PRINCIPAL SUBMATRICES OF NORMAL AND HERMITIAN MATRICES

BY
R. C. TaompsoN

1. Introduction

In this paper we obtain inequalities and location theorems linking all the
eigenvalues of all of the principal k X k submatrices of a normal or Hermitian
n X n matrix 4 to the eigenvalues of A. We also obtain inequalities for cer-
tain expressions involving £ X k subdeterminants of A. In addition we ex-
amine the possible occurrences of a multiple eigenvalue of A among the eigen-
values of the principal k X k submatrices of 4. Certain of our theorems for
normal matrices hold only when k = n — 1. It is an interesting and open
question to find analogues of these theorems for k X k principal submatrices.
For Hermitian matrices we obtain stronger theorems than are possible for
arbitrary normal matrices. In one of our theorems (Theorem 3) we only
require that 4 be diagonable.

2. Notation
In this paper A = (A,;) denotes an n X n diagonable matrix with eigen-

values Ay, N, -+ ,N.. Usually A will be normal. In general the eigen-
values are not all distinct so let uy, ps, -+ , us denote the distinet eigenvalues,
where the multiplicity of u;ise;for1 = 7 £ s;e + -+ + ¢, = n.

We arrange the notation so that

()‘1’ Agy v 7)‘70) = (l‘l; TTtg ML,y M2yttt g M2yttt g Msy t T 7/"’8)-
‘When A is Hermitian we assume p; < pe < + -+ < fs.

For fixed integers n and k, 1 £ k < n, Q. denotes the set of all sequences
w={t,%, -, of integers such that 1 S 44 < &2 < --- <4 = n. We
always let

w={0,%, - ,u and 7 ={n,5, " ,jd
be two typical elements of Q.. The k X k matrix B defined by
Baﬁ=Ai¢j,9, 12,85k,

is denoted by Alw | 7. The (n — 1) X (n — 1) matrix obtained by deleting
row ¢ and column j from A is denoted by A(Z|j). We let f(\), fiua(N),
fw(\) stand for the characteristic polynomials of 4, Afw | w], 4(% | 7), respec-
tively. We let

Far ) =N — ca N7+ e NP — oo+ (= 1) e
Here, of course, c,; is the sum of the principal (k — j) X (k — j) subdetermi-
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nants of Alw|w]. The roots of frj(A) are denoted by w1, Nuz, *-° ;5 Mok -
When 4 is Hermitian we arrange the numbering so that 7,1 < 7,2 = <+ = ek -

For integers k = 1 and r, 0 £ r =< k, we define E.(ay, a2, - -+, a;) by the
polynomial identity

I A + a0) = >k 0 E(ar, a0, -+, @)\

We shall always let h = h(a1, --- , ax) be an arbitrary linear function of &
variables. We set
Er(Aw) = E'r()‘il s Nigy "ty )\ik)

and, for reasons of compactness, we define
h(Aw) = h’(El(Aw), EZ(Aw)7 Tty Ek(Aw))7

and
h(Afw | @]) = h(Co1, Cory *** 5 Cak)-

We let G, denote the geometric mean of the positive real numbers
ug — pal, B=1,2,--,a—La+1 s

We set po = (ea/n)l/(a—l)Ga y P = {fo=1 Hg=1,ﬁ;ﬁa I Ma — Mg |_1}—l/(8—1)*
The circles with center u, and radii pa , p, Ga, (Qa)"“ "G are denoted by
C., C% C, °C, respectively. Here @ = 4n ' (n + 2)7' if n is even and
Q = 4(n + 1) if nis odd.
As is usual, the transpose and complex conjugate transpose of A are indi-
cated with A7, A¥ respectively. The k"™ compound of A is Ci(4). The
identity matrix is denoted by I.

3. Preliminary calculations

Let D = diag(\, N2, -+, \x) and let A = SDS™ for some nonsingular S.
Then Nl — A = S(M — D)S™. Hence

Ci(\ — A) = Ci(8)Cix(\I — D)Ci(8)™.

The diagonal elements of Cy(A] — A) are the fi,;(A) for we@.. The
diagonal elements of the diagonal matrix Cx(AI — D) are the polynomials

(1) I 0 = 2), 7 € Qur .

Hence

(2" fer(\) = 2rcoum det Slw | 7] det S7Ir | @] Lser (A = Ng).
When S = U is unitary and A is normal, (2’) becomes

(2) S (\) = Znonk | det Ulw | 7] iznﬁe‘r (A = Np).

We rewrite (2) in vector matrix language as

(3) [f{m](k)} =W [Hﬁef()\ - )\ﬁ):| .



298 R. C. THOMPSON

Here, in (3), the column vector on the left has as components the fi,;(A),
ordered lexicographically, and the column vector on the right has as compo-
nents the polynomials (1), ordered lexicographically. The matrix W is non-
negative and doubly stochastic; its entries are the | det Ulw | 7] !, in doubly
lexicographic order. We compare coefficients of the same power of A on each
side of (3). As an easy consequence we get

@) [h(A'[w'l w])] —w [m].

The column vector on the left side of (4) has as components the numbers
h(Alw | w]), ordered lexicographically, whereas the column vector on the right
side of (4) has as components the numbers h(A,), ordered lexicographically.
From (4) we get on taking real parts (indicated by R) and absolute values:

) [R(h(A[ww])) - W Rh('Q,))],

IA

(6) l:lh(A[wIw])I w ]h(Af)l}-

The inequality in (6) is componentwise.

Now let k = n — 1. Then, given w, 7 € Qu,n—1, there exist unique integers
i,jfor which1 < 4,7 < n,¢ ¢w,j ¢ 7. Since U is unitary, U™ = U*. Con-
sequently (det U)™" det Ulw | 7](—1)"* = Uy; ; hence

|det Ulw | 7] [P = | Ui %
Moreover,

ILeee 0 = Ng) = 7O/ = Ny,
and fi,y(N) = fiy(N\). So (3) may be rewritten as

(N |:f(i)‘()\>j| = W[f(k)(k - kj)_:l

and (2) becomes
(8) Fao) = 25| U [FOO (N = 2™
All our results will follow from these formulas.
4. Normal matrices
Except in Theorem 3, A is always a normal matrix in §4.

THEOREM 1. For given « € Qui , h(Alw | w]) Uies in the convex hull of the com-
plex numbers h(A,) as T runs over Quy .
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Proof. This is immediate from (4) since W is nonnegative and doubly
stochastic. This is a generalization of a result in [5] which had also been
proved independently by M. Marcus.

TavorEM 2. For fixed w € Qur

(i) maxy | h(Alw | al)| = max,a, | A4,
(i) maxy R(h(Alw | @]) = maxreq,, B(h(A,)),
(iii) ming R(h(Afw | @]) = min,eq,; B(h(A,)).

Remark. maxy, max, denote, respectively, the maximum of the quantity
in question as U varies over all unitary matrices or as 7 varies over all se-
quences of @, . Similarly for the min.

Proof. That the left members of (i), (ii) are always < the right members
follows from (6), (5) since W is doubly stochastic. Equality is achieved by
taking U to be a permutation matrix such that UDU” has

N

at the (74, %) position, 1 < « < k. Then fi,;(A) is the polynomial (1), so
that h(4fw | »]) = h(A,).

Remark. 'The theory of Schur convex and concave functions [4] in combi-
nation with (5) or (6) yields many inequalities linking symmetric functions
of the real numbers R(h(Alw | w])) (or of | h(Alw | @])|) as « varies over @Qu:
for fixed k to the same symmetric functions of real numbers R(h(A.)) (or of
| h(A,)], respectively) as 7 varies over Qny, .

When A is merely diagonable it follows from (2’) that
(9) fr(\) = Do det Slo | 7] det S7[7 | wlf(A) [Toer (N — No) 7
Ifea — (n — k) = 1, then
(10) (N = pa) "

is a divisor of the right side of (9), hence of the left also. Thus u. is a root
of fly(A) with multiplicity at least e, — n 4+ k. If may happen that p. is
a 100t of fi,;(N) with multiplicity >e. — n + k. However we have

(11) 2ocan (M) = (0 = k)N PO,

Here " (\) denotes the derivative of f(\) of order n — k. Formula (11)
follows by summing (2') over w e Q. and using

Zwean det Slw | 7] det S7r Jw] = 1.

(This follows from Cx(S™)Ci(8) = 1.) In fact, however, (11) holds for all
matrices (not just diagonable ones) and can be proved in general by consider-
ing the the determinant det(tI — (A — A)) and using Taylor’s theorem.
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In any event it follows from (11) that
(X —u )ea-—n+k+1
cannot be a factor of every fi,;(A). This completes the proof of Theorem 3.

TaEoREM 3. Let k be fixed and let A be an n X n matrix over a field K for
which uo s an eigenvalue with multiplicity e. .

(1) Suppose A is diagonable and e, — (n — k) = 1. Then each Alw | v,
w € Qur , has uq as an etgenvalue with multiplicity ot least e, — (n — k).

(ii) Suppose A 1is arbitrary and K has characteristic zero or larger than n.

Then not every Alw | w] can have p. as an eigenvalue with multiplicity ot least the
larger of {e« — (n — k) + 1, 1}.

Theorem 3(i) is false when A is not diagonable. A counterexample is

H=t

For the rest of §4 we suppose 4 is normal and k¥ = n — 1. To avoid trivial
situations we assume s = 2 so that A is not scalar. We know that A(7]17)
has u. as eigenvalue with multiplicity e, — 1 or larger. Thus u. with multi-
plicity e, — 1 is always a root of A(7]7), 1 £ a = s. We call these the
trivial eigenvalues of A(Z | ). In addition there exist s — 1 additional eigen-
values of A(7|%), denoted by £, &n, -+, &is—1. We call these the non-
trivial eigenvalues of A(7]4). It may happen that the nontrivial eigenvalues
of A(7|7) are not all distinct and that some of the nontrivial eigenvalues of
A (7| %) equal some of the trivial eigenvalues. So we now have

(12) o) = ILa v = w7 TIE (N — &9).
From (8) we get

(13) Fao(A) = 251 0 F N (N — 1) 7,
where

(14) O = Zi:)\j=ﬂﬁ| Us; |2-

The sum in (14) is over all integers j for which A\; = ug. Now substitute (12)
and

FO) = ILia (= w)”
into (13), cancel the common factor and then set A = u,. The result is
(15)  ia = II5=t (e — £)) [ Dmtie (e — )™ 1S @ =51 S0 = m
It follows from (14) that 6;, = 0, and that
(16) D10 = €, 1
(17) Dot bia = 1, 1

A
5]
IIA
R

IIA
.
IIA
S
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Moreover we have
LeMMA 1. The n X n matriz wn which the column vectors
6:1(31a ) 020! y ", ona)T

appear exactly e, times, 1 = a < s, is nonnegative and doubly stochastic.

We now can improve Theorem 3 somewhat, whenk = n — 1.

TaEOREM 4. Let « be fixed. The number of integers 1, 1 < i < n, for which
A (7] 1) has uo as a nonirivial eigenvalue is at most n — e, . When this bound
18 attained then for each of the remaining e, integers t, the nontrivial eigenvalues
of A(i|2) are py, ** , Ma—1, Mat1, " 5 s . Conversely, the number of integers
2, 1 < 1 = n, for which A(7|%) has pa, *** , Baei, Mat1, *** , Me @S the non-
trivial eigenvalues s at most e . When this bound s attained then for each of
the remaining n — e. integers i, A(7 | 1) has p. as a nontrivial eigenvalue.

Remark. The bounds are attained when A is diagonal. However they can
be attained when A is nondiagonal. An example is

101
010
101

Proof. By (14), (17) each of the terms in the sum (16) is between 0 and 1.
So there must be at least e, integers ¢ for which 6;, = 0. By (15), 6:, = 0
if and only if A(z]%) has p. as a nontrivial eigenvalue. Hence u. is a non-
trivial eigenvalue of A(7|%) for at most n — e, integers 2. When this bound
is achieved, 6;. = 0 for n — e, values of 7, and hence 6;» = 1 for e, values
of 7. But, by (17), 6;« = 1 implies 6,3 = 0 for all 8 # «, and by (15) this
can happen only if w1, -, ga—1, Hat1, * ** , us are all nontrivial eigenvalues
of A(Z|%). The converse follows by reversing these steps.

TusoreEM 5. A necessary and sufficient condition that an n X n normal
matriz A be diagonal s that each (n — 1) X (n — 1) principal submatriz of A
has as its eigenvalues an (n — 1)-subset of the eigenvalues of A.

Proof. When 4 is diagonal the condition is obvious. Suppose the condi-
tion is satisfied. Then the nontrivial eigenvalues of A(Z|) are p1, **+ , ta,
omitting wis . Then, by (15), 6 = 0 except when « = (), and then
0s0p = 1. So any 6,5 is 0 or 1. Because of (16), there exist exactly e.
integers ¢ for which {(¢) = «. When {(2) = a, 6, = 0 for all B £ «, so by
(14), U;; = 0 for all j for which A; 5 p,. The number of j for which \; = u,
is exactly e.. When t(2) # «, 6;o = 0 and (14) then forces U;; = 0 for all
j for which A; = e,. Thus U is 0 except for blocks U, lying at the inter-
section of rows numbered ¢ for which {(¢?) = « and columns numbered j for
which A; = uo. These columns j are exactly the columns 5 for which

el_l_"'+ea—l+1§j§e1+"'+ea-
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(See §2.) We may find a permutation matrix P such that
PU = diag(Uy, Us, ---, U,).

Now PAP" is diagonal if and only if A is. Moreover PAP’ =
(PU)D(PU)* = Dsince Uy, - -+, U, are each unitary and the main diagonal
of D partitions into scalar segments. Hence A is diagonal.

TueorEM 6. For an appropriate uniary U, A, = (trace A)/n and
Ffo\) = N, foralli,1 £ 4 < n.

Proof. Take U;; = ¥ P97 1 <4, < n, where ¢ is a primitive root
of unity of order n. Then use (2) with A = 0 and k = 1, and (8).

TueorREM 7. Let « be fized. Then etther: (i) for at least one 1, A(i| <) has
a nontrivial eigenvalue inside C.. , and for at least one ¢, A(Z | 1) has a nontrivial

eigenvalue outside C ; or (ii) for every 1, A (% | 2) has all its nontrivial eigenvalues
on the boundary of C., .

Proof. We use the fact that always 6;c = |6:a|. Suppose all the non-
trivial eigenvalues of all A(<| 1) lie on the boundary of or outside of C,, and
at least one A (7 | 7) has a nontrivial eigenvalue outside C.. Then | pe — £i; |
= p, for all 4, j, with strict inequality at least once. Then (16) becomes

21 (pa/Ga)'™ < e

pa < (ea/n)l/(s—l)Ga = Pa-

hence

This is a contradiction. Similarly we show that it cannot happen that all
A (7] 7) have all their nontrivial eigenvalues on the boundary of or inside of
C., with strictly inside at least once.

TuaroreM 8. Let ¢ be fized. Then either: (i) A(¢| %) has at least one non-
trivial eigenvalue inside one of C', - -+, C* and at least one nontrivial eigenvalue
outside ome of C", -+, C°; or (ii) each nontrivial eigenvalue of A(7|1%) lies on
the boundary of every one of C*, -+ -, C°.

Proof. Suppose each nontrivial eigenvalue of A (% | ¢) is on the boundary of,
or outside of, every one of C', --- , C°, with strictly outside at least once.

Then | po — &i5| = p for all o, j, with strict inequality at least once. Then
(15) and (17) produce

2em 0 [ Tomtpea e — e [ < 1,

hence p < p. Similarly we cannot have each nontrivial eigenvalue of A (7 |7)
inside of or on the boundary of each of C", - - - , C°, with strictly inside at least
once.

The exceptional cases in Theorems 8 and 9 can happen; for an example,
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{1 -1
2L—-1 1 |
TueorEM 9. Let 1, a be fized. Then etther: (i) A(<|1) has a nontrivial

etgenwalue inside C; or (ii) the nonirivial eigenvalues of A(4|7) are ur, - --
Mal, Batl, **° , Ms and each of these numbers lies on the boundary of .C.

consider the matrix

)

Proof. We know ;. = 1. If all nontrivial eigenvalues of A(7| <) are on
the boundary of or outside of .C, and at least one nontrivial eigenvalue is out-
side oC, then | pa — £i;| = G. for all 7 with strict inequality at least once.
Then

GG < 0w £ 1.

This is a contradiction. So all nontrivial eigenvalues of A(%| ) are on the
boundary of ,C or else at least one is inside .C. If all nontrivial eigenvalues
are on the boundary of ,C then |pu. — &;| = Ga for all j; hence 6, = 1.
Then (17) forces 0:;3 = 0 for all 8 # «, so that by (15), the nontrivial eigen-
values of A(%|7) are p1, *++ , Baet, Batly " *  Hs -

The exceptional circumstance can happen. An example is diag(1, —1, 0).

TueoreM 10. There always exists a permutation ¢ of 1, 2, -+ , n such that
A(a(2)| o(2)) has a nontrivial eigenvalue on the boundary of or outside of *C, for
all i suchthatey + -+ +eer+1=2iZ e+ -+ +ea,andalla,l1 S a =< s.

Proof. This follows from the known [2] fact that a doubly stochastic matrix
contains a diagonal every element of which is =Q. The result now follows by
combining Lemma 1 with (15).

Tueorem 11. Let G;; denote the geometric mean of the distances from u; to
the nontrivial eigenvalues of A(Z|7). Among the G;; for fixed j and variable i,
certain G; will be zero but at least e; are not zero.  Suppose (for notational sim-
plicity) that Gi; £ 0 for 1 = v < mand Gi; = 0 for 2 > m. Then

e;/nG; < ej/mGi £ (D211 Gi)/m < (e/m)"*7VG; £ G
Proof. We may write (16) as
Do (Gy/G) T = e

Because 0 < G;;/G; = 1, the left side of the sum is increased by removing the
exponent s — 1. This gives the lower bound. The upper bound is obtained
by using the fact that the function 2" is concave up. Many other inequali-
ties of this nature can be proved. We do not pursue the matter further,
however.

5. Hermitian matrices

In §5, A is assumed to be Hermitian. Recall that uy < pp < +++ < s 80
that )\1 é )\2 é )\3 é é )\n—l é )\n-



304 R. C. THOMPSON

Let h be a real linear function. Then by Theorem 2(ii), for fixed w € Qux ,
maxy h(Alw | w]) = max, h(4,). It is possible to say a little more about the
sequence 7 € @ for which h(A,) is maximal.

TaeoREM 12. Let h be a real linear function of k variables, let w € Qux be
fixed. Then
maxy h(Alw | w]) = maxo<i<k h(Asy)
where

8(t) ={1,2,---;t,n—k+t+1L,n—k+t+2 - ,n} eQui.
A similar result holds for the min.

That is, the maximizing element 7 € Q@.; consists of the ¢ smallest and & — ¢
largest integers between 1 and n for some ¢. This is an extension of a result
in [3]. (The initial, or terminal, segments of §(¢) are absent if ¢ = 0, or k.)

Proof. For fixed ¢ and fixed z1, **+ , Tic1, Tit1, *** , Tk
h(Ev(zy, -« o), <o+ 5 Bx(@n, -+, 2))

is a linear function of ;. Suppose
8={1)"' ’j_ly"' yp+1, .- ’n}

is the element of Q. for which h(As;) = max, h(A,). In § we suppose j, p are
respectively the smallest, largest integers for which j, p ¢5. We show that if
an integer g ¢ § exists for which j < g < p then we may increase the length
of either the initial or terminal segment in 8, without decreasing the length of
the other segment, and retaining the maximal property. A finite number of
repetitions of this produces the result. Now h(A;) = Aja + 8 where o, 3
are real numbers not depending on A;,A;, or A,. If & = 0 or if a # 0 but
A, = \; then we keep the maximal property if, in 8, we delete g and insert j.
If & 5 0 but \;, = A, then we keep the maximal property if, in §, we delete ¢
and insert p. If & # 0 but A; <\, < A, then deleting ¢ from é and inserting
either j or p increases h(A;). This contradicts the maximal property of 4.

We arrange the nontrivial eigenvalues of A(7|7) in increasing order.
Then the well known [1] fact that

(18) mE=tas=mwmtas---

follows from (13) by a simple graphical argument. Conversely, for fixed 7,
given arbitrary real numbers £, -, &, 1 satisfying (18) we can find
unitary U such that the nontrivial eigenvalues of A(z|4) are £a, -+« , &, s—1.
This follows from the observation that if

) =I[E =), ) =1I[a0—u),

Dot o1(pa)es(pa) ™ = 1.

IIA

Ms—1 é Ei, s—1 é Mg

then [6],
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Moreover ¢1(pa)es(pe) ™ = 0. If we put 6; = e1(pe)er(pe) Tforl S a <s
then (17) holds. Now use (14) to construct row ¢ of a unitary matrix. For
any unitary U with this row ¢, (13) is valid with 6;, as just defined. Let

o) = for(\) TTact (0 = )™ = 22501 0ip TTomt, ams (X — pa).
We have to prove that o(A) = ¢1(A). But ¢(pe) = ¢1(pe) forl < o < sand
degree o(\) = degree ¢;(A\) = s — 1.
Thus we have given a new proof of the following well known theorem [1].

TaeoreEMm 13. Let 1 be fizxed. The inequalities (18) are necessary and
sufficient for the existence of a unitary U such that A(3|7) has Ea, *++ , &, 521
as its nontrivial eigenvalues.

It is well known [1] (and easily follows) that for a given weQu,
NS N0j S Mk forl <5 k.

Lemma 2.
(19) Oia S (ko — £ig)(Ba —mg) o 12B=a—1;
(20) fia < (£ig — ba) (Hps1 — o) o a =B =s—1;
{(I"a — &, a—l) (Ma - #1)_1}{(£ia - Na)(/-‘s - ﬂa)_l}
= aia
(21) = B .
= {(Ba = &is a1) (e — Ba1) H (Eie — #a) (Bas — ba) }

if a#l,s.
Proof. We write

(22) i = TT55" (o — Eig) (e — w6) ™} T16=0 { (£i8 — ta) (g1 — ma) ™}

Because of (18), each of the bracketed fractions in (22) is between 0 and 1.
Hence dropping some of the fractions increases the value of the expression.
This proves (19), (20), and half of (21). We now write

Oia = [(Ma - Ei, a—l) (Eia - Ilta) (ﬂa - l-‘l)—l(l-’ts - ﬂa)_I]
(23) JIES (e — Eig) (e — pp41) )

I { (i — ) (s — Ba) 7}

By (18), each of the fractions in { } bracesin (23) is 1. This proves the
other half of (21).
Notation.
aAa+1 = n-—lZ;;l Eia ) 1 Sa< S‘

That is, «A«y1 is the arithmetic mean of the nontrivial eigenvalues of the
A(7 | 2) belonging to the interval [ua , pati]-
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TaEOREM 14, For1 = 8 < s,
(n— 1)n  ug + n g
< pp41 — Mila:agp (0 — €a)n (Mpsa — Ha)
(24) =< pAp
< g+ Ming. asp (1 — €2)n " (ke — ug)

Sn 7w+ (n— Dn 7w

If a1, S,
(25) ea(ﬂa - ﬂa—l)(“a-}-l - “a) é Z?=1 (Ma - S, a—l) (Eia - V'a)
é ea(ua - ”1)(,“8 - ﬂa)-
For any «,
a—1 —-1 s -1
oot (pApsr — pg) (prr — wg) ™+ Dpmais (s — p1dp) (s — pot)
(26) = (n —e)n.

(Empty sums are defined to be zero.)
Proof. (24) follows from (19), (20), (16), using

(Ha — Eig) (e — wp) " =1 — (£ig — ) (pa — 1g) ™
and

(Eis — o) (o1 — ma) ™ = 1 — (ups1 — Eig) (Mpss — pa)
(25) follows immediately from (21). To get (26) use

Z?=1(0i1+ cor 0 a1t O aqr o 0s) =0 — e
in combination with (19) and (20).

TaeorREM 15. Given a, there exist integers ,5 (¢ # j), depending on o such
that (27), (28), (29) all hold.

(27) £i) ot S €af Mo T (0 — €)W pa U o = 1;

(28) fia Z Cal Hayr + (N — €)W e, U aFs;

(tha = &5, a1) (Eja — tha) S € (e — p1) (s — o)
if a#l,s.

(29)

Proof. From (16), 6i;n = e,n ' for at least one <. Then from (16) again,
0ja = (0 — 1) (6a — Oia) < €an™”

for at least one j % 4. The proof is now completed by use of (19), (20), (21).
We now obtain estimates for the average value of the 7,; as w runs over
Qnx , 7 fixed.
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TaEOREM 16. For firtedjand k, 1 Sk =n—1,1=5j =k,

n—k -1
,go W M—ttjmr = (;:) Z Nwj

(30) weQnk
S 22750 U Nt
where
(31) V,=Em—1,n—2 -, ){[[lend™, 0Zr=n—k&,
(32) S, = 1.

Remark. We remind the reader that the 7,; are in increasing order for
fixed weQu, 0 that N\; = 7,; = Miy;. Hence the average of the 7,;
for fixed j as w runs over Q. lies between A; and M\u—z+;. In Theorem 16 we
obtain convex combinations of N;, Njy1, **, M—z+; which are upper and
lower bounds for this average.

Proof. We may express (24) in the form
w7 (= DN+ M) £ 07 Daeanns Mo
S+ (= D).

Hence (30) is true when k = n — 1. Suppose the result established for
k -+ 1. Then we have

(33)

n—(k+1) n -1
(34) v O M=ot 4j—r = (k + 1) 3 Q%H Nrj
S 25 g N,  1<i<k+1,
with
(35) & =E(n—1, - k+ D{[[lsped}™, 0Zr=n—Fk—1.

Now, for a given 7 ¢ @, 11 there exist exactly & + 1 sequences w e Qi for
which w C 7. So by using (33) for (k + 1) X (k£ + 1) Hermitian matrices,

(k + 1)_1(19"71'1 + 7, .7+1) (k + 1)—12"’6011]6 wCr Noj
= (k+ D)7 (s + ke, j1).

We sum (36) over all sequences 7 € @, 141, and then divide by (z}1). The
number of times a given 7,; will appear in the central member of the resulting
inequality (call it %) is just the number of 7 € @y, 141 for which w C 7; that is,
exactly (n — k) times. Now

(o7 0) G+ D=0 = (}).

We use (34) for j and 7 + 1 on the left and right sums in our inequality *

(36)
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We then obtain (30) on recognizing that
Vo = ¢o(k +1)7, Yok = kdpsa(k +1)7, ¥ = (kdpr +¢,)(k +1)7

for 1 £r <n — k. That (32) holds follows immediately by setting A = 1
in the polynomial identity

IS 45 = 250 B(n — Lin — 2, -+« BN

The proof is complete.
The author wishes to thank the referee for pointing out that Theorem 3
holds for diagonable as well as normal matrices.
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