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EXPANSION OF SOLUTIONS OF PARAMETERIZED
EQUATIONS AND ACCELERATION OF NUMERICAL
METHODS

ISTVAN GYONGY AND NICOLAI KRYLOV

In the memory of J. Doob

ABSTRACT. A general scheme of parameterized families of equations is
considered, and abstract results on the expansion of the solutions and
on the acceleration of their convergence in terms of the parameter are
presented. These results are applied to fractional step approximations
for linear parabolic PDEs, systems of linear PDEs, and for nonlinear
ordinary differential equations. Applications to accelerating the conver-
gence of finite difference schemes for these equations will be presented
in a subsequent paper.

1. Introduction

We consider for every ‘parameter’ 7 € [0,1] a pair of equations

(1.1) v=@+ AOo(Lv + f),
(1.2) w=p+ Y AO(Liw+ fr)
k=1

in a separable Banach space W, where
p=0(1), fru="/ (1), f=/[(7)
are given elements of W, and
L=1L(r), Li=Li(1), Ar=Ak(r), Ag=Ao(7),
Ok = Ok(7), ©g = Op(7)
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474 I. GYONGY AND N. KRYLOV

are given linear operators in W for every 7 and k = 1,2,...,m. The operators
L, L; may be unbounded. We assume that
(1.3) L=Li+Lo+ - +Lp, [f=H+f+t -+ [ n

Together with equations (1.1) and (1.2) a subset W*(7) of the dual space W*
is also assumed to be given for every 7.

Our aim is to investigate the dependence on 7 of w—wv, the difference of the
solutions of (1.1) and (1.2). Under general conditions we obtain an expansion
for (w*, w) — (w*, v) in terms of powers of 7, where (w*, w) denotes the duality
product of w = w(7) and w* = w*(r) € W*(r). When Ay, Op, L, and f are
independent of 7, this result reads as follows:

For any integer k > 0 there exists vy := v, v1,0s,...,vr € W, independent
of 7, such that

k
(w*,w) = ZTi<w*,Ui> + O(r*+)

i=0
for all 7 € (0,1] and w*(7) € W*(7), where
O™ )| < N8 |

with a constant N independent of 7. This is what Theorems 2.14 and 2.18
below are about. Hence we easily get that under the conditions of this result
there exist some constants Ag, ..., A\, depending only on k, such that

k
D A (w wy) = (w*,v)| < NTF |
=0

for every 7 € (0,1], w* € ﬂ?:o W*(7;), where 7; 1= 2797, w; = w(7;), and N
is a constant, independent of 7 (see Theorem 2.15 below).

These results are motivated by applications to numerical methods of solv-
ing ordinary and partial differential equations. We apply them in the present
paper to accelerating splitting-up approximations for a class of linear PDEs
and also to nonlinear ODEs, and we indicate further applications to finite dif-
ference schemes. We will present applications to accelerating the convergence
of finite difference schemes for linear PDEs in a subsequent paper.

The splitting-up method appears first in the context of semigroups as Trot-
ter’s formula [14], which can be formulated as follows:

n
lim (eth/" . etLl/") =e'fp, VpeB,
n—oo

where L := L1 + Lo + -+ + L,, and Ly are infinitesimal generators of Cy-
semigroups of contractions {e!L : ¢ > 0} and {e!L* : ¢ > 0} on a Banach space
B, such that the intersection of the domains of the generators Ly is dense in
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B. Clearly, in the context of Cauchy problems Trotter’s formula states the
convergence of the splitting-up approximations, defined by w(t) = S™(¢t/n)vy,
(1.4) S(r): =P . PAPWL 7 >0,

to the solution of the abstract Cauchy problem

d

Ev(t) = Lv(t), v(0) =,
where I[D(Tk)cp is the solution at 7 of

d

%u(t) = Lyu(t), u(0)=.

In Section 4 we will see how the splitting-up given by (1.4) can be obtained
from our abstract scheme (1.1)—(1.2).
Under certain conditions one knows that for every fixed T' > 0

?;aT,XHSt/T(T)UO —v(t)lg < N7, Vre(0,1],

where N is a constant independent of 7 and
(1.5) T, :={ir:i=0,1,2,...} N[0, T].

In other words, the error of the splitting-up method S given by (1.4) is pro-
portional to the step size 7. There are splitting-up methods which are more
accurate. A celebrated example is Strang’s method

—pOp@  pmpm)  p@) pO)
S(r) = PP, . PP PR P,

introduced in [10], whose error is proportional to 72. Inspired by this example,
for given k > 2 one looks for splitting-up methods of the form

k X .
(1.6) S(r) : = Pgt, ... PRz PR
with some integer £ > m, real numbers sq,...,s: and integers ki,..., k¢ €

{1,2,...,m} such that the error of the methods is proportional to 7%. Such
methods, called methods of (at least) order k, are obtained for Hamiltonian
systems and for linear and nonlinear equations by variants of the Trotter and
Baker-Campbell-Hausdorff formulas, and by an adaptation of the method of
rooted trees from the theory of Runge-Kutte approximations (see, e.g., [9] [7],
[12], [15], [17], [8] and the references therein). By [11] and [16], however, the
numbers s; in each method (1.6) of order k& > 3 cannot be all non-negative.
Thus, by [11] and [16] the above methods of order greater than or equal to
3 cannot be used to approximate the solution of partial differential equations
of parabolic type.

Therefore it is natural to ask if there exists, in the case of parabolic equa-
tions, a method different from the multiplicative one to accelerate the conver-
gence of splitting-up approximations to a higher order.
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In [4] we show, inspired by Richardson’s idea, that using a step size of order
7, but organizing the computations differently, one can achieve an accuracy
of order 7% for any k, even if L, are (degenerate) elliptic operators with
coefficients depending on time. Namely, we show that each time when one has
any algorithm of implementing a splitting-up method to approximating the
solutions of Cauchy problems for parabolic equations with sufficiently smooth
coefficients and free terms, one can improve the rate of convergence to any
degree, by mixing the splitting-up approximations of different step sizes. Since
we believe that usually in practice one computes several approximations with
different step sizes, we prove that computing, for instance, approximations
with three different step sizes, each of which is of accuracy 7, and just taking
a linear combination of the results, one gets an approximation of accuracy 7.

In the present paper we show that the method of [4] is much more universal
in the sense that it covers very many situations in which approximations,
depending on a parameter 7, for the solution of an equation can be embedded
into the solutions of a family of equations satisfying certain properties.

The paper is organized as follows. In the next section we introduce our
general setting, illustrating it by simple examples, and formulate our main
results, Theorems 2.14, 2.15, and 2.18. We remark that these theorems are
presented without proofs in [5]. Theorem 2.15 follows easily from Theorem
2.14. Theorem 2.14 is a simple consequence of Theorem 2.18, which we prove
in Section 3. The rest of the paper is dedicated to applications. In Section
4 we apply the abstract scheme and the theorems of Section 2 to splitting-
up approximations of the solutions of parabolic PDEs. In particular, we
obtain the results of [4] in the time independent case. In Section 5 similar
applications to systems of PDEs, in particular to symmetric systems of first
order hyperbolic PDEs, are given. In Section 6 we formulate some applications
of the general scheme to splitting-up approximations for ordinary (nonlinear)
differential equations. The results of this section are proved in [5].

In conclusion we introduce some notation used everywhere below. Through-
out the paper d, m > 1 are fixed positive integers, K, T are fixed finite positive
constants, R? is a d-dimensional Euclidean space of points z = (z!,...,z%)
and

D;:=0/0x", D;j:=0*/02'027, D, :=09/ot.

Unless otherwise indicated, we use the summation convention with respect to
repeated indices. We also use the notation §;;, the ‘Kronecker delta’, which
islifi=jand0ifi#j.

R

2. General setting and an illustration

In this section we present three theorems in a very abstract setting. In order
not to lose connection to real things and give the reader some justification of
our assumptions we interrupt a few times the main stream of the section with
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discussions of a simple looking example. The reader will understand much
better also the proofs of our main result in Section 3 if he keeps applying
abstract constructions to Example 2.2, which by the way has nothing to do
with the splitting-up method.

It is probably hard to appreciate Theorems 2.14 and 2.15 looking only at
Example 2.2. We reiterate that the goal of this example is to give the reader
a feeling of what is behind quite abstract assumptions and objects. Later we
will see much more serious applications of our abstract results.

Fix an integer [ > 1 and assume that we have a sequence of Banach spaces

Wo, Wi, Wy, ..., W;

such that W; is continuously embedded into W;_1, for every ¢ = 1,2,...,1,
and Wy is dense in W.

For each number 7 € (0,1] we consider the pair of equations (1.1), (1.2)
for v = v(7) and w = w(7), respectively, where L = L(7), Ly = Lk( ), A =
A, (1), ©, = O,(7) are certain linear operators and f = f(7), fi = fx(7),

v = ¢(7) are elements from W, for all r = 0,1,...,m and k = 1 2,...,m.
Almost everywhere below in the article we drop the argument T.
ASSUMPTION 2.1.
(i) For all i = 0,...,[ the operators A,, O, are bounded operators from

W; to W; such that
1©rull; < Kfulli,  [[Arulli < Klull;

forr=0,...,m and u € W,.
(ii) For all # = 0,...,1 — 1 the operators L, Lj are bounded operators
from W; 1 to W; such that

[Lulli < Kllullivr,  [[Lrulls < K]l

fork=1,...,m and u € W;41.
(iii) lelli < K, |felli < K foralli=1,2,...,land k =1,2,...,m

(iv) Equations (1.3) hold.
EXAMPLE 2.2. Let
(2.1) Wy =---=W; =D([0,T],R?)

be the space of Ré-valued bounded functions on [0, 7] having right limits on
[0,T) and left limits on (0,7]. We provide these spaces with the uniform
norm.

Let m =1, ag(t) = t, a1(t) = 7[t/7], and define the operators Ay by

(2.2) (Agu)(t) = /(0 ) u(s) dag(s).
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Next, take a d x d-matrix valued cadlag function L(t), t € [0,7], and define
the operators L, L1 by

(Lu)(t) = (Lrw)(t) = Lt)u(t).

Finally, take a function ¢ € R% and consider the two equations

(2.3) v(t) = +/0 L(s)v(s) ds,
(2.4) w(t) =p+ /(0 ) L(s—)w(s—)da1(s),

which in our notation can be written as (1.1) and (1.2), respectively, with
m=1, ie.,

v=p+ AgOolv, w =+ A101Lw,

where O is the unit operator and ©; is the operator defined by

(2.5) (©1u)(t) =u(t—) te(0,T], (©1u)(0)=0.
Our goal is to compare w and v. O
ASSUMPTION 2.3. For each k =0,...,m there is a bounded linear opera-

tor Ry : Wy — Wy such that
(i) we have Ry : W; — W, for all i =0, ...,l and

(2.6) IReglli < Kliglli, g€ Wi,
(ii) (existence) for any g € Wy the function v = Ryg satisfies
(2.7) u= AoOoLu+ Axg,

(iii) (uniqueness) if g, € Wy, k=0,...,m, u € W7 and

u= ApOpLu+ Z Argr,
k=0

then
m
u = Z ngk-
k=0

REMARK 2.4. Assumption 2.3 is satisfied in Example 2.2. To see this it
suffices to notice that for 4 = u — Apg equation (2.7) becomes

di
u= Ao(Lu+ h), d—? = Lu+h,

where h = LAgg.
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In order to be able to compare the solutions v and w of equations (1.1)
and (1.2) we need to relate not only the operators L, Ly (see (iv) in As-
sumption 2.1), but also the operators Ag, Ay and Oy, Ok. To formulate the
corresponding conditions we need to introduce some further objects.

We call a sequence of numbers a = ajas...a; a multi-number of length
la| := 1, if aj € {0,1,2,...,m}. The reader should notice the difference
between multi-numbers and multi-indices. The set of all multi-numbers is
denoted by N.

For each 7 € (0,1] and o € N let bf = bl (7), b, = b, (7) be linear
operators on Wy, let ¢q = ¢o(7) be a real number, and let B, = B,(7) be a

linear operator introduced by
TBQ = Aa@a — A()@(), |C¥| = 1,
(2.8) _
TBak :Akba@k —CakA()@o, k= 07...,m.

We impose the following assumptions, in which K, > 0, a € N/, are some
fixed finite constants, independent of 7.

AsSUMPTION 2.5. For all i = 0,...,[ the operators b}, b, are bounded
operators from W, to W; and
(2.9) [bgulls < Kallullis  [Ibgulls < Kallulls
for all « € N and u € W;.

ASSUMPTION 2.6. Forany a € N and k=0,...,m
(210) B, A, = bgAk - Akb;, A()@Qb;r = Aob;@o

ASSUMPTION 2.7. Foranya € N andk=1,...,mandr=0,...,m
Li©, = O,Ly, Lpbt =bTLy, ALy = LiA,,
BQQD = b:g& Bafk = b;tfk

DEFINITION 2.8. We say that g € Wy is time independent if B,g = blg
for all € NV.

REMARK 2.9. Since L = Y, Ly, the operator L commutes with 6, bE,
and A, as well. Also it follows from the definition of B, and Assumption 2.7
that B, commutes with L, L for all « and k.

REMARK 2.10. In Example 2.2 the requirement that AgL = LAy means
that L(t) is independent of . We want to introduce bt, B,, and ¢, in this
example by formulas ready for use later on. In more general situations along
with ©; we also need operators ©; and ©,, which we define in Example 2.2
to be the identity operators. So we let k vary in {0,1} and for @ € AN define
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recursively
1 1 _
bi(t) = —lax(t) —ao(t)];  car = — Oaba(s) dax(s),
(0,7]
(2.11) )
bok(t) = — ( Ouba(s) dag(s) — cakao(t)> .
T (0,t]

It is easy to prove (see, however, Lemma 2.13 in a more general setting) that
¢q are independent of 7, b, (t) are T-periodic in ¢ and b, (i7) = 0 for integers
1> 0.

Next, introduce b as the operator of multiplying by the function b, and
define B, by the formula

(Bou)(£) = /( | us)dbas)

These definitions are consistent with what is done in the general scheme.
Indeed, (2.8) holds obviously, as does the second relation in (2.10). The first
relation is a consequence of the well known fact that for two right-continuous
functions of bounded variation
(2.12) d(b(t)a(t)) = a(t—) db(t) + b(t) da(t),
so that

d <ba (t) /(0 . u(s) dak(s)> = /(0 ) u(s) dag(s) dba (t) + ba (t)u(t) dag(t).

REMARK 2.11. If we modify the definition of ©; in (2.5) to
(2.13) (©1u)(t) = Yu(t) + (1 — )u(t—)

with a fixed constant ¥ € R, then for ¥ # 0 the operators b} and b, which
we need to use are not equal. We show this in the following generalization of
Example 2.2.

ExaAMPLE 2.12. Consider Example 2.2 with L independent of ¢, and with
©; defined by (2.13) in place of (2.5), so that if ¥ = 0 we just have the same
situation as in Example 2.2. Interestingly enough, even if below 9 = 0, this
time we take the operators ©, different from the identity. As in Example 2.2
we define Oy to be the identity operator and introduce the operators Ay as
before by (2.2). Then clearly Assumptions 2.1 and 2.3 still hold. For future
use we introduce further notation. We set ¥9 = 1 and ¢; = ¢ and let k vary
in {0,1}. We define the operators ©;, by

((:)ku)(t) = (1 — ﬂk)u(t) + ﬁku(t—),
and set for a =a;...a; e N
00 =0, 0n=0,,
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Notice that for right-continuous functions of bounded variation, say a and b,
we have by (2.12) that

(2.14) d(b(t)a(t)) = Oqa(t) db(t) + O.b(t) da(t).

Next, we use formulas (2.11) to define the functions b, and the numbers c,.
Observe that by Lemma 2.13 below the numbers ¢, do not depend on 7.
Define for every a € N the operator B, by

(Bau)(t) = Onu(s) dby(s),
(0,t]
and let b, be the operator of multiplying by the function ©,b,. Then this
definition of the operator B, is the same as the general definition of B, given
by (2.8), by virtue of the above definition of b,. Using (2.14) with b = b, and
a = Apu we get

d (ba(t) /(0 ) u(s) dak(s)> = d(BaAru)(t) + d(Agb u)(t).

Thus, defining the operator b7 as the multiplication by b,, we have
b;tAk = B, A, + Akb;,

i.e., the first identity in Assumption 2.6. Notice that b} # b, if ¥ # 0 in
(2.13). Clearly, the second identity in Assumption 2.6 and Assumption 2.7
hold also for this example. O

Next we formulate a lemma which ensures that for a large class of appli-
cations of the general scheme the numbers ¢, are independent of the param-
eter 7.

Let Hy, Hy,..., H,, be right-continuous functions on R which have finite
variation on every finite interval. Assume that

H.(0)=0, H.(t+1)—-H.(t)=H.(1)=1, VteR, r=0,1,...,m.
For each 7 € (0, 1] we define the functions
ar(t) =7H.(t/7), t>0, r=0,1,...,m.

Let A, (7) be an operator for every a € N and 7 € (0,1), mapping B (R,)
into itself, where B, (R, ) denotes the class of 7-periodic bounded functions
on Ry = [0,00) having left and right limits at every ¢ € (0,00). We assume
that (Ao (7)u)(¢7), ¢ > 0, is independent of 7 for every € N and every
u € BT (R+)

For every a € N we define a function by, : [0,00) — R and a number c,
recursively, starting as follows:

(2.15) b, =7 'a, —ag), ¢, =0 for v=0,1,2,...,m.
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If for every multi-number 8 = B;...0; of length ¢ the function bg and the
number cg are defined, then we set

1 T
(2.16) oy = /0 Auba(t) das (1),
(2.17) bavy(t) = % (/0 Aobo(s)day(s) — co,yao(t)> .

LEMMA 2.13.  For every a € N the function b, is T-periodic, i.e., b (t +
T) = bo(t) for allt > 0, and b, (i) = 0 for all integers i > 0. Moreover, the
numbers cq, the functions Cy(t) := bo(7t), and

sup [ba (t)| = sup [Cu (t)]
t>0 t>0

are finite and do not depend on 7.
Proof. Clearly
7~ Har(r) = ao(r)) = H,(1) — Ho(1) = 0.
Since H,(t+ 1) = H,(t) + H,(1),
be(t+7)=7"ar(t+7) —ao(t+71))
=H, <t + 1> — H, <t + 1) =H, (t) — Hj (t> = b,(t),
T T T T

i.e., b, is T-periodic, and C,(s) = b.(t7) = H,(t) — Ho(t) is independent of

7. Consequently, the assertions of the lemma hold for « =0, ..., m. Assume
now that the statements of the lemma are true for @« = 3, where 3 is a
multi-number. Then for every v =0,1,2,...,m

= [ abals) it (5/7) = [ (st it o)
Thus cg, and hence
Cor(t) = [ Aabals) At (5/7) = ey o)
0

_ /0 (Agbs)(7s) dH, (s) — c5o Ho(t)
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are independent of 7. Moreover, by the definition of cg,

t+1
Conlt+1) = [ (haby)(rs) dH (5) = i ot + 1)
t+1
- / (Agbs)(7s) A (5) — e (Ho(t +1) — Ho(1))
- / (Agbg)(7(s + 1)) dH (s + 1) — oy o)

- / (Agbs)(7s) AL, (s) — e Ho(t) = Cloy (1),

i.e., Cg, is 1-periodic, and hence bg, is 7-periodic. Thus induction on the
length |a finishes the proof of the lemma. O

THEOREM 2.14. Let k > 0 be an integer and let Assumptions 2.1, 2.3,
2.5, 2.6 and 2.7 hold with | > 2k + 2. Assume that (for a given 7 € (0,1])
equations (1.1) and (1.2) have solutions v € W, and w € W, respectively,
such that ||w|; < K. Then for any continuous linear functional w* on Wy,
such that w*b} =0 for all « € N, equation

k
(2.18) (w*, w) = ZTi<w*,U,‘> +O(rH,

=0
holds, where vg = v,v; € Wy are uniquely determined by Ag, Oq, L., fr, k, and
Ca, and

O )] < NrEFHlw ),

with a constant N depending only on K., K, and .

Theorem 2.14 follows immediately from Theorem 2.18 below.

Generally, the solutions of (1.2) and (1.1) depend on 7, i.e, w = w(7),
v = v(71). However, if Ag,Oq, L, f-, and ¢, are independent of 7, then v
and other v;’s in (2.18) are independent of 7 as well (since they are uniquely
determined by Ag, ©g, L., f, and ¢, ). In this situation we have the following
result on ‘acceleration’.

THEOREM 2.15. Let k > 0 be an integer and let Assumptions 2.1, 2.8, 2.5,
2.6, and 2.7 hold with |l > 2k 4+ 2. Let Agy, Oy, L, fr, and c, be independent
of T, and assume that (1.1) has a solution v € Wj. Suppose that for a given
10 € (0,1] for all j = 0,1,...,k equation (1.2) with T = 7; := 19277 has a
solution w = w; such that ||w;|; < K. Assume that an element w* € W
satisfies

Wb () =0, YaeN,j=01,..., k.
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Then, for some constants A, ..., A\ depending only on k, we have
k
Z)‘j<w*7wj> —(w",v)| < NT§+1||’[U*||7
j=0

where N depends only on K., K, and l.

Proof. By Theorem 2.14 we have
(w*, w;) = (w*,v +ZQ Prdw*, ) + Rj(w*,79), 7=0,1,...,k,

with
R (w*,70)| < 277 FFD N fw*||r5+1.

Let V denote the square matrix defined by V¥ := 2-0-D0=1 5 =1 . k+
1. Notice that the determinant of V' is the Vandermonde determinant, gener-
ated by 1,271, ...,27% and hence it is different from 0. Thus V is invertible.
Define

(Aos ALy oo M) = (1,0,0,...,0)V L,
Then

k k k
S oNww) = DoN | @ o)+ )Y A2 (wt,v)

7=0 5=0 §=0 i=1
k
+ Z N Rj(w*, )
7=0
k k
= (w*,v) + Z Te{w*, v;) Z 229 4 O(rEth
i=1 5=0

= (w*,v) + O(ry*1),

since Y5_o Aj = Land 3% ;2 = 0 for i = 1,2,...,k by the definition of
()\0, ey )\k>7 and

k k
SR (W', 7)| < SN2l [t < Offwt |t
5=0 7=0

with constants N and C' depending only on K, K, and [. O
REMARK 2.16. In Example 2.2 assume that L(t) is independent of . Then

by Remark 2.10 the assumptions of Theorem 2.14 are satisfied for any k£ with
appropriate I, K, and K,. Also, since b,(j7) =0 for all j =0,1,..., as w*
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in Theorem 2.14 one can take the restriction of elements in D([0, 7], R%) to
any of the times in (1.5).

From Theorem 2.14 we now conclude that there exist R%-valued functions
v; = v;(t), 1=0,1,..., t € [0,T], independent of 7, with vg = v such that

(2.19) sup < N7k+L,

teTr

k
’UJ(’T, t) - Z Tivi (t)
=0

where N depends only on T', k, |L|, and |¢].

By the way, under the above time independence assumption we have

v(t) = eltop.
Also equation (2.4) amounts to saying that
w(0) = ¢, w(t)=w(jr) for teljr,(j+1)7),
w((j+ 7)) =w(yr) + Lw(r)r, j=0,1,...,

which is just Euler’s scheme for equation (2.3). It is also an explicit finite-
difference scheme for the equation v’ = Lv. It follows that
(2.20) w(t) =w(jr) = (1 +71L)p for te[jr,(j+1)71), j=0,1,....

Hence (2.19) means that

k

max [(1+7LY o — Ti’l)i i) < NTk+1,

jmax \( L Z:; (47)
with N depending only on T, k, ||, and L, and v; independent of 7 with
vo = v. In particular, for 7 = 1/n,T = 1,j = n we get that as n — oo

k
n U _
(2.21) (14 L/n)"p = &HZ; + O(n~ D),
i=1
where v; are some vectors. Theorem 2.15 applied to Example 2.2 says that,
as 7] 0,
k .

2.22 (14 727°0)2 T — LiTp| = O(r* ).
(2.22) j:r;ngT;)Az( +727' L) o — M| = O(T)

To get a feeling of the acceleration let us play with the following trivial
numerical example. Take d =k = ¢ =L =T =1, so that \g = —1, A\; = 2,
and use formula (2.22) with j = 1/7, 7 =1,1/2,1/4, to approximate e:

e~ —e(r) +2e(1/2), e(t):=1+7)Y".

Let us calculate this approximation rounded to four decimal places, and com-
pare it with the approximation e(7/2), the better one between the approxi-
mations e(7) and e(7/2) for e, since e(7) T e as 7 | 0.
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Case (i) T =1. Then e~ —2+ 2(2)? = 2.5, and the error 0.2183 is more
than 2.1 times smaller than 0.4683 = e—e(1/2) = e—(2)?, the error of e(1/2).

Case (ii) T =1/2. Then e & —(2)? + 2(5)* ~ 2.6328 with error 0.0855,
which is more than 3.2 times smaller than 0.2769 the error of e(1/4) = (2)%.

Case (iii) T = 1/4. Then e & —(2)* + 2(2)® ~ 2.6902, and the error,
0.0281, is more than 5.4 smaller than 0.1525, the error of e(1/8) = (£)8.

Take now k& = 2 in this example. Then \g = %, Al = =2, Ay = %, and by
virtue of the above formula we approximate e by

1 8
e~ 56(7') —2e(7/2) + 56(7’/4).

For 7 =1 we get e & 32 — 2(2)? 4+ §(2)* ~ 2.6771. The error is 0.0412,
which is more than 6.7 times smaller than that of e(1/4) = (3)%. For 7 = 1/2
we get e &~ £(2)? —2(3)* + §(2)® &~ 2.7093. The error is 0.0092, which is

more than 16.5 times smaller than 0.1525, the error of e(1/8) = (§)%.

We illustrate some directions of further applications in the following exam-
ple.

EXAMPLE 2.17 (Splitting-up combined with finite differences). For a dxd-
matrix L we want to approximate the solution, v(t) = e**¢, of the equation

d
(2.23) Eu(t) = Lo(t), v(0)=¢pecRY
on the grid (1.5), by splitting-up the equation into m equations

d
Ev(t) =Lyo(t), k=1,2,....m, L=Li+Lo+ -+ Ly,
and solving them numerically on each fixed interval [j7, (j+1)7], consecutively,
by finite differences. Namely, for each k we take some ¥} € R and approximate
the equation dv(t) = Lyv(t)dt on each [j7,(j + 1)7) by the #-method with
0 =Yy :=1— Vg, i.e., for its numerical solution u we take
u(t) = u(jr), forte [jr,(j+1)71),

w((j+ D7) = u(T) + 0p Lpu(§7) + 70 Lpu((j + 1)7).
For = 1/2 this is the so-called Crank-Nicholson scheme. Thus, assuming
that the matrix I — 79 L}, is invertible, we have the recursion

uw((j+1)7) = (I = 70 L) (I + 70 Ly )u(j7).

Using this recursion for each k¥ = 1,2,...,m consecutively on every interval
[j7,(j + 1)7), for 5 =0,1,2...,i — 1, we get the approximation
(2.24) w(t;) = w(r,t;) = (M, (I — 796 L) " (I + 70k Ly)) "

for v(t;) = 'L, when t; = it.



EXPANSION AND ACCELERATION 487

Now we describe this approximation in terms of the general setting. In
order to express the splitting-up algorithm, we introduce the absolutely con-

tinuous functions hq,...,h,, on R, whose derivatives are periodic with period
m, such that
(2.25) hi(t) == 1p_11(t) t€[0,m).

We define for each 7 € [0, 1) the non-decreasing right-continuous functions
ap(t) = r[hpg(mt/7)], t>0, k=1,2,...,m,

where, as before, [c] denotes the integer part of ¢. Then the approximation w
given by (2.24) coincides with the solution of the equation

(2.26) dw(t) = iLkG)kw(t) dai(t), w(0) = ¢,
k=1

at the points t; = it € T, where
(Orw)(t) := Ppw(t) + (1 — I )w(t—).

Clearly, (2.26) can be written in the form (1.2) and equation (2.23) is of the
form (1.1), if we take f = fi = 0 and introduce Oq as the identity and Ay,
Az,..., A, as the integral operators on the spaces (2.1) defined, as before, by
(2.2) for k=0,1,...,m with ag(t) = t.

Now introduce the operators ©, and ©, and define the functions b, the
numbers ¢, and, finally, the operators b?; and B, by the same formulas which
were used in Example 2.12; allowing there k to vary in {0,1,...,m}.

Notice that by Lemma 2.13 the numbers ¢, do not depend on 7 and, as in
Example 2.12, it is easy to check that all assumptions of the general scheme are
satisfied. Furthermore, we have b, (j7) = 0 for all integers j > 0. Therefore we
can apply Theorem 2.14 with w*, the restriction of functions u € D([0, T], R?)
to any t; € T. Then we obtain that there exist vg,v1,..., v, € D([0,T],R?),
independent of 7, with vy = v, such that

k

’LU(T, t) - Z Vi (t)Ti

=0

(2.27) max

< N7HL - for 7€ (0,1],
teT,

where w(7,-) = w is the approximation defined by (2.24), and N is a constant
depending only on T, k, m, |L|, |¢|, and 91,...,¥,,. From Theorem 2.15 we
get

= O(TF . O

max
teT,

k
efly — Z Nw(27'7, 1)
=0

We will see that Theorem 2.14 follows from an expansion of w into a power
series with respect to 7. To state the corresponding result we need more
notation.
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For v € N we define f, € W, and a linear operator L., as follows:
(2.28) Ly=0, fo=0,L,=0L,, f,=f for y=re{1,2,...,m},
(229) L'yO = LL'yv L'yr = _L’yL’r‘; f’yO = Lf’yv f’yr = _L'yfr»
forr=1,2,...,m, v € N. Notice that L, is a bounded linear operator from
W; into W;_, if o] <7 and f, € Wi_jaj41 if la] <1+1.

Observe that f, are time independent due to Assumption 2.7, because by
Remark 2.9 we have

B’ykaa = LkB'yfa

and one can use induction on |a.

Let M denote the set of multi-numbers v1y2...7; with v; € {1,2,...,m},
j=1,2,...,i, and integers i > 1. Observe that M C N and in contrast with
N the entries in v € M are not allowed to equal zero.

Next, we introduce sequences o = (1, f2,. .., 5;) of multi-numbers 3; €
M, where ¢ > 1 is any integer, and set

o] = |Bi] + [B2] + -+ + |Bil.
We consider also the ‘empty sequence’ e of length |e| = 0, and denote the set
of all these sequences by J. For o = (81, 02,...,05:), ¢ > 1, we define
(2.30) Se =RLg, -----RLg,, where R :=Ry0y,

and for o = e we set S, = R. Notice that S, is well-defined as bounded linear
operator from W;_ |5 to Wy if j + |o| <. If we have a collection of g, € Wy
indexed by a parameter v taking values in a set A, then we use the notation

*
(2.31) > o
vEA

for any linear combination of g, with coefficients depending only on ¢, A,
and v. For instance,

k *
Z Sewy = Z Sowy = Z c(o,7)Sews,
A (e,7)€A (e,7)€EA

where ¢(0,7) are certain functions of ¢,,a € N, and (0,7) € A. These
functions are allowed to change from one occurrence to another.

For p=0,...,l, k > 0, and functions u = u,(7) depending on the param-
eters a € N and 7 we write

w=0,(") it [lua(r)ll, < N7,

where the constant N < oo depends only on a, K3,3 € N, pu, I, and K.
Finally, we set
(2.32) A7)
(233)  B(ij) =

(0,8):0 € T,B€ Mol +18] < i},
(a,B) :a €N, BeM,la| <i,|B] <j},

Il
—— -
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and vg = Lgv + f3, wg = Lgw + f3.
THEOREM 2.18. Under the assumptions of Theorem 2.14 we have

k k
(2:34) w:U+ZTiZ*SUUﬂ+ZTi Z* bl wa, + Oo(T7).

=1 A(2i) =1 B*(i,i+5)

Furthermore, if k > 1, then

m

*
Z ngﬁ = Z (Ci]‘ — Cjo)RUij
A(2) i=1
in (2.34), so that it vanishes if ¢;j = cjo for alli,j=1,...,m.

REMARK 2.19. In Example 2.17 with m =1 and 6 = 1/2, that is, for the
Crank-Nicholson scheme, we have ¢11 = ¢1¢9, which implies that the coefficient
of 7 in (2.27) vanishes and w = v + Oy(7?) on T}, and we rediscover the
well-known fact that the scheme is of second order accuracy.

REMARK 2.20. If the coefficient of 7 in the first sum in (2.34) is zero, then
to accelerate to get order of accuracy 72 it suffices to mix two grids instead of
three as in the general case because one can find two universal constants such
that the expansion in powers of 7 of the corresponding linear combination has
first term proportional to 73 and thus has error of order 73.

Indeed, let 79 € (0, 1] and assume that equation (1.2) with 79 and 71 := 7¢/2
has a solution wy and wy, respectively. Then by virtue of Theorem 2.18, under
the assumptions of Theorem 2.15, and if ¢;; = ¢;jo for all 7, j, we have

4 * 1 * * 3 *
(2.35) §<w1,w >—§<w0,w ) — (v,w*)| < N7g||lw*||
for all w* € Wy, satisfying w*b] (7;) = 0 for all « € N, j = 0,1. We say more
about such situations in Remark 4.5 below.

ExXAMPLE 2.21. We apply the two previous remarks to Example 2.17 with
m =1 and 6 = 1/2, that is, to the Crank-Nicholson scheme. By (2.24) and

(2.35) we have
‘L 1 7T \"! T o
e @+§<<I—§L> (I+§L>)

S0 )

Let us see what this acceleration does in the trivial numerical example
d=k=¢p=L=T=1, chosing 7 = 1,1/2,1/4. Thus, we approximate the

max
teT,

= 0(7?).




490 I. GYONGY AND N. KRYLOV

number e now by

b

1 4 24+ 7\"7
~ e e &(7) = for7=1
e 36(7‘) + 36(7‘/2)7 e(r) (2 — T) , for =1,

Rounding up to four decimal places we have

(1) =3, &1/2)= (g)z ~ 2.7778,

DO =
| =

e(1/4) = (g>4 ~ 2.7326, o(1/8) = G_;)g ~ 2.7218,

Case (i) T = 1. Then e ~ —é(1) + 3€(1/2) ~ 2.7037, and the error is
0.0146, which is more than 4 times smaller than 0.0595, the error of €(1/2).

Case (i) T =1/2. Then e ~ —1&(1/2) + 3&(1/4) ~ 2.7176. The error is
0.0007, which is more than 20 times smaller than 0.00143, the error of &(1/4).

Case (iii) T =1/4. Thene~ —1e(1/4)+ 2e(1/8) ~ 2.71823872. Rounded
to 10 decimal places the error is 0.000043108, which is more than 82 times
smaller than the error of €(1/8).

3. Proof of Theorem 2.18
Recall that the operator R is defined in (2.30) and introduce
1 1
Q= ;(Rk@k —R), Qar= ;(Rkb;@k —cakR)
fora e Nand k=0,...,m.
LEMMA 3.1. For any oo € N we have:
(i) The operators
Qa:WZ‘—>Wi7 iZO,...7l,

are bounded.
(il) If g € Wy, then u:= Q,g satisfies

(3.1) u = Ag©pLu + B,g.
(i) If C is a finite set of multi-numbers, f,go € Wo,u € Wy and

u=AOo(Lu+ f)+ > Baga:
c

then
u= Rf + Z Qaga~
C

Proof. This lemma follows immediately from our definitions of B, @, and
from Assumption 2.3 about Ry. O
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REMARK 3.2. Foranya € N, k=0,...,m, and g € Wy we have
(3.2) QuRig = by Rig — Riby g.

Indeed, since both parts are continuous functions on Wy and Wj is dense
in Wy we may assume that g € Wi, so that u := Rrg € W satisfies u =
ApOpLu + Arg and, since

b AgO0 = BaAoOo + Agh= O = BaAoOo + AgOobt, Lbt = b I,
bl Arg = BaArg + Arby g,
it holds that
blu=0brAgO¢gLu+ By Arg + ArbL g
= Bo(A0OoLu + Arg) + AgOoL(bfu) + ArbL g
= AgOoL(bu) + Bou + Apb, g.
It follows that bfu = Ryb, g + Qau, and this is (3.2).

Formula (3.2) and assumptions (2.6) and (2.9) yield the following.

LEMMA 3.3. Foranyoa e N,k=0,....m,i=0,...,1, and g € W; we
have

(33) ||Qo¢ng||z S QKKQHQHI

REMARK 3.4. For any o € N and g € W we have
(3.4) Q09 =RLB,g+ B,g.

Indeed, since u := Q,g € Wy satisfies u = AgO¢Lu+ B,g, w := u— Bag € W1
satisfies

w = Aoeo(L’w + ha)
with hy := LBa,g € Wy. Hence w = RLB,g, and this is (3.4).
LEMMA 3.5. Leti=1,...,1, g € W; be time independent, and o« € N.
Then
1Qaglli-1 < K*Kallglli + Kallglli—1-
The lemma follows immediately from Remark 3.4 and our assumptions.
The following lemma exhibits our two main tools, which in the framework

of differential equations translate to centering the integrand (assertion (i))
and integrating by parts (assertion (ii)).

LEMMA 3.6.
(i) Let g € Wy and o € N. Then

(35) szg = C040739 + TQaOg'
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(ii) Letw e W1, go =0, g1,...,9m € Wo, h be time independent, and
u = Z A.O.g, + h.

Then for any a € N
(3.6) Qo = R(caoLlu — corgr) + TQa0 Lt — TQurgr + bju.

Proof. (i) Since both parts of (3.5) are continuous functions of g and W is
dense in Wy, it suffices to prove (3.5) for g € Wi. In that case w := Rblg € W,

is the unique solution of w = AgOo(Lw+b] g), which owing to our assumptions
and definitions implying that

Ao@ob;r = Agb, ©¢ = TBao + ca0A0O0,
can be written as
w = AgOo(Lw + ca09) + TBaoy,

and (3.5) follows by the definition of R and Q0.
(ii) Observe that p := Q,u € Wi satisfies p = AgOpLp + Byu, where by
(2.10) and (2.8)

Bou = BaAr©rgr +bih = (b Ar — Arby)Orgr +bIh
= blu— Ab; 0,9, = blu — carA©Oogr — TBargr-
Also note that Lu € Wy and
AOGOb:Lu = Apb, ©OoLu = co0A0OoLu + T ByoLu.
Hence for q := p — bTu € W, we obtain

q= AOGO(LQ + b;rLu) - CarAOGOgr — 7Bargr
= AgOoLg + caoAoOoLu + TBooLu — carAgOogr — TBargr,

and (3.6) follows by Lemma 3.1 (iii). The lemma is proved. O

From now on the operators B, will no longer be needed in our considera-
tions.

We have the following statement regarding the function w from Theorem
2.14. Recall the notation wg = Lgw + f3 for 8 € N.

LEMMA 3.7. Leta,B €N and |8+ 1<1. Then
(3.7) Qawp = CarRwpr + TQarwsr + bl wg.

Proof. Apply formula (3.6) to u := wg € W7, after noting that
u=Lgp+ LgA,O,(L,w+ f;)+ fs = ArOrgr + I,
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where g, := Lgw,, and h := Lgp+ f3 is time independent. Then the left-hand
side of (3.6) equals

R(CaOLw,B - carL,Bwr) + TQaOLwﬁ - TQOWLBU}T + bl_w,ﬁv
which is easily seen to be equal to the right-hand side of (3.7). O

We derive from (3.7) one of the most important formulas.

PROPOSITION 3.8. Let kK > 0 be an integer and l > k + 1. Then

(3.8) w=v+ i T Z bl we + iTi Z CaRwg + 7+ 1p(tD)

=1 |a|=i i=1  |a|=i+1

for allt € [0,T], where
T(ﬁ+1) = Z Qoﬂ.Uoc'

|a|=r+1

Proof. First notice that for u := w — v € Wy we have

u=A.0.(L.w+ f.) — AgOo(Lv + f)

= (ATQT - A()@())Lr’w + AO@O (Z Lrw - L'U)

+ (4,0, — AgBq) f + AgOq (Z fr— f)
= Ap©gLu + 7B, w,,

which proves (3.8) for £ = 0. Next we fix some x > 1 and transform 7@, for
i=1,...,k, by applying (3.7) with & = § and |a| = ¢ when |o|+1 < k+1 < [.
Then we get

rW =" 3" copRwap+7 D Qapwas+ Y blws

la|=4,|8]=1 lov|=i,|8]=1 lo|=i
= Z b'ofwa + Z caRwqy + D),
|| =1 || =741
This shows how r(1), 7). 5+ are related to each other and proves the
proposition. O

Our next step is to “solve” (3.8) with respect to w by the method of suc-
cessive iterations, i.e., by substituting w given by (3.8) into the right-hand
side of the same equation. In the process of doing so we encounter only one
difficulty when the second term on the right is plugged into the third one
and we have to develop expressions like R(bw) into power series in 7. We
transform these terms by using (3.5) and (3.6). First we note the following:
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LEMMA 3.9. If x>0 is an integer and o, 3 € N and || + k <, then

K

(3.9 R(bwg) = ZTi Z Ca0y RWwgay

=0 |v|=1
K
i + 1
+ Z Tl Z baO’ywﬁ’Y + THJF Z an’Ywﬁ’W
i=1 |y|=i—1 |v|=K

where for any multi-numbers u, v

o + — pt
E oy Rwyy = ¢, Rwy, g bwww = b w,,
[v|=0 [v|=0

Z Qu’yw/ry L= Quwu-

[v|=0

Proof. If kK = 0, then wg € Wy and (3.9) follows from (3.5). If k > 1, we
first claim that

k—1
(3.10) Qauw:ZTi Z CayRWa~

=0 |y|=it+1
k—1
+ Z 7' Z Doy wpy + 7" Z Qo Wy
=0 |y|=i lvl=r

Indeed, if £ = 1, formula (3.10) is just (3.7). If (3.10) is true for some xk > 1
and |B| + k + 1 <[, then we use (3.7) with 8~ in place of 8 and for |y| = k
transform the last term in (3.10) to obtain

QaryWay = CayrRWpyr + b:'wa’Y + TQaryrWayr

We substitute this result into (3.10) and see that induction on k proves our
claim. For x > 1 we use (3.10) with a0 in place of « and finish the proof of
the lemma by referring to (3.5). O

In the above sums with respect to « this term was running through N. It
is more convenient to restrict v to M, introduced after Definition 2.8.

LEMMA 3.10.  The following statements hold.
(i) Let y=mv1v2...vi € M, |y| < 1. Then on W; we have

Ly=(-)M=L .. L, and f,=(-0)M"L, . L, . f.,
(i) Let B,y € M, |B| + |v| < 1. Then on W, we have

LpLy = —Lgy and Lgfy = —fay.
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(iii) Let o € N, |a| < 1. Then there exist constants c(y) = c(a,v) €
{0, £1} defined for all v € M with |y| = |a|, such that

(3.11) La= Y Ly, fa= Y. Ny

YEM,|v|=lal YEM, |v|=]a

Proof. Part (i) follows immediately from the definition of L., f, by induc-
tion on |y|. Part (i) obviously implies Part (ii). Part (iii) clearly holds for
a=0and o =7r € {1,...,m}. Assume that equations (3.11) hold for some
a €N, |a| <l. Then

Lor = —LoLy = — Z C(’Y)L’YLT = Z C(’Y)L’yra
YEM, |y|=]e YEM, |y|=let]

for = —Lofr = — Z C(’Y)L'yfr = Z C(V)fvra
YEM,|v|=lal YEM,|v|=lal

for r € {1,2...,m}, and

Loo=LLa=% Ly Y. cMly==> > )L,
r=1 - yeM,|v|=la r=1yeM,|y|=lal
fao=Lfa=Y Le > cfy==>_ >, Wi
r=1 yeM,|v|=la] r=lyeM,|v|=|a|
which prove (iii) by induction on |«|. O

LEMMA 3.11. For any o, 3 € N with |8 +p+ 1 <1 we have
Qawp = Op(1).
Proof. Observe that for w :=w — ¢
Lgw = ApOp(LgLirw + Lgfi) = AoOo(LLgw — u) + ApOr(LgLiw + Lgfi),
where u := LLgw. Hence
Lgw = —RLLgw + RiOk(LpLrw + Lgfr).

Now it only remains to recall that wg = Lgw + fg + ¢g, where fg, g =
Ly are time independent, and to use Lemmas 3.3 and 3.5. The lemma, is
proved. O

Recall that the operators S, are defined in (2.30) and the sets A(4) in
(2.32), and denote

B(i,j) = {(e, ) : e € N, B € M, |a] =i, |B| < j}.
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LEMMA 3.12.  Let k, pu > 0 be integers anda € N, € M, 0 € J. Assume
that

(3.12) lo|+ 18]+ r+p+1<IL.
Then

(3.13) sg(b;w,;):iﬂ ST S, uwp,

=0 A(lo[+|8l+0)
K
, *
+ ZTZ Z bl wg, + 0. (7" ).
i=1  B(|la|+i|o]+|B]+i-1)

Proof. For o = e, when S, = R, equation (3.13) is just a different form of
equation (3.9), which is applicable since |3| + x < I. Indeed, owing to Lemma
3.10 (iii),

Z CQOWRM/B’Y = Z* So, Wgy

YEN,|y]=i A(lo|+181+7)
*
+ — +
Z baO’ywﬁW - Z bal W, -
YEN, |vl=i-1 B(lal+i,|o|+|8]+i-1)

Furthermore, by Lemma 3.11 for || = &,
Quoywgy = 0,(1), since |Bl+r+p+1<1.

For |o| > 1 we proceed by induction on the length £(S,) of

which we define to be j. If £(S,) =1, then 0 € M, S, = RL,, and it suffices
to notice that for § € M

(3.14) Se(bfws) = RLy(bws) = =R(biwep) = —Se(bfwg),
where 3/ = o8 € M and
Bl+s+p+l=|o|+|8l+r+p+1<L.

Assume that (3.13) holds whenever ¢(S,) = s, and take an S, such that
(S;) =s+1. Then S, = RL,S,, where

vio'eM, [v|+|o|=]o], USsy)=s.
Furthermore,

lo'| + 1Bl + K+ 4/ +1 <1,
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where ' = i+ |v|. By the induction hypothesis

b+w5 ZT Z* So,ws,

=0  A(|o’|+|B]+1)
K
. *
+> 7 > bt ws, + O (7°1).
i=1  B(la|+i,|o’|+]|B]+i—1)

We apply RL, to both parts of this equality and take into account that
L,wg, = —wyg, and |v| + |0'| = |o|. Then similarly to (3.14) we get that

(3.15)  Sy(bfwg) = iri Z* S Wg,

i=0  A(lo|+]B|+i)
R . *
+y 7 > Se(bf wg,) + O (771,
i=1  B(la|+i|o|+|8]+i—1)
Now we transform the second term on the right. Take
(a1, 1) € B(la| +d,|o[ + [B] +i—1)
and notice that then |81 < |o| + |5| + 4 — 1. Hence by assumption (3.12)
Bl +x—i+p+1<l
Therefore, by the result for o = e,

b ’wgl ZTJ Z SUngQ

J=0  A(|B1]+J)
= * )
+ Z 77 Z bl ws, + O, (7771,
J=1 " B(la1|+4,|B1]+5—1)

We substitute this result into (3.15) and obtain (3.13) after collecting the
coefficients of 7¢*7 and noticing that, if

(a1, 81) € B(la| + i, [ + 8] +i—1)
and
(a2, 82) € B(laa| + 4, [Br] + 7 — 1),
then
(a2, B2) € B(la| +i+j, |o| + 6] +i+5—1).

This justifies the induction and finishes the proof of the lemma. O
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In the following proposition we use the fact that
B*(i,5) = |J B(ir,J)-
=1
This proposition finishes the proof of Theorem 2.18, as is seen by taking j = k
n (3.16).

ProrosiTIiON 3.13. Let k > 0 be an integer such that 2k +2 < 1. Then
forany 7 =0,1,... k we have

j k
(3.16) w:v+i7'iz*50v5+ Z Tt Z* S Ws,

i=1  A(2i) i=j+1  A(i+j+1)
*

+ZT >0 bdws, + 0o,
=1 B*(i)it+j)

where vg 1= Lgv + f3. Furthermore, if j > 1, then in (3.16) we have
(317) Z S ocUp = Z (Cij — Cjo)R’Uij.
1,j=1

Proof. We prove formula (3.16) by induction on j. By Proposition 3.8 and
Lemma 3.11 (where we use k + 2 < 1) we have

k k
(318)  w=v+ Y r Y Wfwg+d o7 DT caRujg + Op(rHH),

i=1  |B|=i i=1  |B|=i+1

which means that (3.16) holds for j = 0, since by Lemma 3.10 (iii)

Zb;wﬁzzbg Z C Z b LW

|B|=i [Bl=i  veEM,|vy|=i B (i,i)
>, wRwg= > e ) NRw, = Z Son s,
|8]=i+1 |8|=i+1 A/EM,I'ylziJrl A(i+1)

Next, assume that k& > 1 and (3.16) holds for some j € {0,...,k — 1}.
Transform the first term with ¢ = j + 1 in the second sum on the right in
(3.16) by using Lemma 3.12. To prepare the transformation take

(01,01) € A(2) = A(i +5+ 1)
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so that |o1]|+|81| < 2i and apply the operator Sy, L, to both parts of equation
(3.8) with k& — ¢ in place of k. Then we obtain

k—1
Sovws, = Sz, + 370 3 Sy, (b5, L, way )

7;1:1 \al\:il
k—1
+ E T E calsgnglRwal+Tk7”+1r(kﬂ+1),

i1=1 |Oé1|:i1+1

where
k—i+1
plh—itl) — E So,Lg, QaWe-
la|=k—i+1

Since

l—(k—i+1+ B +|ou) 21— (k+i+1
> 10— (2k+1) > 1,

we have r(*=i*+1) = Oy(1). We remark that this is the only place where we
need | > 2k + 2. Hence by Lemma 3.10 (iii)

k—i

. *
(3.19) So ws, = Spyvp, + T > Sy (b, wg,)
=1 (a2,B2)€B(i1,|B1]+11)

k—i
. * .
FX ST o
i1=1 A(loy|+]B1[+i1+1)
= J1+ -+ Js
Now using Lemma 3.12 with & — ¢ — 47 in place of x and 0 in place of pu

we transform the terms of Jo. For |Gz] < |B1] + i1 we have (recall that

(o1,01) € A(29))

o1+ [Be| + k=i —ia +1<|ou| + 6] + k —i+1
<i+k+1<2k+1 <.

Therefore
k—i—1iq %
Sal(b;rgwﬁb): Z 7' Z Soswﬁs
i2=0 A(loy|+]B2]+i2)
k—i—1iq ”
S T

i2=1 B(|az|+iz, o1 |+|B2]+i2—1)
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We plug this result into .Jo. In order to collect the coefficients of 7917 notice
that for

(03,83) € A(lo1| + (82| + i2)
and
(g, B2) € Bli1, |B1]| + 1)
we have
loa| + |Bs] < lou] + 82| +d2 < |o1| + [B1] + 41 + 2.
Furthermore, if
(a3, B3) € B(|oa| + i2, |o1| + |Ba] +i2 — 1),
then
los| = |ag| +ia = i1 +ia,  |Bs] < o]+ |B2| +ia — 1 < o] + |B1| + i1 +d2.

It follows that J5 can be written as

. ES * .
Z Fi Z Se,Wg, + Z b;FQwﬁz + OO(Tk*erl)7
=1 A(|o1 |48 |+i1) B(ix,|o1|+]B1]+11)

which just amounts to saying that visually in the definition of J; one can
erase Sy, , carry all differentiations in it onto wg,, and still preserve (3.19).
Of course, when speaking about “all differentiations” we mean the case that
L, are differential operators. Now from this new form of (3.19) for Sy, wg,
we see that

‘ * . *
(3.20) 7Iit! Z So,wg, = Op(TFT1) 4 77+ Z S, Vs,
A(2j+2) A(2j+2)
k—j—1

T S iel I S

i1=1 A(lor|+|B1|+i1+1)

+ > b, Ws,
B(ix,|o1|+]B1]+i1)
Next we notice again that for (o1, 81) € A(2j + 2) and
loa| 4+ |Ba] < |ou| + |Ba] + i1 + 1
we have
loa| + 82| <j+24i1 +j+1,

whereas if

|B2| < loi] + [Ba] + i1,
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then
Bo| <j+14i1+j+1.

Therefore, after changing i1 +j+1 — i (> j +2) we get

, * 4 *
ot Z SUlwﬂ1200(7k+1)+7J+1 Z So1V8,

A(25+2) A(25+2)
k *
F Y Sewst 3 g
i=j+2 A(i+5+2) B*(i,i+j+1)

This shows that the term with ¢ = j+1 in the second sum on the right in (3.16)
can be eliminated on the account of changing other terms with simultaneous
shift 7 — j + 1, which gives formula (3.16) with j 4+ 1 in place of j. Thus the
induction on j proves (3.16).

To prove (3.17) observe that, as follows from (3.20), the transformation of
the first term with ¢ = j + 1 in the second sum on the right in (3.16) does not
affect the first j terms in the first sum in (3.16). Thus, once the first term
in this sum appears, it remains unchanged as we move along. The first term
appears when j = 0 and according to (3.18) we have to transform

T Z Cﬁng,
|B|=2
which by (3.8) equals

T Z CgR’Uﬁ =7R Z CijUij + Z CipVi0 + Z CojV0j - TRP

|B]=2 i,j=1

plus terms involving higher powers of 7. It only remains to observe that
LO = Oa

voj = Lojv + foj = —LoLjv — Lofj =0, wijo = Liov + fio = LL;v + L ;

m
:Z(LkLU+kaz kam 1= 7~‘~7m7
k=1
so that
m
P = Z C”’Um + ZCJ()’U]O = Z (Cij — Cjo)vij.
1,j=1 i,j=1

This leads to (3.17) and the proof of the proposition is complete. O
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4. An application to parabolic PDEs

Here we give an application of our general scheme to splitting-up for par-
abolic partial differential equations. We will see how to obtain part of the
results in [4] in time-homogeneous case and derive further properties of these
approximations. For p > 1 and integers r > 1 we denote by W, the Sobolev
space defined as the closure of C§° functions ¢ : R — R in the norm

1/p

= | X [ e |

[yI<r

ll¢

where D7 := D" ... D) for multi-indices v = (y1,...,74) of length |y| :=
Y1 4+ Y2 + -+ + Y4. In this section we fix a number p > 2.
We consider the problem

(4.1) Dw(t,x) = Lo(t,x) + f(z),  t€(0,T], z€R%
(4.2) v(0,2) = p(x), x€RY

where L is an operator of the form

(4.3) L = a"(z)Dyj + a'(z)D; + a(x),

where @'/, a’, a, f, and ¢ are real-valued functions on R,
Imagine that in order to solve (4.1)—(4.2) numerically we split equation
(4.1) into the equations

(4.4) Duu(t,z) = Lyu(t,z) + fr(z), r=1,2,...,m
with

LW":afﬂj(x)Dij+ai(z)Di+ar(x)v L:ZLT7 f:me
r=1 r=1

such that these equations are more pleasant from the point of view of com-
puting their solutions than the original one. This motivates the multi-stage
splitting method, which we describe below.

We need some assumptions, in which v > 2 is a fixed number.

ASSUMPTION 4.1 (Ellipticity of L,). For each r =1,2,...,m, \,z € R%,

ad ()N N > 0.
ASSUMPTION 4.2 (Smoothness of data).
(i) For all multi-indices p satisfying |p| < v the partial derivatives
D, DPdal, DPa, fori,j=1,2,....d,r=1,2,....m

exist and are bounded in magnitude by K.
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(i) We have ¢, f, € W/ and
||50||V,P§K7 ”fTHV,pSK’ r=12...,m.

It is well known (see, for instance, Theorem 3.1 in [2] and recall that v > 2)
that under the above conditions there is a unique W, -valued weakly contin-
uous function v(t), t > 0, such that

(4.5) v(t) = +/O (Lo(s) + f)ds,

where one understands the integral as Bochner’s weak (=strong) integral or,
equivalently, one understands the equation in the sense of integral identity
obtained by multiplying by test functions and integrating with respect to x.
In the same sense we understand all differential equations in this section.

Hence under the above conditions equations (4.1) and (4.4) with initial
conditions v(0) = ¢, u(0) = ¢ admit unique solutions v and u, respectively.

We want to approximate the solution v of (4.1)—(4.2) by using the splitting-
up method, i.e., by solving equations (4.4) successively with appropriate initial
conditions on appropriate time intervals. Namely, we take a number 7 € (0, 1],
recall that the set T is introduced in (1.5), and define an approximation v,
at the points ¢; := i7 € T, recursively as follows:

Ur (O) = ¥,

(46) Vr (ti+1) = P,(rm) N IP_(,?)IP,(,_I)UT (tl), ti, ti+1 € TT,
where P,Er)w = u(t) denotes the solution of equation (4.4) for ¢ > 0 with initial
condition u(0) = ¢. Observe that if f, = 0, then (4.6) is essentially (1.4).

It is known that if Assumptions 4.1, 4.2 are satisfied with v > pu + 4 for
some integer p > 0, then
(4.7) max [[v(t) — vr (t)]]up < N7
for all 7 € (0, 1], where N depends only on v,d,m,T, K, p, u. Moreover, this
rate of convergence is sharp (see [3], where this result is a special case of the
rate of convergence estimates for stochastic PDEs). We remark that if p = 2,
then (4.7) holds under a weaker restriction on v, namely v > 3 + p (see, for
instance, [2]).

Applying the general results of Section 2 we show, in particular, that by
suitable combinations of splitting-up approximations we can achieve as fast a
convergence as we wish. (See Theorem 4.4 below.)

In order to apply Theorems 2.14 and 2.15 of the abstract setting, we first
take hq, ha, ..., hy, from (2.25), introduce the absolutely continuous functions

ar(t) =7h.(mt/7), t>0,r=1,2,...,m,
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and, for a fixed 7 € (0, 1], consider the Cauchy problem
(4.8) dw(t,z) =Y (Law(t,z) + f,) ar(t)dt, w(0,7) = p(x).
r=1
As we have pointed out, we understand this problem as in (4.5) and that due
to [6] there is a unique W-valued solution of (4.8).
From the structure of @, it is easy to see that

(4.9) w(t) = v (t) forall teT;.

This is our major technical observation, which allows us to treat splitting-up
approximations by using tools from the standard theory of partial differen-
tial equations, which we translated into the general setting in the previous
sections.

Next fix integers pu, k > 0 and set | = 2k + 2,

W; = C([0, T],WE*),  j=0,1,...,1,

where C,,([0,7T], W/ +%7) denotes the Banach space of W/ ?/-valued weakly
continuous functions f on [0, 7] with norm

£l = sup [IfO)llu+2q,p-
t€[0,T]

Then W, is a separable Banach space which is continuously and densely em-
bedded into W;_; for every i = 1,2,...,l. Let ©g = 07 = --- = ©,, be the
identity operator on Wy, and define the operators Ay by

(Akw)(t):/ow(s)ak(s)ds, tel0,T], k=0,1,2,...,m

for all p € Wy, where ag(t) := t and the integral is understood as a Bochner
integral. View L, L, as operators acting on the spaces W; in the natural way

(Lv)(t) = Lo(t), (Lyv)(t) = Lyv(t), te]0,T],
and embed ¢, f, f, into W; as constant functions of ¢t € [0,T7, i.e.,
ot) =9, [f(t)=Ff [o(t)=fr forall t€]0,T].

It is seen that equations (4.1)—(4.2) and (4.8) take the form of equations (1.1)
and (1.2), respectively.
To verify that Assumption 2.1 and 2.3 are satisfied we suppose that

(4.10) v>p+ 2l

Then Assumption 2.1 is obviously satisfied with a constant depending only
on T, K,v,d,m,p.

To check Assumption 2.3 first suppose that p > 2. Then by Theorem 3.1
of [2], for any g € Wy equation (2.7) has a unique solution u € Wy. We call
this solution Rig and in this way construct the operators Ry. The fact that



EXPANSION AND ACCELERATION 505

they satisfy Assumption 2.3 with a constant depending only on T, K, v, d, m,p
easily follows again from Theorem 3.1 of [2].

If £ = 0 or 1 we need to say more. Since v > 2 (for that matter v > 4
by (4.10)), by Theorem 3.1 of [2] for any g € W} equation (2.7) has a unique
solution u € W; and

(4.11) sup IIu()IIM,p_N sup ||g(t)][%,
te[0,7) te[0,T]

where N depends only on T, K, v, p,d. Hence, on W; we have the operators
Ryi. Owing to (4.11) and the denseness of W; in Wy, we can extend Ry to
a bounded operator acting in W, for all ¢ = 0,1,...,l. That it also enjoys
property (ii) follows from the fact that by definition (2.7) holds for g € W}
and AgLR is a bounded operator from Wi to Wy. To check property (iii) we
use one more assertion of Theorem 3.1 of [2], which in our setting says that,
under the conditions in (iii), similarly to (4.11) we have

swp (Ol <N sup L0l
re[0.T] 787 TZ; ‘e[0T T\ W p,p
By taking g, € W; and using this estimate we get that
m
sup lu(t) —u()[l, , <N s, g7 (t) = Gr ()17, -

te[0,T) Hop ; telo,T " P
where u := ZT R.gr. Since W; is dense in Wo and R, are continuous in Wy
we see that the property (iii) of Assumption 2.3 holds as well.

Next we introduce the operators b, B, and constants c, in the same way
as in Remark 2.10 allowing k£ to run through 0,1,...,m and taking O, to be
the identity operators. It is almost obvious that for these objects Assumptions
2.5-2.7 are satisfied. Thus, Theorems 2.14, 2.15, and 2.18 are applicable.

Observe that by Lemma 2.13 the constants ¢, are independent of 7 and
bo(iT) = 0 for all integers ¢ > 0. Therefore, by taking in Theorems 2.14 and
2.15 functionals (w*,u) to be restrictions of u(-) € W, at the times in T
and also taking into account (4.9) we immediately arrive at the following two
results.

THEOREM 4.3. Let Assumptions 4.1 and 4.2 hold with v satisfying
(4.12) v>4+p+4k.
Then for all T € (0,1] and t € T,, x € R?, the following representation holds:
(4.13) vr(t,z) = v(t, x) + 7oV (t, z)
+720@ @t x) + -+ 7R B (8, 2) + R4, ),

where the functions vV, .. v®) and ng), defined on [0,T], are W/t-valued
and weakly continuous. Furthermore, v, j =1,2,... k, are independent of
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T, and

(k) < Nkt
max | R (¢)llup < N7

for all T € (0,1], where N depends only on k,p,d,m, K,p,T.

THEOREM 4.4. Let Assumptions 4.1 and 4.2 hold with v satisfying (4.12).
Then for some constants \g, A1, ..., g, depending only on k we have

k
?é%}f Z )\jvrj (t) - U(t) < NTkJrl,
7=0
1P
where v, denotes the splitting-up approzimation on the grid T:, with step size

Tj = 2=J1. Here N is a constant, depending only on k,d,m, K, u,p,T.

REMARK 4.5. Assume that o)) = v® = ... = ¢(®) = 0 in expansion
(4.13) for some integer 1 < s < k. In this case we need only take k + 1 — s
terms, vr, Ur, ..., Vs, _,,i0 the linear combination to achieve accuracy of order

k + 1. Namely, we define now
k—s
U= v (t), teT,
§=0

with

(4.14) Aoy Aty oy Apes) == (1,0,...,0)V L

where V is now a (k+ 1 —q) x (k+ 1 — ¢) Vandermonde matrix with entries
Vigi=1,V;;:=2"0"D0rs" Y forj =1,2,... k+l-sandj = 2,..., k+1—s.
Then Theorem 4.4 remains valid with @, in place of Z?:o Ajvr;. One can get

this from Theorem 4.3 by a simple calculation in the same way as Theorem

2.15 is obtained from Theorem 2.14. For example, if v(!) = 0, then
1 4
o(t) == —gvT(t) + 3V (t), teT;

is an approximation of accuracy 72 for the solution v.

Strang’s splitting

(4.15) v (t) =S (r)p, teT,
where

_p) p®@ (M)p(m) () p1)
(4.16) S(r) =B, P - PP PR,

is known to be of accuracy 72. We will see how to obtain this from our results
and below describe a whole class of splitting-up approximations, containing
Strang’s splitting, for which v(!) = 0 in expansion (2.34).
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Clearly, we get Strang’s splitting if we consider the splitting-up method
defined by (4.6) with the operators

1 1 1 1 1 1
SLy =Lov... =Ly =Lyyrr o =L —L
2 172 25 ;2 2 2 2 2 1

and free terms
1 1 1 1 1 1
§f15 §f27' "aifma §fm7"'a§f2a §f1

in place of Lq,...,L,, and f1,..., fim in (4.4).

To generalize this scheme, we fix the operators Lq,..., L, and free terms
fi,---, fm, satisfying Assumptions 4.1 and 4.2. Let £ > m be an integer,
$1,...,8¢ € (0,1] and kq1,...,ke € {1,2,...,m} such that

3
(4.17) > sibek, =1 forall r=1,2,...,m.

i=1

Consider the splitting-up approximation (4.15) with

(4.18) S(r) = PLY .. plap(hy).

We say that S(7) is a symmetric product if the sequences ki,..., ke and
S1,...,8¢ remain the same when we reverse them. In accordance with the
product (4.18) we define now the functions a,, r = 1,2,...,m, by

(4.19) ar(t) = 7R (jt/7), t>0,

where &, is an absolutely continuous function, such that «,(0) = 0, &,(¢) is
periodic with period &, and

3
fp(t) = Zsi(srkil[i—l,i) for t € [0,¢).

i=1
Then it is again easy to see that
vr(t) =w(t) for teTy,

where now v, is defined by (4.15) and (4.18) and w is the solution of the
Cauchy problem (4.8) with the functions a, defined above. Set, as before,
ao(t) = t, and define the numbers ¢, and the operators b and B, as before.
There is nothing to add to what was said before Theorems 4.3 and 4.4 about
validity of these theorems for v, defined by (4.15) and (4.18) and generally
about applicability of Theorems 2.14, 2.15, and 2.18.

Here is a specification of v(1).
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THEOREM 4.6. Under the conditions of Theorem 4.3 define v, by (4.15)
and (4.18). Then in (4.13)

m 13
o= 55 [ s )~ w0 ) Ry,

ij=1
where Ru;; is the solution of (4.1) with f =v;; = LyLjv+ L; f; and 0 initial
condition. Thus v(Y) vanishes if

3
(4.20) / (ki(t) drj(t) — k() drs () =0 forall i,j=1,2,...,m,
0
which is equivalent to
¢ 1
(4.21) / ki(t) dr;(t) = 3 forall 1<i<j<m.
0

In particular, v = 0 if (4.18) is a symmetric product, which is the case of,
say, Strang’s approzimation (4.15)—(4.16).

Proof. By Theorem 2.18 expansion (4.13) holds with

m

v = 3" (cij — cjo)Ruig,

ij=1

so v =0 if cij — ¢jo = 0. Notice that for all 7,5 =0,1,2,...,m
1 13
iy = [ (@lt) = ao(®) das(t) = [ (si(0) = wol0)) s 1),
0 0
where ko(t) := t/£. Therefore
3 '3
2ci = e) =2 [ (lt) = rl0) dry () =2 | (,0) = wo(0) o)
3
=2 [ wa(t)dy(6) = 2m0(€)x, ) + 13(6)
13
- 2/0 () iy (8) — 1,

and we have

£ 13
2eij — o) = / () sy (1) — / b (8) dise (1)

by taking into account

3 £
1= ri(€)ry (€) = / s (t) s (1) + / by () i (1),
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In particular, ¢;; — ¢jo = —(¢ji — ¢io), 50 ¢ij — ¢jo = 0 implies ¢j; — ¢io = 0.
Hence conditions (4.20), (4.21) and their equivalence follow immediately. If
S(7) is a symmetric product, then obviously

Ri(§—1t) = ki(t) forall te (0,&\{L,...,&},
and k(t) + ki(§ —t)=1for all t € [0,£] and i = 1,2,...,&. Hence

/05 ki(t)Fk;(t) dt = /(j ki(€ — 8)k; (€ —s)ds
= /05(1 — ri(s))k;i(s)ds =1 — /: ki(s)i;(s) ds,

which immediately implies equation (4.21). The theorem is proved. O

REMARK 4.7. Clearly, every symmetric product is a product of type (4.16)
with respect to a new set of operators L} and free terms f/, obtained from L,
and fr by Lll = 281Lk17 f{ = 251fk17' .

REMARK 4.8. There are infinitely many non-symmetric products which
still satisfy (4.21) and consequently define splitting-up approximations with
accuracy of order 72. For example, when m = 2, every product of the form

2 1 2
(4.22) P(r) =P, P ) PP

witha # 1, and b = ﬁ, satisfies (4.21). If a = 1/2, then (4.22) is Strang’s
product with m = 2. For a # 1/2 these products are not symmetric.
Indeed, for k1, ko characterizing (4.22) we have

:‘;&1 (t) - al[oyl)(t) + (1 - a)l[gvg) (t), Klg(t) = b].[LQ) (t) + (1 - b)1[374) (t),
for t € (0,4), and

4
/ Iil(t)l'ﬂg(ﬁ)dt:ab—kl—b:1—b(1—a):%7
0

i.e., condition (4.21) holds. If a # 1/2, then clearly (4.22) is not symmetric.
If a =1/2, then b = 1, and (4.22) is Strang’s symmetric product with m = 2.

5. An application to systems of parabolic PDEs and hyperbolic
PDEs

As in Section 4 we consider the problem (4.1)—(4.2) with an operator L
given by (4.3) but this time instead of unknown real-valued functions v we
consider R%valued functions, where ¢ is a fixed number. Accordingly, we
assume that a’, a,a’, a, are ¢ x g-matrix valued functions with entries a®*?,
a8 ,af:”‘ﬁ , a?aﬂ , respectively, and f, f, and ¢ are Ri-valued. Yet, a”/ and
a¥y are assumed to be real-valued as in Section 4. We set p = 2 and impose
the same assumptions as in Section 4 with the obvious interpretation of the

norms || - ||,2 for vector-valued functions. We also need the following:
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ASSUMPTION 5.1. For each z, A\ € R%, r=1,...,m,and o, =1,....,q
we have
4 p 1/2
(5.1) Soar PN <K | Y al (@A N :
i=1 ij=1

~i,af _ ol _ o i,Ba
where a»*” = an a e,

Observe that Assumption 5.1 is obviously satisfied if

(a) the matrices (a¥¥) are uniformly nondegenerate, so that the systems
(4.4) are uniformly parabolic, or

(b) a¥ =0 and the matrices a’. are symmetric, so that the systems (4.4)
are first-order symmetric hyperbolic.

It turns out that under Assumptions 4.1, 4.2, and 5.1 all the results of
Section 4 are true in the present case. To prove this it suffices to check that
the counterpart of Theorem 3.1 of [2] holds for systems. This is a standard
albeit somewhat tedious task. The main tool is energy estimates in Ly of the
solution and of its derivatives. One proves these estimates following the proof
of Theorem 3.1 of [2] with only one additional observation that can be found,
for instance, in Section 7.3 of [1]. Namely, while estimating the La-norm of v
one has to estimate from above

/ v*a*P D;vP dz.
Rd
Here
20%a"*P D = a»*P D, (vo‘vﬂ) +a"*Bv*D;”.
The integral of the first term on the right is
- / v D;aP dx < N|v|i3.2,
Rd

whereas by Assumption 5.1 and Hoélder’s inequality the integral of the second
term is less than

9 1/2
N a**PDivP| d
oloa 3 | [ [Zaina?| ao
a3 7
1/2
< NK|vlo,2 / ZaijDivﬁDjvﬁdx
Rd

,3,8

We estimate this further by using Young’s inequality: ab < e 'a? 4 eb?. We
note that the appearance of [|v||§ , with large coefficient causes no harm due
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to Gronwall’s inequality, and the term

/ Z a’ Div*Djv® dx
Rd

2,7,

with negative sign appears when we integrate by parts

2/ Z v*a Dyijv® du,
R G
that is, the first term in the formula for 9||v||?/ot.

We hope that after these somewhat sketchy explanations the reader will
be able to fill in the necessary details and see that, indeed, all the results of
Section 4 are true in the present case.

As an excuse we can say that the main aim of this article is far from proving
existence theorem and a priori estimates. Also it is worth noting that certainly
one can consider more general degenerate parabolic systems when, say, a™ are
matrices.

We want to comment further on the case of hyperbolic symmetric systems
when a” = 0. Such systems are extensively treated in the literature from the
splitting-up point of view. In that case the direction of time plays no role and
it make sense to consider IP’%T) for negative ¢t. Then in (4.17) one can admit
$1,...,8¢ € R rather than € (0,1] and assert that Theorems 4.3, 4.4, and 4.6
still hold for v, defined by (4.15) and (4.18).

Note that, by using the Baker-Campbell-Hausdorff formula, in [17] a split-
ting-up method is constructed for any even order of accuracy. In particular
it is proved that the product

S(7) = S(at)S(b7)S(at),

with

1 21/3
o g Ty i
and with Strang’s product S(7) with m = 2, defines a splitting-up method of
fourth order of accuracy. This certainly can be obtained from Theorem 2.18
by computing the coefficients. Then from our results we get that the linear
combination

a

1 8
- ?St/T(T)QD + ?SQt/T(T/2)S07 te T‘ra
is an approximation of fifth order of accuracy.
6. An application to ODEs

We consider the ordinary differential equation

(61) Q.S't = bl(xt) + -+ bm(CCt) = b(It), t Z 0,
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in R? with sufficiently smooth and bounded vector fields b, ..., b, on R%
We want to investigate the splitting-up method for solving this equation on
the basis of solving the equations

(6.2) Ty = by ()

for each particular k =1,2,...,m.

Let us denote by P; and Pﬁk) the mappings ¢ — z;, where z; denotes
the solution of (6.1) and (6.2), respectively, with starting point x. Taking a
parameter 7 > 0, we want to approximate P; by means of the products

k
(6.3) S(r): =PF Pk ke € {1, m),

S1T 7

at the points ¢ of the grid (1.5), where £ > m is a fixed integer and s1, s2, ..., S¢
are some real numbers such that (4.17) holds.
It is well-known that for every = € R?

(6.4) max [Pz — SY/7 (7)z| < N7,
teT,

for all 7 > 0, where N is a constant which does not depend on 7. It is also
known that if (6.3) is a symmetric product, then this estimate holds with 72
in place of 7 on the right-hand side. We say that the product (6.3) is a method
of order k if (6.4) holds for every x with 7% in place of 7 on the right-hand
side.

Though for any given k£ > 1 the existence of methods of order k is known
in the literature (see, e.g., [8], [12], [13], [15], [17]), it is useful to investigate
if one can further accelerate any given method by mixing the approximations
corresponding to different step sizes. In practice one computes the approxi-
mations using the same method with many different step sizes 7 anyway, and
it takes very little additional computation to mix them.

To formulate our results, let W; = C([0,T], Ci(R%)) denote the space of
bounded continuous functions u(t, ) on [0,T] x R? with values in R¢, such

)

that their derivatives in  up to order i are also bounded and continuous, and

lim sup |u(t,x)| =0.
|z|—00 tefo,T)

Recall that the functions ki, ..., Ky, associated with (6.3) are defined after
(4.19).

THEOREM 6.1. Let k > 0 and [ be integers such that | > 2k + 2. Assume
that the derivatives of the vector fields by,...,by, up to order | are bounded
and continuous functions. Then, for T € (0,1], t € T,, x € R, we have

k
(6.5) SYT(T)a = x4 () + Z 7 h;(t,z) + R®(t, ),
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where hi, ho, ..., hy € Wy are some functions independent of T and R(Tk) e Wy

is such that for any compact set K C R? there exists a constant N independent
of T such that

sup  |[RW(t,z)| < NrF+L
teT, ,xeK

Furthermore, if k > 1, then for the function hy we have

m

€
(66) hl = Z (Cij — Cjo)hij, Cij = /0 (Iii(t) - Ho(t)) dlﬂ;j (t)

1,j=1
for some h;; € Wy fori,j=1,2,...m.

Our approach to proving this theorem is based on the observation that
the solutions of equation (6.1) are characteristics of the partial differential
equation

Dyu(t, z) = Lu(t, x),

where
Lu(t,z) = b'(2)uy (t, ) = Z Lyu(t,z), Lpu(t,z) = bj(2)ug(t, ).
k=1

That Theorem 6.1 can be deduced from Theorem 2.18 is shown in [5]. The
same approach is applicable to equations on smooth manifolds, one replaces
Pz in (6.5) with ¢(Pz), and time dependent systems when one just adds one
additional coordinate t.

From Theorem 6.1 we easily obtain the following result about accelerating
any given splitting-up method after defining

(Ao, My e vy Ab—gr1) = (1,0,...,0)V 1
where V is a (k — ¢ + 2) x (k — ¢ + 2)-matrix with entries V;; = 1 and
V,j=2"0"D@H=2 for j =1,2,....k—q+2,j=2,....k—q+2.

THEOREM 6.2. Let the conditions of Theorem 6.1 hold. Let the product
(6.3) be a method of order ¢ > 1. Then for every compact set K C R? there
exists a constant N, such that

k—q+1

29t
max sup |P.x — E )\jSQ,]/TTx < Nrktt
teTr ek =0

for all T € (0,1].
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