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Introduction

We study products of Witt groups and answer the question of whether a
direct factor of a product of Witt groups is also a product of Witt groups
affirmatively.

The proof proceeds after an examination of the extendability of endomorph-
isms of products of Witt groups, and uses the cohomological study of algebraic
group extensions given by Serre in Groupes Algébriques et Corps de Classes.

The category is that of affine algebraic groups.

0. Facts from Serre (Chapter 7)

Let k be an algebraically closed field.

(1) For commutative connected algebraic groups 4 and B, the group
Ext (4, B) of classes of (commutative) extensions of 4 by B is the group
HZ2, (4, B)s of classes of symmetric regular factor sets f: 4 x A — B [Serre,
Proposition 7, Number 6]. We will abbreviate this group to H*(4, B).

Let k have characteristic p # 0.

(2) For W, the n-dimensional Witt group (W, = G,, the additive group) and
A, the ring of endomorphisms of W,, H*(W,, G,) is a right 4,-module and a left
A;-module under {f}:x = {fo (x,x)} and y-{f} = {yof}, for {f} the
element of H*(W,, G,) represented by the factor set f, x € 4, and y € 4,.

(3) LetF,: W, x W, > G, be a factor set with F,(0, 0) = 0 which gives the
extension

Vn R
Ga — I/Vn+1 I VVm
V*a) = (0,...,0,a)and R(ay, . .., a,) = (@, ..., @y_1). HX(W,, G,)is a free
A,-module on base {F,} [Serre, Lemma 4, No. 9].

4 H’(I'Ij Waj 15 Il :G) =11, Hz(Wn,+ 15 1Ga) [Serre, (10), No. 1].
Here each ;G, is the additive group. The connection is given by
{F} = ({F, ij})ija
where

proj

inc F
Fij: Wayo1 X Wypy —> lk_[ Waet1 % l;[ Waet1 — l;IkGa_> iGa
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(5) There is a sequence of subgroups of W,:

G~ W, oW, > w,

where
4 .
Wy— Wi is V(ao, ..., a;-1) = (0, aq, ..., ;).
W, is the unique connected dimension i subgroup of W,.

(6) The elements of [T W,,.; of order p form the subgroup [T G,
(:G, = W, 4+, the additive group) [Serre, No. 8].

(7) A commutative connected unipotent group of period p is a product of
copies of the additive group [Serre, Proposition 11, No. 11].

1. Endomorphisms of products of Witt groups

For x € A4,, there is a unique element y € 4; with {F,}-x = y-{F,}, by (3).
The factor set F, o (x, X) — y o F,, which thus represents the trivial class in
H*(W,, G,), must therefore arise out of a polynomial map T: W, —» G, as

F,o(x,x)a,a) — yo Ffa, a) = T(a + a') — T(a) — T(a)

fora,a e W,.
Using y and T, the element x € 4, can be lifted to an element u of 4,,,. In
fact, define

u(aOa ey Oy) = (x(ao, ceey an—l)’ y(an) + T(ao, DR an—l))'
One checks that u is indeed an element of 4, ,, and that

R
Wors — W,

Pk

Wn+1T>Wn

commutes.
Secondly, we lift an endomorphism x of []; W,, to an endomorphism u of
I'l; W,,+1. Denote by X, the homomorphism
i i
since X;(W,,) is a connected subgroup of W, , X(W,,) = W, = W,, for some n,
by (5). Furthermore, the connected component of the identity of ker X, must

be VVnk—n < mk’
Therefore, X may be factored as follows:
, 4
lxﬂ‘/ 4 Xj'k
¥

>3

I
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Let uj, € 4,44 lift X}, € 4,; then

Rry—n UK’ inc
Ujg: VVnk+1 > W+t > Wppr —

lifts X . The map u: [T W,,+, = 1 W,

nj+1
p» determined by the condition that
inc u proj
Wies1 — H W1 — n Wor1 = W41
is uy, lifts x.

Lastly, the lifting of an automorphism is an automorphism. In fact, let «’ lift

x~1. ' o ulifts the identity map:

[1.G—IIWu1—>11W, (%)

lu' ou| lu' ou lid

I[MTG—TI W, s — 1 W,
The extension (x) can be described in two ways:

1) @6y {Fn,})ij ell,; Hz(Wn,, 1Ga)
(2) as the image of () under u’ - u|; namely

W o ulij : {Fn,})ij € iH Hz(W;n,: iGo)-
s J

By (4) and (3), ' o u|;; = J;;; that is, u’ o u| is the identity. Therefore (cf.
[Serre, p. 164, (3) and below]) u’ o u is an automorphism, since G, ¢ W,,; —
W, decomposes to G, ¢ W, x G, - W, as varieties. Similarly, u o’ is an
automorphism. Therefore, u is an automorphism.

2. Decompositions of products of Witt groups

Let W be the product of Witt groups

0 r
W = H G, X il=-[1 Wasr, m 2 Lalli > 1.

i=-u

Display W as the extension

ﬁ iGa_'
u i

0 r

r
iGa X il—[], VI,m'Fl - il-[], m;’
u = =

where G, = W,, ., is the additive group.
ITi- -, /G, is the subgroup of W of elements of order p by (6).

(+)

THEOREM. A direct factor G of a product W of Witt groups is a product of
Witt groups.

Proof. The theorem is true for groups W of dimension 1. Suppose that it is
true for groups of dimension less than the dimension of W. We show inductively
that the theorem is true for W.

Suppose W = G; x G,. The subgroup of G; of elements of order p is
G; n TT1i--, iG,; denote it by P;. It is immediate that P; x P, = [Ti-_, G,.
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The sequence (+) can be decomposed as
Pl X P2—>G1 X GZ_)GI/PI X Gz/Pz,
the product of the sequences {P; = G; = G;/P;};~4,,. Since

_ql K —— = l-[ I/Vn"

P 1 P 2 i=1
by the inductive assumption the groups G,/P; are products of Witt groups.
Using (6) and induction, one shows that [T;-, W,, = [Ti=, W,, implies that

r = r’ and that there is a permutation w of {1,..., r} such that n, = n}.
Thus one sees that the product [T;-; W,, can be reordered so that

n:—==[]G, and =22 [[ G,
i=1 p

for some m.
The map

glez”"‘“Im] xﬁW
P 1 P 2 i=1 i=m+1 ™
is an automorphism of []i-; W,,. Extend this automorphism to an auto-
morphism of [T, W,,., and then complete the extension to an automorphism
y of W by setting y = id on [T~ _, ;G,.
The exact sequence (+) decomposes in two ways:

Y(Py) x y(P2) = ¥(Gy) x y(Gp) - 11—11 W, % » 111 W, (%)
0 m r 0 m r
n iGa X l-,[ iGa X H iGa_) l_,[ iGa X l_,[ VVm+l X l__[ m+1
i=-u i=1 i=m+1 i=-u i=1 i=m+1
(%)
> Il W, x 11 W,
i=1 i=m+1

By (7), ¥(P,) = [Ti=; ‘G, and y(P,) = [Ti=.+, ‘G, for some s, where the
i@, are copies of the additive groupand ¢t = r + u + 1.
By (4) and (3), the extension (+), as represented by (x), is described by

t,r
(91" {Fa})ij € : I1 ) H*W,, 'G,)

yj=1,

for a unique collection (g;;) of elements of 4,. As represented by (xx), the
extension (+) is described by

(511 : {F n j})ij € J=l__[“ H 2(Wn P iG,).

Write the coordinates of a € G, in term of the product [T;-, 'G, as {x;(a)},,
where x,(a) € 'G, and x;, € 4;,. As indicated in (4), the connection between
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(TR {Fn,}) and (gij' {Fn,}) is given, via the xy, as (xij‘ {Fn,}) = (94" {Fn,})~
Hence, by (4) and (3), x;; = g;.

Since (*) decomposes the extension (+) as a product, g;; = 0 for j < m and
i>sorj>mandi <5 Sox;; =0forj <mandi > sorj>mandi £ s;
in other words,

m S r t
[1G.<=IIG, and [] G,<= [] ‘G.
i=1 i=1 i=m+1 i=s+1

Since ITL; ;G, and T]}-,.+1 :G, are direct factors of [ T;- —, ;G,, they are also
direct factors (resp.) of [T5-; ‘G, and [T+ ‘G,. Let R, and R, be comple-
mentary subgroups; these are products of copies of the additive group by (7).

The expression () can then be expanded as

(ﬁ iGa % Rl) X <i=ﬁ Gy X Rz) = y(Gy) x y(G,)

i=1 m+1
m r
>[I W x [I W )
i=1 i=m+1
Moreover, R, X R, is a direct factor of W complementary to [Ti=; W,,+1.
To see this, take the surjective map

0 inc m
v: I1 iG,,——>iH1 G, X R, X
u =

i==

H iGaXRzp_ni’R1 X Ry;

r
i=m+1
from the fact that

m r
v = inc — (proj to [1:G. x I ,Ga> o inc,
i=1 i=m+1
it is immediate that

0 r (v, id) 0 r
IT G x [ W1 —— 11 Ga x ] Wiss
i==-u i=1 i=-u i=1
is an automorphism. Thus the image of the direct factor [T~ _, ;G,, R, X R,,
is a direct factor complementary to [T/~ W, ;.
Finally, we consider (+) and

Ry x R)) x [T 6Gax [l Ga— Ry x Ry x [l Wour x [ Wout
i=1 i=m+1 i=1 i=m+1
> W x TI W, (*x")
i=1 i=m+1
Under the map
m inc m r
x: Ry X [[1 Wp+1—> Ry X R; X il—-[1 W1 X i_lll Wait1

= ¥Gy) X ¥G2) = y(Gy),
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the diagram
Ry x [ 6, ——— w6 —— [I ™.
Tid Ix Iid
R, X ﬁ

i

1
-

m
iG,—> Ry x II1 Was1 —
i=

s

W,

ny

-
n
-l

commutes. Therefore (cf. [Serre, p. 164, (3) and below]) x is an isomorphism
and so ¥(G,) is a product of Witt groups. So G, is.
Acknowledgment. Kenneth Newman suggested this problem to me.

REFERENCE
J-P. SERRE, Groupes Algébriques et Corps de Classes, Hermann, Paris, 1962.

UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA

UNIVERSITY OF WASHINGTON
SEATTLE, WASHINGTON



