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CONTINUATION OF CR-AUTOMORPHISMS OF LEVI
DEGENERATE HYPERQUADRICS TO THE
PROJECTIVE SPACE
A. V. ISAEV AND I. G. KOSSOVSKIY

Abstract. We show that every CR-automorphism of the closure
of a Levi degenerate hyperquadric in the projective space extends
to a holomorphic automorphism of the projective space.

1. Introduction
Let z, z be a Hermitian form on Cn , where z := (z1 , . . . , zn ), and let Q·,·
be the quadric in Cn+1 associated to z, z as follows:
Q·,· := {(z, w) ∈ Cn+1 : Im w = z, z}.
Consider the closure Q·,· of Q·,· in CPn+1 . Clearly, we have


1
n+1
Q·,· = (ζ : z : w) ∈ CP
: (wζ − ζw) = z, z ,
2i
where (ζ : z : w) are homogeneous coordinates in CPn+1 , the space Cn+1 is
given in CPn+1 by ζ = 0 with z = z/ζ, w = w/ζ, and the hyperplane at inﬁnity by ζ = 0. If the form z, z is nondegenerate, then Q·,· is a nonsingular
Levi nondegenerate hypersurface, and it is well known that the following continuation phenomena hold for CR-automorphisms of Q·,· : (i) every local
C 1 -smooth CR-automorphism of Q·,· extends to a global CR-automorphism
of Q·,· [continuation along the hypersurface]; (ii) every global CR-automorphism of Q·,· extends to an automorphism of CPn+1 [continuation away from
the hypersurface] (see [Po], [A], [Tan]). We note that continuation phenomena
of both kinds for CR-automorphisms and, more generally, CR-isomorphisms
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of CR-manifolds other than Q·,· were observed by many authors (see e.g.,
[Pi1], [VEK], [NS], [Ka], [LS] and references therein).
Let us suppose now that z, z is degenerate. Assuming without loss of
generality that z, z is written as
z, z =

m

j=1

|zj | −
2

k


|zj |2 ,

j=m+1

where m ≥ 0, m ≤ k ≤ 2m and k < n, we see that the singular set S·,· of
Q·,· is
S·,· = {(0 : z : 0) ∈ CPn+1 : z1 = · · · = zk = 0},
and that the regular part Q̃·,· := Q·,· \ S·,· of Q·,· is everywhere Levi
degenerate. The collection of local CR-automorphisms of Q̃·,· includes all
maps of the form
zj → zj ,

j = 1, . . . , k,

zj → fj (z),

j = k + 1, . . . , n,

w → w,
where fj for j = k + 1, . . . , n are any functions holomorphic near the origin
in Cn , such that the matrix (∂fj /∂zl (0))j,l=k+1,...,n is nondegenerate. Thus,
the ﬁrst continuation phenomenon does not have any reasonable analogue in
the Levi degenerate case.
Interestingly, as we will see below, the second continuation phenomenon
still holds in this case, provided one uses the right deﬁnition of (global) CRautomorphism of Q·,· . Let f : Q·,· → Q·,· be a bijective map. For f to be
called a CR-automorphism of Q·,· it is natural to require, ﬁrst of all, that f
preserves the regular part Q̃·,· and is a CR-automorphism of Q̃·,· in the
usual sense. It turns out (see Section 2) that this condition is suﬃcient for
the second continuation phenomenon to hold if k > m, that is, if the Levi form
of Q̃·,· has eigenvalues of opposite signs at every point. Also, it is not hard
to observe (see e.g., Example 1.1 below) that for the case k = m a condition
on the behavior of f on the singular set S·,· is necessary. For instance, one
can start by forcing f to be a homeomorphism of Q·,· (cf. the deﬁnition
of CR-function on a singular quadratic cone given in [CS]). However, as the
following example shows, this condition is not suﬃcient for f to extend to an
automorphism of CPn+1 .
Example 1.1. Let k = m. There exists an automorphism Φ of CPn+1 that
transforms Q·,· into the hypersurface
Q·,· := {(ζ : z : w) ∈ CPn+1 : |ζ|2 − |w|2 = z, z}.
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Clearly, Q·,· is the closure in CPn+1 of the nonsingular hypersurface
Q·,· := {(z, w) ∈ Cn+1 : z, z + |w|2 = 1},
which is the product of Cn−m and the unit sphere in Cm+1 . Under the map Φ,
the regular part Q̃·,· is transformed into Q·,· , and the singular part S·,·
into
S·,· := Q·,· ∩ {ζ = 0}.
We now deﬁne a map f : Q·,· → Q·,· as follows: f ﬁxes every point of
S·,· , and on the ﬁnite part Q·,· it is the restriction of the automorphism of
Cn+1 given by the formulas
zj → zj , j = 1, . . . , m,
zj → ew zj , j = m + 1, . . . , n,
w → w.
For m + 1 ≤ l ≤ n, let Ul be the subset of CPn+1 where zl = 0, and let
ρl := ζ/zl , τjl := zj /zl , σ l := w/zl , with j = l, be coordinates in Ul . In these
coordinates, on the intersection Q·,· ∩ Ul the map f is given by the formulas
ρl → ρl e−σ
τjl
τjl

→
→

l

/ρl

,

l
l
τjl e−σ /ρ , j = 1, . . . , m,
τjl , j = m + 1, . . . , n, j = l,

σ l → σ l e−σ

l

/ρl

.

Letting ρ → 0 we see that f is continuous on all of Q·,· (hence, f is a
homeomorphism), but does not extend holomorphically to a neighborhood of
S·,· .
l

The above example motivates imposing more restrictive conditions on the
behavior of f on the set S·,· . Our deﬁnition of CR-automorphism of Q·,·
is therefore as follows.
Definition 1.2. A map f : Q·,· → Q·,· is called a CR-automorphism of
Q·,· if f is bijective and satisﬁes the conditions: (a) f preserves Q̃·,· , and
the restriction of f to Q̃·,· is a C 1 -smooth CR-automorphism of Q̃·,· ; (b) if
k = m, then both f and f −1 holomorphically extend to a neighborhood of
S·,· .
In this short note, the following result is obtained.
Theorem 1.3. Every CR-automorphism of Q·,· extends to a holomorphic
automorphism of CPn+1 .
The proof of Theorem 1.3 given in Section 2 is inspired by some of the arguments utilized in [NS]. These arguments can also be applied to yield the second
continuation phenomenon for generic quadratic cones (see Remark 2.1).

750

A. V. ISAEV AND I. G. KOSSOVSKIY

2. Proof of Theorem 1.3
Suppose ﬁrst that k > m. Let f be a CR-automorphism of Q·,· . Since the
Levi form of Q̃·,· has eigenvalues of opposite signs at every point, f extends
to a biholomorphic map f1 deﬁned in a neighborhood U of Q̃·,· . By a result
of [F], [Tak] (see also [U]), the envelope of holomorphy of U is either a Stein
domain over CPn+1 or coincides with CPn+1 . However, Q̃·,· contains the
copy of CP1 given in CPn+1 by the equations
ζ = w,
z1 = z k ,
zj = 0

for j = 2, . . . , k − 1 and j = k + 1, . . . , n.

Therefore, U cannot lie in a Stein manifold, and thus the envelope of holomorphy of U is CPn+1 .
Next, every locally biholomorphic map from an open subset V of CPn+1
onto an open subset of CPn+1 extends to a locally biholomorphic map from
the envelope of holomorphy of V onto an open subset of CPn+1 (see [Ke], [I],
[NS]). Therefore, f1 extends to a locally biholomorphic map f2 from CPn+1
into CPn+1 . The compactness and simple connectedness of CPn+1 now imply
that f2 is a holomorphic automorphism of CPn+1 , as required.
We now suppose that k = m and use the notation introduced in Example 1.1. Choose an automorphism Φ of CPn+1 as speciﬁed in the example,
and let g := Φ ◦ f ◦ Φ−1 . The restriction of g to Q·,· is a C 1 -smooth CRautomorphism of Q·,· .
Assume ﬁrst that m ≥ 1. In this case every component of each of the maps,
g and g −1 admits a one-sided holomorphic extension from Q·,· to an open
set U ⊂ Cn+1 and hence to the domain
B·,· := {(z, w) ∈ Cn+1 : z, z + |w|2 < 1}
(the envelope of holomorphy of U ), which is the product of Cn−m and the
unit ball in Cm+1 . Since every nonconstant C 1 -smooth CR-map from an open
subset of the unit sphere in Cm+1 into the sphere extends to a holomorphic
automorphism of the unit ball (see e.g., [Pi2]), it follows that the extension
of g is a holomorphic automorphism of B·,· . By assumption, g also extends
to a biholomorphic map deﬁned in a neighborhood of S·,· . It then follows
that g extends to a biholomorphic map g1 deﬁned on the union U of B·,·
and a neighborhood of S·,· . Observe that U contains the copy of CP1 given
in CPn+1 by the equations
zj = 0
w = 0.

for j = 1, . . . , n − 1,
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It follows that U cannot lie in a Stein manifold, and thus by [F], [Tak] the
envelope of holomorphy of U is CPn+1 . Arguing as earlier, we see that g1
extends to a holomorphic automorphism of CPn+1 .
Suppose now that m = 0. Clearly, the restriction of g to Q·,· has the form
w → ψ(w),

z → Ψ(z, w),

where ψ is a C -smooth diﬀeomorphism of the unit circle S 1 := {|w| = 1}, and
for every w ∈ S 1 , the map Ψ(z, w) is an automorphism of Cn . Each component
of Ψ(z, w) is given by a power series in z whose coeﬃcients are C 1 -smooth
functions on S 1 . Since g holomorphically extends to a neighborhood of S·,· ,
for every w ∈ S 1 the map Ψ(z, w) extends to an automorphism of CPn . Hence,
Ψ(z, w) is an aﬃne map with respect to z whose coeﬃcients are C 1 -smooth
functions on S 1 , i.e., for j = 1, . . . , n the jth component Ψj (z, w) of Ψ(z, w)
has the form
n

Ψj (z, w) =
ajl (w)zj + bj (w),
1

l=1

where all the functions ajl (w), bj (w) are C 1 -smooth on S 1 .
Since g holomorphically extends to a neighborhood of S·,· , it is holomorphic on a set of the form
{(z, w) ∈ Cn+1 : |z| > R, 1 − ε < |w| < 1 + ε}
for some R, ε > 0. Hence, each of the functions ψ(w), ajl (w), bj (w) holomorphically extends to a neighborhood of S 1 , and therefore g holomorphically
extends to a neighborhood of Q·,· in Cn+1 .
Thus, g continues to a biholomorphic map g1 deﬁned in a neighborhood U
of Q·,· . Since Q·,· contains the copy of CPn given in CPn+1 by the equation
ζ = w, it follows that U cannot lie in a Stein manifold, and thus by [F], [Tak]
the envelope of holomorphy of U is CPn+1 . Arguing as above, we see that g1
extends to a holomorphic automorphism of CPn+1 .
The proof is complete.
Remark 2.1. Let ρ(z, w) be a real-valued homogeneous polynomial of degree two in Re zj , Im zj , Re w, Im w, j = 1, . . . , n. The associated quadratic
cone Cρ is deﬁned to be the zero set of ρ. If ρ is a Hermitian form on Cn+1 ,
then the closure C ρ of Cρ in CPn+1 is projectively equivalent to a hypersurface Q·,· for which the corresponding form z, z is degenerate. If, on the
other hand, ρ is a generic non-Hermitian polynomial, then the singular set of
C ρ at inﬁnity in CPn+1 contains a compact complex variety. Therefore, the
proof of Theorem 1.3 given above yields the second continuation phenomenon
for (appropriately deﬁned) CR-automorphisms of C ρ as well. For a study of
CR-functions on irreducible quadratic cones and a complete classiﬁcation of
such cones in C2 , we refer the reader to [CS] and references therein.
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