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ON ANALYTIC AND MEROMORPHIC FUNCTIONS AND
SPACES OF Qx-TYPE

MATTS ESSEN AND HASI WULAN

ABSTRACT. Starting from a nondecreasing function K : [0, c0) — [0, c0),
we introduce a Mé&bius-invariant Banach space Q i of functions analytic
in the unit disk in the plane. We develop a general theory of these spaces,
which yields new results and also, for special choices of K, gives most
basic properties of QQp-spaces. We have found a general criterion on the

kernels K1 and K2, K1 < Ko, such that Qg, ; QK as well as neces-

sary and sufficient conditions on K so that Qg = B or Qg = D, where
the Bloch space B and the Dirichlet space D are the largest, respectively
smallest, spaces of Qi -type. We also consider the meromorphic coun-
terpart Qﬁ of Qi and discuss the differences between Q g -spaces and

Qﬁ -classes.

1. Introduction

Let A be the unit disk in the complex plane, and let dA(z) be the Eu-
clidean area element on A. Let H(A) (resp. M(A)) denote the class of
functions that are analytic (resp. meromorphic) in A. The Green’s func-
tion in A with singularity at a € A is given by ¢(z,a) = log1/|pa(2)|, where
va(z) = (a—2)/(1 — az) is a Mdbius transformation of A. For 0 < r < 1,
let A(a,r) ={z € A :|pa(z)| < r} be the pseudohyperbolic disk with center
a € A and radius 7.

For 0 < p < oo, we define spaces @), and M, by

Q= fe HB) ssup / /()92 )P dA(z) < o0 b,
A

M,=qfeH(A): Sup/ [F'(2)P(1 = [pa(2))P dA(2) < 00

a€A
A
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We know that @QQ; = BMOA, the space of all analytic functions of bounded
mean oscillation (cf. [11] and Theorem 5 in [7]). For each p € (1, o) the space
@, is the Bloch space B (cf. [2] and [15]), defined as

_ {f € H(A): |l = sup(1 ~ [sP)7()] < oo}.

When we study meromorphic functions in A, it is natural to replace | f’ (z)|
in these expressions by the spherical derivative f#(z) = |f'(2)|/(1+ |f(2)|?)
and obtain the classes Q# M; # and N, the class of normal functions in A,
respectively (see, for example, Aulaskarl Xiao and Zhao [5] and Wulan [19]).
The meromorphic counterpart of BM OA is the set UBC' of meromorphic
functions of uniformly bounded characteristic introduced by Yamashita [22].

It turns out that we have

Qp =M, (Aulaskari, Stegenga and Xiao [3]),
Qf S Mf (Aulaskari, Wulan and Zhao [4] and Wulan [19]).

Is there a more general structure behind these facts? To consider a more
general case, we let K : [0,00) — [0,00) be a right-continuous and nonde-
creasing function and define Qx and Qﬁ as follows.

DEFINITION 1. f € H(A) belongs to the space Q if

1) £l = IF115, = sup /A ()P K (9(2, a)) dA(2) < .

DEFINITION 2. f € M(A) belongs to the class Qf{ if

(1.2) sup / / (F#(2))2K (g(z ) dA(2) < oo

a€A

Modulo constants, Qg is a Banach space under the norm defined in (1.1).
Qf( is not a linear space. It is clear that QQx and Qf&( are Md6bius invariant.

REMARK 1. For 0 < p < oo, K(t) = t? gives the space @), and the class
Q7. Choosing K(t) = (1 — e~?)P, we obtain M, and M.

REMARK 2. Choosing K (t) = 1, we get the Dirichlet space D and the
spherical Dirichlet class D#. For a fixed r, 0 < r < 1, we choose

)1t >log(1/r),
Ko(t) = {0, 0<t<log(l/r).

Then we obtain

/\f OPEolga) aae) = [[ 1R aae

A(a,r)
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//f#2 VKo(g(z,a)) dA(z //f#2 ) dA(z

We conclude that Qg, = B (cf. Axler [6]) and QY = B*, where B¥ is
the class of spherical Bloch functions (cf. Section 3). It is easy to see that
N € B# (cf. Lappan [13] and the discussion after Definition 2.1 in Wulan
[19]).

and

Which properties of K and Ky imply that Qx, = @k, or Qﬁl = Qf;?
We shall develop a general theory for Qg and Qﬁ spaces which answers
these questions and which gives most basic properties of @), Qp , and M} #.
Examples of functions in Q for different kernels K are given in Theorems
2.2-2.9. A preliminary version of our results can be found in [9]. We note
that problems of this type are also discussed in [18].

Let us introduce the following notation. By writing f(r) =~ g(r) as r — ro,
we mean that there exist positive constants ¢; and co such that

f(r)
= g(r)

c1 <co

in a neighbourhood of rg.

2. Qi-spaces

For a nondecreasing function K : [0,00) — [0,00) we say that the space
Qx is trivial if Qg contains only constant functions. Whether our space Qg
is trivial or not depends on the integral

1/e 00

/K(log(l/p))pdp:/K(t)e_zt dt. (2.1)

PRrRoOPOSITION 2.1.
(i) If the integral (2.1) is divergent, then the space Q is trivial.
(ii) If the integral (2.1) is convergent, then Qi C B.

Proof. (i) Let f, = f o p,. Then |f1(0)| = |f'(a)|(1 — |a]?). Assume that
there exists f € Qk such that f(0) # 0 for some a € A. By subharmonicity,
we have

/If )PK (g(z,a)) dA(2) /\f )PK (log [1/w]) dA(w)

1/e
> 2 |£1(0)? / K (log(1/p))p dp.
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Thus the integral (2.1) must be convergent and we have proved (i).
(ii) Conversely, if the integral (2.1) is convergent and f € Qg, it follows
from the inequality above that || f||z < oo, i.e., we have Qx C B. O

We note that a necessary condition for the space @k to be nontrivial is
that

(2.2) lim K (t)e " = 0.
t—oo

It is easy to see that (2.2) is not a sufficient condition for the space Qk to be
nontrivial.

It is also easy to see that the condition K(t)e™2! = O(t=%) for s > 1 is
sufficient for the integral (2.1) to be convergent. The convergence of (2.1)
is related to the growth order of K. The log-order of the function K(r) is
defined as

log log™ K
(2.3) p= Tm log™ log™ K (r)
r—00 log r

where log™ 2 = max{logz,0}. If 0 < p < oo, the log-type of the function
K(r) is defined as

log™ K
(2.4) o = T 08 K0

r—00 rP
PROPOSITION 2.2. Let p and o be the log-order and the log-type of a
nondecreasing function K.
(i) If p > 1, then the space Qx is trivial.

(ii) If p =1 and o > 2, then the space Qi is trivial.
A proof of this result can be found in [18].

REMARK 3. In the critical case p = 1 and 0 = 2, Qx may be trivial or
nontrivial.

From now on and through the remainder of Sections 2 and 3 we assume
that the function K : [0,00) — [0, 00) is right-continuous and nondecreasing
and that the integral (2.1) is convergent.

THEOREM 2.1. Assume that K(1) > 0 and set K;(r) = inf(K(r), K(1)).
Then Qk = Qk, -

Proof. Since Ky < K and K, is nondecreasing, it is clear that Qx C Qx,.
It remains to prove that Qx, C Qx. We note that
9(z,a) > 1, z € A(a,1/e),
g(z,a) <1, ze€A\A(a,1/e).
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Thus K(g(z,a)) = K1(g9(z,a)) in A\ A(a,1/e). It suffices to deal with inte-
grals over A(a,1/e). If f € Qk,, f is a Bloch function by Proposition 2.1(ii).
It follows that

/ 1 (2)PE (g(z ) dA(2)

A(a,l/e)
< IfI3 // ) 2K (g(z a)) dA(2)

A(a,l/e)

— 1113 / / (1~ [wl?)~*K (log [1/u]) dA(w)
A0,1/e)
1/e

=2l 1l [ (1= 1)K log(1/r)) dr
0
The right hand member gives a bound for the supremum over a € A of the
first term in this chain of inequalities. Hence f € Qx and Theorem 2.1 is
proved. O

COROLLARY 2.1. An analytic function f belongs to B if and only if there
exists an r, 0 <r < 1, such that K(log(1/r)) > 0 and

sup/ () PK (g(2 a)) dA(2) < oo.
A(a,r)

Proof. If f € B, this supremum is finite for any r € (0, 1), by the argument
in the proof of Theorem 2.1. Conversely, if the supremum is finite, then

sup ([ 17P 14G) < sp s //|f 2K (g(z,0)) dA(2).
Ala,r)

Since |f/(z)|? is subharmonic, we conclude that f €B. O

THEOREM 2.2. Let 0 < p < co. Assume that K(r) =~ 1P asr — 0. Then

QK :Qp-

Proof. By Theorem 2.1, it suffices to compare the functions K (r) and r?
in a neighbourhood of the origin. O

COROLLARY 2.2 (Aulaskari, Stegenga and Xiao [3]). We have Q, = M,
for 0 < p < oo.

Proof. We note that

(1—laf)(1 —|2]*)

|1 —az|?

- exp(—Zg(z,a)) =1- |§0a(z)‘2 =
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We choose K(t) = (1 — e 2!)P. It is easy to see that (2.1) is convergent
and K(r) = r? as r — 0. By Theorem 2.2, Qg = @,. We conclude that
Qp = Mp. U

THEOREM 2.3. Qg = B if and only if
1
(2.5) /K(log(l/r))(l —r?) 2 rdr < co.
0

Choosing K (r) = rP, we obtain that (2.5) holds for p > 1 and that (2.5)
fails for 0 < p < 1; that is, we have:

COROLLARY 2.3 (Aulaskari and Lappan [2] and Aulaskari, Xiao and Zhao
5]).  We have Q, = B when p > 1 and Q, & B when 0 < p < 1.

Proof of Theorem 2.5. Let us first assume that (2.5) holds. From Proposi-
tion 2.1(ii), we know that Qx C B. To prove that B C Qk, we assume that
f € B and observe that

/ F(2) 2K (g(=.a)) dA(z) < || I3 / / (1~ |22) 2K (g(z a)) dA(2)
A

A

= 27| fl1% /(1 — %) 2K (log(1/r))r dr < cc.
0

Hence f € Qk and we have proved that (2.5) is a sufficient condition for

Qr =B.
Conversely, assume that Qx = B. To prove that (2.5) is a necessary
condition, we study the Bloch function

floy =>4,
k=1

(cf. Proposition 8.12 in [15]). We introduce
21 ) o0 et
L) = [ 17/ —2m 3o 2k
0 k=1
In the interval [1/2,1), we have logr > 2(r — 1), and it follows that
P22 s exp{2FF2(r — 1)}, re[l/2,1),

and thus that there is a positive constant C' (which will be specified below)
such that

L(r) > C(1 —r)"2, r € [3/4,1).
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Since Qg = B, we have
00 > // If'(2)|>K (log(1/|2]))dA(z / K(log(1/7))L(r)rdr
1

>C K(log(1/r))(1 — ) 2rdr.
3/4
It remains to prove the estimate of L(r) used above. The general term in the
series defining L(r) can be estimated from below by (1 — r)*2t2 exp{—4t},
where t = 2K(1 —r). It is easy to see that sup,.,t?e 4 = (4e?)~! is assumed
for t = 1/2. For r € [3/4,1), we find k so that 1/2 < 2¥(1 —r) < 1. For this
k we have
22K (1 — )2 exp{—4(2")(1 — )} > 74,
and
L(r) > 2me ™ *(1—7)2 =C(1 —7r)"2, r € [3/4,1).

Hence (2.5) holds and we have proved Theorem 2.3. O

Let us now consider the space Q) o, defined as

fen@): [[1FEPK ) dAE -0 jad -1 ¢,
A
and the relation between this space and the space By, defined as
Bo={ 7 H): i 7G5 =0}

THEOREM 2.4.

(i) QK70 C By.
(ii) An analytic function f belongs to By if and only if there exists an r,
0 <7 <1, such that

Jim //|f )PK (g(2,0)) dA(z) =
A(ar)
Proof. To prove (i), we note that if f € Qk o and K(1) > 0, then
K [ 17eFdae) / £ EPK(g(z@)dAR) —0, o] - 1.
A(a,1l/€)
By subharmonicity,
(1= PR )P < const - [[ 17O aa©) — 0, J2] -1,

A(z,1/e)
which proves the first part of Theorem 2.4.



1240 MATTS ESSEN AND HASI WULAN

To prove the second part, we note that

/ / F/(2) 2K (g(2, 0))dA(2)
Ala,r)

< s {(1=BRPIF P 2r [ (1= ) K log(1/p))dp,
A(a,r) 0

(see the computation in the last part of the proof of Theorem 2.1). If f € By,
the supremum term tends to zero as |a| — 1 and the integral in (ii) will tend
to zero. Conversely, if the limit of the integral in (ii) is zero, it follows that

([ Ir@PaAG =0, -1
A(a,ry)

where 71 € (0,7] is chosen so that K (log(1/r1)) > 0. Since |f’(z)|? is subhar-
monic, we must have f € By. (]

THEOREM 2.5. Qxo = By if and only if (2.5) holds.

Proof. Let us first assume that (2.5) holds. By Theorem 2.4, it suffices to
prove that By C Qk,0. Suppose that f € By. Since (2.5) holds, for given
€ > 0 there exists an r, 0 < r < 1, such that

1

[ K osu/p)/ (- ) Ppdp < e

T

(2.6) / / ) dA()

< I // (1= |2) K (g(2.0)) dA(2)

A\A(a,r)

el [ = ) K o1/ wl)dA(w)

r<|w|<1
— 213 [ K1og(1/p)1 ~ ) %pdp

< 2| fl3e.
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Since f € Bo, |f'(pa(w))|(1 — |pa(w)?) — 0 as |a| — 1 uniformly in |w| < r.
Making the change of variables z = ¢, (w), we see that
(2.7)

/ P (PK (g2, a)) dA(2)

Al(a,r)
/ [/ (0a(w))P(1 = lga(w)[*)*(1 = [w]*) 72K (log(1/|w])) dA(w)
|w|<r

1
<27 sup | (pa(w))2(1 = |pa(w)[?)? / K (log(1/p))(1 — p?)2pdp
0

|w|<r

< Const - sup |f'(@a(w)) (1 = [@a(w)[?)?.

Combining (2.6) and (2.7), we get

T //|f V2K (9(2, ) dA(z) =

which shows that f € Q. Thus (2.5) is a sufficient condition for Qo = Bo
to hold.

Conversely, we shall assume that (2.5) does not hold and prove that there
exists a function in By \ Qx,o-

If (2.5) does not hold, we can find a continuous, strictly decreasing function
h:10,1) — (0, 1] tending to zero at 1 such that

(2.8) /0 h(r)K (log(1/r))(1 — r*)"?rdr = co.

For a given r € [3/4,1) we find an integer k such that 1/2 < 2K(1 —r) < 1.
Then 1 —27% < r. We define ay = h(1 —27%)1/2 and consider the gap series

(o)
k
= E ClkZ2
1

Since ax, — 0 as k — o0, it is clear that fo € By (cf. Proposition 8.12 in [15]).
If

27 ot
Lo(r) = /0 |fo(re®)[2d0 = 21y a2 2,
1

we argue in the same way as in the second half of the proof of Theorem 2.3
to deduce that

Lo(r) > 2rh(r)(1 —7) 2™ = Ch(r)(1 —r) 72, r € [3/4,1).
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It follows that
1
/ / ()P log(1/]2]))dA(z) > C / h(r) K (log(1/r))(1 — %) "2rdr = oo.
A 3/4

Hence fy € By \ Qk,0, which shows that Qx o ; By and finishes the proof of
Theorem 2.5. O

In a natural way, the Bloch space B is the largest Mobius-invariant subspace
in the linear space of analytic functions on A equipped with the topology
of uniform convergence on compact sets (cf. Rubel and Timoney [17] and
Arazy, Fisher and Peetre [1]). In our work, this is clear, since Qx C B holds
for all nondecreasing functions K. The smallest Mobius-invariant subspace
in our scale is the Dirichlet space D (modulo constants) under the norm

I fllo = {if |f'(2)[2dA(2)}/? (cf. Remark 2).

THEOREM 2.6. Let K1 < K in (0,1) and assume that K1(r)/Ka(r) — 0
as r — 0 and that the integral in (2.5) is divergent when K = Ky. Then

Qr, & Qxk, -

COROLLARY 2.4.

(i) (¢f [B]) Qs S Qg 0<s<g<1.
(ii) D C Qk. Furthermore, we have D = Q if and only if K(0) > 0.
(iii) Let

t/|logt t<1
K(t) = /|logt], 0<t<1/e,
t, t>1/e.

Then BMOA = Q1 G Qk & B.

Proof of Corollary 2.4. (i) Choose Ko(r) = r® and K;(r) = r? and apply
Theorem 2.6.

(ii) If K(0) > 0, it is an immediate consequence of Theorem 2.1 that
Qxr = Qk) = D. Conversely, if K(0) = 0, we choose Ks(r) = K(1) and
K1 (r) = K(r) and apply Theorem 2.6 to conclude that D G Q.

(iii) We choose K;(t) = K(t) and K5(t) = ¢t and apply Theorem 2.6 to
conclude that BMOA G Q. From Proposition 2.1(ii), we know that Qx C
B. With K as above, the integral (2.5) is divergent. It is now clear from
Theorem 2.3 that Qx S B. O

Proof of Theorem 2.6. We note first that it is clear that Qx, C Qk,. We
assume that Qg, = Qk, and apply the open mapping theorem (cf. 1.1.4 in
[23]), which tells us that the identity map from one of these spaces into the
other one is continuous. Thus there exists a constant C' such that || - ||k, <
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Cll |, If K1(t) < (2C)"1K3(t), 0 < t < tg, we can choose 79 = e~ % and
deduce that if f € Qk,, then

sup / (22K (g2, a))dA(2)

< Csup / ()P (g(2, a))dA(2)
aEAA(a 70)

—sup/ |f'(2) P K2(g(z,a))dA().

a€A

Consequently,

/ lf' (= |2K2( (2,a))dA(z) < 2C sup //A( : 2K1( (z,a))dA(z).

a€A

Since Qg, C B, we use the fact that we must have f € B to deduce that the
right hand side of this inequality is majorized by

o
1xCIf1% [ H(1 =€) K log(1/)dt
0
Hence there exists a constant C’ such that

sup [ [ 1) Kaloza)dAe) < Ol f € Qe
a€A A

If h € B and h.(z) = h(rz),0 < r < 1, then ||h.||g < ||h|s. Since h, €
®RK,, 0 < r < 1, we can choose f = h, in this inequality. Using Fatou’s
lemma, we deduce that

sup / W ()P Kalg(z a)dA(z) < C' 1|3, heB.
A

a€A

We have proved that if h € B, then h € Q,, which means that Qr, = B.
It follows from Theorem 2.3 that the integral (2.5) with K = K3 must be
convergent, which contradicts our assumptions. We conclude that we must
have Qx, g @k, - This finishes the proof of Theorem 2.6. (]

THEOREM 2.7. D C Qk,o if and only if K(0) = 0.

An immediate consequence of Theorem 2.7 is that we have D C @, for
all p, 0 < p < 0.
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Proof of Theorem 2.7. Let us first assume that K(0) = 0 and that f € D.
For 0 < r < 1 we have

£ P K(g(z0) dA()
A\A(a,r)
< Kog(1/r) [ 17/ dA) < K (log(1/r)
A\A(a,r)

For given ¢ > 0 we recall our assumption that K is right-continuous and
K(0) = 0. We can choose an 19, 0 < 79 < 1, such that

[f'(2)PK(9(2,a)) dA(2) < || fII DK (log(1/r0)) < e
A\A(a,ro)

for all a € A.

It is easy to see that f € By if f € D (see the proof of Theorem 2.4). Thus,
for € > 0 given, we can find §() such that | f/(2)|(1—|2|?) < eif 1—|2] < 6(e).
For |a| close to 1, we deduce that

// (22K (g(2, a)) dA(2) < &2 //K 2 a))(1 — |2[2)"2dA(2)

(a,ro)

=¢? / K(log(1/|w]))(1 — |w|?)"2dA(w) = Const - £2.

\w\<r0

T Z [17 P 0) dAG) -

which means that f € Qg o.
Conversely, assuming that K(0) > 0 and that f € D, we see that

//\f JPdA(z) < K(0 //\f 2K (g(2a))dA(2).

Thus, if f € D is nonconstant, we must have f ¢ Qg o because if f € Qk,0
we would have

Hence

// If'(2)PK(g(2,a))dA(z) — 0, |a| — 1.
A

We have thus proved Theorem 2.7. O

For a € [0,00), we let B* denote the space of all functions f € H(A)
satisfying
I£lls> = sup(1 — [2[*)*|'(2)] < co.
zEA
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It is well known that if « € [0,1), B* will coincide with the classical (1 — «)-
Lipschitz class (cf. Theorem 5.1 in [8]). We mention the following result of
Yamashita (cf. [21]).

THEOREM Y1. Let f(z) = Y "a;jz", where nji1/n; > X > 1,j =
1,2,.... Then f € B*,0 < a < o0, if and only if
(2.9) sup |aj\n}_°‘ < 00.
jEN
The following discussion of the relation between a-Bloch spaces B® and

Q k-spaces will also give us several examples of functions in Qg for different
kernels K.

THEOREM 2.8. Let1/2 < « < 1. The following statements are equivalent:
(i) We have

(2.10) I(K,o) = /0 K(log(1/r))(1 — r?)"2%rdr < occ.

(ii) B* C Qkypo-

(iii) B* C Qk-.

Furthermore, we have:

(iv) Let f(2) = falz) = 3200, 27907022 [f (2.10) holds, then f € Q.
Conversely, if (2.10) does not hold, then f ¢ Q.

We note that if 0 < a < 1/2, then B C D C Qg, where the last inclusion
is a consequence of Corollary 2.4(ii). If it is also known that K(0) = 0, then
by Theorem 2.7 we have B* C Q0.

Proof of Theorem 2.8. Assume that (2.10) holds. Changing variables in
the integral, we see (with |w| = r and f € B%) that

[ rerEGeapac < 5. [[ 0= 6P K a)aae

1
11713 / K (log(1/r)(1 — %)~ I(r, a)rdr,

2m _ 2\2—2«
I(ra) = / A =)™ o
0

|1 _ drei0|474a :
Let ¢ be a small positive number. If » < 1 — 4, it is clear that I(r,«) tends
to 0 uniformly as |a|] — 1. For {1 —§ < r < 1} and |a| near 1, we have the
following estimates of I(r, a):
(a) I(r,a) <C(1 —|a])?72, 3/4<a<],
(b) I(r,a) < C(1~lal)}/*logm/(1 ~ |al), a=3/4,
(c) I(r,a) <C(1—|a))?*7 1, 1/2<a<3/4.

where
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Thus, if 1/2 < o < 1, I(r, «) is bounded and the integral over the interval
{1 -8 <r < 1} is majorized by

1
Const- | K(log(1/r))(1 — %) ~**rdr.
1-6

Since (2.10) holds, this expression can be made as small as we like by choosing
0 close to 0. It follows that f € Qk . We have thus proved that (ii) follows
from (i).

It is clear that (ii) = (iii). To prove that (iii) = (i), let us assume that
B* C Q. Here, we need the following result of J. Xiao (c¢f. Theorem 2.1.1
in [20]).

THEOREM X. Let o € (0,00). Then there are f1, fo in B* with
(2.11) @I+ = A=) zeA

For a = 1, this is proved in Ramey and Ullrich [16] via a study of gap
series. Combining this technique with Theorem Y1, Xiao proved Theorem X.

Let f; and fy be as in Theorem X. Our assumptions show that these
functions will also be in Q g, and we see that

0> 2 / /A (A2 + 1522V (log(1/|2]))dA(2)
> / /A (F1(2)] + 1/5(2))? K (log((1/|2]))dA(=)
e / /A (1~ =) 2 K (log(1/|2]))dA(z)

_c /0 (1= r2)~20 K (log(1/r))rdr.

Hence (2.10) holds for 1/2 < oo < 1 and we have proved (i).

To prove (iv), we apply Theorem Y1 to deduce that f, € B> If 1/2 <
a < 1, it follows from the first part of the theorem that if (2.10) holds, then
foz S QK,O~

Let us now assume that 1/2 < a < 1 and that I(K,a) = co. Arguing as
in the proofs of Theorems 2.3 and 2.5, we wish to estimate

27 o0 .
L(r) = / £ (re®)2d = 2 Y 2720 =2,
0

Jj=1
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For r € [3/4,1), we find k so that 1/2 < 2¥(1 —r) < 1. Using the inequality
logr >2(r—1),1/2 <r < 1, we see that

(1—r)L(r) >2W§:2317r “exp (—27F2(1 — 7))

> 920+l Z 2 =k)(20) oy, (—2i—k+2)
j=1

> 2oty Z(sza exp (—2772)) = C.
0

Hence
/ |1 (2)]> K (log(1/|2]))dA(z / K(log(1/r))L(r)rdr
1
> C’/ (1 —r?)72 K (log(1/r))rdr.
3/4
If the last integral is divergent, we conclude that f, ¢ Qk. This concludes
the proof of Theorem 2.8. (]

REMARK 4. Theorems Y1 and 2.8 and Corollary 2.4(i) should be com-
pared to Theorem 6 in Aulaskari, Xiao and Zhao [5], which says that the gap
series

z):ZakZ"’“, ngr1/ng >A>1, k=0,1,...,

isin @Qp, 0 < p < 1, if and only if

ZQ’“U*”) Z |aj|2<oo,
k=1 n;€I(k)

where I(k) = {n : 28 < n < 28! n € N}. These results are used in [5] to
prove that

(2.12) Q:sGQp 0<s<g<l.

One generalization of (2.12) was given in Theorem 2.6. Theorem 2.8 can
be used to give another generalization of this fact. If K1 < K5 in the interval
(0,1), it is known that Qk, C Qk,. Under what conditions on the kernels is
this inclusion strict?

COROLLARY 2.5. Let K1 < Ky in (0,1) and assume that for some a €
[1/2,1), I(Ky, ) is finite while I(Ka, ) is infinite. Then Qr, & Qk, -

Proof. 1t follows from Theorem 2.8 that B* ¢ Qk, and that B C Qg,. O
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To see that Corollary 2.5 is a generalization of (2.12), we note that if
K(t) = K,(t) =t?, 0 < p < 1, then I(K,, «) is finite if p > 2o — 1 and infinite
if p <2a —1. Choosing « € [1/2,1) such that s < 2a — 1 < ¢, and applying
Corollary 2.5 to K, < K, we obtain (2.12).

THEOREM 2.9. log(1l — z) € Qk if and only if
1
(2.13) / (1 —r?) " K (log(1/7))rdr < cc.
0
Choosing K (t) = t?, we obtain:
COROLLARY 2.6. log(l—z) € Q, for all p € (0,00).

Proof of Theorem 2.9. A classical rearrangement theorem of Hardy (cf.
10.2 and 10.13 in [12]) tells us that

sup [ a1 (s (1)) 460

A

is assumed for 0 < a < 1. For a in this range, a change of variables in this
integral gives the expression

1 27 2
/ K(log(l/r))rdr/ (1 +a)°df
0 0

1+ re?|2|1 — arei?|2”

A computation shows that the supremum over a of the inner integral is (mod-
ulo constants) essentially (1 —7)~!, and the theorem is proved. O

COROLLARY 2.7. If (2.13) holds, then Qk o G Qk.
Proof. By Theorems 2.4 and 2.9, we have log(1 — 2) € Qk \ Bo C Qx \
QK 0- O

We do not know whether we have Qx 0 = Qx when (2.13) does not hold.

In Essén and Xiao [10], some relations between the spaces (), and the mean
Lipschitz spaces A(p, ) were discussed. Here, A(p, «), a € [0,1], consists of
functions f analytic in A satisfying

£, = O =r)*7h), r — 1,
where f(e??) = f'(re??) and

) 1/p
2 i0\|p
1fll, = ( o If(e )|‘9d0) ;o 0<p<oo,
essg sup | f(e")], P = 00.

It is easy to see that log(1 — 2) € A(2p, ) for 0 < o < 1/2p with 1 < p < o0,
and that log(1l — z) & By. By Theorem 2.4(i) we have Qx o C By. It follows
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that
A2p,a) ¢ () Quo
1-2a<q<1
for a € (0,1/2p) with p € [1,00). This answers in the negative a question
asked in the remark on p. 187 of [10].

While the function log(1l — z) is univalent in the unit disk, the gap series
of Theorem 2.7(iv) is “oco-valued” there. Comparing (2.5) of Theorem 2.3
with (2.13) of Theorem 2.9, it is natural to conjecture that a much weaker
assumption on K is needed to prove that f € B is in Qg if we also assume
that f is univalent. We shall study the relation between univalent (or ¢g-valent)
functions and @ x-classes in a separate paper.

3. The meromorphic case: Qf&( classes

It is necessary to know for which functions K the classes Qﬁ will be triv-
ial. Here, the square of the spherical derivative f#(z)? is not necessarily
subharmonic, so the proof of Proposition 2.1(ii) does not work. The following
theorem also answers a question of Wu and Wulan (cf. [18, Remark 2]).

THEOREM 3.1. If the integral (2.1) is divergent, then the space Qﬁ con-
tains only constant functions.

Proof. Let f, = fop,. If Q}#{ is not trivial, we may assume that f € Qﬁ
is a nonconstant meromorphic function in A and we can find a € A such that
f#(a) > 0. Consequently, f#(0) = f#(a)(1 — |a|?) > 0. By the continuity of
f#, we can find a positive number r such that f#(w) > f#(0)/2 in A(0,7).
It follows that

[ @xGEaaae = [[ 7#0K e ) dae)
Ala,r)

A

- / / S#2(w)K (log 1/|w]) dA(w)
Jw|<r

> (n/2)f(0) [ pK(log(1/p)dp = oc.
0
This is a contradiction, and the proof is complete. O

Again, we assume from now on that the function K is right-continuous and
nondecreasing and that the integral (2.1) is convergent. We are interested in
the class of normal functions

N ={ e M@ 15l = sup - )7 (2) < o0 )
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and the class of spherical Bloch functions

B#* =< fe M(A): sup // f#z(z) dA(z) < oo for some r € (0,1)
acA
Al(a,r)
We clearly have N' C B#. In the analytic case, we know that the correspond-
ing definitions with f#(z) replaced by |f’(z)| both give the space of Bloch
functions B. In the meromorphic case, the situation is different. There exists
a locally univalent and analytic function fo € B# \ N (cf. Lappan [13]). S.
Yamashita [22] proved that there is an essential difference between N and B#:

THEOREM Y2. A meromorphic function f belongs to N if and only if

sup / / FEA(2) dA(z) < 7

a€A
Aa,r)

for some r € (0,1).

REMARK 5. What can we say about the meromorphic analogue of Corol-
lary 2.17 Is the condition that there exists € (0,1) such that

(3.1) sup [ PR (9 a)dA) < o0
a€A A(a,r)
necessary and sufficient for f € B#?

If (3.1) holds, we argue as in the proof of Corollary 2.1 to conclude that
we must have f € B#. In particular, it follows that Q}f C B*. (In the
analytic case, we have Qg C B.) Conversely, if we assume that f € B# and
that K is bounded, it is easy to see that (3.1) will hold. If K is unbounded
and f € B# \ N, we claim that the supremum in (3.1) will be infinite for all

r € (0,1). To prove the claim, we note that it follows from Theorem Y2 that
if f € B¥ \ NV, then

sup // f#(2)%dA(z) > for all r € (0, 1).
A(a,r)

a€A

If 0 < p < r, we see that
[[ rerkeaaac = ko)) [[ r#eraae).
A(a,r) A(a,p)

Using the observation above, we deduce that
swp [ PR (90 )dA) 2 7K (og(1/p). 0 <p<r
a€A A(a,r)

Letting p — 0, we conclude that (3.1) cannot hold for any r € (0,1) which
proves our claim.
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We conclude that (3.1) is a sufficient condition for f € B#. It is also a
necessary condition when K is bounded, but not when K is unbounded.

Finally, if we assume that f € A, it is easy to prove that (3.1) will hold
(see the proof of Theorem 3.3(ii) below).

We note that Theorem 2.1 and Theorem 2.2 do not remain valid in the
meromorphic case and that it can occur that Qﬁ ¢ N. We quote a theorem
from Wu and Wulan [18], a result which in turn is an immediate consequence
of the main result in Aulaskari, Wulan and Zhao [4].

THEOREM WW. Let 0 < p < oo. Assume that K is bounded and that
K(r) = O(r?) as r — 0. Then there exists a non-normal function fo € Q7.

Which additional conditions on K are required for the inclusion Q}t CN?
When are the classes Q’fﬁ and Qt identical for K7 # K57 The following
relevant result was proved in [18].

PROPOSITION 3.1.  Assume that K(r) — 0o as r — co. Then Qﬁ CN.

If the function K is bounded, Theorem WW tells us that Qﬁ C N does
not hold in the general case. However, we have the following result:

THEOREM 3.2. Assume that K(oo) =1. Then f € N if and only if

(3.2) sup / / P22 K (g(2.0)) dA(z) < 7,
Al(a,r)

for some r € (0,1).

Proof. Suppose that f is a normal function. Then for 0 < r < 1,

(3.3) / / K (g(z.0)) dAG) < 115 / / (1~ 2[%) 2K (g(z a))dA(2)
A(a,r) Ala,r)
T / / (1 [w]?) 2K (log —)dA(w)

|w]
|w|<r

< 2| f[13,(1 — 122 / K (log(1/p)) pdp.
Since .
/0 K(log(1/p)) pdp — 0, r— 0,

we may choose r small enough such that the left hand member in the first
inequality in (3.3) is less than 7/2 . Thus (3.2) holds.
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Conversely, let C(< ) be the supremum in (3.2) assumed for some ry €
(0,1). Now consider r € (0,rg). Since A(a,r) ={z € A: g(z,a) > log(1/r)},

// F#%(2) dA(z) < (K (log(1/7))) // 72(2) La)) dA(z)

A(a,r) A(a,ro)
< C (K(log(1/r) ' <

if 7 is small enough. Hence f € AN according to Theorem Y2. The proof is
complete. O

COROLLARY 3.1. Assume that K(oco)=1. If f € Qf&( and

sup / [ 7Kg0 dAG) < 7.

then f € N.
The meromorphic analogue of Theorem 2.1 is given by the following result:

THEOREM 3.3. Assume that K(1) > 0 and set Ki(r) = inf(K(r), K(1)).

(i) If K is bounded, then Q’;ﬁ = Qf(l
(ii) If K is unbounded, then Qﬁ =NnN Qf{l'

Proof. (i) If K is bounded, we have

and it is clear that Q}f = Qﬁl.

(ii) By Proposition 3.1, we have Qﬁ c NN Qﬁl . Now assume that
fe NQQ?;. We note that K(g(z,a)) = K1(g(z,a)) in A\ A(a,1/e). (In this
domain, we have g(z,a) < 1.) To compare the two suprema in the integrals

defining Qﬁ and Qﬁl, it suffices to deal with integrals over A(a,1/e). Using
our assumption that f € N, we see that
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[ rerraeadae
A(a,l/e)
U [ = 1P) 2K (g 0) dAG)
A(a,l/e)

Il [ (= ) 2K g 1/w) dA(w)
A(0,1/e)
1/e
— 2| 3 / r(1— 2) 2K (log(1/r)) dr.
0

The right hand member gives a bound for the supremum over a € A of the
first term in this chain of inequalities. Hence f € Qfﬁ( and Theorem 3.3 is
proved. O

Next, we state conditions on K7 and K5 which imply that Qil = Qﬁz.

THEOREM 3.4. Assume that K1 and Ko are either both bounded or both
unbounded and that K1(r) = Ky(r) asr — 0. Then Qf}l = QﬁQ

COROLLARY 3.3. Let 0 < p < oo and assume furthermore that K is
bounded and that K(r) ~rP asr — 0. Then Q}#{ = M.

Combining Theorems 3.3 and 3.4 and Corollary 3.3, we obtain (cf. Theorem
2.2.2 in Wulan [19]):

COROLLARY 3.4. Let 0 < p < oo and assume furthermore that K is
unbounded and that K (r) ~r? asr — 0. Then Q% = QFf =NNM¥.

Proof of Theorem 8.4. We define K; 1(r) = inf(K,(r), K;(1)), i = 1,2. If
K; and Ky are bounded, it follows from our assumptions that 0 < ¢ <
Kq(r)/Ka(r) < ¢ < 00,0 <7 <00, and it is clear that we have Q#l = Qf&{?.
If K; and K> are unbounded, we use Theorem 3.3 to deduce that

# o # #
QKI =NnN QK1,1 =NN QK2,1 - QKz'
We thus have proved Theorem 3.4. O

THEOREM 3.5.
(i) If K is unbounded and (2.5) holds, then#Qﬁ =N.
(ii) If K is bounded and (2.5) holds, then Q7. = B¥. .
(iii) In (i) (resp. (ii)), (2.5) is a necessary condition for Q% = N
(resp. Qf} = B¥).
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COROLLARY 3.5 (Aulaskari and Lappan [2] and Wulan [19]).

(i) Qf:J\fwhenp>l ande SN when 0 <p<1.
(i) M} = B# when p>1 and M} G B* when 0 <p <1.

Proof of Theorem 3.5. (i) By Proposition 3.1 we have Qﬁ c N. Con-
versely, if f € N, we know that f#(z) < Const - (1 —|2|?)~! and we can use
the argument in the proof of Theorem 2.3 to prove that f € Qﬁ.

(ii) By Remark 5 we have Qﬁ C B#. It suffices to prove that B# C Q}%.
If f € B¥, there exists 7 € (0,1) such that

(3.4) / f#(2)?dA(z) < B < oo, for all a € A.
Al(a,r)

Let us first prove that there exists a constant C; depending on r and K (see
below) such that

(3:5) [ ## @2 K081 1)aA) < BIK]w + O,

Our first observation in the proof of this estimate is that

[ ##GrRG0s/10)aAG) < BIK]
|z]<r
Let Q, ={z:1—-(1—-7)" < |z|] <1—(1—-7r)""}. We wish to cover
Q,, with disks A(a,r) with |a| = 1 — (1 — 7)"*L; it suffices to use roughly

C(r(1 — r)»*1) =1 such disks, where C is an absolute constant, n = 1,2,....
Hence

/ 1#(2)2K (log(1/]2]))dA(2)

< K(log 37— 5 BO((1 =)™t )™

< K((1=r)"y(r)BO(r(1 —r)" )~

where v(r) = (1 — r)~log(1/r). It follows that
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[ £#2Kos1/1e0)aAc)

r<|z|<1
< BCr~ 12 LR ((1 = 1) y(r)

1
< BCr—2(1—r)72 /t_gK(t’y(r))dt
0
v(r)

= BCy(r)r=2(1 —r) 2/ s2K(s)ds = Oy < 0.
0

The convergence of the integral follows from (2.5). We have proved that (3.5)
holds for all f € B# satisfying (3.4). Since for all b € A,

o [fuearterane = [ st =5
Ala,r)

it follows from (3.4) and (3.5) with f# replaced by (f o ¢p)# that

Sup/ f#(2)°K (log

beA
A

1
a4

— sup / / (f o 90)#(2)°K (log 1/]2]))dA(2) < Cy + B K .

beA
A
This proves Theorem 3.5(ii).

(iii) By Lappan and Xiao [14], there exist functions f; and f in N such
that

(3.6) co = inf (1= [z)(f] F(2)+ 15 (2) > 0.
If Q% = N or Q% = B# D> N, we have

00 > sup // (22 + fF (DK (g2, 0))dA(z)

a€A

= 2
_// (fl (Z)+f2 (2))2K (g(z,0))dA(z)

@/ [[ (1=K 0)aA)

= wco/o (1 —r%) 2K (log(1/r))rdr.

Hence (2.5) holds which finishes the proof of Theorem 3.5(iii). O

| V

| V
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REMARK 6. There is an analogue of (3.6) for Bloch functions with the
spherical derivatives f7 and f7 replaced by |f| and |f}| (cf. Proposition 5.4
in Ramey and Ullrich [16]), which could have been used in the proof of the
necessity of (2.5) in Theorem 2.3 instead of the direct argument which we
used. The proofs of Proposition 5.4 in [16] and Theorem X are related. The
proof of (3.6) in [14] is different.

Finally we consider the classes

BY ={ feM() :|11m1//f# 2dA(z) =0 for some r € (0,1) ¢,
A(a,r)

feMma :hm//f# Ja))dA(z) =0 p,

|a]—1

#
QK,O

No={feM@A): (1~ )f#(Z)HO, 2| — 1},
and the spherical Dirichlet class

D#* =< fe M(A) :/ f#(2)2dA(z) < o0

By Lemma 3.2 in Yamashita [22] we have Ny = B#. Arguing as in the proof
of Theorem 2.4, we deduce:

THEOREM 3.6. Q?O C B =No.
THEOREM 3.7. If (2.5) holds, then QY o = No.

REMARK 7. It suffices to prove that Ny C Qﬁo. We deduce this using
the same argument as in the first part of the proof of Theorem 2.5. We note
that in this argument, the growth of K at infinity is unimportant since we
have Ny = B# )

We have the following analogue of Corollary 2.4(ii) and Theorem 2.7. Our
classes are not linear and we cannot use the open mapping theorem.

THEOREM 3.8.

(i) If K(0) > 0, then D#* = Q%.

(i) D# C QF, if and only if K(0) = 0.

(iii) Assume that Q7 # Q¥ . If D¥* = Q% then K(0) > 0.
(iv) If D* = Qf; = Q.. then K(0) = 0.
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We do not know whether the situation in (iv) can ever occur (see the
question after Corollary 2.7).

Proof of Theorem 3.8. To prove (i), we assume that K(0) > 0 and note
that D# C BY = Ny C N. If K is bounded, it is clear that Q% = D#. If K
is unbounded, we use Theorem 3.3 and the fact that Qﬁl = D# (we use the

notation of Theorem 3.3) to deduce that Q?&( =Nn Qﬁl = N ND# = D#.
This finishes the proof of (i).

The proof of (ii) uses the same argument as the proof of Theorem 2.7 except
that we again use the fact that D¥ C B# = No.

To prove (iii), we note that our assumptions imply that D# ¢ Q?&(,o and
use (ii).

If the assumptions of (iv) hold, we have D¥ C Q}?O, and the conclusion
follows from (ii). O

COROLLARY 3.6. D# C Qﬁo for all p, 0 < p < oo.
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