ON REGULAR FUNCTIONS ON RIEMANN SURFACES'
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1. Introduction

If an annulus ¢ < |z] < b is mapped analytically into another annulus
¢’ < |z| < b in such a way that the index of the images of concentric circles
isequal ton (n 5 0), then its module (2x) " log b/a is dominated by 1/ | » |-th
of the module (2x) ' logb’/a’ of the image annulus. This was proved by
Schiffer [8]. A number of proofs and extensions of this result were obtained
by many authors [3], [4], [6]. In particular the first author of the present
paper weakened the assumption about the image domain and gave an exten-
sion by the method of the extremal metric [4]. Another interesting method of
proof was given by Landau and Osserman, comparing the fluxes of harmonic
functions [6].

The purpose of the present paper is to extend the above result for regular
functions on arbitrary Riemann surfaces which have more than one boundary
component. Let us mention the result for functions w = f(z) regular on the
closed annulus @ < |z | = b and such that f’ (2) 0 on the boundary. The
image curves f(ae’™") and f(®e™™) (0 = t < 1) divide the w-plane into
several open sets on which the indices of the image curves are constant.

Let P., and @, be the respective open sets on which the index of f(ae™"") is
not less than m and that of f(be”™*) is not greater than n. If P, # 0 and
Q. #= 0 for m > n, then the complement of the union of the closure of P,, and
Q. consists of a finite number of domains and the module of the family of
curves separating P,, and @, dominates (m — n) (2r) " log b/a.

Our result will be stated for regular functions on an open Riemann surface
and a regular partition of its boundary. The sets corresponding to P,, and Q,
are defined in terms of exhaustions. We will give two proofs one of which is
based on the method of the extremal metric and the other is based on the com-
parison of the fluxes of harmonic functions. It is interesting that two differ-
ent methods produce the same result.

The result has many applications. For example Hayman-Kubo’s estima-
tion of the capacity of the set of omitted values [2, 5] is generalized to Riemann
surfaces. As to other applications the readers are referred to the first author’s
paper [4].
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2. Index

Let @ be an open Riemann surface with more than one boundary component.
Let (A, B) be a regular partition of the boundary of @ with non-void 4, B
[1]. Let+ be a dividing cycle of @ with the following properties:

(i) v consists of a finite number of analytic Jordan curves;
(ii) + divides © into two sets of non-compact subdomains of 2, each of
which bears subsets of either A or B and
@iii) + is positively oriented with respect to the domains bearing 4.

For regular functions w = f(z) we define the index of a point w ¢ f(y) with
respect to f(v) by

e — L daf
I('Y"w) _Zr—zf»,]—’(z_)———z—v

Let v be a similar cycle contained in the subdomains divided by ¥ and bear-
ing B. Then v and v’ bound a finite number of regular domains (regular
region [1]). Wehaveforwef(y) uf(y’)

1) Ilv;w) = I(;w).

This follows from the argument principle for regular functions f in the re-
spective domains.
We now define two kinds of sets:

Po(y) = {w|I(y;w) = m,wefly)}
and

Qy) ={w|Il;w) £ nwef(r)},

where m, n are integers. Under the same situation as in the above paragraph
we have from (1)

2) Pm('Y) c Pm('y') and Qn (v) 2 Qn o,

where P,, etc. stand for the closures in the extended plane. Considering
normals with respect to v, we can deduce a more precise conclusion that the
interior of P,,(y’) or Q. (v) contains P, (y) or @, (y") respectively.

Let {Q.},—0 with v C @, be a canonical exhaustion [1] of @ such that every
boundary contour of @, is an analytic Jordan curve. Let a, and 8, be the
cycles on the boundary of €, which are homologous to v and are the relative
boundaries of the complementary subdomains of 2, bearing A and B respec-
tively. From the precise conclusion above mentioned we can deduce that if
m>n, Pn(a)nQ,(8) =9. Furthermore P, (a,) and @, (3,) are decreasing
with » increasing. If P, (o) 5 9 for all », we have a non-void compact set
Pn(4) = N,P,(x) and similarly a set Q,(B) = N, .(8,) if Q. (8,) #~ 0
for all ». Clearly P, (4) and @, (B) are disjoint.
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3. Modules

Let T be a family of locally rectifiable curves ¢. We denote by P(T") the
class of non-negative metrics p | dz | with Borel measurable p on  satisfying

3) fpldzlgl, cel.

The module M (I') of T is given by
M(T) = infrerm ﬂ; o’ dx dy.

Suppose that @, (4, B) and v are the same as in Section 2. Then the module
of the family I'(4, B) of collections of a finite number of rectifiable closed
curves separating A from B is equal to the reciprocal of the flux

hy) = j;dwﬁ, dey = —(3/9y)ws dz + (3/3x)ws dy

of the harmonic measure wp of B [7]. We note that & (v) is equal to the square
of the Dirichlet norm || dws ||a-
If Q is a bordered Riemann surface of finite genus, the metric

polde| = (b)) | grad wy || de |

is the unique extremal metric up to a set of Borel measure zero which satisfies
(3) and attains the value M (T'(4, B)).

4. Statement of the result

We are now in a position to state our result.

TuroreM 1. Let (A, B) with non-void A, B be a regular partition of the
boundary of the Riemann surface Q. Let w = f(2) be a function regular on Q.
Suppose that P, (A) # B and Q,(B) # B for m > n. Then the module of the
family T, of curves separating P, (A) from Q,(B) in the w-plane is not less
than (m — n) M(T' (4, B)).

Our two proofs will be given in Sections 5 and 6.

5. Proof of Theorem 1, method of the extremal metric

We can take a canonical exhaustion {©,} as in Section 2 and such that
df # 0 on the boundary of @, for every v. We write &', « and 8 for @,, «,,
and 8, , where o, and B3, are defined in Section 2. Then f(a) and f(8) consist
of regular analytic closed curves with senses endowed by f, i.e. analytic and
with non-vanishing derivatives. Hence they have at most a finite number of
intersections. In fact if two components of them have infinitely many inter-
sections, both curves become one dimensional coverings of the same curve.
For self-intersections the same is true. Therefore there are at most a finite
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number of components of P,, (o) and @, (8) and the complement of P,, (a) u
Q. (8) consists of a finite number of domains.

We list those domains {A,}%_, each of whose closure has non-void inter-
section with both P,, () and @,(8). Since P, (a) n Q,(8) = # there is at
leastonesuch A;. For the module problem of I'y, in the theorem, it is enough
to consider the subfamily of curves contained in U%_; A; .

Let w; be the harmonic measure of dA, n Q,(8) with respect to A;. Then
the extremal metric po | dw | of the above module problem is given by

poldw| = (35t | dos [13,) ™ | grad w; | [ dw | in A;
=0 elsewhere.
We shall construct a metric py | dz | € P(I' (e, 8)) so that

=
2 <
ffﬂlpldxdy=m_n Iw|<wpodudv.

where T (e, 8) is the corresponding curve family in @’ separating « and 8.

Orthogonal trajectories « of level curves of w; in A; are analytic Jordan arcs
joining dA; n P, (o) and A; n @, (8) except for a finite number of trajectories
ending at critical points of w;. We will prove that such a simple x contains
at least m — 7 subarcs whose inverse images are Jordan arcs joining « and 3
unless it meets a branch point of f* (w). To see this, let & be an extension of
« which is the union of « and two infinite half rays towards the outer normals
of 9A; at the end points of k. At a corner with positive angle we take the
bisector of two tangents as the normal. The trajectories ending at cusp points
are excluded. We parametrize g : #(t) (—o <t < ®)sothatt = w;®({))
on k. Take two points wy = &(—¢) € Pn(a) and w1 = & (1 + &) € Q. (8) for
sufficiently small ¢ > 0. We investigate contributions of the image surface to
I(a; wo) and I(B; wi). For sufficiently large &, I (a; %(t)) = 0, since f is
regular. When & (¢) crosses f(a), I (a; %(f)) increases by & X f(a). Here
# X f(a) denotes the intersection number [1]. We consider the lifts of maxi-
mal subarcs of & on the image domain regarded as a covering surface. They
are curves joining either two points of f(a) and f(8) or two points of f(a) or
F(B). In the first case the arc between two intersections has inverse image
which is an arc joining « and 8. Note that ¥ X f(a) = & X f(8) at the
respective end points. Let ¢, and ¢z be the parameters of those points. Then
to < tgort, > tg according as ¢ X f(a) = F 1. We enumerate the cases
where contributions occur:

@) ta <0, tg > 1 oceurs [y times
I t.zo0, la <tg =1 ool
A1) t, =0, le < lgytg>1 < Iy ©

(I <0, ta = 0 “« oo«
') 0=t <1, tg<ty =1 “ oo«
II') 0=t =1, to>1 “ gy«
(IV/) ts > 1, ts < la « l; «
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In the second case a contribution to I (a; wo) occurs only when the lift joins
two points of f(a) and its projection contains w,. It is always —1 and we
denote the amount by L, =< 0. Similarly the amount of contributions to

I (8; w) of the lifts joining two points of f(8) is given by Lg = 0. We have
Iasw) =b+b—h—b—l—lL+Lzm
and
I@;w) =b+1L—1+ L <n
Thus we get

bt+bzb—h—Ulh—lb—li+Le—Lg=m—n

which is the desired result.

Following [4] we transplant p, | dw | along m — n arcs which are inverse
images of orthogonal trajectories between two boundary components of A;,
j=1,2 +--k We can take those inverse images so that they fill a finite
number of strips S; between « and 8 (cf. [4]). Set

plde] = (1/(m —n)p(f ) [ df " w) |, 2=/"w)eS
=0 elsewhere.

Since every ¢ e ' (o, 8) meets all the inverse images, p1 | dz | satisfies (3) and
we have
1

m—n

fflew po du dv > ffn pi dr dy > M(I'(a, B))

which implies the assertion for Q’.

For general @, on letting » — «, each sequence of harmonic measures which
define extremal metrics in @, and the w-plane converges and so does the cor-
responding sequence of modules.

It should be pointed out that the proof for €', with df # 0 on 42’ provides
us information for equality of the theorem in this case. Indeed, if equality
holds, then either n = 0 or m = 0 and f maps Q' onto a precisely m or —n
sheeted unbounded (branched) covering of a plane domain A. This is
easily verified by checking extremal metrics.

6. Alternative proof, comparison of fluxes

It suffices to show the result for the surface @' in Section 5. From (2),
Pn(a) nQ,(8) =P and Pn(a) u @.(8) — (f(a) uf(B)) consists of a finite
number of connected components. We take a regular subdomain of each
component bounded by a finite number of piece-wise analytic curves. Let
P,, and Q,, be the totality of the subdomains contained in P, (a) and Q, (8)
respectively. We define a continuous function u(w) on the extended plane
as follows.

It

0 on P,
= 1 on Q:,

harmonic in (P, u Q,)".

u (w)
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The function v (2) = u(f(z)) is continuous on £’ and sectionally harmonic in
’. vis harmonic in some neighborhood of each component of o and g.

Let E and F be the inverse images of P,, and @, under f respectively, which
consist of a finite number of closed subdomains of @ bounded by piece-wise
analytic curves. v = Qon Eandv = 1 on F. Let v (2) be a function con-
tinuous on &’ and such that

n@) = v(2) onauF
=1 on B
= harmonic in Q' — F.

Sincev; — » = 0Oand v; — v = 0 on « U 3F on considering inner normal deriva-
tives of »; — v with respect to @' — F, we have

f dy —0)* =0
aUor

where oF is taken so that a u 0F is homologous to 8 and d(»y — »)* =
d/on (v — v) ds = 0. Hence we get

*
fdvl =f dv”.
aladr

Let wg denote the harmonic measure of 8 with respect to @’. Similarly we have

* * * *
fdwﬂgfdvl.z.f dv=/ ™.
aUadr f(a)US@F)
Ng

Decompose P,, and @, into connected components {PS’}12; and {QF} 12,
and denote the indices of f(a), f(8) on each PP, QY by p;(a), p; (8), ¢i(a),
q;(8). Since (@) covers QY (¢;(8) — ¢,(a)) times, we have

*/;(a)uf(ar) ZJ“—‘I p](a) f ) du + Z j=1 QJ(a) jc;o,(,j) du*
+ T (08) — 0@ [,y du”

= > pila) fap“‘) du™ + 22 ;(B) j;o‘“ du*
Since p;(e) = m, q;(8) =

* *
fop itz 0 [
APy, Qy

N * * * N *
T [ T L P T > [
ar,’ P, 3Qn 3Qn
we obtain

M(T(a, 8)) = fﬁ dof = (m — n) fa |t = M)

IIA

0,

where T, is the family of curves separating P,, from Q,,.
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Expand P,, and Q,, so that they exhaust P, (a) and @,(8). Let Aj and w;
be the regions and harmonic measures defined in Section 5. Then % tends to
w; uniformly on every compact subset of A;. Take a dividing cycle & con-
tained in U A; and homologous to 8P, in (P, u Q,)°. Then we have

du*=fdu*—->z,~f dwf as U — wj
é

aP,, inA;

which implies the assertion for Q.

7. Applications

This theorem can be used to obtain extensions of Hayman [2]-Kubo’s [5]
estimation of omitted values. They used transfinite and hyperbolic trans-
finite diameters which have simple relations with reduced modules and
modules. One such extension is given as follows.

Let @ be a Riemann surface whose boundary consists of a finite number of
contours, say B and a non-void set of the other boundary components, say A.
We regard B as a boundary cycle 8 positively oriented with respect to Q.
Suppose that a regular function w = f(z) maps @ into the unit disc so that
fB) ={|w|=1}. Clearly I(8;0) = n > 0. We denote by E the set of
omitted values of fin |w| < 1. Let I be the family of collections of a finite
number of rectifiable closed curves separating E from | w | = 1. Then we have

CoroLLARY 1. If E # 8,
(4) M(T) z nM(T (4, B)).

Proof. By the argument principle, E coincides with P,(4). Hence
I' = Tnoin Theorem 1.

A discussion about equality in (4) should be indicated. We can deduce
that if equality occurs in (4), fis an (n, 1) map of Qonto { |w| < 1} — E
except for a possible compact set of logarithmic capacity zero. This is verified
directly by using the second author’s result [9].

REFERENCES

—

. L. V. Aurrors AND L. Sar1o, Riemann surfaces, Princeton Univ. Press, Princeton,
N.J., 1960.
. W. K. HaymAN, Some applications of the transfinite diameter to the theory of functions,
J. Analyse Math., vol. 1 (1951), pp. 155-179.
3. H. Husgr, Uber analytische Abbildungen von Ringgebieten in Ringgebieten. Comp.
Math., vol. 9 (1951), pp. 161-168.
4. J. A. JENKINS, Some results related to extremal length, Annals of Math. Studies, no. 30
(1953), pp. 87-94.
5. T. Kuso, Hyperbolic transfinite diameter and some theorems on analytic functions in
annulus, J. Math. Soc. Japan, vol. 10 (1958), pp. 348-364.
6. H. J. LANDAU AND R. OssERMAN, Some distortion theorems for multivalent mappings,
Proc. Amer. Math. Soc., vol. 10 (1959), pp. 87-91.

N



570 JAMES A. JENKINS AND NOBUYUKI SUITA

7. L. Sar1o anp K. Orxawa, Capacity functions, Springer Verlag, N.Y., 1970.

8. M. ScHIFFER, On the modulus of double-connected domains. Quart. J. Math., vol. 17
(1946), pp. 197-213.

9. N. Suira, Analytic mapping and harmonic length, Kodai Math. Sem. Rep., vol. 23
(1971), pp. 351-356.

WaASHINGTON UNIVERSITY
St. Lours, M1ssoUuRt

Tokyo INsTITUTE OF TECHNOLOGY
Toxryo



