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GENERALIZATIONS OF RIESZ POTENTIALS AND
I¥ ESTIMATES FOR CERTAIN k-PLANE TRANSFORMS

BY
S. W. DRURY!

0. Introduction

In this article we consider certain generalizations of the complex Riesz
potentials on R". For fe CX(R") these are defined by

(1) R, f(x) = o(2) J!x—yr””f(y) di(y)
for #z > 0 and by
(0J (R fY (W) = a(n — 2) | u| ()

for #z < n [7, Chapter 5]. Here we have denoted A the Lebesgue measure on
R", f the Fourier transform of f and « the entire function
7.[z/2
z) = ——
[(32)
which has no zeros in £z > 0. The definitions agree in 0 < £z < n.
The generalizations with which we are concerned are all motivated by the
k-plane transform. For f a suitable function defined on R" we define the
k-plane transform T, f by

T, /D) = J J(x) dAn(x)

where IT is an affine k-plane in R” and Ay is the Lebesgue measure on II.
Thus T, fis a function on the manifold M, of affine k-planes in R". In view
of [1, Chapter 7, Section 2, Theorem 3] one may construct on M,, a
measure pu invariant under the action of Euclidean motions. Aside from
renormalization, u is unique with this property.

CONJECTURE. Let

l<q<n+1, np'—(n—-kq =k
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(sothat 1 <p <(n+ 1)k + 1)™*). Then T, is a bounded operator:
Ty: BR", )= B(M s 1)

The conjecture is trivially true for p = 1, ¢ = 1 and is known in the case of
the Radon transform [2]. In fact in that article, Oberlin and Stein obtain
considerably more delicate estimates. The conjecture is also true in the case
k =1 of the x-ray transform at least for 1 < g <n + 1 [3]. In this article we
establish the conjecture for n < 2k + 1. For other values of n and k only
fragmentary results are known. (4dded in proof. The conjecture has now been
settled affirmatively by M. Christ.)

Our proof makes use of an analytic family of multilinear operators

) Afos - Ju) = 742) I {klfloﬁz(xk)} A" dA(xo), ..., dA(x,).

Here f, € CX(R"),
A =|det (x; — Xo, X3 = Xg, - .5 X — Xo)|

and y,(z) = [[r28 «(z — k) is an entire function with no zeros in #z >n — 1.
The integral in (3) converges absolutely for #z > n — 1 and we make this
definition only for these values of z. In case n = 1 we have

A(fo, f1) = j(szO)fl di

so that A, is just a bilinear formulation of the Riesz potential.

It follows from some work of Gelbart [4] that 4, can be continued ana-
lytically to the whole complex plane. The connection of 4, with the k-plane
transform is simply that

@ Afor s f) = Cn Hn ka,(n)} dy(TI)

j=0

for k an integer 0 < k < n.

THEOREM 1. Let n—1)<Rz<n and (n+ p '=1+ Rz (so that
1 <p<?2). Then

|Afor - S| S Cas ,ﬁo 1l

The proof of the conjecture (in case n < 2k + 1) follows almost imme-
diately from these facts. We give the details in Section 1.

In Section 2 we introduce generalizations of Riesz potentials on the Grass-
mann manifold G,,, and on M. ,. We feel that these potentials desig-
nated Q, and A, respectively are of independent interest. We rely on the
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work of Gelbart both for the definition of these potentials and for the esti-
mates obtained.

Finally, in Section 3 we relate the potentials Q, and A, to k-plane trans-
forms and to A4,, giving a different proof of Theorem 1 in the case n odd.

1. The multilinear forms A4,

We first need to calculate a Jacobian determinant J, .

LEMMA 1. We have
dip(xo)s ..., din(x,) dWIT) = J, , dA(xo), ..., dA(xy)

where J,, = ¢, A”""Y, A is the volume of the k-simplex with vertices x,, ...,
X, and p is the invariant measure on M, ,.

Proof. 1t is clear that J,, is a Euclidean invariant of the k-simplex with
vertices Xy, Xj, ..., X,. Unfortunately the action of Euclidean motions on k-
simplices has too many orbits (k > 1). Hence we make a proof by induction
on k. If k =0 or 1 the lemma is obvious. Assume it holds for k — 1 and all n
simultaneously. Let V be the volume of the (k — 1) simplex with vertices x,,
Xj, ..., X;. Let v be the invariant measure on M, ,_,, and for IT a k-plane let
v denote the invariant measure on the hyperplanes of IT. Further let u,  be
the invariant probability measure on the manifold of k-plane passing through
the point x,. By the uniqueness of the invariant measure on the homoge-
neous space

{(x0, M); xo € R IT € M,,, xo € IT},
we have
) dptoTT) dA(xo) = dAn(xo) du(r)
for suitable normalizations of these measures. The orbits of
{x0, ®); xo€R", @€ M,,,}

are parametrized by r, the perpendicular distance from x, to ®. The action
of dilations about the point x, yields

© dv(®) dp, (TT) = Cr~ 9 dy(®).

Finally our induction hypothesis yields both

W) Case— 1V O TKD dA(x)), ..., dA(x) = dAg(xy), ..., dAg(x;) dV(®)
and, when applied to the hyperplanes of I1,

8) Coi-1V 7 dig(xy), ..., dig(x,) = dig(xy), ..., dAg(x;) dvy(®).
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Now, using (8), (5), (6) and (7) in turn we have
dAn(xo), - -.» dAn(xy) du(IT) = cV dAg(x,) dAg(xy), ..., dAg(xy) dvp(®) du(IT)
= cV dAg(xy), ..., dAg(x) dvi(®) dp, (IT) dA(x,)
=cV r @0 dig(x,), ..., dAg(x;) dv(®) di(x,)
=cV O R0 di(xo) dA(xy), ..., dA(x)).
Since A = crV we have our result.

Next we shall need to review the work of Oberlin and Stein [2]. Let G,
denote the Grassmann manifold of linear k-planes (i.e., k-planes passing
through the origin). It is a compact manifold and possesses an invariant
probability measure y under the action of the orthogonal group. We may
view M, , as a bundle over G,, in which each fibre consists of a family of
mutually parallel k-planes. We follow Solmon [5] in denoting a generic
element IT on M, , by

=(nx)=n+ X,

the translate of = € G, by x € n*. In this way the fibre over = is realized as
the (n — k)-dimensional space n*. We may take

du(m, x) = dA.(x) dy(r)

since the right hand side is invariant under Euclidean motions.

Oberlin and Stein are concerned with the case k = n — 1. Let us denote by
S (= T,_,) the Radon transform, and by S, the Radon transform followed by
the Riesz potential R, on the 1-dimensional fibre. Thus

Sf(m, x) = Jf (x + y) dAo(y)

and

S.f(m, x) = o(z) Jlx = Y171 2Sf(m, y) dAnu(y)
for #z > 0, and
S, u)=al —2)|u|"*Sf(n,4) (uemn)
for #z < 1 where " denotes the Fourier transform along the fibre. Since
Sf(m, w) = f(w),
Oberlin and Stein find that for #z = —4(n — 1),
©) I18:/12 = Coull £l

From this and the trivial estimate

18:/llo < Conllflly (Rz=1)
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they deduce

(10) 18/ 1+ 1 < Clf Nt 1yme

For f, € CX(R") (0 <k <n) let us define F € C®(M(n, n)) on the space
M(n, n) of n x n real matrices by

F(yy oo yu) = Jfo(xo)fl(xo + y1), “"f;u(xo + yn) dA(Xo).

Then for #z > n — 1 we have by (3)

(11) A,(fo,...,fn)=yn(z)jp(y)ldet S

where dY denotes Lebesgue measure on M(n, n).
According to the work of Gelbart [4, Section 4] the locally integrable
density

Yu2)|det Y|7""F (Rz>n—1)

can be continued analytically to the whole complex plane as a distribution
X, on M(n, n). Thus we have:

LEMMA 2. For f, e CPR") (0 <k <n), Afy, ..., f,) can be continued ana-
Iytically to the whole complex plane. Furthermore for fixed z, A, is a contin-
uous multilinear form on C®(R").

Proof of Theorem 1. We proceed by induction on n. For n =1 the result

is well known [7, Chapter 5]. Assume that the result holds for n — 1. Let
fi € C2(R™ (0 < k < n) and assume for the moment that £z > n — 1. Then

A(fos -5 Ju) = 14(2) J {kf[oﬁc(xk)} AT"EdA(xo), ..., dA(X,).

Let IT be the hyperplane passing through x,, x,, ..., x,. Then, accordiug to
Lemma 1,

A(for > Ju) = 14(2) J {kliloﬁc(xk)} ATVTEN dAxo) dAp(xy), -, dAn(x,) du(TT)

where A’ is the volume of the simplex with vertices x,, ..., x,. Now A =C,
d(xo, IT)A’ where d(x,, IT) is the perpendicular distance from x, to IT so that

(12) Afos s f) = ¢4 j gAIDh(IT) du(IT)
where

hz(n) = Az(fl ll‘l’lel'l’ ’f;lln)
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and
g =az—n+1) J Solxo) d(xo, T)™"*% dA(x,).

An easy calculation shows that g, = S,_,. fo-

In equation (12), A,, g, and h, are defined and analytic on the whole
complex plane. By Lemma 2, h, is a continuous function of compact support
on M,,_,. It is easy to see that g, is locally integrable on M, ,_,. It follows
that the identity (12) holds for all complex z. Let us take #z = 4(n — 1). Then
by (9),

(13) Ig:ll2 < C.ull foll 2 (#2z = 3n — 1))
On the other hand, h, is controlled by the induction hypothesis

(14) |hT)| < C., [T{S| fil*@D)}'
k=1
where a = 2n/(n + 1). It follows from (14), (10) and Holder’s inequality that
(15) Bl < Cow TSNz (B2 =4n— 1))
k=1

It now follows from (13) and (15) that

(16 (Ao o) S Ca [T 1Al @2 = = 1)

Combining this with the trivial estimate

Ao ) S Cop TLIAL Rz = 1)

and the fact that the constants generated by these methods have at worse
exponential growth in £z, we have the conclusion of Theorem 1 by routine
complex interpolation arguments.

By the same methods and the use of the mixed norm estimates of Oberlin
and Stein one may prove the following generalization.

THEOREM 1. Suppose that ¥(n — 1) < #z < n,
Yril=1+ 2%z,
k=0

nlRz<prt<nn+ 1) +n i+ )%z 0<k<n).
Then

|Az(f0’ °"’f;n)| < Cz,n l—[ “ﬁc”pk
k=0

We leave the details to the reader.
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At this point let us digress to take the Fourier transform of Theorem 1 in
the case p = 2, n = 2. Gelbart [4] has shown that the Fourier transform of
%, is locally integrable for £z < 1 and is given explicitly by
£.Y) = p,n — z)|det Y| 7%
This leads to the identity

(17) Az(an "'9f;|)
= y,,(n - Z) Jfo(—(“l ++ un))fl(ul)’ “"fn(un)D_zdl(ul)’ LRRS] d)“(un)

where D =|det (uy, u,, ..., u,)|. Incidentally, (17) with z =0 immediately
gives (4) with k = 0. Specializing now to the case n =2, from Plancherel’s
theorem we have:

THEOREM 1”. Let ¢ € I*(R?), « € R. Then
Pluy + uy)|det (uy, uy)| V¥ (uy, u, € R?)

is an I? bounded kernel on R2.

Our next task is to establish the relation (4) between A, and T,. We will do
this by induction on n with k fixed. If k = n the relation follows directly from
the definition (3) of A,. Further if k = n — 1 then (12) yields

An— l(fO’ e ’fn) =Cp V“gn— I(H)hn— l(n) d“(n)

where g,_, = Sofo = ¢,Sf by well known properties of the standard Riesz
potential, and

hn—l(n) = An—l(fl I -~~$fn|l'l)

=c, f[l {j fix;) d/ln(xj)}

J

=c, ﬁlej(H).

It follows that
An—l(fO, ’f;l) = Cn HSL(H) d#(n)
j=0

as required. In this way the induction starts.
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For the general induction step we assume the result for n — 1 and prove it
for n. We may assume that k < n — 1. Again by (12) we have

(18) Alfos -5 J) = ¢n fgk(ﬂ)hk(ﬂ) dp(IT)

where g, = S;_,+1fo and
(19) (D) = Afi |l - fuln) = f{ ]f[ﬁf,@)} dvp(®)

by the induction hypothesis. In (18) and (19), IT denotes a generic hyperplane,
©® a k-plane, p is the invariant measure on M, ,_, and vy is the invariant
measure on the k-planes of II.

By the uniqueness of invariant measures on homogeneous spaces we have
20) dv(®) du(I) = c, x due(IT) dv(®)

where v is the invariant measure on M, , and pg is the invariant measure on
the manifold of hyperplanes containing the k-plane ®. The general induction
step is an immediate consequence of (18), (19), (20) and the identity

@1 Jgk(ﬂ) dpe(IT) = ¢, Ty fo(©)

which has to be interpreted in the distributional sense since we know only
that g, is locally integrable on M, ,_;. We now establish (21) by means of the
uniqueness of Fourier transforms.

Let us write ® = (0, x) with 0 € G,,, x € 6*. Then we fix 6 and calculate
the Fourier transforms of each side of (21) along the fibre 8*. We have

22 Tfo'(6, w) = o folu) (u e 6Y).

The left hand side of (21) is more difficult. It can be rewritten as
j guTD) dpg . (IT) = J gu(m + X) dpg(m)
where t € G,,_. f x=y+y,yent, y en n 0" is the orthogonal decom-

position of x, we may write © + x = (%, y) (y € n*). Thus the Fourier trans-
form of the left hand member of (21) is

(23) Jgk(”’ Ve 20 d)(y) dAgnou(Y) dpe(m),

at least in the distributional sense. But g, = S;_,+.foand k—n+1<1 so
that, by definition of S,,

gulm, u) = el ul " olw) (u e nt).
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Thus (23) becomes

Coel #1747 () fe‘z"‘”' iy oY) ditglm)

and the integral is easily seen to be equal to c,,|u|™"**"! in the distribu-
tional sense. This completes the proof of (21) and the general induction step.
We now establish the conjecture for the cases outlined in the introduction.
THEOREM 2. Let
n<2k+1, 1<q<n+1, np'—(n—kqg '=k
(sothat 1 <p<(n+ 1)k + 1)"Y). Then T, is a bounded operator:
Tt BR", D)= I(M,s, ).

Proof. The result is easy forp=1,q = 1:

ITf 1y =J Jf(x +3) digy)

dAgu(x) dy(6)

< J [f(x + y)1dAg(y) dhg.(x) dy(6)

= ||f||1-

By the principle of convexity it suffices to establish the result at the other
endpoint p = (n + 1)k + 1)™1, g = n + 1. By (4) we have

ITA 05l = can AlSf, ..., f) (n+ 1 arguments)
and, by Theorem 1,

LA - DI < cap I A 15T
where (n + 1)p~! = 1 + k as required.

2. Riesz potentials on G,, , AND M, ., ,
Let n,, m, € G,,. Select an orthonormal basis e’ (1 < a < k) for ;. Let us
put
Aa,b = (ele)a eg)Z))

so that A is a k x k matrix with operator norm < 1. Different choices of
basis would yield the matrix UAV with U, V € O(k). Now define

(24) s(my, m,) = (det (I — A'A)*7?

an invariant of the two k-planes n, and n,. If k = 1, s(n,, ®,) is just the sine
of the angle between n; and =,.
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Next let us fix a reference k-plane 7, € G, and define the open subset %
of G, by

U= {n;ne G,y nn ng={0}}.

We observe that the complement %° of % is of codimension one in G, and
hence is y-null. From the measure-theoretic viewpoint we may replace G, by
%. We now parametrize % in the standard way. For n € % we denote by
Pr.xo the restriction to m of the orthogonal projection onto m,. Since n € %,
Pr.no 18 invertible. Thus

u(n) = pn,nol ° (pn,no)_l € g(nO’ ﬂé)

A little linear algebra shows that u: # — L(n,, ng) is a bijective diffeo-
morphism.

Select an orthonormal basis ey, ..., e, of R" such that e, ..., ¢, is a basis
of n,. Let m € % and let f, ..., f; be an orthonormal basis of n. Let

Aa,b=(easfb)a 1<a<k 1<b<ik,
Qa‘b=(eaaﬁz)a k+ISaSn, ISbSk,

so that 4 is a k xk matrix, Q an (n—k) x k matrix such that
A'A + Q'Q = 1. Further u(m) is represented by the (n— k) x k matrix
R = QA !. The matrix R will be considered as the “coordinate matrix” of
the k-plane & € %.

LEMMA 3. We have dy(R) = c(det (I + R'R))""?> dR where dR denotes
Lebesgue measure on the space M(n — k, k) of (n — k) x k matrices.

Proof. Let ¢ be a nice rapidly decreasing positive function on R*. The
measure

dao <g> = ¢(tr (A'4 + Q'Q)) d4 dQ

on the space M(n, k) is invariant under left multiplication by O(n). It follows
that the image measure k(6) under «,

-oc

is a constant multiple of y. Putting Q = RA yields
df = ¢(tr (A'A + A'R'RA))|det A|""* dA dR.

Finally integrating out with respect to A4 yields the conclusion of the lemma.

Now let n =2k + 1, let o, be the invariant measure on the sphere of unit
vectors u = (0, ..., 0, 4y, ..., 4,) in n5. Let y, be the invariant measure on
the Grassmann of k-planes in u™.

LeEMMA 4. dy(rn) = cs(ry, 7) dy,(7) do,(u).
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Proof. Clearly = € u* if and only if uR = 0. It follows from Lemma 3 that
25) dy(R) = c(det (I + R'R))" ™~ 1/2 do(R)

where a, is Lebesgue measure on the space of (n — k) x k matrices R such
that uR = 0. Up to choice of sign, u can be recovered from R by

u= +||A*R||"'A*R
and it follows that
do(R) do, (u) = j(R) dR
for some jacobian j(R). By invariance,
J(URA)=j(R) forall Ue Ok + 1), A e SL(k, R).

A little linear algebra shows that outside the null set on which det (R'R) = 0,
the orbits are parametrized by det (R'‘R). Thus j is a function of det (R'R)
alone. The action of dilations on R now yields j(R) = (det (R'R))" /2. Com-
bining this with (25) and Lemma 3 we have

(26) dy(R) do,(u) = (det (I + R'R))*/*(det R'R)~*/? dy(R).
Finally A'R'RA = Q'Q =1 — A'A and A'(I + R'R)A = I so that

det (I + R'R)™ /2 det (R'R)*/? = det (I — A'4)'>.
Thus the lemma follows from (26) and (24).

LEMMA 5. We have dy(n,) dy(n,) = cs(rny, ©y) dy(ny) dyn,) do(u) where o
is the invariant measure on the sphere in R".

Proof. The manifold {(m, u); m € G, 4, u € R", |lu|| =1, u € n*} is clearly a
homogeneous space of O(n). The probability measures

do(u) dy(r) and dy,(n) do(u)

are both invariant on this homogeneous space. Thus by [1, Chapter 7, Théo-
réme 3] they must coincide. The result now follows from Lemma 4.

LEMMA 6. Let m,, n, € %. Then

s(ny, my) = |det (R, — R,)|(det (I + R{R,))™*(det (I + R4R,)™ 2

Remark. 1In case k =1 this is just the difference formula for sine in the
form

[sin (6, — 0,)| = |tan 0, — tan 0, |(1 + tan? 0,)"/3(1 + tan? 6,)"!/2,
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Proof. Let A;, Q; and R; be the matrices relating to =; Let f¥
(1 < a < k) be an orthonormal basis of r; and let A,, = (", f{¥). Then

A= A14; + 010, = Ai(I + RiR,)4,,
A'A = A4(I + RS R DA, AL + R\R,)A,.
But 4;45=(I + R{R)™"' j =1, 2 so that
det (I — A’A)
=det (I — (I + R4 R,)" (I + Ry R,)I + RyR,)~\(I + R{R,))
=(det (I + R4R,)"t det (I + R4 R, — (I + R4 R,)I + RYR,)™ (I + R\R))).
But
I+RyR, — (I +RyR)I + RyR,)"(I + RR,)
—I+R,R, — (I + RiR, + (R, — R,'R))
x (I + R1Ry)™'(I + RiR; + R{(R; — R)))
= (R; — Ry — Ry(I + R{R;)™'R{)R, — R))
= (R, — R)(I + RyRY)"'(R; — Ry).

Since det (I + Ry RY) = det (I + R%R,), the result now follows.

At this point let us again recall the distribution of Gelbart, this time on
the space of k x k matrices M(k, k). It is designated X, and is defined as the
locally integrable density

7i(z)| det R|7F**

for #z >k — 1 and can be continued analytically to the whole complex
plane. Furthermore Gelbart shows that the Fourier transform £, is given by
the locally integrable function

£.8) = ylk —2)|det S| 7*

for #z < 1. In particular if #z =0, £, is a constant multiple of a unitary
convolver on I?. One has the estimate

IZll < cye?™ (y real)

on the I? convolver form.
For #z > k — 1 we may define a distribution Q, on G,, , x G, by

dQ,(ny, m,) = yi(2) s(my, nz)_k” dy(n,) dy(my).

LEmMMA 7. (a) The distribution Q, can be continued analytically for all
complex z.
(b) Let0< Rz <k, 2kp~' =k + Rz. Then

‘ff1(n1)f2(7'52) dQ,(my, m3)| < el fillpll f2 1l e

Furthermore c,, increases at most exponentially in Jz.
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Proof. 1t is easy to write

L
Gae X Goppe = lUl%l X U,
where %, (1 <1 < L) are the open sets determined by finitely many reference
planes 7y, ..., n,. Part (a) now follows from the corresponding fact for , by
Lemma 6 and a standard resolution of unity argument.

For (b), the case p = 1, #z = k is trivial since Q, is a bounded function. By
routine complex interpolation arguments it suffices to prove the result for
p=2 Rz=0.

For this it suffices to work with one reference plane #,. Let f}, f, € CX(%).
Then by Lemmas 3 and 6 we have

J Sfi(my) fo(my) dQ(my, 7,)

—k+z

det (Rl - Rz)

=|c(2)| J‘ fl(Rl)fZ(RZ)

x (det (I + RYR,) det (I + R, R,)"1/26+2 4R, dR,

< Clec2|yl||f1 20 f212

in case z = iy (y real) since

If15=c jlfj(R)lz(det (I +RR) ™ dR (j=1,2)

and we use the I? estimate on Z;,. Part (b) now follows since CP(%) is dense
in (G p)-
For #z > k we define the distribution A, on My, 4, X My, by

AT, T1,) =y 4 @A, TLF ™5 du(TL,) dp(Tl,)
where
ATy, I1,) = 6(IT4, T1,)s(my, 7,),
I, =(n;, x)), 7€ Goporpo X, €T}
and &(I1,, IT,) is the orthogonal distance between the k-planes IT; and IT,.

LEMMA 8. A, can be continued analytically as a tempered distribution for
all complex z.

Proof. Let G be in the Schwartz class of My, .1, X My 4q,. Forng, m, €
Gyi+14 and u € nf N n3 we define the Schwartz class function G by

G(u, Ty, Tp) = JG(ND X1 T2, xz)e—ZNi“(xl—xz) d'lnll(xl) di,,zl(xz).
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We may view 6(I1,, IT,) as the length of the orthogonal projection of x; — x,
onto ny N n3. Using this fact, the relation du(T1;) = du,.(x;) dy(r;) and the
standard theory of Euclidean Fourier transforms and Reisz potentials [7] we
have

(27) JG dA,

=@ f |2y, ) K Gl 7y, ) dhys o) dA(R,) diply)

where ¢(z) = y,(k + 1 — 2)y(z). Certainly (27) holds in the range
k+1>%Rz>k.

It is important to realise that the function G(u, m,, m,) is left invariant
under a change of origin in R”. That is G is intrinsic to the bundle M 2+ 1k
We now wish to make a change of viewpoint. We regard u as a point of
linear Euclidean space R" and =, n, as k-planes in the 2k-dimensional space
ut. By Lemma 5 we find

A1 mpa(U) dy(my) dy(ma) = clul™s(my, 7) dyu(my) dy(m;) dA(u)

and the right hand side of (27) becomes

(28) ¢1(2) J lu| 57 28(my, 75) * G, 4, o) dyu(my) dy () dA(u)

which makes sense for k + 1 > %z > k — 1. Thus (28) extends the definition
of A, into #z > k — 1. To extend it further we denote by Q, , the distribution
Q, taken relative to the k-planes of u*. We may then rewrite (28) as

(29) '))l(k + 1 - Z) Jlul—k_zc(ua nla TCZ) dQu,z(nla 1'[2) d)'(u)

which is valid for #z < k + 1. Thus (29) extends the definition of A, to the

whole complex plane.

LEMMA 9. Let0< Rz<k+ 1,2(k+ )p ' =k + 1 + Rz. Then

J‘g1(nl)gz(nz) dA (T4, TI) | < ¢l gilipll g2l

Proof. The case p=1, #z =k + 1 is trivial since A, is a bounded func-
tion. By routine complex interpolation arguments we need only prove the
result in case p = 2, #z = 0. Let us put

G(my, X15 My, X3) = g1(7y, X1)g2(2,5 X3).

Then

G(“a Ty, Mp) = §1(7y, )Go(my, U)
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so that, by (29),
fgl ® 3z dA, = Yok + 1 —2) f lul ™%, (ny, W)Fa(ns, u) dQ, (my, ) dA(u).
This yields

<clgilllg.ll, (%z=0),

‘ng ® g, dA,

using Lemma 7(b) and the fact that

lg;l3 = cx Jlul"‘l gfm, w|? dy,(m) dAw).

This completes the proof.

3. Applications of A,
In this chapter we relate A, to the k-plane transform in 2k + 1 dimensions
and give different proofs of special cases of Theorems 1 and 2.
We start out by giving a new proof of Theorem 2 in case n =2k + 1. As
already pointed out we need only establish the result at the difficult endpoint

p =2, q =2k + 2. Towards this we calculate T} the formal adjoint of T,. We
do this by means of the Fourier transform. For n € G4y, u € nt, let

g'(m,u = J e 2" %g(n, X) dApa(x).

That is, for g defined on M,, ., , we find g" by taking the Fourier transform
along each fibre. Then

(T fY(m, w) = J e 2 (x + y) dA() dApu(x),

and since u - x = u - (x + y) for u € nt, we have

(TS, u) = f(w).

Now, by Plancherel’s Theorem,
f T.f(r, x)g(m, x) dAr.(x) dy(m) = j T f " (m, wg(m, u) A2 1 (u) dy(r)
= ff (Wg(r, u) dar.(u) dy(r)

=c Jf @g(m, w)|u|™* dy(m) dA(w).
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It follows that
(T¥g) W) =clul™* J g(n, u) dy,(m).

Again by Plancherel’s Theorem we have
JTL" g1 ()T g2(x) dA(x) = J(T 91)"(u)T¥ g,)" () di(u)

=c Jlul'z"éh‘(m, u)g2"(m2, u) dy,(my) dy,(n;) dA(u).

If G(ry, x1; 75, X3) = g1(71, X1)g2(m2, X) then

G(u’ Ty, 7'[2) = glA(nla u)ng(nz, u)

so by (28) we have

J ¥ 9:(0TF g5(x) dilx) = ¢ ng ® g, dA,

as required.
An application of Lemma 9 now yields

f”ﬁf g(x)|? di(x) < C“gl|(22k+2)/(2k+ 1y

Hence T¥ is bounded as a map from LG**2/Zk+D(p, .\ )— PR¥**Y). It
follows by duality that T, is bounded,

(30) T;: LZ(RZH H— 2k 2(M2k+ 1,k)5

as required.

Finally we use (30) together with Lemma 9 to give a new proof of
Theorem 1 in the case n odd. For this let n be odd and define k by
n = 2k + 1. Again we need only establish the difficult estimate (cf. (16))

(31) |Afor - S| < c,,njrflouf,-nz @z = k)

Towards this we need to establish a lemma which gives insight into the geo-
metrical meaning of the invariant A(IT,, IT,) of a pair of k-planes IT,, IT,. Let
Xg, -++» X2x+1 D€ 2k + 2 generic points of R%**1, Let A denote the volume of
the simplex having these points as vertices. Let IT, be the k-plane passing
through x,, x4, ..., X, and II, the k-plane passing through x; ., ..., X1 +1.
Let A, and A, be the volumes of the corresponding simplexes in IT, and IT,
respectively.

LEMMA 10. A(XO, ey x2k+ 1) = Ck AlAZ A(Hl, 1-[2).
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Proof. Let IT; = (m;, &) with &; e nj (j =1, 2). Let ¢, be a unit vector in
nt N n3. We define

W = x; — x,, I=1,...,k
W =X — Xas 1=1,.,k
Y = Xak+1 — Xo-
Then
A~det (YO, .., LY+ 0y VP +0,)
=det (5", ..., % ¥, 02 )
=ty eodet (31 ..., %, ¥P, . 1)

where in this last determinant the y) are considered to be vectors in the
2k-dimensional space ej. Clearly |y eo| =61, I1,). Now let el
(I'=1, ..., k) be an orthonormal basis of n; (j = 1, 2). It is easy to see that

1 1) 2 2 1 1 2 2
det (Y, ..., i, y2, L Y3 ~ +£AA, det (e, ..., V), €2, ..., &)

Finally taking n; as reference plane and using the notations of Section 2 we

have
(1) (1) ,(2) 2)) — I]14)_
det (e, ..., &), e{®, ..., &) = det 0 det Q.

But |det Q| = (det Q'Q)!/? = det (I — A'A)!/? = s(n,, m,). Combining these
facts we have

A ~ (I, TTI)A (A, s(ry, mp) = ¢ A A, AT, TT,)

as required.

We return now to the problem at hand—that of establishing (31). By
Lemma 1, we have

dMXo), ..., dAx) = ¢, AFHY dAg,(xo), ..., dAg, (%) du(IT,),
AMXg 4 1)y - AAx,) = G AFHY dA,(Xp s 1), -+ - dAmy(X,) du(ITy).
Thus, from the definition of A4, in (3) and by Lemma 10, we have

A(fos -5 Jo) = ik 74(2) Jhgl)(nl)hgz)(nz)A(Hl, Hz)_"+z du(I1,) du(I1,)

for #z > n — 1, where
k
RO(IT)) = JA{ K 1T fAxp) dany(xo) - o5 dAg, (%),
j=0

h(zz)(nz) = JA;k+z n fj(xj) d’ll'lz(xk-f-l)a ceey d/lnz(xn)-

j=k+1
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By the definition of A,_, and the principle of analytic continuation we now
have

A(fos -5 ) = cyid2) Jh(zl)(nl)h(zz)(nz) dA;_(I1,, 1)

which is valid for #z > k — 1.
Now let £z = k. Then, by Lemma 9,

(32) [ Afor -, )1 < el BV IR 2.
Again, for #z = k we have

k
IBP13 < jlj[o(ﬂlfjl)z(ﬂl) dp(IT,).
But by (30),

ITl 1) kst < el f13
which leads to

k
1K1 < e H()llfﬂlz-
j=

This together with a similar estimate for h{?) and (32) now gives

| A(fos -5 S < ¢ jl:[o”fjllz

as required.
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