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MODULUS OF CONTINUITY OF THE MAZUR MAP
BETWEEN UNIT BALLS OF ORLICZ SPACES AND
APPROXIMATION BY HOLDER MAPPINGS

SYLVAIN DELPECH

ABSTRACT. Under some regularity assumptions, we compute the mod-
ulus of continuity of the generalized Mazur map between unit balls of
Orlicz spaces. Our estimate coincides with the known estimates in the
setting of Lj(u)-spaces. We apply this estimate to approximate uni-
formly continuous mappings between balls of reflexive Orlicz spaces by
a-Holder maps, with o as large as possible. We also relate this opti-
mal value of a to the Boyd indices of the spaces and to the problem of
isomorphic extension of Holder maps.

1. Introduction

Concerning the uniform classification of the unit spheres of infinite-dimen-
sional Banach spaces (see [2, p. 197]), the most general result known is due
to F. Chaatit [3]. Quantitative versions of this result assert that if X and
Y are separable infinite-dimensional Banach lattices which admit ¢- and ¢'-
concavity constants Cy(X) < oo and Cy(Y) < oo for some ¢,¢ < oo, then
there exists a uniform homeomorphism between the unit spheres, F': S(X) —
S(Y), such that F and F~! have moduli of continuity which depend only
on ¢,q,Cy(X) and Cy(Y). Recall that the modulus of continuity w; of
a map f : (X,dx) — (Y,dy) between two metric spaces is the function
wr(t) = sup{dy (f(x), f(y)) : x,y € X and dx(z,y) < t}. If wy(t) < Ct* for
some constant C' and « € (0, 1], we say that f is a-Holder; if this holds with
a =1, we say that f is Lipschitz.

Historically, as mentioned in [2], the earliest result in this setting has been
obtained using the Mazur map (see [12]), which is an explicit uniform home-
omorphism, with explicit modulus of continuity, between the unit spheres of
different L, (u)-spaces, for p > 1. More precisely, consider a measure y and fix
1 <p,q < oo. Suppose that L,(p) is infinite-dimensional. Define the Mazur

map ¢pq ¢ Lp() — Lg(p) by ¢pe(z) = |z|P/Isign(x). Then ¢,, provides a
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uniform homeomorphism between the unit spheres such that qb;ql = ¢gp and
¢pq is Lipschitz on the unit sphere if p > ¢, and p/¢-Holder if p < ¢. If v is
another measure such that L,(u) and L,(v) have the same density character,
then, as Lo(p) and Lo(v) are isometric, the Mazur map provides a uniform
homeomorphism between the unit spheres of L,(u) and L,(v). Weston [17]
remarked that the properties of the modulus of continuity of ¢,, remain valid
when 0 < p,q < 1.

The explicit knowledge of the modulus of continuity of ¢,, plays a key role
in the proof of a result due to I. G. Tsatkov [16] (see also [2, p. 36]) on the
uniform approximation of uniformly continuous mappings from the unit ball
of L,(u) to Ly(v) by a-Holder mappings, with a € (0, 1] as large as possible.
We give a precise statement of this result in Section 3.

Our aim here is to obtain similar results in the setting of Orlicz spaces. Let
M and N be two Orlicz functions and let u be a measure. Following an idea
of M. S. Kaczmarz [8] we consider the map éan : Lyr(n) — Ly (u) defined
by éamn(z) = N7t o M(|z|)sign(xz). Under some regularity assumptions on
N~10o M, we obtain that ¢, is again an explicit uniform homeomorphism
between the closed unit balls, with explicit modulus of continuity. Moreover,
as ¢y maps the unit sphere of Ly (u) onto the unit sphere of Ly (), it is
in fact a uniform homeomorphism between the unit spheres.

E. Odell and T. Schlumprecht [15] gave a very general version of the Mazur
map. Using our explicit form for maps between Orlicz spaces, we are able to
compute directly the modulus of continuity of ¢,y without factorization
through any other space. Thus we obtain a similar modulus of continuity as
the one for ¢,, in the setting of L,-spaces. In agreement with F. Chaatit
[3], the moduli of continuity of ¢psn and ngT/[lN = ¢nyn depend only on the
p-convexity and the g-concavity of the spaces. The explicit knowledge of these
moduli of continuity then leads to an approximation result in the setting of
Orlicz spaces which can be related to the above-mentioned result of Tsarkov.

This paper is organized as follows. In Section 2, we recall some results
about Orlicz spaces and we state our main result. Section 3 deals with the
uniform approximation of uniformly continuous mappings between balls of
Orlicz spaces. Section 4 is devoted to the problem of isomorphic extension of
Holder maps.

2. Orlicz spaces and statement of the main result

Orlicz spaces. We recall here some definitions and basic facts about Orlicz
spaces. For further details, see [4] and [9)].
Let M : R — R be such that

(i) M is even, convex and continuous,
(i) M(1) =1, and M(u) = 0 if and only if u = 0,
(i) M(u)/u — 0 as u— 0 and M(u)/u — oo as u — oo.
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Then M is called an Orlicz function. Such a function admits a non-decreasing
right derivative, which we denote by M}, and satisfies M (u) = ;" M/(t)dt for
all ©w > 0.

Let (G, %, i) be a measure space. For a p-measurable function x on G we
define its modulus by

pula) = [ Ma(e)dn(o
We define the Orlicz space by
Ly (G) =A{z: ppr(Ax) < oo for some A > 0}
and the Luxemburg norm by
llz|lar = nf {\ > 0: ppr(z/A) < 1}.

The space (L (G), | - ||ar) is a Banach space.

We say that M satisfies condition A9 (resp. A$°), and we write M € A
(resp. M € A3°), if there exist up > 0 and K > 1 such that M (2u) < KM (u)
for all 0 < u < ug (resp. u > wug). If there exists K > 1 such that M (2u) <
KM (u) for all uw > 0, then M € AY and M € AS® and we say that M satisfies
condition As everywhere.

Recall that, by the definition of the norm and by Fatou’s theorem, we have
pa(x/||z||ar) < 1if ||x]|ar > 0. The equality sign occurs when M satisfies the
appropriate Ay condition, but this no longer holds if M ¢ A, (see [9, p. 78]).

Two Orlicz functions My and Mj are equivalent at 0 (resp. at co) if there
exist constants C' > 1 and ug > 0 such that C~1My(u) < M;(u) < CMs(u)
for all 0 < u < ug (resp. u > ug). If My and My are equivalent at 0 and at
oo, we say that My and My are equivalent everywhere.

We are mainly interested in the following three cases: G = [0,1] or G =
(0, 00) with p the Lebesgue measure on G, or G = N with u the counting mea-
sure. The study of Lj/[0,1] is associated with A$® and with the equivalence
at oo; that of Ly (N) is associated with A and the equivalence at 0; similarly,
the study of Ly (0, 00) is related to Ag everywhere and to the equivalence ev-
erywhere. In the following, G will always be one of the above three sets. We
denote by A§ the corresponding A, condition, and by ~¢ the corresponding
equivalence of Orlicz functions. A set I C R is called corresponding to the
Orlicz spaces built on G if, when G = [0, 1] (resp. G = N), there exists ug > 0
such that I = (ug,00) (resp. I = (0,up)), and, when G = (0, 00), there exist
ug, u1 > 0 such that I = (0,ug) U (u,00).

When M € AY, we have

Ly (G) ={z: pp(Ax) < oo for all A > 0}.

If My ~g Ms, then Ly, (G) and Ly, (G) are isomorphic and the identity map
is an isomorphism.
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We denote by M*(v) = sup{uv — M(u) : v € R} the complementary
function of M. The function M™ is also an Orlicz function. When the spaces
are endowed with the Luxemburg norm, we have the following version of the
Hélder inequality: For all z € Ly(G) and y € Ly+(G) we have

[ a®u®du(v) < 2lelaalylr-

The constant 2 appears here because the usual Holder inequality uses another,
equivalent, norm on Ly (G) (see [9, p. 80]).

It is known that L/ (G) is reflexive if and only if M € A§ and M* € AS.
We denote by M € AS N VS this last condition.

We recall next the notions of p-convexity and p-concavity; we refer to [6],
[7] and [10] for more details.

Let (X,]|.]]) be a Banach lattice and let 1 < p < co. We say that X is
p-convex if there exists a constant CP(X) < oo so that for every choice of
vectors {z;}_; we have

n 1/p n 1/p
(Z |in”> < CP(X) (Z ||in|’”> :

i=1

We say that X is p-concave if there exists a constant C},(X) so that the reverse
inequality holds.

The following notions can be found in [6, p. 88]. Note that the setting of [6]
is more general than our definition of Orlicz functions. We call quasi-Orlicz
function every non-decreasing continuous function ¢ defined for v > 0 such
that ¢(0) = 0 and ¢(1) = 1. In [6] such functions are called Orlicz functions.
Here we work with Banach spaces Lj(G) with convex functions M.

Given 0 < a < § < 00, a quasi-Orlicz function ¢ is said to be a-convex
(resp. (B-concave) if p(u'/®) is a convex function (resp. if ¢(u'/?) is a concave
function) of u > 0.

As stated in [7, p. 168], for an Orlicz function M, the Banach lattice Ly, (G)
is p-convex (resp. g-concave) if and only if there exists a p-convex (resp. ¢-
concave) Orlicz function M such that M ~¢g M. This occurs if and only if
M € AS (resp. M* € AY).

DEFINITION 2.1. Let 0 < a < 3 < o0 and G € {[0,1],(0,00),N}. A
quasi-Orlicz function ¢ is said to be in the class K(a, ) if ¢(u)/u® is a non-
decreasing function of u > 0 and if ¢(u)/u” is a non-increasing function of
u > 0. For G € {[0,1], (0,00),N}, ¢ is said to be in the class Kg(«, 3) if the
above statements hold for u in a neighbourhood corresponding to the Orlicz
spaces built on G.

REMARK 2.2. (i) If M is an Orlicz function such that M € AFNVE, then
there exist o and 3 such that M € Kg(a, ).
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(ii) A quasi-Orlicz function which is a-convex and [-concave belongs to the
class K(a, 8) and thus to the classes Kg(a, §) for all G € {[0,1], (0, 00), N}.

(iii) A quasi-Orlicz function ¢ with continuous derivative belongs to the
class Kg(a, 8) if and only if there exists a neighbourhood V' corresponding to
the Orlicz spaces built on G such that

(2.1) a <up' (u)/pu) <8, forallu e V.

The equivalence of quasi-Orlicz functions is defined in the same way as that
of Orlicz functions. We have the following result.

PROPOSITION 2.3 ([6, p. 89]). Let 0 < a < 3 < oo and let ¢ be a quasi-
Orlicz function which belongs to the class Kg(a, B). Then there exists an
a-convex and [3-concave quasi-Orlicz function ¢ (so that ¢ € K(«, )), with
continuous second derivative, such that ¢ ~g @. Moreover, ¢ satisfies (2.1)
for all uw > 0.

The main result. As above, let G denote one of the sets [0,1], N, and
(0,00), with the associated measure p.
Let M and N be two Orlicz functions. We consider the mapping

oun : Ly (G) — Ln(G),
r+— ¢yn () = N7t o M(|2|) sign(z).

We denote by ¢ the quasi-Orlicz function N~! o M associated to ¢p;y. The
inverse ¢E{1N = ¢nm : Ln(G) — Ly (G) is associated to the quasi-Orlicz
function ¢! = M~! o N. Denote by By (G), Bn(G) the closed unit balls,
and by Sy (G), Sy (G) the unit spheres.

THEOREM 2.4. Suppose that the quasi-Orlicz function ¢ = N~1 o M is in
the class K(a, B). Then ¢ is a A1-Hélder on By (G) and ¢y = dnar is
(1/8) A 1-Hélder on Bn(G).

Before proving Theorem 2.4 we make some comments and we state a corol-
lary.

As mentioned above, ¢y maps Sy (G) onto Sy(G) and provides a uni-
form homeomorphism between unit spheres. Indeed, if ||z||ps = 1, then Fa-
tou’s theorem ensures that ||y (2)||ny < 1, and a direct computation shows
that in fact ||y (2)||v = 1.

According to [3] and [15], the homeomorphy of the unit spheres of Ly (G)
and Ly (G) is well known when M, N € AS. The following result gives an
explicit modulus of continuity for the homeomorphism under some regularity
assumptions.

COROLLARY 2.5. Fiz G € {[0,1],(0,00),N}. Let M and N be two Orlicz
functions and suppose that there exist 1 < ppr < gy < 00 and 1 < py <
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qn < oo such that M € Kg(pa,anm) and N € Ka(pn,qn). Then, up to an
equivalent renorming, ¢y 2 Sm(G) — Sy (G) is a uniform homeomorphism
with explicit modulus of continuity, namely:

o Oy s (pv/qn) A 1-Holder on Sy (G),
o duin = Onur is (pn/qur) A 1-Holder on Sy (G).

Proof of Corollary 2.5. We use Proposition 2.3 to obtain two Orlicz func-
tions M e K(pwm,gn) and N e K(pn,qn) such that M ~q M and N ~g N
and such that the quasi-Orlicz function N~! o M satisfies the assumptions
of Theorem 2.4. Indeed, we have N~' € K(1/qn,1/py) and N~' o M €
K(par/an s am /pw)-

We know, by equivalence, that the identity mapping between Ly, (G) (resp.
Ly (G)) and L;;(G) (resp. Lg(G)) is an isomorphism. With this renorming,
Corollary 2.5 follows. O

REMARK 2.6. (i) Fix p,q > 1. Take M(u) = w? and N(u) = u? for all
u > 0. Then ¢prn = @pq is the usual Mazur map between L, (G) and Ly (G).
We have py = g = p and py = qn = q, and Theorem 2.4 gives the usual
estimate for the modulus of continuity of ¢,, on the unit ball of L,(G).

(ii) We give now an example for which the moduli of continuity obtained
in Theorem 2.4 are both sharp.

Take G = (0,00) and consider the Orlicz functions M(u) = u? V u*
and N(u) = u? defined for u € RT. The quasi-Orlicz function p(u) =
N=1o M(u) = uVu? is in the class K(1,2). Theorem 2.4 gives that ¢/ :
B (0,00) — By(0,00) is Lipschitz, and this is the best-possible estimate for
the modulus of continuity. Moreover, the inverse mapping ¢]T/[1N = ¢NMm
By (0,00) — Bjp(0,00) is 1/2-Holder on the unit ball By (0,00). Using the
indicator functions x[o,1/n) With n € N, one can show that the exponent 1/2
is also best-possible.

Let us now prove Theorem 2.4. The proof relies on the following lemma.

LEMMA 2.7. Let ¢ be a quasi-Orlicz function in the class K(«, 3). Then,
for all a,b € R such that (a,b) # (0,0), we have:

o If 3 <1 orsign(a) # sign(b), then
|p(lal) sign(a) — ¢ (1b]) sign(b)| < 2¢ (Ja —b]).
o If1 <[, then

(laf + [b])

- %
le(lal) = e(b])] < 20708 o —bl.
lal +[b]

Proof. 1f sign(a) # sign(b), then ¢(|a|) + ¢(]b]) < 2¢(|a] + |b]) because ¢ is
non-decreasing. But in this case |a| + |b| = |a — b], so the result follows.
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Next, assume 3 < 1 and sign(a) = sign(b). We can suppose that |b| > |a].
Since ¢(u)/u is a non-increasing function of u, we have

o) _ ollal) el _ ol = lab)
0] lal 0] b — lal
We write ¢(|b]) = Ap(|b]) + (1 — A)e(|b]) and apply the above bounds for
©(|b])/]b] to the two terms on the right, with the choice A = |a|/|b|. Using the
inequality |b| — |a| < |b — a|, we obtain the result.
Finally, assume 1 < 8 and sign(a) = sign(b). Again we can suppose that
b > |al > 0. As @(|al)/|al? > @(b])/[6]” and @(|6])/[b]* < ¢ (lal +[b])/(|al +
|b))*, we obtain

al\? o
(b)) — o(lal) < (1 (5) )(|a|'i|b|> o(lal + [b).

Using the inequality 1 —u” < 8(1 — u) for u € [0, 1], the result follows. O

Proof of Theorem 2.4. If ¢ € K(a,f3), then ¢! € K(1/8,1/a). Thus,
to prove Theorem 2.4, it suffices to consider the three cases a < § < 1,
1<a<f,and a <1<g0.

Denote by By (G) the closed unit ball of Ly (G) and by ¢ the quasi-Orlicz
function N~ o M. Fix x,y € By (G) such that ||z — y||a > 0.

Fact 1. It suffices to prove the result for x and y satisfying ||x—y||m < K,
where K > 0 is any given constant.

Indeed, as 2,y € Ba(G) and as ¢ n takes values in By (G), we have, for
2 —yllvm > K,
2 2 11—« [e%
loarn(2) = mn(W)liv < 2 < 2o =yl < 2277z =yl

so the desired inequality holds trivially for such z and y.
Now, define, for t € G,

Ay (t) = |pun (@)(t) — dan (y)(1)]
= |p(|z(1)]) sign(z(t)) — @(|y(t)]) sign(y(1))|-

Under the assumption that ¢ is in the class K(«, ), our aim is to estimate
A t
G

Case 1: a < (<1,
In view of Fact 1, we can suppose 0 < ||z — y|m < 1. Set A = 2|z — y||;.
Lemma 2.7 gives, for all t € G,

Bax® < 2 (at) — (o).
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But ¢(u)/u® is a non-decreasing function of u and 2/X > 1, so we have for

allt e G
1/
AM)]\V(t) <o ((;) |z(t) — y(t)> :

This gives the estimate

By the definition of the norm this implies

[énn (@) — dnn (W)l < 2[lx — yll5;-
Hence ¢psn is a-Holder on By (G).
Case 2: 1 <a < (.
Define the sets
G* = {t € G : sign(x(t)) = sign(y(1))},
G~ ={t € G :sign(xz(t)) # sign(y(t))}.
Set A = 3 x2x 3 x 4%z — y|lar. In view of Fact 1, we can suppose that

0<A<2 (and thus 0 < ||z — y|lpr < 1).
Consider first the case t € G~. According to Lemma 2.7,

B < 2 () — (o)

Now ¢(u)/u is a non-decreasing function of v and 2/\ > 1, so

e [ N (B2 a0 < [ ar (et - vion) ante) < 5,

by the convexity of M (note that 2/A < 1/(3|lz — y|lar)) and because 0 <

||{E — y”]\/[ < 1.
Next, consider the case t € GT. Using Lemma 2.7 we obtain

p(s(t))

—z(t) —y(t
S et~ ueo.

with s(t) = |z(t)| + |y(t)|. Note that we may assume that s(t) # 0 because

if s(t) = 0 then Aprn(t) = 0. As ¢(u)/u? is non-increasing, we have for all

t € G such that s(t) # 0,

Aun(t) <8

v (222 < v [otseny MO < N o st 1001,

where
Bl — 0l
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Define the sets
Gy ={teG":s(t) #0and f(t) > 1},
Gy ={tcG":s(t)#0and f(t) < 1}.

For all t € G, as ¢(u)/u is non-decreasing,

Nwwwaﬂmswp(%h@ﬂ.

So we have
(2.3) /Gf N (%ﬂt)) du(t) < /GM <4ﬁ§|x(t) - y(t)|) du(t) < é

using again the convexity of M and the choice of \.

For all t € G, by the convexity of N and the fact that ¢(u)/u” is non-
increasing, we have

18 M(s(t)/4)
N (p(s(t)/4) F(£)) < F(ON [p(s(t)/4)] = 4771 === () — y(b)]-
A s(t)/4

We are going to apply the generalized Holder inequality to the function on
the right. It is easy to check that for all u > 0, M*(M (u)/u) < M(u) (see [9,
p. 13]). Since ||s(.)/4]|a < 1, we have as above

ELM%MSQP)W@SL
‘MMN@ .

Applying the Holder inequality, we obtain

s(.)/4
(2.4) /G; N (AMI(“) dp(t) < 2 x 4771
1B
A

and thus
< 1.

1
|z —yllar < 3

M(s(.)/4) ‘

M*
<2 x 4P~

From inequalities (2.2), (2.3) and (2.4) we obtain

Lo 0= [ (25

This means that
lomn () — dpn (W)l < A =684z — yllur,
s0 ¢y is Lipschitz on By (G).

Case 3: a <1<0.
If t € G—, we argue as above using the fact that ¢(u)/u® is a non-decreasing
function of u.
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Ifte G;r, the argument is again the same as above, using the estimate
o — yllar < 22 = ;.

If t € G, a different argument is required. As o(u)/u® is non-decreasing,
we have

Nle (st 101 < ¥ oo (L) .

1/
N [so ((?) A1) 00 o) — y<t>|1/“>] .

() = y(0)]/ = | (t) =y ()] e (t) — y(b)]
< s(6) O () —y (1),

because 1/a — 1 > 0. Thus, for ¢ € Gf we have
A ¢ 1/
N (2 <ar((7) 4<ﬁ/a>1|z<t>y<t>|].

Combining the estimates on G, G;‘ and Gf, we obtain that in this case,
dmn is a-Holder on By (G).
Summarizing, we have proved:
o If a <3< 1, ¢ppn is a-Holder on By (G).
o If 1 <a <, ¢papn is Lipschitz on By (G).
o If a <1< 8, ¢y is a-Holder on By (G).
This completes the proof of Theorem 2.4. O

But

3. Application to the approximation of uniformly continuous
mappings

The main result. Let (X,].|x) and (Y;]||.||y) be two Banach spaces.
Denote by Bx = {x € X : ||z|]|x < 1} the closed unit ball of (X,].]x)-
Let f : Bx — Y be uniformly continuous. We consider the problem of
approximating f uniformly by a-Holder mappings, with « € (0, 1] as large as
possible. This can be formulated in the following way: We define

UC(B,Y)={f:Bx — Y : f is uniformly continuous},
and
HYBx,Y)={f:Bx — Y : fis a-Holder}
for a € (0,1], and set H°(Bx,Y) = UC(B,Y). We have the inclusions
HP(Bx,Y) € H*(Bx,Y) C UC(B,Y) for 1 > 3 > a > 0. Moreover,
UC(Bx,Y) endowed with the norm ||f|lcc = sup{||f(z)|ly :z € Bx} is a

Banach space. Thus we are interested in the closure of H*(Bx,Y) with
respect to the norm || .||« in UC(Bx,Y).
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We set
ol
a(Bx,Y)=suw {a€0,1], H(Bx,Y) '~ =UC(Bx,Y)}.

The value @ = a(Bx,Y) is best-possible in the sense that if 3 > « then there
exist € > 0 and a uniformly continuous map f: Bx — Y such that for every
B-Holder function ¢ : Bx — Y we have ||f — ¥l > €.

For general resuls on such approximations problems we refer to the book
[2].
We now consider the case when (X, || . ||x) = (Lp(G), || - |lp) and (Y, || . |ly) =
(Lg(G"), ]I |lq) with p,g > 1 and G, G’ equal to [0,1] or N or (0,00). We de-
note by B,(G) the closed unit ball of (L,(G),||.|lp).- The following theorem
of I. G. Tsarkov [16] gives the exact value of a(By(G), Ly(G")).

THEOREM 3.1 ([16] and [2, p. 36]). Let G,G’" € {[0,1],(0,00),N} with
adapted measures. Then we have:

R if p>22>qorq=oc,
A(Bp(G), Ly(&)) = {min (1/2,1/q) if p=00 and ¢ < o0,
2/q if pa>2,
a(BP(G)7Lq(G/)) 2 p/2 Zf b, q S 2a

pla if p<2<q.

Moreover, equality holds in the following cases:

o IfG#N, then a(By(GQ), Ly(G")) =2/q if p,q > 2.

o If G #N, then a(B,(G),Ly(G") =p/2 if p,q < 2.

e IfG=G =NorG#N and G' # N, then a(B,(G),L,(G")) = p/q
fp<2<gq.

REMARK 3.2. The different cases for G and G’ involving N, to obtain
upper bounds for the exponent of the approximation in the second part of
Theorem 3.1, implicitly appear in the proof given in [2] when isomorphic
copies of Lo are needed in L,(G) and in L,(G’).

Our main result of this section is the following theorem, which extends
Tsarkov’s result to the setting of Orlicz spaces.

THEOREM 3.3. Let G,G’ € {[0,1],(0,00),N} with adapted measures. Let
M and N be two Orlicz functions such that M € Kg(pay,qm) and N €
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Ka(pn,qn), with par,py > 1 and qur, gy < 00. Then we have:
a(Bu(G),Ln(G") =1 if pp > 2 > g,
2/qn if Py, N > 2,
a(Bu(G), Ln(G")) > S pam/2  if payan <2,
pu/an if pu <2 < gn.

Moreover, we have:

o IfG 7é N, then Q(BM(G),LN(G/)) < 2/pN iqu,pN > 2.

o IfG' #N , then a(By(G), Ln(G")) < qm/2 if qur, pn < 2.

e IfG=G =NorG#Nand G # N, then a(By(G),Ly(G")) <
am/pN if g <2 < pn.

REMARK 3.4. (i) When G and G’ are in the appropriate cases, Theorem
3.3 gives the estimates

A2
T < 0(Bu(G), Ly (@)

< A 2‘
“ pn V2

(ii) Our method of proof is the same as that of Tsarfkov [16]. However, the
more general setting of Orlicz spaces clearly shows the central role played by
the notions of p-convexity and of g-concavity, which was hidden in the setting
of Ly-spaces.

For the proof of Theorem 3.3 we will need the following lemma, which
essentially is proved in [2]. For the sake of completeness we give a proof here.

LEMMA 3.5. Let M and N be two Orlicz functions. Suppose that Lp[0,1]
and Lp(0,00) are reflexive. Let X be a normed linear space and denote by
Bx its closed unit ball. Then

Oz(BX7LN(O7OO))
a(Bp(0,00), X)

CY(BX,LN[O7 1])7
a(Byp[0,1], X).

VARVA

Proof of Lemma 3.5. Define the maps

QOILN[O,” —>LN(0,00) PILN(0,00)—>LN[O,1],
z(t) if t€0,1],
T — r— .
0 else, |[0,1]

Then ¢ and P are linear and satisfy ||o(z)|| = ||z] and ||P(x)| < ||z| with x
in the appropriate Orlicz space and || . || the associated norm. Moreover, Pop
is the identity on Ly[0,1].

Let f : Bx — Ly|[0,1] be uniformly continuous. Fix o < a(Bx, Ly (0,0)).
We seek to approximate f by an a-Holder map. Fix ¢ > 0. As po f :
Bx — Ly(0,00) is uniformly continuous, there exists g. € H*(Bx, Ln(0,00))
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such that for all z € By, |[¢ o f(x) — ge(2)|| < e. Thus, for all z € By,
[Pogpo f(x) = Pog.(x)] <e But Pogpo f(z) = f(z), and so P o g.
approximates f and is a-Holder. By definition, we have a < a(Bx, Ln/[0, 1]).
Since this holds for all & < «(Bx, Ln(0,00)), we obtain a(Bx, Ly (0,00)) <
a(Bx, Ly[0,1]). Thus the first inequality is proved.

Now consider the map ¢ defined as above with M instead of V. The spaces
B[0,1] and ¢(Bxs[0,1]) are Lipschitz equivalent (with ¢ and ¢! defined on
©(La]0,1])), so it is easy to check that a(Bps[0,1], X) = a(p(Bp|[0,1]), X).
Moreover, by [5], as the space Lps(0,00) is reflexive, endowed with the Lux-
emburg norm, it has a uniformly normal structure. Now, by a result in [2,
p. 28], every closed, convex and bounded subset A C Ly, (0, 00) is an absolute
uniform retract (i.e., for every metric space (Y, dy ) containing A, there exists
a uniformly continuous map r : Y — A which is the identity on A). We apply
this with the subset p(B[0,1]) € Bas(0,00) to obtain a uniformly contin-
uous map 7 : Bp(0,00) — @(By[0,1]) such that, for all z € (B0, 1]),
r(z) = .

To prove the second inequality, let f : ¢(Bp[0,1]) — X be uniformly
continuous, and let o < a(Bps(0,00), X) and € > 0. Then for : By (0,00) —
X is also uniformly continuous and there exists a map g. : Bp(0,00) — X,
which is a-Hélder, such that, for all z € By (0, 00), we have || for(z)—g:(z)] <
e. This gives, for all x € o(Ba[0,1]), ||f(x) — g (z)]] < e. Also, g. restricted
to o(Ba[0,1]) is still a-Holder. It follows that o < a(¢(Ba]0,1]), X), and
since this holds for any a < a(By(0,00), X), we obtain a(Bs(0,00), X) <
a(p(Ba[0,1]), X) = a(Bu[0, 1], X), which is the desired inequality. O

Proof of Theorem 3.3. The proof uses the same method as in [16] and [2,
p. 36], with the map ¢y n in place of ¢,,. We apply Proposition 2.3 to
obtain maps M and N such that M ~a M and N ~qa N and such that
M is pa-convex and gpr-concave and N is pn-convex and gn-concave. The
map ¢ = N~! o M then satisfies the assumptions of Theorem 2.4. Also,
using the isomorphisms between the Orlicz spaces, it is easy to see that
a(By(G), Ln(G')) = a(By(G), Lg(G')). Thus, it suffices to prove the re-
sult with M and N in place of M and N. To simplify notations, we drop the
“tilde” symbol in M , N , and ¢, and assume that M and N are such that the
map N ! o M satisfies the assumptions of Theorem 2.4.

Let f : By (G) — Ly(G’) be uniformly continuous and fix € > 0. Con-
sider the composition ® = ¢n2 o f o gaps, Where dopr : Lo(G) — L (G)
and ¢n2 : Ln(G') — Lo(G') are uniformly continuous on balls. Then
® : By(G) — L2(G') is a uniformly continuous map between Hilbert spaces.
Hence, according to [13], there exists a Lipschitz mapping g : B2(G) — L2(G")
such that ||® — g/ < e. It is clear that (¢n2) Logo(dans) ™t = danogodare
is a uniform approximation of f on Bs(G). Moreover, according to Theorem
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2.4, this approximation is in the appropriate space H*(By(G), Ly(G")) cor-
responding to the position of py; and gy relative to the number 2. By the
definition of a(Bp(G), Ly(G')), this proves the lower estimates of Theorem
3.3.

As a(By(G), Ln(G")) < 1, the upper estimate holds in the case when
qm > 2 > py > 1, so it suffices to deal with the remaining cases.

First, suppose that G = G’. We have to consider three cases: (1) qa < 2
and py > 2; (2) qp > 2 and py > 2, and (3) gar < 2 and py < 2.

Case 1: qpr < 2 and py > 2.

We have to prove that a(Bu(G), Ly(G)) < qu/pn. Fix § > 0. The
proof consists in finding a uniformly continuous map ¢ : By (G) — Ly (G)
satisfying

nt{[|¢ — glloo : g € HP/P¥ (B (G), L (G))} > 0.

In fact, we will show that the map ¢p;n itself has this property. This follows
from the following lemma, which is similar to the result in [2, p. 36].

LEMMA 3.6. Let M, N be two Orlicz functions satisfying the assumptions

of Corollary 2.5, with the same notations. Suppose that qy < py. Fix a €
(0,1]. Then for all g € H*(By(G), Ln(G)) there exists C > 0 such that

2l oun — gllae = sup {1 —Cn!/PVMT(1/n)*}, if G € {(0,00),N},

neN,n even

2|éun —glle > sup {1 —Cn'/PV1/M 1 (n)*}, if G = [0,1].
neN,n even
In particular, if fp(a) = n/PNM~1(1/n)®* — 0 as n — oo (resp. fn(a) =
n/PN1/M~Y(n)® — 0), then the set H*(By(G), Ly(G)) is not dense in
UC(Bu(G), Ly(G)) when G € {(0,00),N} (resp. when G =10,1]).

Proof of Lemma 8.6. Case 1: G € {(0,00),N}.
Let g € H*(Bm(G), Ln(G)). Fix n € N and set 137 = (R®", || . ||ar), where

2n
||| ar = inf {)\ >0: ) M(jzil/)) < 1}
i=1
and [3" = (R*",]|.||n). Denote by B(I37) and B(I3") the closed unit balls in
these spaces. The space I3} (resp. [3") can be represented as the subspace of
L (G) (resp. Ly(G)) consisting of functions that are constant on some fixed
2n disjoint sets, with measure 1 each.
There exists a norm-one projection P : Ly(G) — [3* such that P(z) = z
for all z € I3". So, for all x € B(I37),

lparn(x) = Pog(@)lln = [P odun(z) — Pog(z)ln
< lomn (@) = 9(@) [N < [ldmn = glloo-
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Given a permutation o of {1,...,2n} and a choice of signs 6§ = (64,...,60a,),
we consider the operator

Usp: R2" — R2?

€T = (911‘0—1(1), RN Qixgq(i), ey anxo—l(gn)).

This operator defines an isometry on both 137 and /3" and induces the norm-
one operator

Voo : (UC(BURT) IR, I - o) — (UC(BURT), IR,
[ UsgofoUyy,

|- lloo)

and the average operator
V= 1 V.
~ (2n)i22m Z 8-
.0

It is not difficult to see that V, g(¢pn) = ¢pn. So we have

[oymn = V(P og)lleo = IV(drn) = V(P o g)lo
< |lpamrn — P o glloo (because V' is a norm-one operator)

< |lomn — gllo (as before).

To simplify notations, we set h = V(P o g). Then h € HY(B(I37),13"), with
a constant C}, that is independent of n.

We have V; g(h) = h for all ¢, 0, which means that U, goh = hoU, g. Thus
h preserves the support and, if ¢ > 0 and if x4 is the indicator function of a
subset A of {1,...,2n}, then h(cxa) = ¢’xa, where the constant ¢’ depends
only on ¢ and on the cardinality of A.

Now, for all z,y € B(I3%), we have

2/l = 9lloo = loarn () — dran (W)lv — [[7(x) = h(y)lln-

We will apply this with a judicious choice of x and y.

Set xp = M~1(1/2n)x(k,....,k+n —1), for 1 < k < n+ 1. Then
zr, € B(13}) and ||zp — g1l = M71(1/2n)/M~1(1/2). A direct calcu-
lation gives ||ppn(21) — dpmn(Znt1)||n = 1. Moreover, the vectors (h(zy) —
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hZk+1))1<k<n+1 are disjointly supported and satisfy

n

> h(@pt1))

k=1

A1) = M(Tns1)lly =

N

n 1/pN
<Z |h(zy) — h(:z:;H_l)pN) (by the disjointness of supports)
- N

n 1/pN
<C <Z |h(zx) — h(a:k+1)||§VN> (by the px-convexity of Ly (G))

n 1/pN
<0 (Z (lk — xk+1||;t,>”>

k=1
= Cynt/P¥ M~1(1/2n)?,
where C, C7, and C5 are constants independent of n.

Case 2: G =[0,1].

Since the spaces [37 are in general not subspaces of the Orlicz space L0, 1],

the above argument does not work here and needs to be modified, in contrast

to the case M(u) = uP. Again we fix n € N, a permutation o of {1,...,2n}
and a choice of signs 6 = (04, ...,602,). We divide the interval [0, 1] into 2n
subintervals I, = [k;n, %] 1< k: < 2n. Let

Tg,k : Ik — Io-—l(k)

k-1 k o k) -1 o~ 1(k)
E=A5 =+ (1= g = Toplt) = A————+ (1= \)— —

As above, we consider, for ¢ = M or ¢ = N, the operator
Usp: Ly[0,1] — L,[0,1], 2 +— Us (),
defined by U, g(x)(t) = 0x(Ty k(t) for all t € I,. This operator is an isometry

because /Ik z(Tyk(t))dt = /1 x(t)dt,

)

and it satisfies Ua_el =Ugy-14,, where 05 = (05(1), - - -, 05(2n)). The associated
norm-one operator is given by
Voo : UC(Bum[0,1], Ly[0,1]) — UC(Bm|0, 1], BN[0,1])
frUsgofoUyy,
and the average operator V is defined in the same way as before.
Using these operators V, g, the proof proceeds as before, with xj, defined
by @k = Xpiot winor), 1 <k <n+ 1 so that [log — 2pga v = /M~ (n)>
and f,(a) = n'/PN1/M~'(n)®. Hence the lemma is proved. O
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We now continue with the proof of Theorem 3.3. We fix § > 0 and let
fn(a) be defined as in Lemma 3.6. According to the lemma, it suffices to
show that f,(qa/pn +6) — 0 as n — oo. By Proposition 2.3, M (u'/9)
is a concave function of u, so its inverse M ~1(u)? is a convex function of
u. Thus, recalling that M~'(1) = 1, we obtain M ~1(1/n)9M/PN < (1/n)/Pn
and M~1(n)9M/Pn > nl/PN_ Hence, for all n € N,

falan /oy +8) < M7H(1/n)° | if G € {(0,00), N},
Falar /oy +68) < 1/M~Hn)° i G =[0,1).

Since M~*(1/n) and 1/M~1(n) go to 0 as n increases to infinity, we obtain
that |[opn — gllee > 1/2, for all g € HIM/PNH(By(G), Ly(G)). By the
definition of the index a(Bp(G), Ly (G)), this implies a(Bp(G), Ly (G)) <
qm/pN + 6, for all § > 0, and the estimate follows. Using Lemma 3.5 we
obtain the desired estimates for the case when G = [0, 1] and G’ = (0, 00) and
when G’ = [0,1] and G = (0, 00).

For the remaining cases of ¢a; and py we follow the arguments in [2, p. 38].

Case 2: qpy > 2 and py > 2.

According to [10, p. 134], L3[0,1], and thus Ls(G’), is isomorphic to a
subspace of L [0, 1]. Moreover, it is known (see [2]) that L2 (G’) has uniformly
normal structure. The arguments used in the proof of Lemma 3.5 show that
for every normed linear space Y we have a(Bp[0,1],Y) < a(B2(G'),Y).
Taking Y = Ly(G’), we obtain a(B2(G"),Ln(G")) < 2/pn. by the upper
estimate proved above. Therefore a(Bn[0,1], Ly(G’) < 2/py. By Lemma
3.5, the same holds with [0, 1] replaced by (0, c0),

Case 3: qp <2 and py < 2.

Since, by [10], L2(G) is isomorphic to a complemented subspace of Ly[0,1].
it is easy to see, using the same arguments as in the proof of Lemma 3.5,
that for every normed linear space X with closed unit ball Bx we have
a(Bx,Ln([0,1])) < a(Bx, La(G)). Taking X = L (G), the upper estimate
already proved gives (B (G), L2(G)) < qar/2. Thus a(Buy(G), Ln[0,1]) <
g /2. Again, by Lemma 3.5, the same estimate holds with [0, 1] replaced by
(0, 00) O

Connection with the Boyd indices. We now relate our approximation
result to the usual Boyd indices. In the setting of Orlicz spaces, the Boyd
indices coincide with the Matuszewska-Orlicz indices of the corresponding
Orlicz function, which are defined as follows:
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DEFINITION 3.7 (see [11, p. 21]). Let M be an Orlicz function and G €
{[0,1], (0, 00), N}. We define

ap (G) = sup {p : )\>1:ii1€fj(a) M (Au)/M(XN)uP > 0} ;

Bum(G)=inf¢q: sup MQAu)/M(MNu! < ooy,
A>1:uel(G)

with I]0,1] = [1,00), I(N) = (0,1] and I(0,00) = (0,00). These indices are

called the Matuszewska-Orlicz indices of the Orlicz function M.

As stated above, we can identify Matuszewska-Orlicz indices with Boyd
indices, and we shall make this identification in the sequel.

THEOREM 3.8. Let Ly (G) and Ly(G') be two Orlicz spaces such that
1< am(G),an(G") and By (G), BN (G') < co. Then Theorem 3.8 holds with
pyv = am(G), qu = Bu(G), pn = an(G’) and gv = Bn(G'), provided the
indices qp; and py are strictly greater than or strictly less than the number 2.

REMARK 3.9. The conditions on ¢gp; and py break down into the following
four cases: (1) qar > 2 > py > 15 (2) qu,py > 2; (3) 1 < qur,pn < 25 (4)
1 <qm <2<pn.

Proof. According to [10, p. 139,141] we have
ap (G) =sup {p > 1: Ly(G) satisfies an upper p-estimate},
Bm(G) =inf {qg > 1: Ly (G) satisfies a lower g-estimate}.

Recall (see [10, p. 82]) that a Banach lattice (X, ||.]|) is said to satisfy an
upper p-estimate (resp. lower g-estimate) if the property of p-convexity (resp.
g-concavity) holds for every choice of pairwise disjoint vectors {z;}7 ;.

We set pr(G) = ap(G) and ¢ (G) = B (G), and fix € > 0 small enough
such that 1 < ppr(G) —¢ < qum(G)+¢, and we do the same with N. According
to [10, p. 100,101}, L (G) is (pa(G) — €)-convex and (gp (G) + €)-concave.
Thus, by Proposition 2.3 there exists a (ppr(G) — €)-convex and (qpr(G) +€)-
concave Orlicz function M, such that M ~g M.. Set ppr. = py(G) — € and
am. = qu(G) +e. We define N, and gy, pn. analogously, so that N, ~g N.
It is clear that a(Bp(G), Ln(G")) = a(Bu. (G), Ly, (G')) because the spaces
are isomorphic.

Suppose, for example, that 1 < ¢ (G) < 2 < py(G’). Then for £ small
enough we have 1 < ¢y < 2 < py. and Theorem 3.3 gives pyr. /gy, <
(B, (G), Ln.(G") < qu. /pn.. Thus, for € small enough,

pu(G) —¢ ny o (G) te
m < a(BM(G)aLN(G )) < m
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By letting e go to 0, we obtain the desired estimate for the case 1 < ¢ (G) <
2 < pn(G’). The other cases can be dealt with by similar arguments. O

REMARK 3.10. In particular, if the Orlicz spaces are p-convex and g¢-
concave with p and ¢ as their Boyd indices, then Theorem 3.3 applies directly.

Examples and comments. We now use Remark 2.2 to compute the
classes g for some examples.

EXAMPLE 3.11. Consider the function M (u) = u?(1 + |In(u)|) for u > 0.
This function is an Orlicz function for w in a neighbourhood of 0 and for large
values of u. We define N(u) = u? if u > 0.

First, suppose that G = G’ = [0,1]. As for large values of u we have
uM(u)/M(u) =2+1/(1 4 1n(u)) > 2, Theorem 3.3 gives o( B0, 1], L2 [0, 1])
= 1 and the proof shows that Lipschitz maps are dense (i.e., the bound
a(Bp|[0,1], L2[0, 1]) is attained).

Next, suppose that G = G' = N. We write I for Lo(N). For v in a
neighbourhood of 0 we have uM/(u)/M(u) = 2 —1/(1 —In(u)). Fix ¢ > 0.
There exists ug = ug(e) such that, for all u < ug, uM/(u)/M(u) > 2 — .
Then Theorem 3.3 gives a(Bps(N),l2) > (2 — €)/2. This is true for all € > 0,
so a(Bp(N),l2) = 1. But in this case Lipschitz maps are not dense (i.e., the
bound a(Bjps(N),l2) is not attained). Indeed, by Proposition 2.3 there exists
a (2 — g)-convex and 2-concave Orlicz function M., with continuous second
derivative, such that M ~g M.. Then a(Bjys. (N),ls) = a(By(N),ls) =1
because the spaces are isomorphic. We apply Lemma 3.6 to the function M.
We note that

fal1) = n 20N (1) = 0,

where ¢, = M 1(1/n) satisfies M.(c,) = 1/n. But M, ~g M, so there exists
C > 0 independent of n such that M. (c,) > CM(c,) = Cc2(1 —1In(c,)) for n
large enough. Hence,

1 1
fnl) < ——=———- —0asn— oo.

VC (1 =1In(cq))'/?
Lemma 3.6 asserts that Lipschitz maps are not dense in UC(Bjy,. (N),l2).
Hence they are not dense in UC(Bp(N),l2) even if a(Bpy(N),l2) = 1, a
bound which is not attained here.

EXAMPLE 3.12.  Suppose that G = G’ = N and fix p > 1+ /2. Consider
the Orlicz function M (u) = wP+s(n 1w in some neighbourhood of 0. Then

uM (u)/M(u) = p + sin(In | In(u)|) + cos(In | In(wu)|)

and we have ppy = p—1 < gqyy = p+ 1. In this case Theorem 3.3 does not
provide the precise value of «, but only upper and lower estimates for it.
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4. Connection between approximation and extension

We use the following well known general principle: An extension theorem
for a class of functions implies an approximation theorem by functions in
this class. Consider two metric spaces (X,dx) and (Y,dy). Following the
terminology of A. Naor [14], we denote by B(X,Y) the set of all & > 0
such that there is a constant C' such that, for all D C X and for any a-Hélder
function g : D — Y with constant K, there is an a-Hoélder function g : X — Y
with constant less than C'K which extends g. Such a function g is called an
isomorphic extension of g.

Suppose that (X,].]lx) and (Y,||.|ly) are two Banach spaces. Without
showing that B(X,Y’) is non-empty (which may occur), we now prove some
inclusion results, which provide the supremum of the values a for which an
isomorphic extension can exist.

A result of the form B(X,Y) C (0, o) means that for o > g there exists
an a-Holder map between a subset D of X and Y which admits no isomorphic
extension. The following proposition gives such a result.

ProposiTION 4.1. If o € B(X,Y), then H%(Bx,Y) is dense in
UC(Bx,Y) endowed with || .||c. Hence
B(X,Y) C (0,a(Bx,Y)].
Proof (see [2, p. 35]). Let o € B(X,Y) and let C' be the corresponding

constant. Let ¢ > 0 and f : Bx — Y be uniformly continuous with modulus
of continuity w. Let A be a maximal e-separated set in Bx. For all z,y € A,

ol < (|22 1) e

where [.] denotes the integral part. As w is nondecreasing and subadditive,
we obtain
—Ylix a
1) = 1)l < e —oll) <o ( (| 22202 1) o)
w(EY) J1—a o
< — 2@+ D)z —yl%,

€
because z,y € A C Bx. Thus the restriction of f to A is a-Hdélder with
constant K = w(e®)e~*(2'~* + 1). Denote by f its isomorphic extension
with constant CK. Let © € Bx. There exists y € A such that ||z —y||x <e
and thus

1 () = f@)lly < 1f @) = FW)lly + 1 (y) = F @)y
w(e) + 027 + Dw(e).

Thus f € HQ(BX,Y)” ' ”oc, and by definition o < «(Bx,Y). O
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CramM 4.2.  There exist Banach spaces X and'Y such that a(Bx,Y) =0
and thus B(X,Y) = 0.

Indeed, fix p > 1 and take X = L,[0,1] and Y = (3 L,, [0, 1])2 with g, > 2
for all k and g — o0. Since there exists a norm-one projection from Y onto
Lyg, for all k, by arguing as in the proof of Lemma 3.5 one easily sees, using
Theorem 3.1, that a(B,,Y) < a(By, Lg, ) = min{p, 2} /g for all k € N. The
right-hand side here tends to 0 as k goes to oo, so we have a(Bx,Y) = 0, and
the above proposition gives B(X,Y) = 0.

Cram 4.3.  Theorem 8.3 and Proposition 4.1 provide examples of normed
spaces Y such that 1 ¢ B(H,Y'), where H stands for the Hilbert spaces Lo or
ls.

This fact, stated in [14] in the setting of L,-spaces, provides another answer
to a question posed by K. Ball in [1] and solved in [14].

EXAMPLE 4.4. Consider our previous Orlicz function M(u) = u?(1 +
|In(w)|) in some neighbourhood of 0. Set Iy = Lp;(N). Then we have

B(ZM,ZQ) C (0, 1[

It may be possible to extend isomorphically every a-Holder maps with a < 1,
but not every Lipschitz map. Indeed, we have seen that Lipschitz maps are
not dense in UC(Bys(N),l2) endowed with || . |-
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