ON LOCAL MAXIMALITY FOR THE COEFFICIENT as

BY
JAMES A. JENKINS AND MITSURU OzAWA!

1. In our previous paper [5] we proved the local maximality of GRas , that
is, Bombieri’s result [1] at the Koebe function by using Golusin’s inequality
[3]. By making use of the same idea we shall prove the following

THEOREM. Let f(2) be a normalized regular univalent function f(z) in the
unit disc |z | < 1

f(z) =24+ Dmsand"

Then there exist two positive constants € and A, which are independent of f(z),
such that

Ras < 8 — A(2 — Raz)

Jor0=22—QRae<e. IfRas=81n0 =< 2 — Ras < ¢, then f(2) reduces to the
Koebe function
z

(I —2)7’

It should be remarked that our local maximality is different from that of
Garabedian, Ross and Schiffer [2] in definition.

2. Let G.(w) be the u*™ Faber polynomial which is defined by
g9u(2) = Gu(g(2)) = 2" + 271 bw/?,
g(2) = f(1/2)7".
Then it is known that »b,, = pb,,. Let
@n(9(2)) = i1 ugu(2);
then Golusin’s inequality has the form
Z:o==1 v [ ZZ;& Ty buy |2 = Z:';l v|z, l2:
and Grunsky’s inequality has the form
| 2o vbw wu @ | S 220w | @ [

One of the authors [4] pointed out that Grunsky’s inequality is a direct conse-
quence of Golusin’s.
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By a simple calculation we have

by = —30s,

bis = —3(as — (3/4)a}),

bis = —3(a — (3/2)ma; + (5/8)a3),

—3(as — (3/2)azas — (3/4)a3 + (15/8)az a; — (35/64)az),

bio = —3(as — (3/2)aras — (3/2)asas + (15/8)a3 as + (15/8)az a3
— (35/16)a3 a5 + (63/128)a3),

bin = —3ar — (3/2)azas — (3/2)azas + (15/8)as a5 + (30/8)as as aq
+ (5/8)a3 — (35/16)ai as — (105/32)a; a5 + (315/128)a; as
— (231/512)a; — (3/4)a1),

bias = —3(as — (3/2)aar — (3/2)asas — (3/2)asas + (15/8)as as
+ (15/4)a2 asas + (15/8)azai + (15/8)azas — (35/16)as as
— (105/16)a3 as as — (35/16)as a3 + (315/128)as as + (315/64)a; aj
— (693/256)as as + (429/1024)az).

For simplicity’s sake we shall denote b,, = by,m, m = 1,3, --+,13. Then we
have

bs1 = 3bs,

bs,s = 3bs + 3by by + b1,

bss = 3(br + bibs + b3 + bibs) = (3/5)bss,

bss = 3(by + byby + 2bsbs + bibs + bibz) = (3/7)bis,

bs1 = 5bs,

bsc = 5(by + by by + 3bsbs + bibs + 3by b + bi by + (1/5)b1),

bss = 5(bu + biby + 3bs by + b1 by + 6by by bs + bi bs + 2bs + 3b1 bs + 2b3
+ bibs) = (5/7)brs,

by = by,

brg = Tbis + 7by by + 21bs by + 35bs by + 71 by + 63b3 bs -+ 35by b + 7bi by
+ 490, b} + 7bi bs + 42b} b + 7b% by + 63D bs bs + 42by by by + b1 .

Further we have

o

S

o
]

—92bis = ag — 6bi by — 6byby — 6bs by + 12b] by + 24b; by by — 2003 by
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+ 12b; b5 + 12b3 bs — 60b} by bs + 30bi bs — 20b, by + 60b; bi
— 42b; bs + 8b1
brys = —(7/2)(as — 8byby — 12bsby — 16b5b; + 1063 by + 125, bs by
— 22b7 by + 2bybs — 78bibsbs + 28bibs — 34by b + 48bi b3
— 44b7 bs + (54/7)b1).
From now on we shall use the following notations:

a2=—2b1=2—x-|—ix',

—2b; = y + @/,
—2bs = 9+ i,
—2b; = £+ it
—2by = ¢ + i¢/,
%y = 7 + ir.

3. Lemma 1.
(7" 4+ 7%) 4+ 9(¢" + &) + 7(& + &)
+ 50" + ") + 305" +¢”) + <"
S 4z — 2%
Proof. This is a simple consequence of the area theorem for f(1/2%)™*/%.
LemMMA 2. y = 0(z),7 =0(z), ¢ = 0(z) asz — 0.

This was already proved in our previous paper [5]. It is very possible to
conjecture that 7 = O(x) and ¢ = O(x) asx — 0.

LemMA 3.
4n + (4v — )y
S+ e =2y + 2" = 3=y + (1~ (v2))y -2}
— @+ (v/2)d) = B{=¢ + (1 = (v/2)m' — ¥}
—7{=¢' + (1 = (v/2))F —1'}"
Proof. By Golusin’s inequality
T|@sbss 4+ @by P+ 5| 2sbss + 21 bog |°
+ 3| zsbss+ @b P + |@sbss + b
S w4+ 3|l

we have, with ; = % and z; = ¥, real,



ON LOCAL MAXIMALITY FOR THE COEFFICIENT Qg 599

Tl—e + &t —n— @E/2) =y + a0 + (%/2) — (&2
+7—¢ + & — o — (£/21]
+ 5=t 41—y — (2/2y — @n/2) + 2y — /)T
+5[—& +1 =y — (/2 — =+ y+2— Y + 32" — (y/2)1]
+3[—n +¢ =2 — (/2T + 2vly — (v/2)al + (=Y — (v/2)2")’
0.

Here we omitted higher order terms as « — 0, that is, terms which are O(z*"*).

In the sequel we shall omit higher order terms as ¢ — 0, since those are
not essential for local maximality.
4. By Golusin’s inequality
7| @1big + Tsbss + @absg + @by [
+ 5 arbrg + @sbss + @sbss + x1bug *
+ 3| @brs + xsbss + Tsbss + wbis [
+ |2 bry + 25bs0 + T3 bsa + @ bua [
Slolf +3lalf+5]nl + 7wl

we have the following inequality, putting z; = 1, o, = 14/5, 3 = 35/6,
X = 21,

7-(49/4)(Ras — (54/7) + A1+ T1)" + 5-(49/4)(—(2/7)a5 + As + Ty)°
+ 5-(49/4)0; + 3-(49/4)(—(2/T)ws + As + Ty)°
+3-(49/4)0F + (49/4)(—(2/T)m + A)* + (49/4)6]
S 7+ 5a% + 3% + af,
A= (=4 + (5/Txs)T + (=5 — (5/T)xs + (3/7)xs)e
+ (=11 4 (5/7)xs + (3/T)xs — (1/7)a1)&
+ (=14 — (5/Dzs + (3/TNz)n + (=22 + (5/Tas)y + 27z,
Ay = —7 + (1 — (5/Das)e — (1 + (3/Nas — (5/7)5)E
+ (1 = (5/T)s + (3/T)ws — (1/T)an)n — (1 — (5/7)xs + (3/T)as)y
+ (5/7)xs @,
As = —¢ + (1 = (5/D)as)k + (=1 + (5/T)xs — (3/T)as)n
+ (—=(5/7xs + (3/T)xz — (1/Nm)y + (3/7)asw,
Ay = —&— (5/Tasn — (3/T)my + (1/T)m 2,
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Iy =227 + 3y’ + 4'd + 62’0 + 6y'F + ((29/2) + (5/4))a’¢
+ (5/2)n" + 164’0’ + (57/2)a’n" + (55/4)y” + 51y
+ (81/2)2",
T, = —320 — (3/2)y't — (3/4)a’n — 1" + (1/4)y” + (3/2)ay’ + 22",
Ty = =%t — ' — W" + (3/4)2y + (5/4)2",
0, = —7' — ¢ — (3/2) — (3/2)1" — (3/2)y — 2«
0 = —¢ — & — (3/2)1 — (5/2)y — (5/2)2,
0, = —¢ — 29 — (5/2)y" — 3.

By a simple calculation we have
(Ras — (54/7) + & + Ty
< (4/343)(7 + 5a5 + 33 + 1) — (5/7)(—(2/T)ws + As + Ty’
— (5/7)83 — (3/7)(—=(2/T)as + As + Ty)* — (3/7)65
— (/1) (—(2/T)a + A" — (1/7)0}
= (4/49) + (5/7)((4/T)ws Ay + (4/T)2s T2 — (& + 1)) — (5/7)0;
+ (3/T)((4/T)x5 A5 + (4/T)axs T3 — (A5 + Ts)?) — (3/7)0;
+ (1/7)((4/T)2 Ay — A3) — (1/7)6%.

Here we may omit (A + T2)%, (As + Ts)?and A].  Taking square roots of both
hand side terms and expanding the right-hand side in a power series, we have

Rag = 8 — Ay — Ity + (5/T)asAs + (5/T)xsTo + (3/7)xs Az + (3/7)x3 T3
+ (1/T)a Ay — (5/4)03 — (3/4)0; — (1/4)6;
— (1/14) (525 A2 + 3x5 As + @1 As)™
Here we may omit the last term. Then this gives just the following inequality :
®Ras < 8 + 0.75n + 3.25y — 7.7z — Ty + 2Ty + (5/2)T — (5/4)0;

— (3/4)0% — (1/4)0}.
By Lemma 3 we have

0.757 + 3.25y < 0.75(1 + (64/9))z — (0.75/2)z"y" + (0.75/2)x"
— (9/16)(n" + (7/8)y" + 2)* — (3/16)(y’ + (8/3)x")’
— (21/16)(¢' + (7/6)E + 7')’
— (15/16)(¢ + (7/6)7 + ¢')’

with v = 16/3. Then we have
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Ras < 8 — (5/3)x — (3/8)2’y’ + (3/8)2” — It + 2T + (5/2)Ts — (5/4)©;
— (3/4)0; — (1/4)0; — (9/16)(n" + (7/6)y’ + ')’
— (3/16)(y" + (8/3)c")" — (21/16)(¢’ 4+ (7/6)¢ + #)°
— (15/16)(¢ + (7/6)7" + ¢')™.
Further by Lemma 1 we have
®Ras = 8 — L(z, o, 0, &, ¢, 7),
192L(2, y', 0, £, ¢, 7)
= 90722 + 133322"y" + 5131y" + 8112¢'n' + 6144y’y’ + 24454"
+ 45122 + 3948yt + 27607'F + 1863”7 + 3024z’ + 2016y’
+ 11760’ + 159680’ + 135607 + 1344’ + 72047 + 24097
+ 720¢'7" 4+ 4800’7 + 1120+
Consider

9072 6666 4056 2256 1512 672
6666 5131 3072 1974 1008 360
7 = 4056 3072 2445 1380 588 120
2256 1974 1380 1863 798 360
1512 1008 588 798 1356 240
L 672 360 120 360 240 1120.

Take the principal diagonal minor determinants

1120, 1140 240 1120 240 360
240 1356 240 1356 798
360 798 1863

1120 240 360 120 1120 240 360 120 360

) )

240 1356 798 588 240 1356 798 588 1008
360 798 1863 1380’ 360 798 1863 1380 1974|, |L]|.
120 588 1380 2445 120 588 1380 2445 3072

360 1008 1974 3072 5131

Then these are positive. Hence L is positive definite. By continuity we
have the desired result.
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