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ALMOST-EINSTEIN HYPERSURFACES IN
THE EUCLIDEAN SPACE

THEODOROS VLACHOS

ABSTRACT. We show that almost-Einstein hypersurfaces in the
Euclidean space are homeomorphic to spheres. The proof relies

on universal lower bounds in terms of the Betti numbers for the
L™?-norms of the Ricci and traceless Ricci tensor of compact

oriented n-dimensional hypersurfaces. Certain examples show
that the assumption on the codimension is essential.

1. Introduction

One of the most fascinating problems in Riemannian geometry is to investi-
gate relationships between topology and curvature of Riemannian manifolds.
There are plenty of results in which certain restrictions on the curvatures of
the metric g of a compact n-dimensional Riemannian manifold (M™, g) yield
information on the topology of M™. The sphere theorem is an important re-
sult in this direction. The same problem can be raised from the point of view
of submanifold geometry.

The aim of this paper is to study this problem for hypersurfaces in the
Euclidean space. Let (M™,g),n > 3, be a compact n-dimensional Riemannian
manifold and let f: (M™, g) — R™"! be an isometric immersion into the
Euclidean space R"*1. Tt is well known (cf. [4], [9], [11]) that if (M™,g) is
Einstein, then f(M™) is a round sphere. Recall that (M", g) is Einstein if the
Ricci tensor satisfies Ricy = kg for some constant k. The following question
arises naturally: If (M™,g) is almost-Einstein in the sense that Ric, — kg is
small in a suitable norm for a constant k, what can be said about the topology
of M"™?

This question was studied by Roth [7] for the Lo,-norm of Ric, — kg, while
in [8] the same author deals with the weaker L?-norm of Ric, — kg for spe-
cific k.

Received June 9, 2009; received in final form December 7, 2009.
2000 Mathematics Subject Classification. Primary 53C40, 53C20. Secondary 53C42.

(©2010 University of Illinois

1221


http://www.ams.org/msc/

1222 T. VLACHOS

In the present paper, we show that if the L™/2-norm of the tensor Ricy — kg
is small, where k > 0 is a constant, then M™ is homeomorphic to the sphere S™.
Throughout the paper, all manifolds under consideration are assumed to be
connected, without boundary and oriented. More precisely, we prove the
following result.

THEOREM 1. Let (M™,g),n > 3, be a compact, n-dimensional Riemannian
manifold with Ricci tensor Ricy and volume element dM,. For each constant
k >0, there exists a positive constant £(n, k), depending only on n and k, such
that if (M™,g) admits an isometric immersion into the Euclidean space R™ 1
and

/ |Ric, — kgl| % dM, < £(n, k),
M’IL
then M™ is homeomorphic to the sphere S™.

Since the Einstein condition may be rewritten as Ric, = ‘%gg, where s
denotes the scalar curvature of g, the L™/2-norm of the traceless Ricci tensor
Ricy — %" g may be viewed as a measure of how much a Riemannian manifold
deviates from being Einstein. We may now state the following result.

THEOREM 2. Let (M™,g),n >3, be a compact, n-dimensional Riemannian
manifold with Ricci tensor Ricy and scalar curvature sq > 0 in the case where
n > 4. There exists a positive constant b(n), depending only on n, such that
if (M™,g) admits an isometric immersion into the Euclidean space R"*1 and

/..

then M™ is homeomorphic to the sphere S™.

3
dM, < b(n),

s
: g
Ricg g

n

The idea for the proofs is to relate the L™/2-norm of the tensors Ricy — kg
and Ricy — %gg with the Betti numbers using well-known results of Chern
and Lashof ([2], [3]). In fact, Theorems 1 and 2 follow immediately from the
subsequent results.

THEOREM 3. Let (M™,g),n > 3, be a compact, n-dimensional Riemannian
manifold with Ricci tensor Ricy,. There exists a positive constant a(n), de-
pending only on n, such that if (M™,g) admits an isometric immersion into
the Euclidean space R"1, then

/ |Ric,] dMgZa(n)Zﬁi(Mn;]:)a
M i=0

where B;(M™; F) is the ith Betti number of M™ with respect to an arbitrary
coefficient field F. In particular, if

/ IRic || % dM, < 3a(n),
MTL

then M™ is homeomorphic to the sphere S™.
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THEOREM 4. Let (M™,g),n >3, be a compact, n-dimensional Riemannian
manifold with Ricci tensor Ricy. There exists a positive constant c(n), de-
pending only on n, such that if (M™,g) admits an isometric immersion into
the Buclidean space R, then

n—1
[ IRicy = kgl a, = () Y- 60 )
Mn i=1
for any constant k >0 and any coefficient field F. Moreover, if
/ IRic, — kgl dM, < c(n),
[71.

then M™ is homeomorphic to the sphere S™.

THEOREM 5. Let (M™,g),n > 3, be a compact, n-dimensional Riemannian
manifold with Ricci tensor Ricy and scalar curvature sq > 0 in the case where
n > 4. There exists a positive constant b(n), depending only on n, such that if
(M™,g) admits an isometric immersion into the Euclidean space R" 1, then

/..

for any coefficient field F. Moreover, if

/..

then M™ is homeomorphic to the sphere S™.

n—1

Ric, — %"gH dM, > b(n) 3 Bi(M™; F)
=1

%
Ric, — %g gl| dM, <b(n),

We note that our main results are not, in general, valid for compact
Riemannian manifolds (M",g) that admit an isometric immersion into the
(n +m)-dimensional Euclidean space R"*™ with codimension m > 1.

In fact, we consider the standard immersion of the torus M™(r) := S*(r) x
S"=1(y/1—=72),0 <r < 1, into the unit sphere S"*! C R"*2 where S*(r)
denotes the k-dimensional sphere of radius . The principal curvatures of
M™(r), with respect to some unit normal vector field in S"*! are v/1 —1r2/r
of multiplicity 1 and —r/v1—r2 of multiplicity n — 1. A straightforward
computation shows that the Ricci tensor of M"(r) satisfies

[ Rl annn) =2
Mn(r) 1—17r2

where a,, is a positive constant depending only on n. Thus, the L™/2-norm
of the Ricci tensor of M™(r) is sufficiently close to zero, provided that r is
small enough. On the other hand, the kth Betti number of M™(r) is equal to
one when k € {0,1,n — 1,n} and zero, otherwise. Obviously, M"(r) may be
viewed as a codimension 2 submanifold of R?*2. This example ensures that
the assumption on the codimension in Theorem 1 is essential.
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Moreover, Wallach [12] constructed an isometric immersion of an n-dim-
ensional complex projective space CP™ of constant holomorphic curvature
2n/(n + 1) into the sphere S™("*+2)=1 ¢ R*("+2) Since CP™ is an Einstein
manifold, this example justifies the necessity of the assumption on the codi-
mension in Theorem 2.

We note that Shiohama and Xu [10] investigated the L"/?-norm of the
curvature tensor.

2. Preliminaries

Let f: (M™ g) — R™™™ be an isometric immersion of a compact, con-
nected, oriented n-dimensional Riemannian manifold (M™, g) into the (n+m)-
dimensional Euclidean space R"™" equipped with the usual Riemannian met-
ric (-,-). The normal bundle of f is given by

Ny ={(p,&) € f*(TR™™): & Ldf,(T,M")}
and the unit normal bundle of f is defined by
UNy={(p,§) € Ny: [{|=1}.

The generalized Gauss map v: UNy — S™™™~1 is given by v(p,£) =¢,
where S"*™~1 is the unit (n+m — 1)-sphere in R**™. For each u € S"+™m~1,
we consider the height function h, : M™ — R defined by h,(p) = (f(p), u),
p € M™. Since h, has a degenerate critical point if and only if u is a critical
value of the generalized Gauss map, by Sard’s theorem there exists a subset
E c S™t™m=1 of zero measure such that h, is a Morse function for all u €
Srtm=1\ E. For every u € S"*™~1\ E, we denote by pu;(u) the number of
critical points of h, of index i. We also set p;(u) =0 for any u € E. According
to Kuiper [5], the total curvature of index i of f is given by

1
; d n-‘,—m—l7
Vol(Sn+m_1) /Sn+m—1p’ (U) Su

where dS"*™~! denotes the volume element of the sphere S?+m—1,

Let F be a field and §;(M™; F) = dim H;(M™; F) be the ith Betti number
of M™, where H;(M™;F) is the ith homology group with coefficients in F.
From the weak Morse inequalities [6], we know that p;(u) > G;(M™;F) for
every u € S"t™~1 such that h,, is a Morse function. Integrating over S"*+m~1,
we obtain

(1) TiZﬁi(Mn;]:).

T —

For each (p,§) € UN y, we denote by A¢ the shape operator of f associated
with the direction £. There is a natural volume element d¥X on the unit
normal bundle UN;. In fact, if dV is a (m — 1)-form on UN such that its
restriction to a fiber of the unit normal bundle at (p,£) is the volume element
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of the unit (m — 1)-sphere of the normal space of f at p, then d¥ =dM A dV .
Furthermore, we have
vi(dS™Hm ) = G(p, §) dX = G(p, &) AM A dV,

where G(p,&) := (—1)"det A¢ is the Lipschitz—Killing curvature at (p,§) €
UNy.
A well-known formula due to Chern and Lashof [3] states that

(2) / |det A¢| dX = Z / pi(u) dSnTm=1
UNf i—0 Sn+m—1

The total absolute curvature 7(f) of f in the sense of Chern and Lashof is
defined by

1 1
S S *(dSmtmTh)| = 7/ det A¢| dX.
Vol(Sn+m=1) /UNf|V( )= Yo UNf| et Ael

The following result is due to Chern and Lashof ([2], [3]).

(f)

THEOREM 6. Let f: (M",g) — R"™™ be an isometric immersion of a
compact, connected, oriented, n-dimensional Riemannian manifold (M™,g)
into the Euclidean space R"T™. Then the total absolute curvature of f satisfies
the inequality

()= B(Mm )
i=0
for any coefficient field F. Moreover, if T(f) <3, then M™ is homeomorphic
to S™.

For each i € {0,...,n}, we consider the subset U’N; of the unit normal
bundle of f defined by

U'Ny={(p,€) € UNs : A¢ has exactly i negative eigenvalues}.

Shiohama and Xu [10, Lemma p. 381] refined formula (2) as follows

(3) / | det Agl dX = / % (u) dS;L—H”_l_
UiNy

Snt+m—1

We recall that the Ricci tensor of (M™,g) is given by

n+m

(4) Ric(X, V)= Y ((trda)g(4sX,Y) — g(AZX,Y)),
a=n+1
where X, Y are tangent vector fields of M, {€,11,...,€ntm} is alocal ortho-

normal frame field in the normal bundle of f and tr A, stands for the trace of
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the shape operator A, associated with e,. Furthermore, from (4), we easily
verify that the scalar curvature s, is given by
n+m

(5) sg= Y ((trAq)* —tr(A2)).

a=n+1
3. Auxiliary results

This section is devoted to some algebraic results that are crucial for the
proofs. For each real n x n matrix A we denote by ||A|| the norm of A, that
is, ||Al| = \/tr(AA?).

PROPOSITION 7. For each integer n > 3, there exists a positive constant
c1(n), depending only on n, such that every real n X n symmetric matriz A
satisfies the inequality

[(tr A)A — A2||2 > ¢1(n)| det A= .
For the proof of Proposition 7, we need the following auxiliary result.

LEMMA 8. Let n >3 be an integer. There exists a positive constant c¢i(n),
depending only on n, such that for all real numbers x1,...,x, the following
inequality holds

4
n n

Z <xl Z:vj - xf) >ci(n)
j=1

i=1

n
[z
i=1

Proof. We consider the functions ¢, : R™ — R given by

n

n 2 n
go(x):Z(lemJ—xf) s w(x):qu x:(xla"wxn)'
i=1 j=1 i=1

We shall prove that ¢ attains a positive minimum on the level set S'={z €
R™: ¢(x) =}, where e = £1. Since ¢(S5) is bounded from below by zero,
there exists a sequence {z,,} of points in S such that

lim ¢(2,,) =inf p(S).

Then we may write Z,;, = pm @, where p,, := |z,,| > 0 and a,, lies in the unit
(n —1)-sphere S"~1 C R™.

We claim that the sequence {z,,} is bounded. Assume to the contrary
that there exists a subsequence of {z,,}, which is denoted again by {z,,}
for the sake of simplicity of notation, such that lim,, ..o pm = +00. Since
the sequence {a,,} is bounded, it converges to some @ € S"~! by taking a
subsequence if necessary. Using the fact that v is homogeneous of degree n
and since {z,,} € S, we get

(6) PO

|9 (am) M/



ALMOST-EINSTEIN HYPERSURFACES IN THE EUCLIDEAN SPACE 1227

Bearing in mind the fact that ¢ is homogeneous of degree 4, we obviously have
o(am) = @(xm)/ps,. Thus, we obtain lim,, . ©(a,,) =0 and consequently @
is a zero of . Therefore, at most one of the coordinates of @ is nonzero. Since
@€ S"1, without loss of generality, we may suppose that @ = (¢,0,...,0),
where e = £1. We set ay, = (a1,m5-- -, 0n,m). Using (6), we obtain

C,O(CC ) _ a2—% (Z:'L:Q afi,m)2 Z?:Z azz,m(Zj;éi aj’m)Q
m 1,m |H?:2 ai,m|4/n |a17m‘4/n|H?:2 ai,m‘z;/n'
From this we obviously get the inequality

(7) o(zm) > D2 03 (X4 4m)?
" arm Y Ty @im |

n 3
= (Zazm) |
=2

Since ¥(a,) # 0, we may write (az,m, - -, An,m) = Nmbm, where
em = (02,m7 ce 70n,m)

lies in the unit (n — 2)-sphere S"~2 C R"~!. By passing if necessary to a
subsequence, we may assume that lim,, o 0, = (02,...,0,) € S"~2. Observe
that (7) becomes

Now we set

Z?:z 0227m(2j;éi aj,m)z

2(n—2 n :
|a17m|4/nnn§n )/n| Hi:Q 91_7m|4/n

(8) o(Tm) >

Using the fact that lim,,_.c a1,m =€, liMpy o0 Gi.m = 0, limy, o0 05 = 0, for
any i € {2,...,n} and (02,...,0,) € S"~2, we immediately get

n 2 n
Jin 3 (S ) =308 =1,
=2 j#i i=2
Thus, by virtue of lim,, o 7 =0, we obtain
lim Do ezz,m(zjyéi ajm)? _
=% g [ TT G|

This contradicts (8), since lim,, o @(zm) = inf p(S) € R.

Consequently our claim is proved, that is, the sequence {z,,} is bounded.
Thus, there exits a convergent subsequence {zy, } of {z,,}. We set xy =
lim;;, o0 Tk, . Then we have inf o(S) = lim,, o @(xk,, ) = @(20). Obviously,
xo € S. This means that ¢ attains a minimum c¢;(n) on S which obviously
depends only on n. We recall the fact that the zeros of ¢ are precisely the
points where at most one of its coordinates is nonzero. Since xg € S, we
obviously have ¢;1(n) = ¢(x¢) > 0.
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Now let z € R". Assume that 1(z) # 0 and set & = a/|¢p(z)|=. Clearly,
Z € S and consequently ¢(Z) > ¢;(n). Then the desired inequality follows
from the fact that ¢ is homogeneous of degree 4. In the case where ¥(z) =0,
the inequality holds trivially. O

Proof of Proposition 7. Let A be a real n x n symmetric matrix. There ex-
ists an orthogonal matrix P such that A= P*DP, where D = diag(\1,...,\,)
is diagonal and Aq,..., A, are the eigenvalues of A. Since

n

" 2
I(tr A)A — A% :Z<)\iz/\j - /\?> ,
j=1

i=1

the desired inequality follows immediately from Lemma 8. O

PROPOSITION 9. For each integer n > 3, there exists a positive constant
ca(n), depending only on n, such that every real n X n symmetric matriz A
satisfies the inequality

2

2
H(trA)A — A2~ Z05(A)L,|| > ca(n)|det Al
n

where I, is the n X n identity matriz, provided that the eigenvalues of A are
not all of the same sign and the second elementary symmetric function oo(A)
of the eigenvalues of A satisfies o2(A) > 0. Moreover, for n =3 the above
inequality holds under the single assumption that the eigenvalues of A are not
all of the same sign.

The proof of this proposition relies on the following result.

LEMMA 10. Let n >3 be an integer. There exists a positive constant ca(n),
depending only on n, such that the following inequality holds

Zn:xf (Z xj)2 - % (Z xixj>2 > ca(n) f[lxl

=1 Nji i#j
provided that ZK]. ;x5 > 0 in the case where n >4, and xy,..., T, are not
all of the same sign.

n

)

Proof. We define the functions ¢, : R® — R given by

o)=Y 2 <ij>2—%<zxixj>2, () :f[lzi, T = (w1, s)

=1 Nj#i i#]
and set U, = R" \ (—00,0)" U (0,400)", D, = {(z1,...,2n) € Uy :
EKj z;x; > 0} for n >4 and D,, =U, for n=3. We shall prove that ¢
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attains a positive minimum on the level set S = {z € D,, : ¢¥(z) = ¢}, where
€ ==41. An easy computation shows that

(9) o(x Z<x,zx]—x ——st> ,

i=1 r#s

from which we see that ¢(S) is bounded from below by zero. So there exists
a sequence {z,,} of points in S such that

lim ¢(2,,) =inf p(S).
m— 00
Then we may write x,, = pmam, Where
Pmi=|Tm| >0 and ap = (@1,m,-- s 0nm)

lies in the unit (n — 1)-sphere S™~1 C R™.

We claim that the sequence {z,,} is bounded. Assume to the contrary
that there exists a subsequence of {z,,}, which by abuse of notation is de-
noted again by {z,,}, such that lim,, oo pm = +00. Since the sequence
{am} is bounded, we may assume by taking a subsequence if necessary that
lim,, o0 @ =@ € S"~1. Using the fact that v is homogeneous of degree n
and since {z,,} € 5, we get

(10) O =

[t (a7

Due to the fact that ¢ is homogeneous of degree 4, we obviously have p(a,,) =
o(zm)/pt,. Thus, we find lim,, . ¢(ay,) =0 and consequently @ = (a,

.,Qp) is a zero of ¢.

Using (9), we deduce that the zeros of ¢ are precisely the points z =
(21,...,2,) such that each of z1,...,x, is a root of the quadratic equation

— St + %52 =0, where S, = Z:‘L:l x; and Sy = ZKJ xvxj This shows that
at most two of x1,...,x, are distinct. Hence, either z; =--- =z, or, after an
eventual re-enumeration, 1 =+ = 2p, Tp41 =+ = Tp, L1 75 Tn, 1 <p<n—1.
Moreover, in the latter case, from the quadratic equation we get x1 + z,, = S1,
that is, (p— )z1 + (n—p— 1)z, =0.

Therefore, either all coordinates of @ are equal, that is, a; =--- =a,, or, af-
ter an eventual re-enumeration, @y =+ =y, Gp+1 = *** = Gn, @1 7 Gn, Where
(11) (p—Day+(n—p—1)a,=0, 1<p<n-1

We distinguish two cases.

Case 1. Assume that @; = --- = @,. Using the fact that @ € S"~!, we
have @; = --- =@, = £1/4/n. Letting m go to infinity in (10), we reach a
contradiction since by our assumption lim,, . pm = +00.

Case 2. Assume that a1 =+ =ap,0p+1 =+ =ap, a1 7 Gy, where 1 <p <

n — 1. In this case, we have either iy =0 and p=n—1ora, =0and p=1.In
fact, for n =3, (11) immediately yields @3 =0 and p=2 or a3 =0 and p=1.
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For n >4, since {x,,} € D,, we obtain qu @i m@jm > 0 and consequently,
passing to the limit, we get qu @;a; > 0. This together with (11) shows that
either @3 =0 and p=n—1 or @, =0 and p = 1. Without loss of generality,
we suppose that @, =0 and p=1. Then @; =& = %1, since a € S*~!. Taking
(10) into account, from (9) we obtain

2
1
L)D(LEW): n ~ |4/n almzajm__zarmasm
[TLi=1 dim]

r#s

1 2
Wz(amz%m__zamam) .

=2 VE) r#s
From this, we obviously get the inequality

12 plom) > 3 (0 i - _ZaTmam)Q.

=2 VED r#s

n 3
- (z azm)
1=2

Since ¥(am) # 0, we may write (a2,m, - .-, n,m) = Pmbm, where
gm = (02,m» cee 70n,m)
lies in the unit (n — 2)-sphere S"~2 C R"~!. By taking a subsequence if

Now, we set

necessary, we may assume that lim,, .o 0, = (02,...,0,) € S"~2. Observe
that (12) becomes

where the sequence {d,,} is given by

2
Z?:Q [az,m Z];ﬂ Qjm — l(2041 m Z:} 2 7‘ m+ Tim ZT;ESZQ er,mes,m)]
x| " | Ty B /7

Using the fact that limy, oo a1,m =€, liMp, 00 Gi.m =0, limy, 00 05 = 9, for
any i € {2,...,n} and lim,;, o Nm = 0, we immediately get

2
%PMZ[elmZajm <2alm20rm+nm Z grm 9m>]

VE) r,s>2,1#s

:g;(é __Ze> >0,

since (0, ...,0,) € S"~2. Therefore, we find lim,, o 6,, = +00. This contra-
dicts (13), since limy, 00 (2 ) = inf (S5) € R.

Om =
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Since D,, is closed, we easily deduce that zo € S. Hence, ¢ attains a
minimum cy(n) on S which depends only on n. We recall that the zeros of ¢
are precisely the points = (x1,...,z,) where either z; =--- = x,, or, after an
eventual re-enumeration, 1 = =Tp, Tpy1 = =Tp, T1 F Tp, 1 <p<n—1
and (p—1)a; + (n—p— 1)z, =0. It is clear that the zeros of ¢ do not lie
in D,,. Since zp € S, we obviously have ca(n) = ¢(x) > 0.

Now let = € D,,. Assume that 1(z) # 0 and set & = z/[¢(x)|». Clearly
Z €5, and consequently ¢(Z) > co(n). Since ¢ is homogeneous of degree 4,
the desired inequality is obviously fulfilled. In the case where 1(x) =0, the
inequality is trivial. O

Proof of Proposition 9. Let A be a real n x n symmetric matrix. There ex-
ists an orthogonal matrix P such that A= P*DP, where D = diag(\1,...,\,)
is diagonal and Aq,...,\, are the eigenvalues of A. Furthermore, we have
o2(A) =32 NiAj. Then a straightforward computation shows that

Z/\2<Z/\ ) - %(ZAMJ)Q.

H(trA)A A2 25,04
" =1 NiA Iy

In view of our assumption, and appealing to Lemma 10, we immediately get
the desired inequality. O

PROPOSITION 11. For each integer n > 3, there exists a positive constant
cs(n), depending only on n, such that every real n X n symmetric matriz A
satisfies the inequality

[(tr A)A — A% — kT,,||? > c3(n)

for any constant k > 0, provided that the eigenvalues of A are not all of the
same sign.

Proof. We easily verify that

(14) I(tr A)A — A2 — kL, |
2

= H(trA)A A2 %GQ(A)In + %(202(,4) —nk)®.

If 02(A) > 0, then by virtue of Proposition 9 and (14) we get
[[(tr A)A — A% — k1,,||? > co(n)| det A|
If nk? < 1||(tr A)A — A?||2, then

(b A)A — A2 — kL, |2 > = || (tr A)A — A2|% — nk?

Y4
I NN

I(tr A)A — 42|
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and appealing to Proposition 7, we immediately get
I(tr A)A — A2 — kL2 > icl(nﬂ det Al
If 02(A) <0 and 1| (trA)A — A?||? < nk?, then in view of (14), we have
I(tr A)A — A2 KI,[1* > % (205(4) — k)" > mh? > ]| (tr A)A — A%

and the desired inequality follows from Proposition 7. Obviously, the constant

cs(n) is given by c3(n) =min{cz(n), 2e1(n)}. O

REMARK 1. It is worth noticing that the assumptions in Propositions 9
and 11 are essential. In fact, it is easy to see that the inequality in Propo-
sition 9 is not fulfilled for A = AI,,A € R\ {0}, or A =diag(A1,..., Ap, Apt1,

c3An), where Ay = =X, Apqp1 ==X, 1 <p<n—1X,\ R\ {0}
and (p—1)A1 + (n —p— 1)\, = 0. Moreover, the inequality in Proposition 11
does not hold for the matrix A = %In.

REMARK 2. The constant ¢1(n) that appears in Proposition 7 is not com-
puted explicitly here, although one can apply the Lagrange multiplier method
to compute c1(n). In fact, from the proof of Lemma 8, we know that ¢;(n) is
the minimum of the function ¢ : R® — R given by

n

o(x) :Z<xlzx] —xf) , = (x1,...,2p),

i=1

subject to the constraint []]_, z; =&, where ¢ = £1. For example, the La-
grange multiplier method, after some tedious computations, yields ¢;(3) =
3¢/3/2 and ¢;(4) = 4. In a similar way, one can compute the constant ca(n).
For example, the Lagrange multiplier method for n =3 yields ¢3(3) =3/ /2.

4. Proofs

We are now ready to give the proofs of the main results.

Proof of Theorem 3. Let f: (M™, g) — R""! be an isometric immersion
with shape operator A with respect to a global unit normal vector field and
unit normal bundle UN ¢y = {(p,§) € Ny : || =1}. According to (4), the Ricci
tensor of (M™,g) is given by

Ric(X,Y) = (tr A)g(AX,Y) — g(A2X, Y),

where X,Y are arbitrary tangent vector fields of M™. Appealing to Proposi-
tion 7, we have

[Ricg % > (c1(n)) % |det Al.
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Integrating over M™, we obtain

/ | Ricy]| 2 dMgz(cl(n))%/ |det A|dM,,.
MTIr n
Bearing in mind the definition of the total absolute curvature and the fact
that
1
/ |det A|dM, = —/ |det A¢| dX,
n 2 Jun,

we finally get
(19 [ IRt dbt, = atyr(),
Mn

where 7(f) is the total absolute curvature of f and a(n) := 1 (c1(n)) % Vol(S™).

Thus, part (i) of the theorem follows immediately from inequality (15) and
Theorem 6.

Now assume that [, [[Ricg|? dM, < 3a(n). Then, (15) yields 7(f) <3
and consequently, by virtue of Theorem 6, M™ is homeomorphic to the
sphere S™. (|

Proof of Theorem 4. Let f: (M",g) — R"*! be an isometric immersion
with unit normal bundle UN ; and shape operator A¢ with respect to &, where
(p,§) € UNs. Bearing in mind (4), we deduce that

I Ric, — kgll*(p) = || (tr Ae) A¢ — A2 — KI|%,  (p,€) € UN,

where I denotes the identity transformation. In view of our assumption and
appealing to Proposition 11, we have

(16) IRicy — kgl () = (cs(n)) | det A
for all (p,&) € U'Ny where

U'Ny={(p,€) € UN; : A¢ has exactly i negative eigenvalues}
and 1 <i<n — 1. Integrating (16) over UN s, we obtain

/UN |Ricy — kg|| 2 d > (cz(n Z/ |detA§|dE

Bearing in mind (3) and the definition of the total curvature of index i, we
get

/ [Ric, — kg2 d > (c3(n)) T Vol(S™) Zn
UN;

On the other hand, observe that

[ ki,

n 1 n
FaM, = /UN IRicy — kg % d.
f
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Then by virtue of (1), we finally have

n—1 n—1
a1 [ Riey — kgl My 2 () 3o 2 cln) Y G(M" ),
M i=1 i=1
where the constant c(n) is given by ¢(n) := 1(c3(n)) Vol(S™). This completes
the proof of part (i) of the theorem.
Now suppose that

/ |Ric, — kg|| 2 dM, < c(n).
Mﬂ,

Then in view of (17), we conclude that Z?;ll 7; < 1. Thus, there exists u € S"
such that the height function A, : M™ — R is a Morse function whose number
of critical points of index 4 satisfies p;(u) =0 for any 1 < <n—1. This means
that the index of each critical point of h,, is either zero or n. Appealing to [1,
Lemma 4.11(2)], we deduce that h, has at most one critical point of index zero,
i.e., po(u) <1. Moreover, from the weak Morse inequalities we have ug(u) >
Bo(M™; F) and pin(u) > B, (M™; F). Since M™ is connected and oriented, we
infer that po(u) = pp(uw) = 1. Therefore, the Morse function h, has only two
critical points. According to Reeb’s theorem, M™ is homeomorphic to S™. [

Proof of Theorem 5. Let f: (M™, g) — R""! be an isometric immersion
with unit normal bundle UN ; and shape operator A¢ with respect to &, where
(p,€) € UN . Bearing in mind (4) and (5), we deduce that the squared length
of the traceless Ricci tensor of (M™,g) is given by
2

(p) =

where I denotes the identity transformation. In view of our assumption and
appealing to Proposition 9, we have

2
) (p7§)6UNfa

2
‘(trAg)Ag - Ag - EO’Q(A&)I

s
; g
Ricy — —g¢g

n

2

(15) [Ric, ~ 24 > (catu) ? et ¢

for all (p,£) € U'Ny, 1 <i<mn—1. The rest of the proof is almost verbatim
the same as the proof of Theorem 4, apart from the fact that the constant
b(n) is given by b(n) := % (c2(n)) % Vol(S™). O

Now Theorem 1 follows from Theorems 3 and 4, where e(n, k) = 3a(n) if
k=0 and ¢(n,k) = c(n) if k> 0, while Theorem 2 is part of Theorem 5.
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