QUANTIFIER THEORY ON QUASI-ORTHOMODULAR LATTICES

BY
M. F. JaNnowirz!

1. Introduction

In [7], we introduced the notion of a quantifier on an orthomodular lattice,
and subject to mild assumptions of completeness, explicitly determined all
quantifiers on an atomic orthomodular lattice [7, Theorem 7, p. 1245]. The
definition we gave of a quantifier can be extended to an arbitrary lattice L
with O by agreeing that a mapping ¢ : L — L shall be called a quantifier on
L in case it satisfies:

(QL) 0p = 0.
(Q2) e< epforalleelL.
(Q3) (e A fo)o = ep A foforalle, felL.

Aside from the connection developed in [7, p. 1241], with P. Jordan’s skew
lattices, these mappings have a way of cropping up in a variety of situations.
We present herewith a few examples to illustrate this point.

(i) In a lattice L with 0 and 1 there are always two quantifiers: the
discrete quantifier—the identity map; the indiscrete quantifier ¢ defined by
Op = 0,¢e0 = 1fore 0.

(ii) The column operator used by Halmos in his treatment of spectral
multiplicity [6, p. 89] is a quantifier.

(ili) In a Loomis dimension lattice the mapping a — | a | (see [12, p. 13])
is a quantifier.

(iv) If Lis alattice with 0 and 1 having the property that for each a € L,
ay = A{zeL : zcentral, z > a} exists and is central, then v turns out to be a
quantifier on L. We shall call v the central cover quantifier and L a central
cover lattice.

(v) Let L be a pseudo-complemented distributive lattice [1, pp. 147—
148]. If o™ denotes the pseudo-complement of a, then a — a** [1, Theorem
16, p. 148] is a quantifier.

(vi) The closure operator of a topological space is a quantifier if and only
if every open set is also closed (see [5, p. 43]).

(vil) Let S be a commutative semigroup with 0, and let L denote the
lattice of ideals of S. TFor an ideal I of S, define the radical of I by

R(I) = {xeS: 2" el for some positive integer n}.
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Then R(I)eL,I Cc R(I),and R(InJ) = R(I)nR(J). If S hasno proper
nilpotent elements, so that R((0)) = (0), then R is a quantifier on L.

(viii) There are also various quantifiers on Boolean algebras. See [5] and
[13].

Our purpose in this paper will be to develop the characterization in Theorem
3.12 of all quantifiers on a class of lattices which includes all complete ortho-
modular and complemented modular lattices. Following this, we shall make a
careful study of center valued quantifiers on an orthomodular lattice, finally
obtaining the result that every type I Loomis dimension lattice satisfying
Loomis’ axiom (B’) can be coordinatized by a Baer *-semigroup S in such a
way that the abstract dimension relation (~) is induced in a natural manner
by *-equivalence in S.

This paper is to be regarded as a continuation of [7]; for this reason we shall
feel free on occasion to use the terminology and notation thereof without
specifically re-introducing it here.

2. Some preliminary results

There are a few things that one can say about quantifiers on an arbitrary
lattice with 0 and 1. The proofs are essentially those given in [7] for Theorem
2 and Lemma 4, p. 1243; they will therefore be omitted.

LemMA 2.1.  Let ¢ be a quantifier on a lattice L with 0. Then:
(1) If L has a largest element 1, 1¢ = 1,
(i) o= ¢
(i) e<f=ep < fo.
(iv) ep V fo < (e V fe.
(v) eo N fo = (e A fe
(vi) (L) = the set of fixed points of ¢ is closed under the formation of
arbitrary infima whenever they exist in L.
(vil) ForeacheeL,ep = AN{xeL:x > e, & = xp}. Hence ¢ is completely
determined by 1ts set of fixed points.

Lemma 2.2. Let L be a central cover lattice. A mapping ¢ : L — L is a
center valued quantifier on L if and only if there exists a (uniquely determined)
quantifier o on the center of L such that ¢ = v o a.

The following lemma will prove useful in the next section. Since its proof
is completely routine, it will be left for the reader.

LEmmA 2.3. (i) Let A be a subset of a complemented lattice L. If e < 1
implies the existence of an element aeA such that e < a <1, then
0= Afa:aecA}. If in addition every interval L(e, 1) is complemented, then
fore <lye= A{aed,a > el

(ii) The dual holds.
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We close this section by introducing some terminology that will be needed
in the sequel.

DEFiNITION 2.4. Let ¢ be a quantifier on a lattice L with 0 and 1. An
element e ¢ L will be called nvariant if e = ep, faithful if ep = 1 and simple if
a<e=a=ap A e. Weshalllet F denote the set of faithful elements and
J ={aeL: ¢|lro.e = I, where I, denotes the identity map on L(0, a).

3. Quasi-orthomodular lattices

A pair (b, ¢) of elements of a lattice is called a modular pair, written M (b, c),
if
a<lc=>((@Vb)Ac=aV (bAc);
it is called a dual modular pair, and denoted M*(b, c), if
a>2c=>(@Ab)Vec=aAhA (bVec).

In alattice with 0 and 1, let us agree that the expression ¢ @ b = 1 shall mean
that a and b are complements with M (a, b) and M*(b, a) true. A quasi-
orthomodular lattice is a lattice L with 0 and 1 having the property that each
¢ ¢ L admits (not necessarily unique) complements f, gwithe @ f =g @ e = 1;
if each e € L has at least one complement h (called a quasi-orthocomplement of
e) such that e ® h = h @ e = 1, then L is called a symmetric quasi-ortho-
modular lattice. Finally, by a locally orthomodular lattice we shall mean a
lattice L with 0 and 1 satisfying the following condition: For each e, f e L
there exist quasi-orthocomplements * of e, f* of f such that ¢* A f* isa quasi-
ortho-complement of ¢ V f.

The theory of quasi-orthomodular lattices was developed in some detail in
[8] and [9], so that it will not be necessary to repeat it here. We merely point
out that every complemented modular lattice and every orthomodular lattice
is locally orthomodular, while the lattice of principal right ideals generated
by idempotents of a Baer ring is a symmetric quasi-orthomodular lattice. It
is also worth mentioning the obvious fact that L locally orthomodular implies
L is a symmetric quasi-orthomodular lattice, which in turn implies that L is
quasi-orthomodular.

For the remainder of this section L will denote a relatively complemented latiice
with 0 and 1, and ¢ a quantifier on L.

Lemma 3.1. Ife=epandf @ e = 1, thenf = fo.

Proof. By axiom (Q3),e A f = Oimpliesthat0 = 0p = (f A e)o = fo A e.
Using M*(e, ), wehavefo = fo A (e V) = (fe A e) V f=.

Lemwma 3.2.  Any lower bound of F is tnvariant.

Proof. Let a be a lower bound for F, and let b be a complement of « in
the interval L(0, ap). We then let ¢ be a complement of by in the interval
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L(b,1). Since b < ¢ implies that by < co, we see that co > be V ¢ = 1, 50
thata < ¢. Thenap = a V b < ¢, whence by < ap < ¢, from which it follows
that ¢ = 1 and b = bp. Butnowa A b = 0 impliesthat b = b A ap =
(b Aa)p=0p=0,and a = qe.

We are now in a position to characterize the elements of J.

TrHEOREM 3.3. Let ae L. The following are equivalent:
(1) aed.

(ii) @ 1s simple and invariant.

(iii) @ 7s a lower bound for F.

Proof. (i) = (ii). If aeJ, then a is evidently invariant; moreover,
e a=e=c¢p=c¢ep A\ aq,

so that a is also simple.

(il) = (iil). LetzeF. Thenz A a < a,sothatz A a = (z A a)p =
2o A a =1 A a = a. Thisshows that a < .

(iii) = (i). This follows from Lemma 3.2.

The next theorem, although not needed for the present development, does
provide a characterization of simple elements that will prove useful in the
sequel.

THEOREM 3.4. Given e ¢ L, let & denote the restriction of ¢ to L(0, e). The

following conditions are equivalent:
(1) e s stmple.

(ii) @ preserves finite infima.

(iii) @ 1s one-one.

(iv) @ maps disjoint elements into disjoint elements.

(v) a<eandap = ep=a = e.

(vi) @ is an isomorphism of L(0, e) onto {ge : go < ep}.

Proof. (i) = (vi). Let e be simple. If go < ep, then go A ¢ < ¢ and
(g0 A e)o = go A ep = go, so that 3 maps L(0, e) onto {gp : go < ep}.
Given a, b e L(0, ¢), we know that a < b= ap < bp. If conversely, ap < be,
thena = ap A e < bp A e =b. Itisimmediate that @ is an isomorphism.

(vi) = (ii). This is obvious.

(ii) = (jii). Leta,beL(0,e) withap = bp. If disacomplementofa A b
ina,wehavea A b A d = 0,and by (ii),0 = 0p = (¢ A b A d)e = ap A do.
This shows that d = dp = 0 and @ = @ A b. In an analogous way one pro-
ducesb = a A b.

(i) = (iv). Ifa,b < ewitha A b = 0, we are to show that ap A bp = 0.
Note thata A by < e, a0 A b < e and (a A bp)p = (ag A b)p = ap A be.
Hencea A bp =ap A b,andO=a Ab=a A b A bp =ap Ab. Butthen
ap A bo = (ap A b)p = 0p = 0.

(iv) = (v). Leta < ewith ap = ep. If bis a complement of g in ¢, we
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havea A b =0=ap A bp = 0. Butb < ¢ implies by < e¢ = ap, whence
b=>bp=0anda = e

(v) = (i). For a fixed a < ¢, let b be a complement of ain ap A ¢, and ¢
a complement of bp A e in the interval L(b, e). Then b < ¢, by < cg, 50

e= (bp Ae) Vc<be Vc<ce<ep.

Hence cp = ep, and by (v),¢c = e. Butthenbp A e =b,and0 =a A b=
aAboANe=a ANbpo=ap ANbp=uap Ab=0>. Itfollowsthata = ap A e
and e is simple.

CoroLLARY 1. If ¢ is center valued, then e simple implies that L(0, e) is a
Boolean algebra.

Proof. 1If ¢ is center valued, one can easily show that {ge : go < ep} is a
Boolean algebra. The corollary then follows from the fact that ¢ is an iso-
morphism of L(0, ) onto {ge : go < ep}.

CoRrOLLARY 2. If a quantifier on a relatively complemented lattice with 0 and
1 preserves finite infima, then it is the discrete quantifier.

Proof. By the above theorem, 1 is simple. Since 1 is also invariant, we
have by Theorem 3.3 that 1 ¢J. Hence the quantifier is the identity map.

In sharp contrast to Corollary 2, we point out that examples (v) and (vii)
of §1 are non-discrete quantifiers that preserve finite infima.

It will now be assumed that L vs a symmetric quasi-orthomodular lattice. Our
plan of attack will be to establish certain distributivity properties of faithful
elements, to decide just which elements can be expressed as the infimum of a
family of faithful elements and finally subject to mild assumptions of complete-
ness, to explicitly determine all quantifiers on a locally orthomodular lattice.

LemMA 3.5. Let e be invariant and f @ ¢ = 1. If x ©s faithful, then
z=(x ANe) V (x A J).

Proof. Lety= (x Ae)V (x Af). By[9, Lemma 2, p. 3] we can find a
complement g of y in the interval L(0, z) such that M (g, y)holds. Then

s Af=@ANHV@ANyY)=[zAf)VglAy
so that

0=@ANAN@Ae)={[(cAN) Vg Ay A@Ae)=[AS)Vg]Ae
Applying ¢ to this equation, we see that
=00 ={[(x AS) VglAelo
=[@ Af) Vgl Ae
2 [(@ A fle Vgel A e
(fVge) hez0,
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whence (f V go) A e = 0. But thenf A go > fimplies
FVge=(Vge) N(eVH)=IFVage) NelVFi=/f g=<ge </
and finallyg =g Af=9g Af AN =0. Thereforex = (x Ae) V (z A ).

Lemma 3.6. Let e be tnvariant andf @ e = 1. If (x4) 1s a family of faithful
elemenis and © = A o T exists, then (x V f) ANe=x A e.

Proof. By Lemma 3.5, 2, = (¢ A f) V (z« A ), so that

o V= (2a N &)V,
and

Il

@ V) Ne=[(za ANe) VIIANe=12a, A e

It follows that (x V f) A e < (2. V f) A e = 2. A e for all &, and conse-
quently,

V) Ae< Aa(Za N€) =2z A e
Therefore (x V f) A e = & A e, as desired.

LEmMA 3.7. Ife < 1 4s an upper bound forJ, then there is an element x ¢ F
such thate < z < 1.

Proof. Casel. If e < ep,let f be a quasi-orthocomplement of ep and take
x=eVf Thene=eV (f Aep) = (e Vf) Nep=2zA\ ep, from which
it follows that ¢ < x < 1;furthermore,1 > 2o = (e V fl)o Z eo V f = 1, 50
that x is indeed faithful.

Case 2. If e = ep, let f be a quasi-orthocomplement of e and note that f is
invariant. Since ¢ # 1 and e is an upper bound for J, we know that f ¢J.
By Theorem 3.3, there must exist an element g < f such that go = f. Taking
x=c¢V g wehavexp > e Vgo=¢V f=1andsinceg=g V (¢ Af) =
(g Ve)ANf=z A f wemust havex == 1.

LemMmA 3.8. e= A{xeF :x > e} if and only if e is an upper bound for J.

Proof. By Theorem 3.3, each z ¢ F is an upper bound of J, so that if
e = AN{zeF:z > e}, the same must be true of e. The converse assertion
follows from Lemmas 3.7 and 2.3.

TueoreMm 3.9. IfJ = (0), then ¢ is a center valued quantifier.
Proof. By Lemma 3.8, a = A{reF :x > a} for each ae L. Let ebe

invariant and f a quasi-orthocomplement of e. If g is a complement of e,
then by Lemma 3.6, (g V f) A e =g A e = 0. Butthen

gVIi=@VHANEVH=WVHANdVFi=Ffg</

and
g=gV(eANf)=(@Ve)ANf=1ANf=]

Thus ¢ has a unique complement, and by [9, Theorem 16, p. 12] e is central.
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Lemma 3.10. Ifeitherb = V{a:aeJ}ord= A{x:xeF} exist, then they
both exist and are equal; furthermore,J = L(0, b).

Proof. 1If b exists then by Theorem 3.3 it is a lower bound for F, and there-
forein J. HenceJ = L(0,b). But b is also an upper bound forJ, so that by
Lemma 3.8,

b= ANz:2zeF,z >b} = ANz:zeF}.

If d exists, then it is both a lower bound for F and an upper bound forJ. The
conclusion is that deJ and d = V{a: aeJ}.
It will now be assumed that L is a locally orthomodular lattice.

LemmA 3.11. Ifb = V{a: aeJ} exists, then it is central.

Proof. Let d be a complement of b and e a quasi-orthocomplement of de.
Since b is invariant, dp is also a complement of . By Lemma 3.10,
b = Af{x:zxzeF}, and consequently, by Lemma 3.6, (b V e) A dp =
b A de = 0. Tt follows as in the proof of Theorem 3.9 that b = e; hence d is
invariant. Thus (i) every complement of b is a quasi-orthocomplement of b;
(ii) if d is a quasi-orthocomplement of b, then b is the unique quasi-ortho-
complement of d. Suppose now that ¢, d are quasi-orthocomplements of b.
Since L is locally orthomodular, there must exist quasi-orthocomplements ¢* of
¢, d* of d such that ¢* A d* is a quasi-orthocomplement of ¢ V d. By (ii), we
must have ¢* = d* = b, whence (¢ V d) A b = 0. But then

ceVd=(cVd) AN(cVDb) =[cVd AbVc=c,

and similarly, ¢ V d = d. It follows that b has a unique complement, and
therefore that b is central.

If b = Vi{a:aeJ} and b’ is the unique complement of b, there are no non-
zero elements a < b’ such that ¢|i0,) = I.. ThusJ as computed in L(0, b’)
is (0). Since b is central, it is immediate that L(0, b’) is a symmetric quasi-
orthomodular lattice. An application of Theorem 3.9 now produces the fact
that ¢|nopy is a center valued quantifier on that lattice. For any map-
ping ¢ : L(0, ¥') — L(0, V'), it will prove convenient to define the map-
ping Iy X ¢ : L — L by the formula e(Iy X ¢) = (¢ A b) V (¢ A b')¢. The
situation is summarized in the next theorem.

TueorEM 3.12. Let L be a locally orthomodular lattice.

(i) Ifeitherb = V {a:aeJ} or A {x:zeF} exist, they both exist and are
equal; furthermore, b is central and ¢ = I, X @ with @ a center valued quantifier
on L(0, b'). If L(0, b’') is a central cover lattice, then there is a (uniquely
determined) quantifier o on the center of L(0, b’) such that ¢ = I, X (yo a).

(ii) If L is complete, then ¢ is a quantifier on L if and only if there exists a
central element b such that ¢ = Iy X (v o &), where a is @ (uniquely determined)
quantifier on the center of L(0, b').
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Proof. (i). This follows readily from Lemma 2.2 and the remarks pre-
ceding the theorem.

(ii) If L is complete, then by [9, Theorem 15, p. 12] it is a central cover
lattice. The remaining assertions are now obvious.

CoroLLARY. Let L be a complete, irreducible, locally orthomodular lattice.
Then L admits only the discrete and the indiscrete quantifiers.

In retrospect, we have achieved a deep insight into the structure of quan-
tifiers on a locally orthomodular lattice, provided only that the supremum
of the invariant simple elements exists.

4. The induced homomorphism

Here we shall deal with a quantifier ¢ on a locally orthomodular lattice where
it is not assumed that the supremum of the invariant simple elements exists.
One still has that J is an ideal closed under the formation of arbitrary suprema
whenever they exist, and that the restriction of ¢ to J is the identity map.
We would like to produce a center valued quantifier on a homomorphic image
of L by ‘“dividing out” the ideal J. A sufficient property to guarantee the
existence of a congruence relation ® whose kernel isJ turns out to be the fol-
lowing:

(a) If e and f are complements in L, there exist quasi-orthocomplements
¢* of e, f¥ of f such that (i) ¢* v f¥ = 1; (ii) g < ¢* implies the existence of a
quasi-orthocomplement ¢* of g with ¢* > e; (iii) each & < f has a quasi-
orthocomplement > f’“ .

The above property, although complicated in its statement, is enjoyed by
every complemented modular lattice and every orthomodular lattice.

LeEmMA 4.1.  Let ¢ be a quantifier on a locally orthomodular lattice L. Then:
(1) (L)e is a sublattice of L.
(ii) ¢ preserves finite suprema.

Proof. (i). In view of Lemma 2.1 (vi), we need only show that the
supremum of a pair of invariant elements is itself invariant. Accordingly,
let ¢ and f be invariant. Since L is locally orthomodular, there exist quasi-
orthocomplements ¢* of e, f* of f such that e* A f*is a quasi-orthocomplement
of ¢ Vf By Lemma 2.1 (vi), ¢ A f* is invariant. The invariance of
e V f now comes from Lemma 3.1.

(ii) Let a, beL. Then a Vb < ap Vbe < (a V b)e. Applying o,
we have

(a VD)o < (ap Vbl =ap Vbe < (aV b

LeEmMA 4.2. Let ¢ be a quantifier on a locally orthomodular lattice L having
property (a). Then e eJ, e perspective to f implies f eJ.

Proof. Let x be a common complement of e and f. If x < y < yp and w
were a quasi-orthocomplement of yo, we would have that w V y = 1, w V y
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is faithful, and by Theorem 3.3, w Vy > e. Butthenw Vy >e V y =1,
a contradiction. We conclude that the restriction of ¢ to L(x, 1) is the
identity map. By virtue of property (o), we next produce elements f¥,
#* such that (i) f* is a quasi-orthocomplement of f; (ii) #* is a quasi-ortho-
complement of x; (iii) 2* vV f* = 1; (iv) g < 2* implies the existence of a
quasi-orthocomplement g* of g with ¢* > x; (v) h < f implies the existence
of a quasi-orthocomplement 4* of h such that ¥ > f¥. It follows from Lemma
3.1 that ¥ ¢J, and consequently that the restriction of ¢ to L(f¥ 1) is the
identity map. A second application of Lemma 3.1 now produces the fact
that feJ.

TaEOREM 4.3. Let L be a locally orthomodular lattice with property (a),
and let ¢ be a quantifier on L. There exists a unique congruence relation © of L
whose kernel is J; furthermore, ¢ induces a center valued quantifier 3 on L/© by
means of the formula (¢/@®)@ = ep/O. The original quantifier ¢ can be recap-
tured from & since ¢/® = (e/0) if and only if ¢ = eep.

Proof. (i) By Lemma 4.2 and [10, Corollary 2, p. 16] there exists a
uniquely determined congruence relation § whose kernel is J. If a = b(9),
then by [10, Theorem 3.2, p. 10 ¢ V¢t = b V ¢ for suitable ¢ ¢ J. Since
t is invariant, it follows that ap V ¢t = (@ V t)p = (b V t)¢ = be V ¢,
and consequently that ap = be(0). This shows that the mapping

e/ — (¢/0)p = ep/0

is well defined. Since ¢ — ¢/6 is a homomorphism, & is automatically a
quantifier on the locally orthomodular lattice L/6.

(i) If a/0 = (a/6)@, then a = ap(f), whence ap = a V ¢ for some ¢ eJ.
Since J is an ideal and L is relatively complemented, we can even take ¢
disjoint from a. But then

t = to, tAha=0=>0=00= (tAa)e =1t Aap =t

hence a = ap. We conclude that a/8 = (a/6)@ if and only if ¢ = ag, so
that ¢ can indeed be recaptured from @.

(ii) The only remaining item is the proof that @ is center valued on L/8.
If the restriction of @ to the interval L/6(0/6, a/0) is the identity map, then
b < a implies b/60 < a/6, b/0 = (b/0)@, and therefore that b = bp. Thus
¢|lroe = Ia, so that aeJ and a/8 = 0/6. By Theorem 3.9, @ is center
valued on L/6.

5. Baer *-semigroups

In order to make this paper more self-contained and readable, we introduce
here the notation and terminology that will be used in the last two sections.
The results we shall now sketch are due basically to D. J. Foulis. For a
more complete treatment, see Foulis [2], [3] and [4].

An dnwvolution semigroup is a multiplicative semigroup S equipped with
a mapping * : § — S such that for all z, y S, (zy)* = y*c* and 2** =
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(z*)* = &. An element e e S such that e = ¢* = ¢* is called a projection, and
we agree to let P = P(S) denote the partially ordered set of all projections
of S, the partial ordering being given by ¢ < fif ¢ = ¢f (or equivalently,
ife = fe).

A Baer *-semigroup is an involution semigroup S with 0 having the property
that for each z € S, {y e S : zy = 0} = 2’8, where 2’ is a (necessarily unique)
projection of 8. For a Baer *-semigroup S, P’ = P'(S) is defined by
P = {¢':xzeS). A subset S of S is called a Baer *-subsemigroup of S
provided (i) 8; is a subsemigroup of S; (ii) Sy = S1; (iii) zeS; = 2/ ¢S;.
Evidently, every Baer *-subsemigroup S; is a Baer *-semigroup in its own
right with P’(S;) = P'(S)n S;.

A lattice L with 0 and 1 is said to be orthocomplemented if there is a mapping
"+ L — L such that (i) ¢’ is a complement of e for all e ¢ L; (ii) e = ¢” for all
e; (lii) e < f=f < éforalle, fe L If in addition, (iv)

e<f=f=eV (fA¢),

then L is called an orthomodular lattice. Condition (iv) is frequently referred
to as the orthomodular identity.

TaroreM 5.1. Let S be a Baer *-semigroup. Then:
(i) Fore,feP(8),e <f=f <¢.
(ii) ForeeP(8S),e <e”" = ().
(ili) IfeeP’'(8S) and if a €8S, then ae = a if and only if a” < e.
(iv) ForaeS,a = a”.
(v) eeP/(8) if and only if e = €”.
(vi) 0 (which we henceforth write as 1) is a unit for S.
(vil) P'(8S) s an orthomodular lattice under the partial order inherited
from P(8), with e — €' as its orthocomplementation.
(viii) Fora,beS, (ab)” = (a”b)”.
(ix) ForaeS, (a*a)” = a”.
(x) Fora,beS8, (ab)” < V",
(xi) Fora,beS, if b = b* and if ab = ba, then ab’ = b'a.

Proof. See [4, Theorem 1, pp. 66-67].

LemmaA 5.2 [4, Lemma 4, p. 68]. Let S be a Baer *-semigroup. If M is a
non-empty subset of S, define Z(M) to be {seS:sm = ms for all m eM}.
Then:

i) Mc N=Z(N)cC Z(M).

(i) Mc Z(Z(M)).

(iil) Z(M) = Z(Z(Z(M))).

(iv) If M = M™* then Z(M) is a Baer *-subsemigroup of S and

P (Z(M)) = P'(8) nZ(M)

s closed under the formation of arbitrary suprema and infima in P'(S) pro-
vided only that they exist in P'(S).
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Starting with an orthomodular lattice L, let M (L) denote the set of mono-
tone mapping ¢ : L — L. Two elements ¢, ¢ ¢ M (L) are said to be mutually
adjoint if (ep)'y < ¢ and (ey)'o < ¢ forallee L.

It is easily seen that for each ¢ e M (L) there can be at most one ¢ ¢ M (L)
such that ¢ and ¥ are mutually adjoint. If ¢* denotes this uniquely deter-
mined ¢ (when it exists), then S(L) = the subset of mappings in M (L)
possessing adjoints is clearly an involution semigroup. For each ee L, the
mapping ¢, : L — L is defined by the formula fo, = (f V ¢’) A eforall fe L.
The situation is summarized in the next theorem.

TeEOREM 5.3. Let L be an orthomodular lattice. Then:
(i) S(L) is a Baer *-semigroup.
(ii) For each e ¢ L, ¢, is a projection tn S(L).
(iil) fe. = fif and only of f < e.
(iv) fe. = 0if and only if f < €.
(v) The correspondence e <> ¢, between L and P'(S(L)) is an orthocom-
plementation-preserving lattice isomorphism.

Proof. See [2, Theorem 6, p. 652].

A Baer *-semigroup 8 is said to coordinatize an orthomodular lattice L if
there exists an orthocomplementation-preserving lattice isomorphism between
L and P’(S). Although the coordinatization is highly non-unique, we do see
that every orthomodular lattice L can be coordinatized by the Baer *-semi-
group S(L). In the next section we shall concern ourselves with certain co-
ordinatizing Baer *-subsemigroups of S(L).

6. Center valued quantifiers on an orthomodular lattice

In §4, the study of quantifiers on an orthomodular lattice was reduced to
the study of center valued quantifiers. For this reason, and in order to de-
velop certain results that will be needed in our treatment of dimension lattices,
we devote this section to an examination of center valued quantifiers on an
orthomodular lattice. In the next two lemmas, which, incidentally, are due
to D. J. Foulis, it will be assumed that S is a Baer *-semigroup and L = P’(S).
Borrowing some notation from Kaplansky [11, Definition 3, p. 5] for each

zeS,let 2T = A{heL n Z(8) : zh = =z}, provided of course that such an
infimum exists.

LemmaA 6.1, If T exists for every x e L, then the restriction of T to L s a
center valued quantifier.

Proof. By Theorem 5.1 (xi), Z(8) n L is closed under the formation of
orthocomplements. It follows easily that T'|. is a center valued symmetric
closure operator (see [7, p. 1244]), and therefore a center valued quantifier.

LEMMA 6.2. LetxzeS. Iff = Vas(xa)” exists, then xT exists and equals f.
Proof. By [4, Theorem 1 (xvii)] and our Theorem 5.1 (viii),
(f6)” = Vaesl(2a)"b]” = Vaeslz(ab)]” < f,
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where beS is arbitrary. By Theorem 5.1 (iii), fb = fbf. Similarly,
5% = fb¥f, so fb = fof = (fo)* = (H*)* = bf. This shows that
feZ(S) n L. If heZ(S) n L and zh = =z, then for any aeS, (za)h =
zha = za, so by Theorem 5.1 (iii), (za)” < h. Thus f = Vaes(xa)” is a
lower bound for {heZ(S) n L : xh = z}. Since 2”7 = (z1)” < f, we have
of =zandfelheZ(S)nL:zh=x}. Itfollowsthatf = xT.

LemMA 6.3. Let ¢ be a center valued quantifier on an orthomodular lattice L.
An element e € L s invariant if and only if oo = ¢, ¢.

Proof. 1If e is to be invariant, it must also be central. For arbitrary a ¢ L,
we then have ap, ¢ = (a A €)p = ap A ¢ = app.. Hencepp, = ¢, 0. Con-
versely, if oo, = ¢, ¢, then e = lop, = lop, ¢ = eop.

THEOREM 6.4. Let ¢ be a center valued quantifier on an orthomodular lattice
L. There exists a Baer *-semigroup S such that L = P'(8) and ¢ = T..

Proof. Tt clearly suffices to show that there is a coordinatizing Baer *-sub-
semigroup S? of S(L) having the property that o = ap & ¢, e Z(S%).
Identification of L with P’(S(L)) will then produce the desired result. Ac-
cordingly, let

M = {pseS(L) :a = apeL} and S* = Z(M).

Since M = M*, we know that S* is a Baer *-subsemigroup of S(L), and using
the fact that ¢ is center valued, we have from [4, Theorem 2 (ii), p. 67] that
¢. € S? for each e ¢ L. Hence S* coordinatizes L. By the definition of M,

a=ap=¢,e M C Z(Z(M)) = Z(S°).

We see from Lemma 6.3 that ¢ € S¥, and consequently, ¢, € Z(S?) = a = ae.
Thus a = a¢ < ¢, € Z(8%).

CoroLLARY. If L is a complete orthomodular lattice, then ¢ is a center valued
quantifier on L if and only if there exists a Baer *-semigroup S such that
L=P(@S)andp = T|;.

The above results together with Lemma 2.2 give considerable insight into
the nature of center valued quantifiers on an orthomodular lattice. We turn
now to some auxiliary results that will prove useful in connection with the
next section.

LEmMMA 6.5. Let ¢ be a center valued quantifier on the orthomodular lattice L.
For arbitrary e € L, (¢e ¢)” = @ep and 00 ¢ = ¢@e, .

Proof. It follows from [2, Theorem 8, p. 654] that (v.¢)” = @1p,0 = @ep -
Since ¢ is center valued, we have app, ¢ = (ap A €)o = ap A ep = ApPe, .
Hence ¢e. 0 = @@, -
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LemMa 6.6. Let ¢ be a center valued quantifier on the orthomodular lattice L.
For an element e ¢ L, the following conditions are equivalent:
(1) e is simple.
(11) Pe = Pe PPe «
(iil) o, restricted to L(0, e) is the identity map.

Proof. (i) = (ii). Givenge L, ge, < e,50 that go, = (ge.)e A € = go. 0.
(ii) = (iii). Ifa <e, thena = ap,, and app, = ap, o0, = ap, = a.
(iii) = (). Fora < e, a = app, = ap A e.

TrEOREM 6.7. Let L be an orthomodular lattice and ¢ a center valued quantifi-
fier in L. There exists a Baer *-semigroup S and an element q ¢ S such that
(i) L = P'(8);
(i) (L)e = Z(8) n L;
(i) ¢=¢ =q%
(iv) for each e e L, (eq)” = ep and qeq = q(eq)”;
(v) e s simple < ¢ = ege;
(vi) e s invariant < eq = ge;
(vil) e 1s fasthful & q = qeq.

Proof. Conditions (i), (ii) and (iii) follow from Theorem 6.4; (iv) follows
from Lemma 6.5; (v) from Lemma 6.6; and (vi) from Lemma 6.3.

(vil) If e is faithful, then geq = q(eq)” = q(ep) = q. Conversely, if
q = geq, then

1= 1o = (1)" = (1ge)” = [(19)"eq)” = (eq)” = ep.

7. Loomis dimension lattices

A Loomis dimension lattice [12, p. 4] is a complete orthomodular lattice
equipped with an equivalence relation (~) that satisfies:

(A) Ifa~Othena = 0.

(B) Ifairazand b ~ a1 V a: then there exists an orthogonal decompo-
gition of b, b = by V by, such that a; ~ b, and az ~ b. .

(C) If (aa) and (b,) are two families of pairwise orthogonal elements over
the same indexing set such that a, ~ b, for every a, then Voae ~ Vob,.

(D) If @ and b are not orthogonal, then there exist non-zero elements
a1 < a, by < bsuch that a; ~ by,

It will at times prove convenient to replace (B) by the following stronger
condition:

(B’) If (a@.) is a family of pairwise orthogonal elements and b~ V ,a,,
then there is a family (b,) of pairwise orthogonal elements such that b = V , b,
and a, ~ b, for every a.

Our goal in this section will be to show that every type I Loomis dimension
lattice satisfying (B’) can be coordinatized by a Baer *-semigroup in such a
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way that the abstract dimension relation (~) is induced in a natural way by
*.equivalence. The first step in such a program is a discussion of *-equiva-

lence. Until further notice it is assumed that S is a Baer *-semz'group and
L = P'(8).

DEerinNITION 7.1, Given e, f ¢ L, we shall say that e is *-equivalent to f, and
write e ~* f, if there exists an element z ¢ S such that zz™ = ¢ and z*z = J.
The element z is said to mplement the *-equivalence of e and f; this will be
indicated symbolically by writing  : e ~™ f.

LemMa 7.2, Letz:e~*f. Thena” = f, (z*)” = eand x = exf.
Proof. By hypothesis, zz* = e and z*c = f. It follows from Theorem 5.1

(iii) that £ = aa”, so that 2* = (22”)* = 2”2*. Thuse = 22* = (22™)” =
(z"z*)” = (¢*)”. Similarly, f = 2”, and 2 = (¢*)"22” = exf.

LemMa 7.3.  The relation (~") is an equivalence relation.

Proof. The relation in question is clearly reflexive and symmetric. It is
easily shown thatif ¢ : e ~* fand y : f ~¥ g, then 2y : e ~* g.

Lemma 74, Letz:e~*f Ifa<eandacl,thenb = x*ax e L; further-
more, b < f and a ~*p.

Proof. Clearly b = b* and b* = (z%az)(z*az) = z*aear = z* 00z =
z*az = b; hence b e P(S). The fact that bf = z*axf = 2*ax = b shows that
b < f. To prove that b e L, note first that since b < f, we have b” < f” =
f=2z". Thusb = 2”b = bx” and b” = 2”b” = b”z”. Repeated applica-
tion of Theorem 5.1 (viii) now produces

a = eae = ax¥axz™ = xbz* = (aba®)” = (2”ba™)”
— (bx*)” — (b”w*)” = (x”b"x*)” = (xb”x*)".
This shows that (zb”z*)” = xbz*, so that
ab”z™ = (ab”z™) (2b”z*)” = (ab”z*) (xbae™) = ab”fbx™* = ab”ba™ = xba™.
We now have b’ = fb"f = z*zb”z*z = 2™2xba™c = fbf = b, so that

beL = P'(S). To prove that a ~* b, set y = ax, and note that yy* =
azz*a = aea = a, while y*y = t*aax = x*ox = b.

THEOREM 7.5. Letz : e ~*f. Define mappings
E : L(0,e) — L(0, f), F:L(0,f) — L(0, e)

by the formulas oE = z*ax, bF = xbz™ for a e L(0, ), be L(0, f). Then E is
an orthocomplementation-preserving lattice isomorphism from L(0, e) onto L(0, f)
whose inverse is F.

Proof. Lemma 7.4 shows that E and F are well defined. The proof that
they are mutually inverse lattice isomorphisms is routine, and will therefore be
omitted. We shall, however, prove that E preserves orthocomplements.
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Let a e L(0, e), b = aE, a" = the orthocomplement of a in L(0, ), and
b" = the orthocomplement of b in L(0, f). It is easily shown that
a"=ad Ne=ae=-ed,andb" =b A f=0bf=fb. Sincebdb™ = 0, we

have a(b*F) = (bF)(b"F) = aba*zb*z* = abb*z™ = 0, and b7F < o’. Then
b'F <o’ ANe=a" and b" = b'FE < o'E.

Similarly, one shows that aa™ = 0 implies b(a*E) = 0, whence ¢*'E < b™.
Therefore a'E = b™.

This concludes the material on *-equivalence in an arbitrary Baer *-semi-
group. Suppose now that ¢ is a center valued quantifier on an orthomodular
lattice L. Let S and ¢ be as described in Theorem 6.7, and note that by
Lemma 6.2, ep = Ves(ex)” for every ee L. In what follows we shall be
referring to *-equivalence implemented by elements of S.

Lemma 7.6, Let a, b be simple elements of L with ap = be. Then a ~* b.

Proof. Setx = agb. Clearly z ¢S, and zz* = (agb)(bga) = a(gbg)a =
aq(bq)”a = aq(be)a = ag(ap)a = aga = a. Similarly, z*z = b.

LemMA 7.7. Letz :e~"f. Thenep = fo.

Proof. By Lemma 7.2, 2” = f and (2*)” = e. Hence ep = (eg)” =
(zx*q)” = (2”2%q)” = (fz*q)" < fo. Similarly, fo < ee.

LemMa 7.8. Letx:e ~*f. If a < e s simple and b = x*ax, then b 4s
simple.

Proof. Lemma 7.4 assures us that a ~* b, so that ap = bp. Let d < b
and suppose dp = bp. Then zdz* < a, and (zdz™)e = do = bp = ae.
Since @ is simple, we have from Theorem 3.4 that 2 dz* = a. It follows that
d = b, and consequently that b is simple.

We are finally ready to apply all of this to dimension lattices, so we now
assume that L is a type I Loomis dimension lattice. This means that every
element of L can be expressed as the supremum of a family of simple elements.
Given ¢ € L, let ep denote the hull of e (see [12, p. 13]). Then ¢ is a center
valued quantifier and L can be coordinatized in the manner described in
Theorem 6.7.

DerInNITION 7.9. Givene, f e L, write e ~* f in case there exist two families
(€a), (f) of pairwise orthogonal elements over the same indexing set such that
e= Vabo,f= Vafoande, ~*f forevery a. Clearlye~*f=e~*f. It
will be our goal to show that e ~ f < e ~™ £, at least in the presence of axiom
(B).

Lemma 7.10. Every non-zero element e of L is the supremum of a family of
non-zero mutually orthogonal simple elements.

Proof. Thisis [12, Lemma 29, p. 17].
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Lemma 7.11.  Let a, b e L be simple elements. Then a ~ b < a ~*b.

Proof. By [12, Lemma 30, p. 17] @ ~ b is equivalent to ap = bp. Our
Lemma, 7.6 shows that ap = bp = a ~* b, while Lemma, 7.7 gives the reverse
implication.

LemmMa 7.12. Fore,feL,e~*f=e~f.

Proof. Ife = 0, theresultis clear, so wemay assumee # 0. Letz : e ~*f,
and by virtue of Lemma, 7.10 we write e = V , e, where (e, ) is a family of non-
zero mutually orthogonal simple elements. We then use Theorem 7.5 and
Lemma 7.8 to write f = V,f, where (f,) is a family of non-zero mutually
orthogonal simple elements with e, ~*f,for every . By Lemma 711,60~ fau
for every a; hence e ~ f.

THEOREM 7.13. If L satisfies (B'), thene ~f = e ~ f.

Proof. The preceding lemma shows that e ~*f = e ~ f. It is immediate
that e ~7 f = e ~ f. Suppose conversely that e ~ f. Writing e = V, e,
where (e,) is a family of mutually orthogonal simple elements, we can apply
axiom (B’) to write f = Vo f. with (f,) a family of mutually orthogonal ele-
ments and e, ~ f, for every . By [12, Lemma 10, p. 7] each f, is simple. We
then have each e, ~™ f, , and consequently e ~* .

The net result of all this is the result mentioned at the beginning of this
section: Every type I Loomis dimension lattice satisfying (B’) can be co-
ordinatized by a Baer *-semigroup in such a way that the abstract dimension
relation (~) is induced naturally by *-equivalence.

In conclusion, the author wishes to acknowledge that none of this would be
possible without the inspiration and patient guidance provided by Professor
D. J. Foulis.
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