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SHARP INEQUALITIES FOR TRIGONOMETRIC SUMS IN
TWO VARIABLES

HORST ALZER AND STAMATIS KOUMANDOS

ABSTRACT. We prove several new inequalities for trigonometric sums in
two variables. One of our results states that the double-inequality

2 2. cos((k — 1/2)z) sin((k — 1/2)y)
-Z(vV2-1)< <2
(i< 3 Sl )
holds for all integers n > 1 and real numbers z,y € [0, 7]. Both bounds

are best possible.

1. Introduction

The inequalities of Fejér-Jackson and Young,

n

" sin(kx) cos(kx)
1.1 -1 —_— N;
(1.1) 0<kz::1 e <kZ:1 2 (neN;0<z<m),

are well-known examples of inequalities for trigonometric sums; see [15], [25].
Many mathematicians studied (1.1) and presented various proofs, general-
izations, refinements, and numerous counterparts and analogues. Excellent
accounts on this subject are given in the survey paper [6] and the monograph
[23, Chapter 4]. We also refer to the research articles [1]-[4], [7]-[15], [17]-[22],
[24], [25], and the references therein.

Inequalities for trigonometric sums have interesting applications: they play
an important role in Fourier analysis, number theory, and the theory of uni-
valent and p-valent functions, and they can be used to estimate the zeros of
trigonometric polynomials. Moreover, they have a close connection to the
theory of special functions. In fact, certain trigonometric sums are special
cases of sums of Jacobi polynomials. An elegant function theoretic approach
to establish extensions of (1.1) is given in [12] and [24].

Most of the known inequalities for trigonometric sums involve only one real
variable. In this paper we study analogues of (1.1) in two variables. Our work
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has been inspired by a remarkable article published by L. Koschmieder [17]
in 1932. A problem in heat conduction led him to the sums

Ay (2,y) = Z cos(kx) sin(ky)

k )
k=1

A% (2, ) = ~ cos((k — 1/2}3:17_) il/nQ((k: — 1/2)y).

(1.2)

k=1

He proved the following inequalities: f 0 < y —z < mand 0 < y + x < m,
then A,(z,y) >0. f0<z—y <mand 7 < y+ 2 < 2w, then A,(z,y) <O0.
Moreover, if 0 < x < y < m, then A% (x,y) > 0. This inequality is in general
not true if © > y, as the examples A3(27/3,7/3) = —1/6 and A5(27/3,7/3) =
—1/15 reveal.

In R. Askey’s ‘STAM Conference Lectures’ [5, p. 34] the following interest-
ing theorem is given:

Let P,E“’ﬁ)(z) be the Jacobi polynomial of degree n and order («, 3), where
a > f and either > —1/2 or o> —f3, B > —1. Further, let >~ |ax| < co.
Then

P () L)
(1.3) Za Pé,;P( e ®) >0 (-1<s,t<1),

if and only if F(s,1) >0 (-1 <s<1).

The function F' plays a role in the theory of partial differential equations.
In fact, G. Gasper [14] proved that F is the solution of a hyperbolic boundary
value problem.

We set

a=p0=-1/2,
a=1 a,=1/k (k=1,...,n), a,=0 (k>n+1),
s =cos(x), t=cos(y),

and
a=1/2, B=-1/2,
ar=1/(k+1/2) (k=0,...,n—1), a,=0 (k>n),
s =cos(x), t=cos(y),

respectively. Then (1.3) yields

(k
(1.4) -1< ZCOS ) cos(ky) (neN;0<z,y <)
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and
" sin((k — 1/2)z) sin((k — 1/2)y)
kE—1/2

(1.5) 0< (neN;0<z,y <m).

k=1
If we replace in (1.5) = by m# — x and y by = — y, then we see that this is
equivalent to

i cos((k —1/2)x) cos((k — 1/2)y)
(1.6) ogkzzl k1)

(neN;0<z,y <m).

The special case « = 3 = 1/2 leads to a result due to L. Fejér (see [5, p.
33]): We have

0< Zak sin(kz)sin(ky) (0 <z,y <m)
k=1
if and only if

oo
0< Z kagsin(kz) (0 <z <m).
k=1
This theorem, however, gives no information about the best possible lower
bound for

n . .
L7 By (2.y) = sin(kx) sm(ky).
(1.7) () ’; —
It is the aim of this paper to present sharp constant bounds for A,(z,y),
A% (z,y), and By (z,y), which hold for all n > 1 and z,y € [0,7]. In order to
prove our inequalities we need several technical lemmas, which we collect in
the next section. The main results are presented in Section 3.

The numerical values have been calculated by the computer programs
‘Maple V Release 5.1” and ‘Maple V Release 6.01".

2. Lemmas

The inequalities given in the first lemma are known in the literature.

LEMMA 1. Let

e s@=Y T s =Y EEE
k=1 k=1

n n

(2.2) To(x) =

(]
Q
o
2
T
g
Nk

k=1

(i) For all integers n > 1 and real numbers x we have |Sy(x)| < Si(w),
where Si(r) = [ sin(t)/tdt = 1.8519.. ..
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(ii) For all integers n > 1 and real numbers © we have S} (z) < 1, with
equality holding if and only if n =1 and x = 2m + 1/2)w
(iii) For all integers n > 2 and real numbers x € (0,7) we have T, (z) >

HORST ALZER AND STAMATIS KOUMANDOS

—5/6. If n # 3, then the inequality is strict.

Part (i) is proved in [15]. In

for all real z. A proof for (iii) is published in [8].

LEMMA 2.

(2.3)

Then

(2.4)

Let n, v, and p be integers such that 1 <v < u < n/2, and let

4 t

2um 2un+m/2
/2 P.(t) Coi( it < /2 Pty 0 gy

v v t

Proof. We define

Then we get

(2.5)

where

2pm cos
L = [ Ry

v

M, (v) = /2 e Po(t) =W g,

vT

2um t
L) = 0,00 = [ P
2ur4m/2
p—v—2
= Z U (g, v) + @n(p),
7=0
2un+(45+5)mw/2 S(t
/ Po(t) cos( )dt,
2un+(45+1)w/2 t

/2”7r cos(t) &t

2u 3/2)7r t

[2] it is shown that S} (z) < 1 for = € [0, 7]
with equality only if n =1 and = = 7/2. A refinement of this inequality can
be found in [12] and [24]. The interpretation of these inequalities in geometric
function theory is also stated there. Since S} is odd and satisfies S} (x) > 0
for z € [0, 7], we obtain SX(x) < 0 for z € [—m,0], so that S*(z) < 1 holds
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Let j be an integer with 0 < j < pp— v — 2. Since P, is decreasing on (0, 2n)
and non-negative on (0, n7], we obtain

200 Waliv) = /QQ(VH)MW (Pn(t) s _p - 7r>—cos(t)) dt

(v+)m+3m/2 t t—m
2(v+j)m+57/2 n
< / (Pa(t) — Pult — ) W gt <
2(v+j)m+3m/2 t
and
Gu=Dm p.(t) Pt
(2.7) By (1) = / ( n(t)  Pult “)> cos(t)dt
(2u—3/2)% t t+m
(2u—1/2)7 '
+/ P2 gr < 0,
2u—1)m 3
From (2.5)—(2.7) we conclude that (2.4) is valid. d
LEMMA 3. Let
1

(2.8) Qn(t) = (0<t<2n+1)7).

(2n + 1) sin(t/(2n + 1))
(i) Letn, v*, and u be integers such that 2 < v* < (n+1)/2,1 < p < n/2,
and v*/(n+1) < p/n<1—v*/(n+1). Then we have

2um+pm/n v 4w /2
(2.9) /2 Qn(t)cos(t)dt < / Qn(t)cos(t)dt.

v¥r—v*n/(n+1) 2urm—m/2

(ii) If n > 5, then

2w s 1
(iii) If n > 17, then
s T 1
2.11 1 i n| 2T — —.
(2.11) <+Smn+1>Q (W n+1><4

Proof. (i) We define

2um+pm/n
ool o) = [ Qu(t) cos(t)dt,
2urm—v*mw/(n+1)

2um+m/2

on(V*,u) = / Qn(t) cos(t)dt,
Ut —m/2

and

U 4w /2
To(V*) = /2 Q@ (t) cos(t)dt.

v¥m—m/2
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If 2v*r — /2 <t < 27w —v*n/(n+ 1) or if 2um + pm/n <t < 2um + /2,
then @, (t) cos(t) is positive. This implies
(2.12)
2v T —v 7w /(n+1) 2um+m/2
o) = o) = | [ +f Qu(t) cos()dt > 0.
2urmT—m/2 2um+pm/n

Since v* < p+ p/n < p+ 1/2, we obtain v* < p. If v* = pu, then 7,,(v*) =
on (V"5 ).
Next, let v* < u — 1. Then we get

(2.13)
2um+m/2
) o == [ Qult)costt)ds
Ut 4w /2
p—1 (2j+3/2)7 (2j+5/2)7
-y / + / Qn(t) cos(t)dt
S\ Jeissn
1 b=l (2j43/2)m 1
= / cos(t) ( -
2n+1 = J@it1/2)n sin((t +m)/(2n + 1))
1
- | dt > 0.
sin(t/(2n + 1))> -

From (2.12) and (2.13) we conclude that (2.9) holds.

(ii) The function ¢(z) = sin(9z) — 8z is strictly concave on [0,7/55] with
#(0) = 0 and ¢(7/55) = 0.034.... Thus, if z = 7/(n(2n + 1)) with n > 5,
then

2n—1)m _ . 9 8w
n > sin > .
n(2n +1) ni2n+1) "~ n2n+1)
This implies (2.10).
(ili) We set x = 1/(n + 1) with 0 < < 1/8. Then (2.11) is equivalent to

si

sin(mz) 4
0 — = .
R (2 — 5z) w(z), sy

Since w is decreasing on (0,1/8], we obtain w(z) > w(1/8) =0.048.... O

LEMMA 4. Letn, v, v*, u, and pu* be integers such thatn >3, 1 <v <
n/2,1<v*<(n+1)/2,1<pu<n-—1,and 1 <pu* <n.

(i) Ifv<p<n-—uv, then
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1) <1—v/n, then
1 2 21" T
Z cos <ﬂk>—cos (ﬂ) > 0.
n n+1
L _
+1) <
1 17 ¥ 20\ ]
Z—i—kz::E -COS (n—i—lk) — cos (Tk) > 0.
*<n
1 "1 vt 2u*
- - k) — k 0.
4—’_21]6{ (n—i—l) COS(n—l—l >}>

Proof. (i) Let © = 2uw/n, y = 2vw/n, and let T,,(z) be the sum defined in
(2.2). We have to show that

1

(2.14) 1 + T(y) — Tn(z) > 0.

If 4 =n/2, then n is even and n > 4. Applying Lemma 1 (iii) we get
1 1 (-1)* 5
) T = e - T s 2 s

k=1

Ifn/2 < pu<n-—1, then we set it = n — pu and & = 2fw/n. This leads to
1<pg<n/2,v<p<n—v,and T,(z) = T,(Z). Hence it suffices to assume
that 1 < u < n/2. We obtain

(2.15)
T, (y) — T, (z) = log(sin(z/2)) — log(sin(y/2)) — / W

“ceos((n+1/2)t) Zum cos(t)
Z/y Wdtf /2 P,(t) ; dt,

where P, (t) is defined in (2.3). Using Lemma 2 and P, (s) < 1 for 0 < s < 2nmw
we get

dt

v

2um ¢ 2urm/2 ¢
(2.16) / P ()W g g/ P22 gy
2um t 2um t
/2 cos(t)
= P,(t+2 dt
/0 n(t+ Vﬂ-)t—l—2mr
/2 1
g/ COS( ) gt =0.146... < L.

From (2.15) and (2.16) we conclude that (2.14) holds.
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(i) Let 2’ = 2u*n/(n+ 1) and y = 2vw/n. We have to prove that
1
—+T,(y) — Tn(2') > 0.

4

As in (i) it suffices to establish (2.17) for 1 < p* < (n+1)/2. Let z = 2u*w/n.
Ifo/ <t <Z then 0 <t/2<7/2and 2u*m —7/2 < (n+1/2)t <2u*m+7/2.
This yields

(2.18) /Jc %Wdt >0.

(2.17)

Using (2.18) we get

Tn(y) —Tn(x') > _/JJ Mdt

2sin(t/2)
([ L) i
[

(i) We may assume that 1 < y < n/2. We show that
1
Y T.(y") — Tn(z) > 0,

where © = 2un/n and ¥’ = 2v*7w/(n + 1). Let Q,(t) be defined in (2.8). As
above we get

To(y') = To(x) > — /, cobé(gnﬁ(-t}f / Qn(t) cos(t

(2.19)

where a = 2v*1 — v*w/(n+ 1) and b = 2um + pm/n. Since v*/(n+1) < u/n
and 1 < pu < n/2, it follows that v* < p+ 1/2, that is, v* < u. Next, we
consider two cases.

Case 1. v* = p.

If v* =1, then we get
L) - D) = 5. 5T - Ta(e) = 1 (5VE - 1),
4 6" 4 48

Let n > 5. Applying (2.10) we obtain

b 247 /n m/n
/ Qn(t) cos(t)dt < /2 Qn(t) cos(t)dt = Qn(t + 2m) cos(t)dt

T—m/n —m/n

7T/7L 2 1
< Qn(t +2m)dt < —2Qn (27 — 7/n) < T

—m/n n

Thus, (2.19) holds.
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Now, we assume that v* > 2. Then n > 5. From (2.9) we get
b 2v* 4w /2 w/2
/ Qn(t) cos(t)dt < / Qn(t) cos(t)dt = Qn(t + 2v" ) cos(t)dt
a Ut —m/2 —m/2
1
<2Q,2v'm —7/2) < 2Q,(T7/2) < 7
This settles Case 1.

Case 2. v* < p.
First, let v* = 1. Then n > 5 and we obtain

b 2um+m/2
/ Qn(t) cos(t)dt < / Qn(t) cos(t)dt
a 2

m—m/(n+1)

57/2
§/ Qn(t) cos(t)dt = J,, say.
27 —7/(n+1)

We have J; = 0.243... and Jg = 0.227.... Let n > 7. Then (2.11) yields

w/2
In = / Qn(t + 27) cos(t)dt
—r/(n+1)

s m 1
< | 1+si n|2m— —— —.
_( -‘rblnn_’_l)Ql(ﬂ' n+1><4

Next, let v* > 2. Using (2.9) gives

b 2v 47 /2
/ Qn (1) cos(t)dt < / Qn(t) cos(t)dt,
a 2

v¥r—m/2

so that this reduces to Case 1.
(iv) Let ¢/ = 2v*w/(n+1) and 2’ = 2u*7/(n+1). Since 1 < v* < (n+1)/2,
1 <p* <n,and v* < p* <n+1—v*, we conclude from (i):
1 / / 1 / !/
DT~ Tu) = 1+ Tana) — T (o) > 0,
This completes the proof of Lemma 4. O

LEMMA 5.  The function

(2.20) f(z) = = -

sin(z)

8=

is strictly absolutely monotonic on (0,7), that is, we have f™ (x) > 0 for all
x € (0,m) andn=0,1,2,....

Proof. The series representation

o0

k __
f(a) = Z(l)“@,f)),Bx (le] < 7).
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where By, By, By, ... are Bernoulli numbers (see [16, p. 209]), and the inequal-
ity (—=1)*"'Bai > 0 for k =1,2,... imply that f((z) > 0 for 0 < = < w and
n=01,2,.... 0

LEMMA 6.

(i) Let f be the function defined in (2.20). The sequence n — f((1 —
2/n)m)/n is strictly increasing for n > 3 and converges to 1/(2w) as
n — oo.
(ii) The function
7T 2 1

T 2P(sm(2n /D) | w2t —4)2 | tsm(3n/)

(2.21) g(t)
is strictly decreasing on (3,00).

Proof. (i) We define for z € (0,1/2)
r x
sin(2rz)  w(1-—2x)

(2.22) h(z) =af(r(1 —2z)) =

Differentiation gives

where
() = sin(2mx) — 27 cos(2mx)
B (sin(27x))? ’
1
v(@) = (1 —2x)2"
We have

in(2 3
(bln(27m:))u,(x) = 3rx + 7w cos(dnx) — sin(4nz).
T

A short calculation yields 3t/4 + (t/4) cos(t) — sin(t) > 0 for ¢t € (0,7], so
that «’ is positive on (0,1/4]. Thus, v and v are increasing on (0,1/4]. This
implies for x € (0,1/8]

B (z) <u(1/8) —v(0) = —0.014....

Since h(1/(k+ 1)) > h(1/k) for k = 3,...,7, we conclude that the sequence
n — h(1/n) is strictly increasing for n > 3. Moreover, from (2.22) we get
lim,, oo h(1/n) = 1/(27).

(ii) Let ¢ > 3 be a real number. We set s = m/t. Differentiation gives

g'(t) = a(t) + B(1),
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where
a(t) = — (ﬁ(&s)) (sin(3s) — 3scos(3s)),
3 sin(2s) ) *
B(t) = ~ T2 (sm(2s) (sin(?s) —2scos(2s) + 7 (W _(223) ) .
Since sin(z) — x cos(x) > 0 for 0 < x < 7, we get ¢'(t) < 0. O

LEMMA 7. Letv and p be positive integers with v < p and let

(2.23) Ty = [ 20

(i) Ifv is even and p is odd, then I(v,u) > 0.
(ii) If v and p are odd, then I(v, u) > (1) sin(t)/t dt.

vT

(i) If v and pu are even, then I(v,u) > 0.

dt.

T

Proof. (i) Let v = 2K, p=2M + 1, where K < M. Then we obtain

M-1 (25+1)7 (2j+2)m in(t M+ Gy
EDY / +/ sin )dt+/ sintt) .
=i \Jair (2j+1)m t 2M7 t
Since
(25+2)m s (2j+1)7 s
/ sin(t) gt = _/ sin(t) .
@j+n)x 2 T+t
we get

M-1

(257 gin(t CM+DT (4
I(V,/,L)Z?TZ/ sin(t) dt+/ mdt>0.
= J2im t(m+1) 2Mn t

(ii) Applying part (i) we obtain

(v+)m t
I(v, ) — / m;( Vit = 1w +1,1) > 0.

iii) Let v = 2K, u = 2M, where K +1 < M. Then we get
I

M-Lr2i+D)7 Gt
I(VyM)ZFZ/ sin) g, 5 o, O
=k 2 t(m+t)

LEMMA 8. Letn, v, and p be integers such thatn >3 and 1 <v < u <
2n. Further, let
nw

(2.24) Ruvop) = 5 [ ft/@n))sin(oyar,

where f is defined in (2.20).
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(i) If v is even and p is odd, then R, (v,u) > 0.
(ii) If v and p are odd, then R, (v,p) > 0.
(i) If v and pu are even, then

1 [e
Ralvi) > 5 [ f(t/2n)sin(tt.
20 J(u-1yx
Proof. (i) Let v = 2K, u=2M + 1, where K < M. Then we obtain
(2.25)
2K+1)7
2nR, (v, u) = / f(t/(2n)) sin(¢)dt

2K

M-1 (2j+2)7 (2j+3)m
+> / + / F(t/(2n))sin(t)dt
. (2j+1)7 (2j+2)7

Jj=K

(2K+1)7
= /2 £(t/(2n)) sin(t)dt

K~

M (2j+2)m
s /( F(8/2n) — F((r + 1)/(2n) sin(t)dt.

=K @i+

Applying Lemma 5 we conclude from (2.25) that R, (v, u) is positive.
(ii) Let v = 2K + 1, p = 2M + 1, where K + 1 < M. From Lemma 5 we
get
M-1

(25+2)m
2nR, (vip) = ) /( [£(t/(2n)) = f((z + )/ (2n))]sin(t)dt > 0.

=i Jeitnn
(iii) Applying part (i) we obtain
um
MRy (v, 1) — / F(t/(2n) sin()dt = 2nRn(v, i —1) > 0. O
(h—1)m

LEMMA 9. Let n, v, and p be integers such thatn >3 and 1 <v < u <
2n — v. Then we have

(2.26) g(\/i —1)+ Zn:

k=1

L fon (@26 - D27 s (@26 - 2] >0

Proof. We denote the sum in (2.26) by Ay, (v,u). We let f, I, and R,
be the functions defined in (2.20), (2.23), and (2.24), respectively, and set
x = pr/(2n) and y = vw/(2n). Using the identity

n

Zsin ((2k — )z )1/;51“(2”’5)& (zr €R)

P 2k —1 2 sin(t)
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we obtain
1 ["sin(2nt) , 1 [*sin(2nt) 1/1’ )
Ap(v,p) = 2/1, Sn () dt = 2/y ; dt + 2 ), f(t) sin(2nt)dt
1 ("7 sin(t) 1 [H7 .
Hence we have
1
(2.27) A ) = 5 (10 0) + R )

In order to prove (2.26) we distinguish four cases.

Case 1. v is even and (i s odd.
Using Lemma 7 (i) and Lemma 8 (i) we obtain that I(v, u) and R, (v, i)

are positive. Thus, (2.27) implies A, (v, u) > 0.

Case 2. v and p are odd.
Applying Lemma 7 (ii), Lemma 8 (ii), and (2.27) we get

1 1 oGy t 1 T .
Ay (v, p) > 51(,,7 1) > __/ sin(t) dt > __/ sin(t) i@t
0 0

2 vw+t 2 T+t

2
=—0.216... > —0.276... = —5(\/5— 1).

Case 3. v and pu are even.
From Lemma 8 (iii) and Lemma 5 we obtain

(2.28) Ralv,p) > 5 /0 "y (W) sin(t)dt

s Lr(emys (-2,

Applying Lemma 6 (i) and (2.28) we get

1
(2.29) R, (v,u) > ~5

Using Lemma 7 (iii), (2.27), and (2.29) we have

1 2
A, —— = —0.079...> —2(V2-1).
() > =~ > 3(\f )

Case 4. v is odd and p is even.
First, let n = 3. Then v = 1 and 4 = 2 or u = 4. A direct computation

yields

As(1,2) = Ag(1,4) = —0.240... > —%(\/5— 1).

Next, we assume that n > 4 and we consider two subcases.

Case 4.1. v is odd and p=v + 1.



900 HORST ALZER AND STAMATIS KOUMANDOS

We have
(2.30) I(v, ) = —/ sint) oy —/ snt) y— o433
0o vm +t o T +1
and
1 [" v+t .
(2.31) R, (v,p) = o /. ( o ) sin(t)dt

> ——f (M) > _%f(w/z) — -0.000....
From (2.27), (2.30), and (2.31) we get

2
A (v, 1) > —0.2625 > —5(\/5— 1).

Case 4.2. v is odd and 1 is even with pu > v+ 3.

We have u < 2n—(v+1). If p = 2n—(v+1), then A, (v, p) = Ap(v,v+1),
so that this case reduces to Case 4.1. Thus, it suffices to consider the case
when 4 < 2n — (v + 3) < 2n — 4. Then we obtain

(v+3)m sin(t)
t

(2.32)  I(v,p) > / dt

s

T 1 1 1 .
= / — + — sin(t)dt
0 vr+t (w+1l)mw+t (w+2)m+t

VA 1 1
> [ (- - in(t)dt = —0.359. ..
—/0 < L 37r+t)sm()

and
1 12us 1 T
(2.33) R,(v,p) > Zn/( \ f(t/(2n))sin(t)dt = “on ), K, (t, ) sin(t)dt,
pn—3)m
where

Kn(t,p) = f((E+ (n=3)m)/(2n)) = f((t+ (= 2)7)/(2n))
+ f((E+ (= 1)m)/(2n)).

Applying Lemma 5 we conclude that K, (¢, 1) is positive and strictly increasing
with respect to t and p. Hence (2.33) yields

(2.34)

Ro(v,p) > —=Kn(n, )>——K( ,2n — 4)

D) (e ()

:Ir—lzh—*
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By the mean-value theorem and Lemma 5 we get
(2n —4)m (2n — 5)m 77 (2n —4)m
P = () < o ().
2n 2n 2n 2n
Next, we define

an

T ((2n—4)7r) _ 7 cos(2m/n) 2
2n? 2n 2n2(sin(27/n))2  w(2n — 4)2

1 (@-Gr\_ 12
bn = nf ( 2n > nsin(3r/n)  w(2n —6)

Using this notation we obtain from (2.34)
(2.35) R,(v,u) > —(an +bp) = —cpn, say.
A direct calculation gives

(2.36) ¢4 =0.075..., ¢5=0.090..., cg=0.099..., c;=0.106....

and

From (2.27), (2.32), (2.35), and (2.36) we obtain that A, (v, u) > —(2/3)(v2
— 1) ford<n<T.

Suppose now that n > 8. Then we get ¢, < g(n), where g is defined in
(2.21). Applying Lemma 6 (ii) we obtain ¢, < ¢g(8) = 0.188.... This result
combined with (2.27), (2.32), and (2.35) leads to

2
A (v, 1) > —0.2745 > —g(\/i— 1).

This completes the proof of Lemma 9. O

3. Main results

With the help of the lemmas proved in the previous section we are now
in a position to present sharp bounds for the trigonometric sums given in
(1.2) and (1.7). First, we complement Koschmieder’s inequalities for A, (x,y)
mentioned in Section 1.

THEOREM 1. For all natural numbers n and real numbers z,y € [0, 7] we
have

(3.1) Sitn) <} w < Si(r).
k=1

Both bounds are best possible.
Proof. We have

An(z,y) = 5 (Suly — ) + Su(z +y)),
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where S,,(z) is defined in (2.1). Applying Lemma 1 (i) it follows that (3.1) is
valid. Furthermore, the limit relation

lim S, ( T > = Si(n)

n—o0 n+1

and the formulas

™ ™ nm i
An sy ] =®n |\ T 7] An sy 1 ] T TOn
(O n+1> S (n+1> (77 n—l—l) S <n+1)

yield that the bounds in (3.1) are sharp. O

REMARK 1. The proof of Theorem 1 reveals that (3.1) holds for all real
numbers x, y.

Now, we study the sum given in (1.7). The following analogue of (1.4) and
(3.1) holds.

THEOREM 2. For all natural numbers n and real numbers x,y € [0, 7] we
have

sin(kx) sin(ky)

(3.2) Z< : .

| —
o
I|M:

1

The equality sign holds in (3.2) if and only if n = 2, x = 57 /6, y = w/6 or
n=2¢=7/6,y=>51/6.

Proof. We have By (z,y) = sin(x)sin(y) > 0. Let n > 2 and M = {(x,y) €
R?|0 <y < a < 7}. Since B,(t,t) > 0 and B, (¢,0) = B,(w,t) =0 for t €
[0, 7], we conclude that B,, attains only non-negative values on the boundary
of M. Next, we assume that B, attains its absolute minimum at (zo,yo),
where 0 < yg < o9 < 7. Let a = x9 — yo and 8 = x¢ + yo. Then we obtain

0B, (z,y) 0B, (z,y) L
33) 0=——75-"—"> _— = sin(ka
33 9z y)=(z0.90) Ay l@y)=(w0,90) ; (he)
and
0B, (x,y) 0B, (z,y) o
3.4 0= ——" —_— = sin(kf3).
(3.4) 0r  l(z.y)=(z0.y0) dy (z,9)=(0,y0) kz::l (k6)

Using the identity

sin(a + nb/2) sin((n + 1)b/2)
sin(b/2)

(35) > sin(a+kb) = —sin(a) +
k=1
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as well as (3.3) and (3.4) we get

2
a=2 (reN;1<v<n/2)or
n
2*
a:n:ﬂi P eN;1<v*<(n+1)/2)
and
2
ﬁzﬂ (meN;1<pu<n-—1)or
= *eN; 1< u* <n).
B = n+1 (W eN; 1< p" <n)
This leads to the following four cases:
. V4 u)mw —v)m
(i) T/o:%v yoz% (v<p<n-—uv),

. (v W _ proov
(i) xo—<n+n+1)m o (n+1 n>”

(v/n<p*/(n+1) <1-v/n),

B v 1% _ [~ v*
(i) xo_(n+1+n)w, o ( n+1)”

903

W /(n+1) < p/n<1—v*/(n+1)),

(i = v*)r

| (v + 1)
(iv) i

=TLET o WS

W' <p"<n+1-v").

If n = 2, then only case (iii) holds and we get g = 57/6, yo = 7/6 with
Bs(x0,y0) = —1/8. Thus, it remains to show that if n > 3, then 1/8 +

B (z0,y0) > 0, where (zg,y0) is given in (i)—(iv).

establish that
2
ﬂk) — Cos ( >
n

o |0
(3.7) é+%i% :Cos <22”k> cos( qk)]
] ( _

(3.6)

(3.8)

and

(3.9) % + % z": % {cos <§: 1k> (

>

>

0,

0,

0)| >

Applying Lemma 4 we conclude that the inequalities (3.6)—(3.

This completes the proof of Theorem 2.

This means we have to

9) are valid.

O
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REMARK 2. Since Bop,y1(m/2,m/2) = 3" 1/(2k+1), we conclude that
there is no upper bound for B, (z,y), which is independent of n, z, and y.

Our third theorem presents sharp upper and lower bounds for Koschmieder’s
sum A’ (z,y) defined in (1.2).

THEOREM 3. For all natural numbers n and real numbers x,y € [0, 7] we
have

(3.10) —S(V2-1) <ZC°S k—1/2)z —)il/nz(( —1/2y) _,

The equality sign holds in the left-hand inequality of (3.10) if and only if
n =2, x =3n/4, y = /4, and in the right-hand inequality if and only if
n=1z=0,y=m.

Proof. Let Sk(x) be the expression defined in (2.1). Applying Lemma 1

(ii) we get
ate) =s: (157 ) + s (50 ) <2

with equality if and only if S} ((y — z)/2) = S ((z +y)/2) = 1, which is true
ifandonlyifn=1, 2 =0,y = .
Next, we establish the left-hand side of (3.10). We have

A (z,y) = 2cos(x/2)sin(y/2) > 0 (z,y € [0,7]).

In [17] it is proved that A% (z,y) > 0if 0 <z <y < mw. We have A} (¢, t) >0
and A%(t,0) = A% (m,t) = 0 for t € [0,7]. This implies that A} attains only
non-negative values on the boundary of M = {(z,y) € R?|0 <y <z < 7}.
We assume that there exist numbers z1,y; with 0 < y; < 21 < 7 such that
A (z,y) > Al (x1,y1) for all (z,y) € M. Let o* =1 —y; and 0* = z1 + y1.
Then we get

0r  lzy)=(z1,1) Oy (z,9)=(z1,91)
Z (k= 1/2)a%)
and
HA* HA*
(3.12) 0= 94n(@y) L 94u(z.y)
Oz (z.9)=(z1,91) dy (z.9)=(z1,91)

(k —1/2)53%).

‘Ms
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Applying

cos(a + nb/2) sin((n + 1)b/2)

Z cos(a + kb) = — cos(a) + sin(0/2)

and
cos((n — 1)a)sin((n + 1)a) — cos(a) sin(a) = % sin(2na)
we obtain from (3.11) and (3.12)
sin(na®) =0, sin(nf*) =0.
Thus, we have

71'
xr1 = (V—’_N)%?
where
v,ueN, 1<v<pu<2n—vr.
If n =2, then we get x; = 37/4, y; = 7/4, and A%(z1,y1) = —(2/3)(vV2 - 1).
Applying Lemma 9 we obtain for n > 3

= (z1,31) Z {Sm< (2% — 1)%) — sin ((2k - 1)%)}

2
> —5(\/5 —1).
This completes the proof of Theorem 3. O

REMARK 3. The method of proof we have applied to establish Theorems
2 and 3 can also be used to prove the inequalities (1.4)—(1.6) and to cover all
cases of equality. We obtain that the equality sign holds in (1.4) if and only
ifn=1Lz=my=0orn=12=0,y=m; in (1.5) if and only if z =0 or
y = 0; and in (1.6) if and only if z = m or y = m. This reveals that the given
lower bounds are sharp. We note that there are no constant upper bounds for
the sums in (1.4)—(1.6).

REMARK 4. If we replace in (3.10) the variable x by m —z, then we obtain
a counterpart of (1.5):

For all natural numbers n and real numbers x,y € [0, 7] we have

1sin((k —1/2)x) sin((k — 1/2
(3.13) V2-1) <Z 1)kt /]3_)1/2(( [29)

The equality sign holds in the left-hand inequality of (3.13) if and only if
n =2,z =y =mn/4, and in the right-hand inequality if and only if n = 1,
rT=y=m.
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Similarly, from (1.4)—(1.6), (3.1), (3.2) we get further inequalities for alter-
nating sums.
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