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UNIFORM L, (w) SPACES

TIBOR SZARVAS

ABSTRACT. Ly (w) spaces (0 < p < 1) were developed by J. W. Roberts
to serve as a special class of trivial-dual spaces which admit compact
operators and to provide counterexamples to various interesting prob-
lems. Roberts showed that any separable, trivial-dual p-Banach space
is a quotient of some uniform Ly,(w) space. Uniform L, (w) spaces are
indexed by a sequence of finite dimensional spaces (X,) in L, and a
sequence of constants {cn) such that 1 <cp <c3 <cg <---. If {cy) is
bounded, the resulting space is isomorphic to L,. Hence these spaces
can be thought of as generalized L, spaces. We prove that if ¢, T oo,
the corresponding Lj,(w) space admits compact operators and is thus
not isomorphic to Ly. Further, we show that there is no non-zero con-
tinuous linear operator from L, into any L,(w), where ¢, T co. Using
and sharpening a result of Roberts, we also demonstrate that for any
separable, trivial-dual p-Banach space S there exists a uniform L,(w)
space Xg with £(S, Xg) = {0}.

1. Introduction

In this paper we investigate a generalization of the spaces L,, 0 < p < 1, the
so-called “L,(w) spaces.” (Throughout the paper, p will be in the range 0 <
p < 1.) This class of separable, trivial-dual p-Banach spaces was introduced
in 1981 by Roberts [7] to serve as “domain-spaces” for compact operators,
after Kalton and Shapiro [4] had proved the existence of trivial-dual spaces
which admit compact operators.

A particularly nice sub-class of L, (w) spaces is the class of uniform L, (w)-
spaces. Although one could consider these spaces as weighted L,-spaces, they
are fundamentally different from the spaces L,. For example, these spaces
tend to admit compact operators, while the spaces L, cannot be the do-
main of a compact operator, as was shown in 1976 by Kalton (see [1] and
[2]). Furthermore, at least some of the uniform L,(w) spaces do not contain
pathological compact convex sets (Rowe [9]), while L, boasts an abundance
of these (Roberts [5]).
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Another interesting result due to Roberts [5] is that uniform L,(w) spaces
are projective among separable, trivial-dual p-Banach spaces; in other words,
any separable trivial-dual p-Banach space is a quotient of some uniform L, (w)
space. On the other hand, there is no projective space in the class of separable,
trivial-dual p-Banach spaces (Roberts [8]). (A space X is a trivial-dual space
if its dual consists of only the zero functional. X is a projective space in a
class of spaces C if X € C and every space in C is a quotient of X.)

In the present paper we investigate the possibility of an isomorphism be-
tween L, and a uniform L,(w) space and characterize the spaces that admit
compact operators. Furthermore, answering a question of Roberts, we demon-
strate the “repellent nature” of uniform L,(w) spaces, i.e., the fact that for
any separable, trivial-dual p-Banach space X there is a uniform L,(w) with
£(X, Ly(w)) = {0}.

Our notation is rather standard. A p-norm | - || on a real vector space X
isamap || -||: X — R such that for all x € X we have

(i) |lz|]| = 0 and ||z|| = 0 if and only if 2 = 0,
(i) flz +yll < ll=ll + [yl

(iii) |laz|| = |af?||z| for all a and .

If || - || is a p-norm, then d(z,y) := ||z — y|| defines a (translation)-invariant
metric on X. A complete p-normed space is called a p-Banach space.

The most prominent examples of p-Banach spaces are Ly, [,, and HP?,
O0<p<l1.

A closed ball of radius € centered at the origin will be denoted by B, and
the Hausdorff-distance of two sets A, B is defined by

H (A, B) =inf{r: AC 7.(B) and B C 7,.(A)},
where for any 7 > 0 and S C X, 7,.(S) = {z : d(=,5) < r}.
A continuous linear operator between the F-spaces X and Y is called com-
pact if there is a neighborhood of 0 in X whose image is compact in Y.
Finally, given p with 0 < p < 1, we let B denote the class of separable,
trivial-dual p-Banach spaces.

2. Construction of L,(w) spaces

For each n € NU{0}, let II,, denote a finite partition of [0, 1] into intervals
such that the sequence (II,,) satisfies
(1) o = {[0, 1]};
(2) II,,41 refines II,;
(3) if I € 10, then I = U?Zl I;, where k > 2 and each of the intervals I;
has the same length.
Letting I1 = U, {1 : I €1I,}, a function w: II — (0,00) is a weight-
function if it satisfies
(4) w((0,1]) =15
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(5) if I € 1L, and I = U5_, I;, where Iy,...,I; € IL,41, then w(I) <
k
Zj:l w(l;);

(6) lim, oo maxyem, ﬁw([) = 0.
Now suppose w(+) is a weight function on a collection II. For each n, let

Xn = span{lj I e Hn}a

and define a p-norm || - ||, on X,, by
Sl =) leuPw(I).
Iet, . Iem,
Clearly, each (X, || - [[») is isometrically isomorphic to I}, where M =
IIL,|. Furthermore, we see that Xg € X; C --- C X,, C X,41 C -+, and

II-IIn < |- lns+1 on each of the X,,.
Next, let Xoo = J,—; Xn, and for each z € X, define |||z || by

Izl = inf {|lzollo + - - + [[&nlln : © = 2o + -+ + 2, 1 € Xy}

Note that [||-||| is easily seen to be a p-norm on X.. We define the space
L,(w) to be the completion of X, with respect to |||-|||.

Condition (6) above ensures that the space L,(w) has trivial dual (see [8]).

The L,(w) space X is said to be uniform if all intervals in each II,, have
the same length and are equally weighted; i.e., if 11, = {I1, I, ..., Ip, }, then
w(l) =w(lz) = =w(l,).

Observe that if L,(w) is uniform and z,, € X,,, then

Znlln = Conana

where || - ||, is the usual p-norm, and ¢, = w(I)/|I| for each I € II,,. So if
r € X, then

n n
||| = inf {Zci|xi||p : sz =z, z; € Xi} .
i=1 i=1

Furthermore, because | - |ln+1 > || - || on each X,,, the sequence (c,) is non-
decreasing. In other words, we can think of X as being indexed by (II,,) and
a non-decreasing positive sequence (c,). Clearly, if {(¢,) is bounded, |||-||| is
equivalent to || - ||p, and L,(w) is just L,. On the other hand, unbounded
sequences tend to give rise to spaces quite different from L,, as the following
results of Rowe [9] and Sisson [10] illustrate.

THEOREM 2.1 (ROWE). There is a uniform L,(w) space with the follow-
ing property. If K is a compact convex subset of L,(w), then there is an affine
homeomorphism mapping K into a compact convex subset of a locally convex
topological vector space.
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COROLLARY. There is a uniform L,(w) space with no pathological com-
pact convex subsets.

This is, of course, in sharp contrast with properties of L, (see [5]).
Sisson [10] proved the following result (see also Kalton [1]).

THEOREM 2.2 (SISSON). Let X be a uniform L,(w) space such that its
sequence {cy,) has the property that for alln € N, A < cpy1/cp for some fized
A > 1. Then X admits compact operators.

At this point, the following questions arise quite naturally.

(a) Is it possible that some uniform L,(w) space (¢, T c0) is isomorphic
to L,? To be more specific, what growth conditions must we impose
on (c,) so that the resulting L,(w) space is not isomorphic to L,?

(b) Is it possible that some uniform L,(w) space (¢, T 00) fails to admit
compact operators?

3. Uniform L,(w) spaces and L,

In this section we provide a simple answer to the questions posed above.
The results indicate that “all” uniform L,(w) spaces (¢, T oo) are funda-
mentally different from L,. Regarding a possible isomorphism, the second
theorem will imply that it is not possible to construct even a non-trivial con-
tinuous linear operator from L, into L,(w). Before stating and proving our
results, we define the identity operator I to be the identity on X... (Note that
I is norm-decreasing since the weight of an interval is replaced by its length
and w(I) > |I].) We then extend I to L,(w), which is the completion of X.
Thus I is a norm-one linear operator mapping L,(w) into L.

THEOREM 3.1. For a uniform L,(w) space X, the following are equiva-
lent:

1) X is not isomorphic to Ly,.
2) ¢ T o0.

3) I: X — L, is compact.

4) X admits compact operators.

Proof. (1) = (2) follows directly by contraposition.

(3) = (4) is trivial.

(4) = (1) follows easily from the fact that L, does not admit compact
operators.

In order to prove that (2) implies (3), we need a few lemmas.

LEMMA 3.2. Let (X,]| - 1|) be an F-space, (K,) a sequence of compact
subsets of X with Ko C Ky C --- C K,, C -+, and let {e,,) be a sequence of
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positive numbers such that )", €, < oo and
H ) (Kny Kng1) < €ng1e
Then |J K, is relatively compact.

The proof of this result may be found on p. 203 of [3].

LEMMA 3.3. If X is an Ly(w) space and © € Xy, then there exist xo €
Xo,...,xn € XN such that

N
zlll = ol
k=0

Moreover, ||zi|l| = |lzkllx for all k. (The elements xy are called norm-
attaining.)

Proof. Let N be fixed, and for x € X and a natural number n > N define
1ML, by

n
Nz, = inf{||:ro||0 tot lznlln s > k==, 2 € Xk} .

k=0
We first show that when computing |||z ||| for © € Xy, only the infimum over
the first N spaces must be considered. To this end, it is enough to see that
111, = -l whenever n > N
Clearly, |||l 41 < ll[-[ll;y on Xn. For the reverse inequality, let us assume
that z is the sum of elements from X 1:

r=x1+-+rN+2TNi1.
Then

TNyl =& — T — - — TN,
and since the right hand side is in Xy, sois zy41. Since || - ||y < ||+ ||ny41 on
X n, we obtain

lzalls + -+ llev gl = el + -+ llan v + llenlly
> lzalls + -+ llzy + 2y,

which shows that ||| |||y < [l|- |y, on Xn. The above claim now follows by
induction.

To see that the infimum in the definition of |||z ||| is attained, let us define
the map

(I)(l‘la e ax’ﬂ) = ||.’1?1H1 +o 4+ ||‘r’ﬂ||n
on the set

N N
K, = {(ml,...,xn) : Zxk =z, ZkaHk <2||z|l,zr eXk}.
k=1

k=1
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The set K, is certainly compact by finite-dimensionality, and ® is continuous
and therefore assumes its infimum, |||z||], on K.
Note that

ezl < Wzl + -+ llzn ll < il + -+ lev il = ]l

Hence both inequalities are actually equalities, showing that the elements zy,
are indeed norm-attaining; i.e., we have ||z || = |lzgl/x for all k, 1 < k <
N. O

REMARK. Lemma 3.3 can be generalized as follows (see [8]):

If X is an Ly(w) space with ¢, 1 0o and x € X, then for each k there exist
x € Xi such that x =Y gxp and ||z || = Y re g [|zkllk-

Since the proof of this result is quite involved, we have tried to avoid using
the result as much as possible. Indeed, we will not use the result until the
proof of the main theorem in Section 4. We could have avoided it even there,
but we feel that referring to it makes the proof more readable.

Returning to the proof of the implication (2) = (3) of Theorem 3.1, consider
a uniform L,(w) space X, with associated constants ¢, T co. Choose (cp, ), a
subsequence of (¢, ), such that

oo

— < 0.

c
k=1 "k

To see that the identity operator I is compact, we let
B,:=BNX,

and
Cr :=1(B,,).

We claim that for each k, M., (Ck, Cr41) < 1/¢y, . This will allow us to apply
Lemma 3.2, since by finite-dimensionality each C} is compact, and clearly
Co CCy C--- CCk C---. To establish the above claim, let z € B,,,, be
arbitrary. By Proposition 2.1, for each j, 0 < j < nj41, there exists z; € X
such that

r=x0+ -+ Tn, + 0+ Tnyy,

and

ezl = llzollo + -+ + l#ny I + - + [ €np g [l
= collzollp +- - + enpl[@nillp + -+ e ln llp < 1

where the last inequality is true by assumption. Now define

Y: =20+ -+ Ty,
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Clearly y € By, (since |[|y|| < ||lzollo + - + |5, [|n, < 1), and furthermore,
Cry || — y”p = Cn |Tnpr1 + o+ Lrpyr ||p
< Cny, ”Ink-i-l H:D + Cny, ”‘Tm@-‘rQ”P + ot Gy, ||xnk+1 HP
< C"lc+1||xnk+1 Hp + an+2||‘rnk+2”p +eee Crpiq ||xnk+1 ”P <L
Therefore we obtain .
T — < —
|| yHP ana
which proves our claim.

By Lemma 3.2, it follows that I (BN, Xn,) = I (U, Bn,) is relatively
compact in L,. Hence I: X — L, is a compact operator. O

Our next result significantly sharpens the non-isomorphism statement of
Theorem 3.1.

THEOREM 3.4. The identity operator I: L,(w) — Ly, is one-to one.

COROLLARY. If X is a space with mo non-trivial compact operators and
L, (w) is uniform with ¢, 1 oo, then L(X, L,(w)) = {0}. In particular, there
are no non-trivial continuous linear operators between L, and Ly(w).

Proof. Indeed, if T: X — L,(w) is non-trivial and continuous, then the
composition operator
I10T: X — L,

is also non-trivial and compact, contradicting our hypotheses on X. O

To prove the theorem, we need the following lemma.

LEMMA 3.5. Letx € L,(w) and € > 0 be fized. Then there ezist xo € X,
1 € X1,...,Tn € Xyp,... such that

oo S
r=> w, and |z|l+€e>" [ealn.
n=0 n=0

Proof. Let © € L,(w) and € > 0 be given. Pick a sequence ¢, | 0, with
> o €n < €/2. Since X is dense in X, there is a sequence of simple functions
(yn) € Xoo such that

[z = (y1+y2+- +ya) ll <en
Now, by Lemma 3.3, for each n there exist y,r € Xy such that

Nn Ny
Yn = Zynk and  [Jyn [l = Z [ Ynkll&-
k=0 k=0

Further, observe that
lynll < lllz =1+ +yn-) [+ lllz =1+ +y) | <en-1+en
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for all n > 2; i.e., we have

ynills + [[Yn2llz + -+ + lynn.,
for n > 2. Similarly,

gl < it + 1z = yolll < 2]l + e,

N, < €n + €En—1

which implies
lyialls + llyzlle + -+ llyan, v, <[zl + €

Hence

Dyl <zl +2) e <[l +e
n,k n

and if we define

2o := Y10 + Y20 + y30 + - - - € Xo,
1 :=y11 +y21 +y31 +--- € Xy,

Tk = Y1k + Yok + Y3k + - € X,

then clearly

oo
xr = Zxk
k=0
and
oo
S llzkle <Y lynklle < Mzl + e
k=0 n,k
as desired. O

We are now ready to prove the theorem. (Actually, as we shall see, the
proof does not even require the full power of the lemma.)

Proof of Theorem 3.4. If 0 # ¢ € X, we aim to show that |I(¢)||, # 0.
Without loss of generality, we may assume |||¢ || = 1 and use Lemma 3.5 to
find (x,) such that each z, € X,, and

an = with Z lzn]ln < oo.
n n

Now choose an index ny so that if n > n; then

o0
Znlln < 17
4

n+1
and define
p1: =1+ + Ty,
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Note that ||| ¢1 ||| > 3/4, for otherwise

oo

3 1
ol < Mol + 3 hanlln < 5 +7 =1,

ni+1
a contradiction. Therefore, since ¢ € X,,,, we have

3
Cny 1l = llenllny = el = 7

and hence
1 > .
(1) lerlly > 4
We shall use this shortly. Next, define
Y2 = Z T,
ni+1

and observe that

o0 o0
Z Tn|| = Cny Z [zl

Cny ”902”1) = Cn,y

ni+1 p ni+1
oo o0 1
B Z cnllznllp = Z [Znlln < 1
ni+1 ni+1
and so
2) liallo <
w2l dep,
Thus, if
lellp = ller + w2llp =0,
then, in L,, we have p1 = —p2, i.e., |¢1]l, = [|p2]lp, which contradicts (1)
and (2) above. O

4. The “repellent nature” of the spaces

In this section we will answer a question of Roberts [8], by showing that
uniform L, (w) spaces are “hard to map into” by continuous linear operators.

We begin by introducing a generalization of the concept of uniform L, (w)
spaces. We say that an L,(w) space is biuniform if there is a sequence (4,,, By,)
such that 47 < B; < Ay < By < --- and a sequence of intervals (I;,)
satisfying:

(1) I e 11, = {[0,1/2],[1/2,1]} and I,, € J;—; Iz when n > 2.

(2) The intervals from II,, that are in I,, are all of the same size, and the
intervals from II,, that are in the complement of I,, are all of the same
size. (These two sizes may be different.)

(3) If € Xy, then ||z]|, = Ay[l2ly, ||, + Bnll2lre |l
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Observe that if A, = B,, then the space is uniform. A biuniform L,(w)
space is called unbalanced if there is a sequence of positive numbers €, | 0
satisfying:

(1) For each I € U;’il I1;, I, = I for infinitely many n.

(2) Forn>2,{Ie€ll,: I Cl,} ={J1,...Jn,}, where ||[Npy1s|ln < 6n
(i.e., NPw(Jx) < dp), with 6, > 0 being chosen such that co Bas, N
Sp_1C Ben NSn_1.

(3) For all x € S,,—1, we have By |[17cz|, > My|[11c2|/n—1, where M, >
(NP8, + 1)e, 1.

The construction of such spaces is discussed in [8]. In the same paper,
using biuniform spaces, Roberts obtains the following result, which inspired
our work in this section.

THEOREM 4.1 (ROBERTS). LetY € B. There is an unbalanced biuniform
L,(w) space such that if X = L,(w) or X = L,(w)/R1, then L(Y,X) = {0}
and Y is a quotient of X.

CONJECTURE (ROBERTS). LetY € B. There is a uniform L,(w) space
X with L(Y,X) = {0}.

The corollary to our next theorem proves this conjecture, by showing that,
in some sense, uniform L, (w) spaces “repel” continuous linear operators.

THEOREM 4.2. LetY € B. There exists a uniform L,(w) space X and a
one-to-one continuous linear operator T: X — Y.

COROLLARY. If Z is a separable, trivial-dual p-Banach space, then there
is a uniform Ly(w) space X such that there are no non-zero continuous linear

operators from Z into X; i.e., L(Z,X) = {0}.

Proof of the corollary, assuming the theorem. Let Z € B be arbitrary. Use
Theorem 4.1 to find Y, a biuniform unbalanced L,(w) space such that
L(Z,Y) = {0}. Find a uniform L,(w) space X and an operator T as in
Theorem 4.2. Then also £(Z,X) = {0}, for otherwise, if S € £(Z,X) and
S # 0, then T o S is a non-trivial continuous linear operator from Z into Y,
contradicting the choice of Y. O

Proof of Theorem 4.2. Pick positive sequences s, T oo, é, | 0 and 2z | 0
(so = 8o = z9 = 1) such that (z) satisfies
Zn > Z z  for all n.
k>n
Our goal is to construct X and 7: X — Y such that:

(1) Each I, is obtained by dividing each interval I of II,,_; into N,, equal
parts. (We will denote []y N; by M,.)



UNIFORM L,(w) SPACES 1155

(2) If I €11, then w(I) := 0, M, P.

(3) Each N, is large enough so that N1=P > 2§, _1/6,,.

(4) inf {||T(2)|ly : @ € Sn—1} > 2k, =t Un, where S, = {z € X,
||z =1} for all n.

(5) If I € IL,,, then [|[T'(1)]ly < dpvn M, P/2.

(6) For all n, the set of vectors {T'(1;) : I € IL,,} is linearly independent.

Notes. (i) Since ¢, = 6, M7 = §, M} "PN=P > 25, \M!~P = 2¢,_,,
property (3) above ensures that ¢, T co (see Theorem 3.1).
(ii) Since (v,) is a sub-sequence of (zj), the sequence (v,) also has the
property that v, >3 vy, for all m.
(ili) Property (4) implies that | T'(¢)|ly > || ||| vn, for any ¢ € X, ;.
(iv) Property (5) ensures that ||[T()|ly < (1/2)]]|¢ |||, whenever ¢ € X,
so that T is bounded. To see this, take first ® to be of the form
M
= aly, € X
k=1
For such ® we have

M, M,
1T(®)[ly = ZakT(hk <Y laxPIT(1r) |y
k=1 k=1

1 o 1 1
- p -p _ = z
< 2Un k§_1|ak| 0 M P = 2vn||q)Hn < 2||q)||n

A

Now, if ® € X, and & = &; + 5 + - -- + ®,,, where &), € X, then
IT(®)ly = T(®1) + -+ T(®n)lly <[ T(P1)lly +--- + [IT(Pn)lly
1
< 5 U1@alh 4 4 ([ @nlln) -
Taking the infimum we obtain
1
(@)l < 2 lIo].
Assume now that X and T are constructed to satisfy (1)—(6) above and let
us show that T is one-to-one. If ker T' # {0}, choose = € ker T with |||z ||| = 1.

By a theorem of Roberts (see the remark following Lemma 3.3), z is a sum
of norm-attaining elements, i.e.,

oo
T = E Tp, Tn € Xy,

and we have

oo
izl =" lzalln
n=0
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Now choose an index ng so that

> lleuln < 5.

n>ngo

Note that, as in the proof of Theorem 3.4, this implies
Sl > 3.
£ 4
=0
By (iii) above and since >"° j z, € X,,,, we have

no no
T Z Ty > Uno+1 Z Ty
n=0 Y n=0

)

and since
no no 3
n=0 n=0
we obtain
no 3
T (Z xn> > Zvnﬁ_l.
n=0 Y

Next, we claim that |T(z,)|| < v,/8 for any n > ng. Indeed, an argument
similar to the one in (iv) above shows that

1 1
T n <c n|(l<nlin Q Uny
IT(@n)lly < Fonllealln < gv
since ||zp||n < 1/4. But T'(x) = 0 by assumption, so we have

(&)l )

(Sl L)L

< Z HT(xn)||Y§§Un+l+§ Z Un

n=nog+1 n=ng+2

1 1

< §U7zg+1 + gvno-i-l = Zvno-ﬁ-la

a contradiction. This shows that ker T'= {0} and completes the argument.
To complete the proof of Theorem 4.2, we construct inductively X and T’
satisfying (1)—(6). We choose yo € Y so that

which implies

3
Z/Ung—‘rl S

Y

1
||y0||Y < 5)
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and let
I, := {[0,1]}.
Note that Ny = w([0,1]) = 1. Next, define
To(1j0,11) = Yo-

Properties (1), (3), and (4) are vacuous, while (2), (5) and (6) are satisfied
with 50 = 20 = Vg = 1.

Suppose now that we have constructed Xy,...,X,_1 along with Ty, ...,
T,—1 and <Uj>?:_01 so that (1)—(6) hold. For the induction step, assume that
Hn—l :{Il,...,Il}, where l:Mn—ly

and
Tn—l(lli) =Y; for 1 S 1 S l.

Choose v, = 2, so that

inf {||T,—1(x)|| : ® € Sp—1} > 2,
Note that this is possible, since S,,_1 is compact; furthermore, because of (6),
T,,—1 is one-to-one on X,,_; (i.e., nonzero on S,_1), so

m=min{||T,_1(z)|| : z € Sp_1}
exists. Since 2z | 0, we can assume z, < m.

Now, by trivial-duality, each y; can be written as the average of vectors of
arbitrarily small norm; i.e.,

1 &
Y = leyija
j=

where we require that

1 On

1" (NN .. Ny )P

Let M = N,, be a common multiple of My, Ms, ..., M, large enough so that
On—1

n

llyijlly <

N=P > 9

n il

Now for each i we have
M
Yi = M ]Z_; Wi,

where each y;; appears in the finite sequence w1, ..., w;m exactly M/M;
many times.
We now modify the elements w;; in order to achieve (6). For ease of
notation we set
Undn
(NiNo...N,_1)P’

V=
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and recall that ||w;;||y < v/4 for all ¢, j. Choose I(M —1) linearly independent
vectors, {t;}ij, each of norm less than or equal to v/(4M**P), so that

span ({wlj}”) N span ({t;}”) = {0},
where the elements t;- are indexed as follows:

1 1 2 2 l l
A L SR N A L ISR

For each i, define
iy = wi; + Mt i j <M,

M-1 )
WiM = WiM — M (Z tgz)> .

s=1

and set

Clearly,
| M
M Z Uij = Yis
j=1

and furthermore,
T4p () v Hp_ Y ¥
luiglly < llwijlly + M2l Ny < 3+ Mg = o
The next lemma will show that the system {uij}ij is linearly independent.
We define

where, for each ¢, the intervals I;; are obtained by dividing I; into M intervals
of equal length. Let
M, =M, 1M
and
w(Iij) = 5nMT:p
for each i, j. Define

1
and note that
1 _ v 1 _
1T ()l = g7 lwislly = NoPlluilly < NoPo = 50nva M "

Now extend each T, linearly to all of X,,. It is clear from the construction and
from the following lemma (Lemma 4.3) that T, satisfies (1)—(6). It is easy

to check that T,,|x,_, = Tn—1 for all n, and we let T, denote the common
extension of the maps 7, on Xo = J,, Xpn. Finally, we extend T to the
completion of X, that is, to all of X. O

LEMMA 4.3. The system {uij}ij defined in the proof of Theorem 4.2 is
linearly independent.
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Proof. Suppose

I M )
Z Zay)uij =0.

i=1j=1

By the definition of u;;, we have

M-—1
Z Za (wij + M) + aff) (wiM—M<Zt§>>> —0.

i=1 s=1

Rearranging the terms we obtain

l M—-1

ZZQZ)U}W =M : (045\1/1)

i=1 i=1 j=1

OO
My,

Observe that the left hand side is now in span ( {wij}ij ) while the vector on

the right hand side belongs to span ({tg-i) } . '), so both are zero because of the
ij

choice of the t;i). But the vectors t;i) are linearly independent, so we have,
for all 4,

aﬁ\?:ay) (j=1,....,M-1).

Introducing &; := ay) (j=1,...,M), we have

> wa =0,
=1 j=1
and using
M
> wiy = My;,
j=1
we obtain
1
MZ&% = 0.
i=1

By the induction hypothesis, the vectors {y;}, are linearly independent, so

@

& = 0 for all i. Hence a;” = 0 as well, and the proof is complete. (]

The following result is a corollary to the previous theorem; a corresponding
result for biuniform spaces was obtained by Roberts [8].

THEOREM 4.4. Let A be the first uncountable ordinal. There exists a
family {Y, : o € A} such that each Y, = Ly(wy) is a uniform Ly(w) space,
and if a < 8, L(Y,,Ys) = {0}.
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Proof. Starting with a uniform L,(w) space Y7, we construct {Y, : « € A}
inductively as follows.

If 3 € A such that > 1 and {Y,}, is already defined for {& € A : a < §},
then, since {a € A: a < B} is a countable collection, there is a Yj so that

L(Y,,Y3)={0} forall a<g.

EB Y, = X.
Then X is a separable trivial-dual p-Banach space with p-norm defined by

Iz =) leallx.-

for (x,) € X. By the previous theorem there exists a uniform space Y3 with
L(X,Y3) = {0}. This concludes the induction step, and our argument is
therefore complete. O

Now set
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