dimensional. Its solution is studied in the next sections.

3. A differential equation and the optimal value of

In order to introduce the special function and give the description of 3, we
need to consider the following auxiliary differential equation. Let w > 1 be a
fixed number. Standard argumentation yields the existence and uniqueness
of Y =Y": [1,w] — R satisfying

(3.1) Y'(t)= % <1 + %)(1 +1)72 {tQ +2(1—1t) (exp(#) — 1)]

t € (1,w), with the terminal condition Y (w) = w.
LEMMA 3.1. Let w>1. Then Y™ is nondecreasing and
(3.2) YY(t)>t for all t, with equality only for t = w.

Proof. Note that 2(1 —1t) exp(#) <0 for ¢t € (1,w), so

1+wt 1+wt 3 !
YY) < —— (1242t —2) = )
( )(t)—2(1+t)2(t +2t-2) 2 <t+1+t>

Hence, since t <w and w > 1,

1+w !t 3 3
. YU(t) > Y¥(w) — it
(33) (8) 2 Y (w) 2 [w+1+w l—l—t]
1+w! 1—w!
zwf%(wft):w 2w (w—t),
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which gives (3.2). This also implies 2(1 — t)(exp(%) —1)>0 for t €
(1,w), so

wh 14wt t 2
(3.4) v )(”ZT(m) >0

and the proof is complete. O

Let 8 be the positive number given by

5 1
. =minq Y1)+ —-(1+— ) ¢.
(3.5) ¢ rrgn{ ()+4<+w)}
It will be shown to be equal to the best constant in (1.4). Let us provide some
approximation of 3.

LEMMA 3.2. We have
(3.6) 3.4142... < < 3.4358....

Proof. The number on the left is 2+ v/2. To prove the bound, take w > 1
and use the first line of (3.3) with ¢ =1 to obtain

5
(3.7) Y¥(1) + 1(1 +w™h)
14+w? 3 5\ 5 .
>0 — = =
>w 5 <w+1—|—w 2>—|—4(1+w )
w
=24+w '+ .
+w +2

The expression on the right, as a function of w € (1,00), attains its minimum
2 + /2 for w = /2. This gives the left inequality in (3.6). To prove the right
one, we proceed as previously, using a lower bound for (Y*)’ coming from
(3.4). After integration, we get

Y¥(1)+ Z(1+w*1) < <1+ %)[2—10g2+10g(1+w)] + % -1,

and the upper bound in (3.6) is the minimum of the expression on the right
above. (|

It is clear that the function w+— Y™ (1) + 5/4(1 + 1/w) is continuous. In
addition, it tends to 7/2 > as w | 1 and, by (3.7), tends to infinity as
w — 0o. Hence, the minimum defining ( is attained for some wy. To avoid
the question about the uniqueness of wg, let us take the smallest number
with this property. Combining (3.7) with the right inequality in (3.6), we
conclude that 1/wg + wy/2 < 1.436, so 1.18 < wg < 1.69. To complete the
discussion about the explicit values of 3 and wg, let us record here that
numerical approximation gives 3 = 3.4351... and wy =1.302....

A few words about some auxiliary notation. Throughout the paper, we
will set wy =Y™°(1) and write vy = —1 — 1/wg. We will also use the function
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Yo : [w1,wo] — [1,wp], the inverse of Y™°; we will often skip the argument
and write yo instead of yo(w). It can be verified readily that the function yq
satisfies the differential equation

1 2(1 4 y0)*

3.8 Yy =—— —
(3:8) 0 B 250 — 2+ 2(1 — o) ()

for w € (w1, wp). Moreover, in view of (3.2), we have

(3.9) yo(w) <w for w € [wy,wp], with equality only for w = wy.
We conclude this section with a technical fact, which will be needed later.

LEMMA 3.3. We have

(3.10) Yo >1
and
(3.11) Yo(yo — 1) <yo + 1.

Proof. The first estimate follows immediately from the fact that
’ 2 (1 + y0)2
Yo 2 ——" 2 .9, _o
voys+2yo—2
and that both the factors are bigger than 1. To prove the second inequality,

observe that by (3.9), we have 2(1 — yp) exp(£52) > 2(1 — yo). Plugging this
into (3.8) gives

1 2(1+yo)?
/
Yolyo —1) < —= - ==
’ T Y
so we will be done if we show that 2(yZ — 1) < —yy2. But
2(y5 — 1) + 75 =95 (2 +7) =2 < wi(2+7) — 2= wo(wo — 1) =2 <0,

the latter estimate coming from the bound wg < 2. ]

“(yo — 1),

4. Proof of (1.4)

In this section, we will construct an element U of U(Vj3). Consider the
following subsets of [0,1] x [0, 00) x (0,00):

Dlz{(x Yy, w )'U)Swl;ygx}a

DZ—{(l"y» Yiw<wy,z<y<z+w —1},
={(z,y,w) : w<wy,x+w — 1<y},
= {(z,y,w) : wy <w<wo,y <+ yo(w) — 1},
= {(zy,w): w1 <wSwo,z+yo(w) ~1<y<az w1},
={(z,y,w) : w1 <w <wo,r+w—1<y},
={(z,y,w) : w>wo,z+y <1},
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Ds ={(z,y,w) : w>wp, 1 <x+y<1l+w-—wp},
Dg = {(z,y,w) : w>wy,l +w —wg <x+y}.

Now we introduce an auxiliary function u : [-1,1] x R x (0,00) — R. First,
we define it on the sets D1—Dg. Let u(z,y,w) be equal to

—3P -+ 1)+ 3y on Dy,
37—y + (z — 2)yexp(LFY) on Dy,
v(3 —y) +'yexp(1 ) (14 y—w — 7(977”111)27“’2) on D3,

2(H_yo)(y —22+ 1) +w-p on Dy,
1+y0 exp(yO e 1+I) —2) + ay,w) on Ds,
2L exp( 852 (<1 4y —w— W) L a(y,w) on Dy,
EXP(;;U"O (42— 22+ 1) +w— on D7,
a- x)exp( r+y+wy—w—1)4+w—-24 on D,
—(y wﬂgufu)u Tl L w—p on Dy,

where
VY + 2y

ay,w)=y1l—-y)+ —F———+w—0.
(w) =10 =y + 55
We extend u to its whole domain [—1,1] x R x (0,00), setting

(4.1) u(z,y,w) =u(—z,y,w) =u(z,—y,w) =u(—z,—y,w)
for all z €0,1], y >0 and w > 0.

In the lemma below, we describe the main properties of the function wu.
For the sake of convenience and clarity of the arguments, the proofs of these
technical facts are postponed to the last section.

LEMMA 4.1. (i) The function u is continuous. In addition, it is of class C*
on each of the sets {(x,y,w): w<wi}, {(x,y,w): we (wi,wp)}, {(z,y,w):
w>wp}.

(ii) For all w>0 and |y| <w,

(4.2) hmu(l,y,w)—u(l—é,yﬂ:&w)>
' 510 o -

Furthermore, for all w>0 and x € (—1,1],

u(z,w,w) —u(x —§,w — §,w) S

(4.3) lim > 7.

510 0
(i) For xz €[—1,1] and w € (0,00) \ {wo, w1}, we have w,(z, w,w) <O0.
(iv) For any x, the function H,: (-1 —x,1 —xz) = R, given by H,(t) =
ug(x+1t,t,t) +uy(z +t,t,t), is nonincreasing.
(v) The function J : (0,00) — R given by J(y) =u(l,y,y) is convez.
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(vi) For any fixed w > 0, the function u(-,-,w), restricted to the rectangle
[—1,1] X [—w,w], is diagonally concave, i.c., concave along any line of slope
+1.

(vii) For any fized w > 0, the function y+— u(l,y,w) is nondecreasing on
[0, w].

(viii) For any w >0 and |y| <w,
(4.4) uw(l,y,w) — (y — Duy (1, y,w) — wu,(1,y,w) <.

(ix) For any w >0 and |z| <1, |y| <w we have

u(xava) Z w — 6

(x) If we (0,1] and |z| = |y| < w, then u(z,y,w) <O0.

Now we introduce the special function U : R x R x (0,00) x (0,00) — R by

y _ lylvw
lz| V2" ||V |z|Vz)

45) Ve = el v 2
In the following theorem, we establish the inequality (1.4).
THEOREM 4.2. The function U belongs to the class U(Vg).

Proof. We check the conditions (2.3)—(2.6). The first property is evident
from the definition of U. The inequality (2.4) follows from Lemma 4.1(x).
The majorization (2.5) is a consequence of part (ix), due to the homogeneity
of U and V. The main technical difficulty lies in proving the property (2.6).
Fix all the variables as in the statement and first note some reductions. Since
U is homogeneous, we may and do assume that z =1. By the continuity
of U, we are allowed to take |z] < z and |y| < w. Moreover, since U satisfies
U(z,y,z,w) =U(x,—y,z,w), we may assume that ¢ = 1. Now let ®(t) =
U(x+t,y+t,z,w) for t € R. Lemma 4.1(i) guarantees the following regularity
of this function: & is continuous and differentiable at 0. In fact, the derivative
exists except for a finite number of points and the one sided derivatives of ®
exist everywhere.

To show the condition (2.6), it suffices to prove that

(4.6) D(t) <®(0) + P'(0)t
for positive t. Indeed, applying this to the function ®(t) = U(—x +t,—y +
t,z,w) we get, for t <0,

B(t) = D(—t) <B(0) + D (0)(—t) = B(0) + &' (0)t.

Thus, there is a linear function ¥ such that ® < ¥ on R and ®(0) = ¥(0);
this implies (2.6).

To show (4.6), it will be convenient to consider two cases.

The case y > x+w — 1. It will be proved below that

(4.7) ® is concave on the set [0,w — y],
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(4.8) P'(t+) <P ((w—y)—) forte(w—y,1—ux),
(4.9) ® is convex on [1 — z,00),
(4.10) Jim P'(t) < ' ((w—y)-).

These properties clearly yield (4.6). The first condition is a consequence of
Lemma 4.1(vi). The property (4.8) follows from parts (iii) and (iv) of this
lemma; indeed,

O (t+) = hﬁl(uw +uy +uy)(T+s,y+sy+s)

<limsup(ug + uy)(z + s,y + s,y + 5)
st

< limsup(u, + uy) (2 + 5,y + 5,y + 5) = &' ((w —y)—).
sT(w—y)

We move to (4.9). Suppose that t1, to > 1 — 2 and aq, as € (0,1) satisfy
a1 +as =1. Using Lemma 4.1(v), we may write, for « = a1 (x+t1) +as(z+1t2)
and of = a;(z +t;)/
y+h r (Y tte
Dt P(ty) =a|afJ J
a12(t1) + 022 (t2) a{o‘l <J;+t1> T <x+t2

t t
> aJ 0/1er ! 0/2y+ 2
T+t T +ta

(y+a1t1 +042t2>
:aJ —_—
oY

= (P(Ozlﬁ + Oégtg).
Finally, we turn to (4.10). We have, for sufficiently large ¢,

() =U(z+t,y+t,x+t,y+t)

y+t y+t
— (z+tyuf1, 20 Y0
(o + >u( ,x+t7x+t)

£ 4 L — ) — 2=2) if
_ y(z+1t)+ 27(33 ) 4(z+t) nry<wuc,
By(z+1t) =y +1t) —v(z +t)exp(gi1y) fy>z,

from which we infer that lim; ., ®'(¢t) =~. It suffices to use (4.3).
The case y < x4+ w — 1. We have

(4.11) ® is concave on the set [0,1 — z],
(4.12) P'(t) <y forte(l—z,w—y),
(4.13) ® is convex on [w — y,00),
(4.14) tlirgo (1) <P (1 —x—).
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The properties (4.11), (4.13) and (4.14) can be established in the same manner
as above. To show (4.12), note that for t € (1 — z,w — y),
(I)/(t) = u(lvylvw/) - (y/ - 1)uy(1,y/,wl) - wuw(lvylvw/)a

where ¢ = (y+1)/(x +t) and v’ =w/(x +t). It suffices to apply Lem-
ma 4.1(viii) to complete the proof. O

5. Sharpness

The purpose of this section is to show that the constant § defined in (3.5)
is optimal in (1.4). One could try to construct an example, but this leads
to very complicated calculations. We take a different approach and exploit
Theorem 2.3. The proof is much simpler, however, it is still quite involved:
for the convenience of the reader we have split it into nine lemmas.

Suppose that the inequality (1.4) holds with some constant «. Clearly, the
set of those 4’s forms an interval of the form [3’,00). Let U” be the function
guaranteed by Theorem 2.3: we have

Ufy(mayrsz) = supE[g:L Vw _’}/f’:; N Z]7

the supremum being taken over all n and all simple martingales f, g starting
from x, y, respectively, and such that dg, = +df,, for n > 1.

LEMMA 5.1. The function F : [',00) = R given by F(y) =U"(1,1,1,1) is
convez.

Proof. This is straightforward. Fix A € (0,1) and v, v2 > . Let f, g be
martingales starting from 1 such that dg,, = £df, for n > 1. Then for any n,

Elgn Vw— M1+ (1= Xe)fy V] =AEg; Vw—1f; V2]
+ (1= NE[g, Vw —2f; V2]
SAF(m) + (1= ) F(72).
It suffices to take supremum over f, g and n to complete the proof. O

Now suppose that the inequality (1.4) holds with some constant Gy < . By
the previous lemma, enlarging 3y if necessary, we may assume that U5 (1,1,
1,1) <UP(1,1,1,1) + 1/100. Since U” is the least element of U (V) and U
belongs to this class, we have U?(1,1,1,1) <U(1,1,1,1) =y < —1 — (1.7) L.
The latter estimate follows from the bound wgy < 1.69, see Section 3. In
consequence,

(5.1) Uf(1,1,1,1) < —3/2.

From now on, we will work with the function U%. It satisfies (2.3)-(2.6)
(with V' =Vp,). There are two extra properties which follow directly from the
definition. First, U is homogeneous: U (\x, Ay, Az, \w) = AU (2,5, z, w)
for all z, y €R, z, w> 0 and A > 0. Second, U is symmetric in a sense that
we have U% (2,1, z,w) = U (—x,y, z,w) = U% (z, —y, z,w) for all z, y € R,
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z, w>0. We will use the following notation: wu(z,y,w) = U (x,y,1,w),
Aw(y) = UO(anaw)7 Bw(y) = Uo(l’yﬂl}) and Yo = uO(L 1a 1)

LEMMA 5.2. For any x € [—-1,1], y1, y2 € R and wy, we >0 we have
|uo(x,y1,w1) - UO(I7y27w2)| < maX{|y1 7y2|a |w1 - wQ‘}

Proof. By the triangle inequality, for any numbers ai,as,...,a,,b1,bs,
ey by,

ly1 +a1| V|yr +a| V- Vyr +an| Vwy
— |y +a1|V|y2 +az| V- Viys + an| Vws
< max{|y; — yal, |w1 —wal}.

In consequence, if f, g are simple martingales such that f starts from z, g
starts from 0 and dg,, = £df,, for n > 1, then, by the definition of ug,

E((y1 +9)5 Vwi — Bof V1) —ug(x,y2, ws)

<E[((y1 +9)5 Vwr = Bofri V1) = ((y2+9)5 Vwr — Bofi V1)

< max{|y1 — yal, |w1 — wa|}.
It suffices to take supremum over f, g and n to obtain

o (2, y1, w1) — uo(@, Y2, w2) < max{|yr — ya|, |w1 — w2},
and the claim follows by symmetry. O
LEMMA 5.3. For any w >0, |y| <w and § € (0,1),

(5.2) BY(y) > up(1 — 8,y + 6,w) + d.

Proof. Apply (2.6) to (z,y,z,w):=(L,y,l,w), e=—1and t; = -9, t3 >0
(the number « is uniquely determined by ¢; and to: a =ts/(t2 +9)). We
obtain

to
UPo(1—68,y+4,1
ta+ 0 ( Yo ’w)+t2+5

Using (2.3) and the homogeneity of U% | we have
U (Lt tayy —to, L,w) = UR (1 ty,y — 2,1 + t,w)

Yy — to w
=(1+4t)UP (1 1, —
( + 2) <’1+t2, 71+t2>7

so we can rewrite the above estimate in the form

UPo(14ty,y —ta,1,w) <UP(1,y,1,w).

to 0(1+t2) y—ts w
1-4 4 1 < B"(y).
t2+(5u0( ay+ 7w)+ t2+§ 0 71+t271+t2 = (y)
By (2.3), we have ug(1, 31’_7_2 s Tog;) = uo(1, l{;;; .| Z{I_:z |) for sufficiently large to.

Therefore, letting to — 0o and using the previous lemma together with wug(1,
—1,1) =wuo(1,1,1) =9, we get (5.2). O
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LEMMA 5.4. For any w>y>1 and 6 € (0,1) satisfying § < (w—1y)/2,

(5.3) BY(y) > 6A"(y + 25 — 1) + (1 — 6) B (y + 26) + 67,
)
) w . > w _ _
(5.4) A"(y+20 1) > 1=B"(y +20) + 7 5uo(~0.y +0 — Lw)
>LB“’( +26) + —B"( )4—1 5A“’( 1)
“1ye ¥ 110 WT155

and
(5.5) (1-0)(B“(y) — A" (y—1) +70) = B (y +20) — A (y — 1+ 26) + 70

Proof. Applying (2.6) to (z,y,z,w) :=(1 -0,y +J,1,w), e=1 and t; =
6 — 1, to =9, we obtain

0AY(y+26—1)4+ (1 —0)B”(y +20) <wup(l — 06,y + 0, w).

Combining this with (5.2) yields (5.3). Similarly, if we apply (2.6) twice,
first to (z,y,z,w) := 0,y +25 — 1,1,w), e =1, t; = —1, ty = §, then to
(,y,z,w) = (=6, y+d—1,1,w),e=—1,t; =0 — 1 and t2 = J, we get (5.4).
To obtain (5.5), multiply both sides of (5.4) by 1+ and add this to (5.3). O

LEMMA 5.5. For any w > 1,
1 —
(5.6) B"(w) <o [3—w—exp<Tw)].

Proof. We start with the observation that A*(0) > B“(1), which follows
from (2.6) applied to (z,y, z,w) := (0,0,1,w),e =1 and t; = —1, to = 1. Thus,
using (5.5) and induction,

(1=0)Ny>(1- 6)N(B“‘(1) — A¥(0) +70) = BY(1+2N6§) — A”(2N6) + 0.
Hence, if we put 6 = (w —1)/(2N) and let N — oo, we arrive at
(5.7) A¥(w—1) > B"(w) + 70 (1 —exp((1 —w)/2)).
Now repeat the arguments leading to (5.3), with y replaced by w, to get
BY(w) > (1 = §)BY2% (w + 28) + § AV 0 (w 4 26 — 1) + 670,
so, by Lemma 5.2,
(5.8)  BY(w)>(1—038)BY 2 (w+20) 4+ JAY T2 (w + 20 — 1) + 6y9 — 6.
Applying (5.7) yields
B"(w) > B (w + 20) + d70(2 — exp((1 — w — 26)/2)) —

Using induction as in the proof of (5.7), this leads to

Yo =B'(1) > B (w) + 70 [w — 2+ exp((1 — w)/2)],
which is the claim. ]
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LEMMA 5.6. Suppose that w € (1,2) and let 1 <y <w. Then
(5.9) A%y = 1)y* > B (y)(y* — 2y +2) +2(y — 1)(w — Bo).
Proof. We apply (2.6) three times:

Y
AY(y—1) > ——B"(y) +
(y )= ) (y)

2_
wo(—y/2,y/2 = 1w) > =—Lug(=1 +y/2,—y/2,w) +

uO(—y/2,y/2 - 1aw)a

29 —2
Y

y+2
UO(_17O7U))’

uo (142, /2 w) = uo(1 — y/2,5/2,w) > L4y 1) + 2L Be(y)

and combine these estimates with wo(—1,0,w) > w — By, a consequence of
(2.5), thus obtaining (5.9). O

LEMMA 5.7. Suppose that w € (1,2) and let 1 <y <w. Then

w—Yy

(5.10) (A% (w—1)—w+B) [2exp<T) - 1}
> (B¥(y) —w+Bo)(1 =2y +2y~) + (y — w)y0
+2(B"(w) —w+ Bo +70) [exp(%) - 1}
and

(5.11) (B*(y) —w + o) [H%(l_e’{%u))}

ZB“’(w)—w+ﬁo+vo[w—y—1+e><p( 5 )]

< N

In addition,
(5.12) BY~2(w — 26)
b exp(¥52)
142y=2(y — 1)(1 —exp(¥57))
X {2y‘2(y - 1)(BY(w) —w+Bo+v(w—y)) +70} — 5°.

Proof. Using the inequality (5.5) inductively, as in the proof of (5.7), yields
the following estimate: for 1 <y"” <y’ <w,

> B (w) 42070 —

(5.13) exp(yH;y,) (B(y") — A" (y" = 1) +70)
>BY(y) - A"y = 1) + 0.

Take y' = w and note that B*(y" + 2§) > B*(y"”) — 24, a consequence of
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Lemma 5.2. Plug these two estimates into (5.4) to get

20 w—1y"
w (I 1) > A% (o — o
AY(y" +26-1) > A%(y 1)+—1+5[ Yo (5+exp( 5 )
x (B"(w) — A" (w — 1)+'yo)].

Now set 6 = (w —y)/(2N), write the above estimates for v’ =y, y”’ =y + 20,
.y =y+ (2N —2)§ and sum them up. We obtain

AP (w—1) = A®(y +2N§ — 1)

20
> AV(y—1) — ——
> A%(y—1) - 125 N0+ 6)
20 w w w—y\1—e N
+—1+5(B (w)—A (w—l)—i—%)exp( 5 )1_65.

Letting N — oo gives

A (w—1) > A"(y - 1)
+2(BY(w) — A% (w — 1) + ) [exp(%) — 1} +70(y — w)

and combining this with (5.9) yields the first estimate. We skip the proof of
(5.11), it can be established using similar argumentation. To get (5.12), plug
(5.11) into (5.10) to obtain

exp(¥57)
1+ 2y=2(y — 1)(1 —exp(¥57))
x {2y (y — 1)(B“(w) —w+ o +v(w—y)) + 70}

It suffices to make use of (5.8) (with w replaced by w — 24) to complete the
proof. O

A% (w—1) = B(w) +70 —

The final estimate we will need is the following. It can be established
essentially in the same manner as above; we omit the tedious and lengthy
calculations.

LEMMA 5.8. For any w>1,

(5.14) B (w) > WAE%) |9 g,

- 2
Now we are ready to complete the proof.
Sharpness of (1.4). The first observation is that v € (—2,—3/2). The in-

equality 79 < —3/2 is precisely (5.1). To get the lower bound, apply (5.14)
to w=1 to obtain v9 > 5 — 20y > —2 (we have [y < 5 < 3.5). Now let
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vo=—(1+7)"! €(1,2), define Y as in Section 3 and let 7, be the in-
verse to Y¥0. Finally, let v; =Y"°(1) and

2% Yo —w Yo(7§ + 2
C(w):—T%GXP<OT) +70(1—w)+2((%%))+w—ﬂo

for w € [v1,vg]. Observe that since g,(vg) = vo, we have, after some manipu-
lations,

2
(615)  Clog) = v — o= 0010

by virtue of the previous lemma. Furthermore, it can be verified that C
satisfies the differential equation

+2v9 — Bo < B (vo),

exp(M)
2[1+ 2755 (5o — 1)(1 — exp(P5))]
x{205° @0 — D(C(w) —w+ Bo +v(w=Tp)) +70}
for w € (v1,vp). Note that C"” is bounded on (v1,v9). To see this, observe
that the solution Y to (3.1) can be extended to an increasing C'*° function
on a certain open interval I containing [1,v9]. Consequently, yo, y(, y{ are

bounded on (v1,vg) and hence C” also has this property. Therefore, for some
absolute constant r,

(5.16) C(w —20)

Cl(w) = —7% +

@0*“’)
1427527 — 1)(1 — exp(L25))
x {2775 2(F — 1) (C(w) —w + Bo +y(w —Tp)) + 70} + 162

Combining this with (5.12), applied to y =7, (which is allowed, since g, €
(1,2)), yields

BY2 (w —28) — C(w — 26) > (B (w) — C"(w)) - R(6,w) — (r + 1)82,

(
where R(d,w) is a certain constant lying in [0,1]. By induction and (5.15),
we obtain B(vy) — C(v1) > 0, which implies, by (5.6), that

'70{3—v1—exp<1_v1)] >C(v1).

This is equivalent to

5 1 5 1
> -1+ —)=Y"(1 -1+ —
Bo_vl+4( +U0> ()+4(+U0>

and gives By > (3, by virtue of (3.5). This contradicts the assumption Sy <
and completes the proof. O

dexp(

< C(w) 4207 —




A MAXIMAL INEQUALITY 1149

6. The proof of Lemma 4.1

Proof of (i). This is straightforward. It is clear that u is of class C* in the
interiors of D1—Dg. To show the smoothness, one only needs to verify if the
partial derivatives match at the common boundaries of Dy, Dy, D3 (this cor-
responds to the set {(x,y,w) : w <wi}), D4, D5, Dg (the set {(x,y,w): we
(w1,wp)}) and, finally, D7, Ds, Dg (the set {(z,y,w): w > wi}). We omit
the tedious calculations. (|

Proof of (ii). We will only show (4.2); the arguments leading to the second
inequality are similar. By (4.1), it suffices to establish the estimate for y > 0.
Let

u(l,y,u}) - ’LL(l - 57y B (5,11))

L_=1i
510 5 :
1 —u(l-94 )
L+zlimu( Yy, w) —u( Y+ 7w).
510 1)
We have that
_’Y(ygl) ity < 1w < w,
—y +vexp(+3Y) if1<y<w<w,
1 .

L = _1’;20(13) ) if y < yo, w1 <w < wo,
1+y§(w) exp (L) —yif w >y > yo, wr < w < wo,
_wLOexp(y—&-wo—w) if y < w— wp,w > wo,
%;UO_I if y > w —wo, w > wo

and it is easy to verify that none of these expressions is smaller than v (to
check the last two, recall that v = —1 — 1/wg). Similarly,

1
Ay for y < 1,w < wy,
v for 1 <y <w<ws,
y(=y—1) .
Ly={ Tw® if y < yo, w1 <w < wo,
v if w>y>yo, w1 <w <wo,

—as exp(y +wo —w) if y <w —wo,w > wy,

%ﬁwo_l if w>y>w—wy,w > wy,
and it is not difficult to check that Ly > 7. (|

Proof of (iii). If w < wy, we have uy(z,w,w) =0. Suppose that w €
(w1,wp). First, note that w, (1, w,w) = 0; this is equivalent to (3.8). For
|z| <1, a little computation shows that

uw(x’ w’ w) = uw(1’w7w)

W@t -1 (ww) —w
4<1+yo<w>>2“p( 2 )(%@0”%1)’
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and the latter term is nonpositive due to (3.11). Finally, if w > wg, we have
the equality again: w,,(x,w,w)=0. O

Proof of (iv). There are no points of the form (z,t,t) in the sets Dy, Ds,
D7 and Dg. A little computation shows that

Vo2 if (j2 -+ 1],8,0) € Dy,
—v + vexp(z/2) if (x +1t,t,t) € Do,

Ho(t) = —v+y(x+t+1)exp(—x/2—1t) if (—x—t,t,t) € Dy,
’ —7+’7€XP(1 5 ) (F5EE) lf(|96+?f| t,t) € Ds,
7+ T (25 ) (B5H) i (|l +-1],4,1) € Dg,
1—(z+1t)/wo if (& +t|,t,t) € Dg.

Now it can be easily verified that H, is continuous. Furthermore, all the
expressions above define nonincreasing functions of ¢t. The only nontrivial
case is for (|x +t|,t,t) € Dg; then we have, by (3.11),

Hy(t) = a(t) [(1+ 2+ 1) (yo(1 — yo) + 1+ o) — 2(1 +90)]
<a(t)[2(y6(1 —yo) + 1 +w0) —2(1 +yo)] = 2a(t)ys(1 — o) <O,

~) > 0. O

where a(t) = W exp (¥

Proof of (v). A direct calculation shows that

—%y2+% for y <1,
1) 3y —yy —vexp(54) for 1 <y < w,
¥y = 2 242
H“Loe p(yo y)+ (1- )_|_gg?1/3ryo))+y—ﬁ for wy <y < wy,
wo/2+y—f3 for y > wy
and
- for y <1,
7w) —7+1exp(ﬂ) for 1 <y <wi,
y =
1+yo exp( )—’y for wy <y < wy,
1 for y > wp.

From the formulas above we infer that J is of class C', so we will be done if
we show that J” is nonnegative on (0,1) U (1,w1) U (w1, wp) U (wp,00). This
is trivial on (0,1), (1,w;) and (wg,00). For y € (wq,wq), we have

2(1+wo
by virtue of (3.11). O

J”(y):_ i )2 eXp<y02_y>(y(/)(l—yo)+1+y0)>0»
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Proof of (vi). By part (i) and the symmetry condition (4.1), it suffices to
check the concavity in [0,1] x [0,w]. This clearly will follow when we show
that Uzy + 2|Ugy| + tyy < 0 in the interiors of D1—Dy. One can check that for
ee€{—1,1}, uga(z,y, w) + 2eUgy(z,y, w) + uyy(x,y, w) equals

0 on DY U DS U D3UDEU DU Dg,
—yzexp(5E) (52) on D3,
— i exp (P (55) on DS

and we are done, since all the expressions above are nonpositive. O

Proof of (vii). We will show that u,(1,y,w) >0 for y € (0,w). The in-
equality is evident for (1,y,w) € D1 U Ds U Dy U Dg U Dg; in addition, no
points of the form (1,y,w) lie in D3 U DgU D7. Thus, it remains to check the
estimate for (1,y,w) € Ds. We have

v Yo—y ¥
1 = —_y > —
uy (1,9, w) 1+y0exp< 5 > L it

which is positive. O

Proof of (viii). Suppose that y < 0. Then, by (4.1), we may write
u(lvva) - (y - 1)uy(1ay7w) - wuw(17y7w)
= ’U,(l, 7y7w) + (y - l)uy(la 7y7w) - wuw(lvva)
= U(L _y>w) - (_y - 1)uy(1, _yaw) - wuw(la -y, w) - 2uy(1? _yaw)7
which, by the previous part, does not exceed
U(L —y7U)) - (_y - 1)uy(1a _y7w> - wuw(L _yaw)'

The latter is the left-hand side of (4.4) for —y; thus it suffices to show the
estimate for nonnegative y. Suppose first that w < w;. If y <1, we have

Y
If y € (1,w1], then

y+1 1—y
L) = (5= Dy (L) = (L) =+ 1= U e (150

and the expression in the square brackets is nonnegative (due to the estimate
e > 1+ z applied to z = (y — 1)/2). Now let w € (wy,wp). The function
Y y—u(l,y,w) — (y — Duy(l,y,w) — wu,(1l,y,w) is continuous; moreover,
for y # yo, we have ¢/ (y) = —(y — D)uyy (1, y, w) —uwy (1,3, w), or, in an explicit
form,

W' (y) = —Y(1+y0)2[—(y — D(yo + 1) + wyyg] ~ for y < yo,
sz P (P yo(yo — 1) — (yo +1)])  for y > yo.
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Note that ¢’ > 0; indeed, this is an immediate consequence of (3.10) and
(3.11). Thus, it suffices to show (4.4) for y = w. As uy,(l,w,w) =0, the
inequality takes the form

u(l,w,w) — (w—1)uy (1, w,w) <.
Differentiating the left-hand side, one gets

y(w—1) Yo(w) — w
(1+40)2 CXp( 2

which is negative due to (3.11). Thus,

>O+ym—%@o—U%

u(l,w,w) - (U) - 1)uy(1,w,w) < u(l,wlawl) - (wl - 1)uy(17w1,w1) < s

as we have already checked above. Finally, assume that w > wg. Then, for
y < w — wp, the inequality (4.4) takes the form —g <y, which is obviously
true. If y > w — wp, then

w(l,y,w) — (y — Duy(1,y,w) — wu,(1,y,w)
_y—w (y—w)?

w w;
+g Hl-BS 1=

wo 2’[1.)0
and the latter does not exceed v: substituting v = —1 —wg 1 we see that this
is equivalent to (3.7) applied to w = wy. O

Proof of (ix). By (4.1) and part (vi), it suffices to check the majorization
on the sets {(z,y,w): =1,y >0} and {(z,y,w): 2 >0,y =w}. Now, by
part (vii), u(l,y,w) >u(1,0,w) and, as one easily verifies, the right-hand side
is not smaller than w — 3. The proof is completed by the observation that for
any fixed w > 0, the function = +— u(x,w,w) is nonincreasing on [0, 1]. O

Proof of (x). This is trivial: for z, y, w as in the statement, we have
(z,y,w) € Dy, so u(z,y,w) =~ <0. O

7. Concluding remarks and related open problems

The final section of the paper is devoted to various modifications and ex-
tensions of Burkholder’s method. We will also formulate here a number of
open problems which may be investigated using this technique. Throughout
this section, unless stated otherwise, we assume that f is a martingale and g
is its transform by a certain predictable sequence bounded in absolute value
by 1.

For the sake of clarity, we have split the problems into several groups.
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7.1. Doob’s bounds. As observed by Burkholder in [4], the classical Doob’s
inequality

* p
(7.1) 1 e < 27 1 llp, - T<p<oo,

can also be established using the above approach. Due to the fact that the
transform g does not appear in this estimate, the corresponding functions V'
and U will not depend on y and w. Namely, for a fixed v >0, let V) : R x
(0,00) — R be given by the formula

Vo (@,2) = (|2 V 2)P — 4" [a]?

and let U(V,)) consist of those U satisfying (2.3)—(2.6), which depend only on =
and z. It can be shown that this class is nonempty if and only if v > p/(p—1),
and that U, : R x (0,00) — R, given by

Un(a2) =l v 2~ (Gl v) - Llal ).

belongs to U (VY *™1) . For details, see pages 14-15 in [4].
For 0 < p <1 Doob’s inequality does not hold with any finite constant, but
we have the following fact, due to Shao [14].

THEOREM 7.1. Suppose that f is a nonnegative martingale. Then for 0 <
p<l,
(7.2) £l < (1 =)~ 7(Iflp-
The inequality is sharp.

Proof. The original argument of Shao did not exploit Burkholder’s tech-

nique; however, the method can be successfully implemented and we take the
opportunity to present it here. Introduce the functions

Vol(z,2) = (v 2)", Up<wvz>=<“z>”_l<(”z”1fpx>’

given on [0,00) x (0,00). It is easy to verify that V, and U, satisfy the
appropriate modifications of (2.3), (2.5) and (2.6): one has to restrict oneself
to nonnegative = there, and to t1, to > —z in (2.6). On the other hand, (2.4)
is mot satisfied. Nonetheless, arguing as in the proof of Theorem 2.2, we get
that (U,(fn, f))n>0 is a supermartingale and hence

Lfally = EVp(fr, f2)
S EUp(fa, fr) SEUp(fo, f3) = (1= p) 'Eff = (1 —p) | fII5.
It suffices to let n — oo to get (7.2). To see that the constant (1 —p)~! is the
best possible, we apply Theorem 2.3. Let UI? : [0,00) X (0,00) — R be given
by
US(Z’, Z) = Sup{]EVp(fna f:; \ Z)}a
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where the supremum is taken over all n and simple nonnegative martingales
f starting from z. Then V,,, UJ satisfy (2.3), (2.5) and (2.6). Applying the
latter condition, with x =2=1, t; = —1, ts =¢ (and any ¢, y, w), we obtain

4] 1
0 > 0 0
U,(1,1) 1 512p(0,1)+ 1 5Up(1+6,1).

Now use (2.3), (2.5) and the fact that U} is homogeneous of order p to get

4]

0(1.1)> ——
Up (L, )—1+5

+(146)P'UJ(1,1),

or

o
(1+0)(1—(144d)P1)

Letting 6 — 0 yields UJ(1,1) > (1 —p)~'. This is the claim, by the very
definition of UJ. O

0
Ud(1,1) >

7.2. Maximal LP-estimates for martingale transforms. A natural ex-
tension of the problem studied in the present paper is the following. Let
1 <p<oo. What are the best values of the constants x,, , in the estimates

(7.3) g™ 1lp < mpll fllps
(7.4) lg*[lp < spllf*]p?

We can throw some light on this problem, using Doob’s bound (7.1) and
Burkholder’s famous sharp inequality (cf. [2]):

lgllp < (0" = DIl
where p* = max{p,p/(p — 1)}. As the result, we get

(7.5) 9"l < L5 Ml N7l < S5l

for 1 <p<2, and

(7.6) lg*llp <P fllp: Ng"llp <Pl

for p > 2. Quite surprisingly, both inequalities in (7.6) are sharp: this can
be seen by a careful study of the examples invented by Burkholder in [2] (see
page 669-670 there). On the other hand, neither of the inequalities in (7.5) is
sharp. The constant p/(p — 1)? is not even of optimal order as p — 1 (which
is known to be O((p — 1)~!) in both the estimates). The question about
the optimal values of k), and kj, in this case is open, to the best of author’s
knowledge.
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7.3. Logarithmic estimates for martingale transforms. A related and
very interesting problem is to study the inequality

(7.7) lg*[l1 < K supE| fu|log™ | fal + L(K).

There are two questions to be answered:

(i) For which K > 0 there is a universal L(K) < oo such that the above
holds?
(ii) What is the optimal value of L(K)?

Both these questions seem to be open so far. Let us mention here that a similar
problem, with ¢g* replaced by the one-sided maximal function sup,,~q gn, Was
solved by the author in [12]. Since the full answer is quite complicated, we
will not present it here and refer the interested reader to that paper. See also
[10] for a sharp non-maximal version of (7.7).

7.4. Maximal inequalities for the martingale square function. Given
a martingale f, we define its square function S(f) by

. 1/2
S(f) = (Z |dfk|2> :
k=0

The classical problem of comparing the sizes of f, f* and S(f) plays an
important role in many areas of mathematics and has been studied by many
authors. As shown by Burkholder in [3], for 1 < p < co we have

(7.8) " =D7HSO < llp < 0" = DISE)lp-

Furthermore, the left inequality is sharp for 1 < p <2, and the right is sharp for
p > 2; in the remaining cases the optimal constants are not known. A related
problem is to study the maximal estimates

(7.9) IS <1 Mo < CpllS(Hllps 1 <p<oc.

)

Combining (7.8) with Doob’s inequality (7.1) we get that the above estimate
holds with ¢, = (p* —1)~! and C, = p(p* —1)/(p — 1). Surprisingly, for p > 2
the constant Cp, = p is the best possible (cf. [13] and page 19 in [4]); this should
be compared to similar phenomenon in (7.6). An important and interesting
case in (7.9) corresponds to the choice p = 1. Using a clever decomposition of a
martingale, Davis [7] proved that the estimate holds with some finite universal
¢1 and Cy. Later, Burkholder [6] invented a method, which is a modification of
the one presented in Section 2 and allows to obtain sharp estimates involving
f, f* and S(f). Burkholder used it to show that ¢; = 1/4/3 is the best, and
obtained some tight bounds for ¢, when 1 <p < 2. For details, we refer the
reader to that paper. However, the optimal values of ¢, for 1 <p < oo, p#2
and Cj, for 1 <p < 2 seem to be unknown so far.
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