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TWO SPACE SCATTERING AND
PROPAGATIVE SYSTEMS

BY
MARTIN SCHECHTER

1. Introduction

Wilcox [27] showed that many wave propagation phenomena of classical
physics are governed by systems of partial differential equations of the form

du S du ,
(1.1) E(x)W = Z Aja—xlj = —jAu
j=1

where x = (x4,..., x,) € R*, u(x, t) is a column vector of length m describ-
ing the state of the medium at position x and time 7, and E(x) and the 4, are
m X m matrices with the following properties:

(a) E(x) is real, symmetric and uniformly positive definite.

(b) The A; are real, symmetric and constant.

From the point of view of spectral and scattering theory it is desirable that
the solution of (1.1) be of the form

(1.2) u=-e "y, uy(x)=u(x,0)

where H is a self adjoint operator. This would require that H be an extension
of E"'4. When E = 1, one can easily obtain a self adjoint realization H, of 4
in s#= (L*)™ using Fourier transforms. On the other hand, if E # 1, the
operator E~'4 need not be Hermitian on 5. However, it is Hermitian on the
Hilbert space »#, with scalar product

(1.3) (u,0), = fv(x)*E(x)u(x) dx.

If E(x) is uniformly bounded, it can be shown that E~'H, is self adjoint on
H#, (cf. [27])). However, when E(x) is unbounded, it need not be self adjoint.

In the present paper we give sufficient conditions on the matrix E(x) for the
operator E~'4 to have a self adjoint extension H on ;. We then study the
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spectrum of H and develop a scattering theory for it. In particular, we give
sufficient conditions for the wave operators to exist and be complete.
Let e,;(x) denote the elements of the matrix E(x), and let

p(x) = 1+ 1x2)"

Our first assumption is:
(I) There are constants a, C such that

(1.4) L[ leOla s ™

We have:

THEOREM 1.1. Under hypothesis (1), the operator E~A has a self adjoint
extension H on .

Next we study the spectrum of H. It is easily checked that
(1.5) o(Hy) = (—o0,0) =R.

We give sufficient conditions that the same hold for H. We let P, be the
projection onto N(H,)* and put F(x) = E(x)'/2 We have:

THEOREM 1.2. If D(HY) c ¢, and (F — 1)(H, — i) %P, is a compact
operator for some k, then

(1.6) o(H) =R.
Another way of stating the hypothesis of Theorem 1.2 is to say that

(F — 1)P, is Hk-compact. Sufficient conditions for this to be true can be
found in [16].

Next we turn to scattering theory. Let J be a bounded linear map from 5#
to o#,. We shall say that u € D(W (H, H,, J)) if
(1.7) e'Hje=itHoy — fin ) ast > oo

and we set W_(H, Hy, J)u = f.
First we have:

THEOREM 1.3. Assume

(1.8) (Ju)"  =J(p)a(p)

where J( p) is a matrix function of p which commutes with each A;. Assume also
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that there are constants o > 1 and q, 2 < q < o0, such that

1/2

(1.9) a+ |x|)“(f|x_yl<1|F(y) -1Pay| ere
Then

(1.10) D(W_ (H, Hy, J)) =#.

THEOREM 1.4. LetJ = J(x) be a matrix function of x and suppose there is a
constant matrix J, such that J,H, C HyJ, and

(J = J)(i — Hy)™“P,
is compact for some k > 0. If D(HY) c 5#; and (1.9) holds, then
(1.11) N(Hy)* < D(W (H, Hy, J)).
Now we strengthen our hypotheses on A. This will allow us to weaken our

hypotheses on E. We shall say that the system (1.1) has constant deficit if the
matrix

(112) A(p)= - 3 4,

j=1

has constant rank for 0 # p = (py,..., p,) € R”. Let S be the self adjoint
realization of (1 — A)!/? in L2, where A is the Laplacian in R”. We shall prove
the following stronger version of Theorem 1.2.

THEOREM 1.5. If D(S*) c 5#, and (F — 1)S™*P, is a compact operator for
some k, then (1.6) holds.

COROLLARY 1.6. If

[ IFO) -1l

[x=y]<1
is bounded and tends to 0 as |x| — oo, then (1.6) holds.
We also have the following generalization of Theorem 1.4.

THEOREM 1.7. Assume that (1.1) has constant deficit and that

(1.13) f |F(»)|* dy € L>.
lx—yl<1
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Let J = J(x) be a matrix function of x and suppose there is a constant matrix J,
such that J,H, C H,J, and

(114) [, JFNUG) -2

is bounded and tends to 0 as |x| = oo. Then (1.9) implies (1.11).

Following Wilcox we shall call the system (1.1) uniformly progagative if the
roots of

(1.15) det(AI — A(p)) =0

have constant multiplicities and constant algebraic signs for real vectors

p # 0. (A uniformly propagative system has constant deficit.) For such sys-
tems we have:

THEOREM 1.8. Let (1.1) be a uniformly propagative system and let J satisfy
(1.8). If there are constants q, o satisfying

n—-1

(1.16) 2<g<o0, a>1- 7

such that (1.9) holds, then (1.10) is true.

THEOREM 1.9. If (1.1) is uniformly propagative, then the hypotheses of
Theorem 1.7 can be weakened to allow (1.9) to hold for some q, a satisfying
(1.16).

Now we turn to the question of completeness. We shall say that the wave
operators W (H, H,, J) are complete if their domains contain 5, (H,) and
their ranges are dense in 5, (H). Here %, (H) denotes the subspace of
absolute continuity of H (cf. [12]).

THEOREM 1.10. Assume that (1.1) is uniformly propagative and that (1.8)
holds. If D(|H,|'/?) c #,,CP < R(J), |E(x) — 1|*? is S'/2-compact and,
for some a > 1,

(1.17) a+ |x|)“flx_y|<1|E(y) - 1ldyeL"

then the wave operators are complete.

THEOREM 1.11. Let (1.1) be uniformly propagative, and let the hypotheses of
Theorem 1.7 hold. Assume in addition that D(|H,y|'/?) C 5#,, J, is invertible,
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|E(x) — 1|*? is SY? compact and that (1.17) holds for some & > 1. Then the
wave operators are complete.

Theorem 1.1 will be proved in the next section while Theorems 1.2 and 1.5
are proved in Section 3. The remaining proofs are given in Section 5. In
Section 4 we present a new criterion for the existence of wave operators. It
generalizes the work of the author in [18],[19],[21],[22]. Subsequent to our
work in [18],[19], several authors generalized or simplified our results. These
include Simon [25], Kato [13], Davies [16], Enss [10], Ginibre [11] and
Combes-Weder [4]. Our present theorem (Theorem 4.1) generalizes all of their
results.

Spectral and scattering theory for uniformly propagative systems were
studied by Wilcox [27],[28],[29]. He proved the existence of the wave oper-
ators under the assumption

(1.18) E(x)—1=0(x|"*) as|x| > o

for some a > 1. Completeness was proved by Mochizuki [14], Birman [2], Deic
[7], Suzuki [26], Yajima [30] under this assumption and various others. It was
proved by Schulenberger-Wilcox [23], Birman [3], Deic [8] and Schulenberger
[24] under the assumption

(1.19) f(l + IxDPE(x) = 1/ dx <

for some 8 > n together with various other stipulations. Deift [9] was able to
remove the other assumptions. Schechter [17] proved completeness under
assumption (1.9) with ¢ = o0 and a > 1. This includes the other results. In all
of these results it is assumed that E(x) is bounded and J is the identity
operator. The author’s paper [21] was the first to allow E(x) to be unbounded.
For systems not uniformly propagative very little work has hitherto been done.
Avila [1] proved the existence of the wave operators under condition (1.19)
with 8 = 4 in addition to (a), (b) and the boundedness of E(x). Nenciu [15]
has considered eigenfunction expansions under the conditions that system
(1.1) has constant deficit.

2. The self adjoint extension

In this section we shall construct the self adjoint extension H of E~'A. If
A( p) is the matrix given by (1.12) and A4 is the operator on the righthand side
of (1.1), then (Au)'= A( p)i(p) for any test function u € C§°, where #
denotes the Fourier transform of u. We shall say that u € D(H) and

Hu=fes#, if uc#, and

(2.1) Jo(p) a(p)a(p)dp = (f,0)1, v ety
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Clearly f is unique. Since the bilinear form on the left of (2.1) is Hermitian,

the same is true of H. It is clear that H is an extension of the operator E~4.
To prove that H is self adjoint on 5#;, consider the norm

(22) lully = sup L0l
AN TN

and let Y be the completion of 5= [L2]™ with respect to this norm. We shall
show that Y consists of tempered distributions. Assume this for the moment,
and note that , C #C Y with continuous inclusions. We can define the
scalar product (u, v) for u € Y and v € 5| with the inequality

(2.3) [(u, 0)| < Nullyllvlly, u€Y,0€8,.

If u € Y, we can extend i to apply to the Fourier transforms of functions in
M, with

(2.4) (2,0) = (u,v), ueY,veH.

Let F= E'/2 Then F is a bijective map of 5, onto 5. Moreover, (2.2)
implies

(2.5) | Fully = [lull
for u € #. Thus we can extend F to a bijective map of 5 onto Y satisfying

2.5).
Now we turn to the proof of Theorem 1.1. Suppose u, f € »#; and

(2:6) (u, Hv), = (f,v):, v € D(H).
By (2.1) this is the same as

Jla(p)o(p)1*a(p)dp = (f,0)1, € D(H)
This gives
(2.7) Jo(p)*4(p)a(p)dp = (8,v), ve D(H)

where g = F(Ff) € Y. Let . denote the space of rapidly decreasing func-
tions. We shall show that C D(H). By (2.7) this implies that

(2.8) Jo(p)*[4(p)a(p) - &(p)] dp = 0
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holds for v € &. Consequently A( p)ii(p) = g(p) is the Fourier transform of
an element in Y. Thus (2.8) holds for all » € #,. Hence

29)  [o(p)*4(p)i(p) dp = (g,0) = (f,0)1, vEH,

This shows that u € D(H) and Hu = f.
It remains to show that Y consists of tempered distributions and ¥ C D(H).
We do this by proving that there are constants C, k such that

(2.10) IFoll <C XL sup|o(x)“Dro(x)|
Inl sk R

holds for all ¢ € %. Once we have (2.10), we see that ' C s, and conse-
quently Y consists of tempered distributions. Also, if u € &, then A(p)i(p)
is in J#. Hence the lefthand side of (2.1) is a bounded linear functional on
M. Thus there is an f € 5, such that (2.1) holds. Consequently u € D(H).

To prove (2.10) we let S = (1 — A)'/2, where A is the self adjoint realization
of the Laplacian in L2 We note that (1.4) implies that there are constants
N, C; such that

| Fo~%l| < C,|IS™|, ¢ €&
(cf. [16, p. 105]). Thus

|Fo~%| < C” ¥ |D*|l<C” ¥ supp(x)"* ! Drg(x)|.
|u| <2N |p| <2N

This implies (2.10), and the proof of Theorem 1.1 is complete. a

3. Spectral theory

In proving Theorems 1.2 and 1.5 we shall use a few lemmas. We denote the
essential spectrum of an operator T by o,(T) (cf. [16]). Let H, be the
restriction of H,, to R(P,) = N(H,)*. We have:

LemMa 3.1. o,(H,) C o,(H,) U {0}.

Proof. 1f 0 # A\ € 0,(H,), then there is a sequence {u,} C D(H,) such
that

(31) ”uk” =1, ukdo’ (A - HO)uk -0
(ct. [16]). Thus

A1 = Py)u,= (A= Hy)(Q = Py)u, = (1 = Py)(X = Hy)uy = 0
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and consequently,
| Pourll = 1, Poup—0, (N — Hy)Pou, = Py(A — Hy)uy — 0.
Thus A € o,(H,) (cf. [16]). o

LemMMA 3.2. Ifris an even integer and A is real, then
(3.2) M = Y NH{ 7 > %(N + HY).
j=0

Thus M, has a bounded inverse of A # 0.

Proof. We use induction on r. The lemma is true if » = 0. Assume it is true
for r. Then

Mr+2 = Ar+2 + Ar+1H0 + Hng

> Ar+2 + xr+1H0+ %}\ng + _;_ 6+2

= )\’(Az + \H, + %H&) + %H(;”

> %(}\r+2 + H6+2)
since

2 1 2 1 2
(3.3) N+ NHy+ 5Hi 2 5N ]
LEMMA 3.3.  For j < r we have

(3.4) | Hgull> < C(| Hgull* + |ull*), u € D(H])

Proof. For any a > 0 we have
2||Hou||? = 2( HZu, u) < a||HZu||> + a~Y||u|2.
An induction down gives
1Hgull* < C(|\ Hgull® + || H " ull?).
An induction up now gives (3.4). 0O
LEMMA 3.4, If the hypotheses of Theorem 1.2 hold, then
(3.5) o,(Ho) c o, (H) L {0}
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Proof. Let A # 0 be real. Then A € o(H,). We may assume that k is a
positive odd integer. By the spectral mapping theorem A\ € o(HY) = o,(HY).
By Lemma 3.1 there is a sequence {v;,} € D(H§) N N(H,y)* such that
(3.6) loll =1, 0,~0, (X— Hf)v, > 0.

Now (M — H¥) = M, _,(A — H,), where M, _, is given by (3.2). By Lemma
3.2, M, _, has a bounded inverse. Thus

(3.7) (A= Hy)v,—>0
Note that v; € #’, and consequently it is in D(H). Moreover
(3.8) F(N\— H)v;= F(A - E7'H,)v, = F"Y(AE — Hy)v,
=AQ+ FY)F-1)(H,—i)"
X Po(Hy — i) v, + F7Y(\ — Hy)v;.

Since
(o) + X ()-my

we see from Lemma 3.3 and (3.6) that ||(H, — i )"vj|| < C for some constant
C. Thus there is a subsequence (also denoted by {v;}) such that (H, — i )"vj
converges weakly. Since v, — 0, we must have

(3.9) (Hy— i) v,—0
This together with (3.7), (3.8) and the hypothesis implies
(3.10) F(A\-—H)v,—> 0
Moreover since
(F—1)v,= (F—1)(Hy — i) “Py(Hy — i) v; > 0
we see that Fv;—0. Since

1= llyll = IF~"Fo;ll < IF Iy,

we see that A € o,(H). (]

It is now a simple matter to give the following proof.
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Proof of Theorem1.2. By (1.5) we know that ¢,(H;) = R (cf. [16]). Lemma
3.4 tells us that R — {0} C ¢,(H). Since o,(H) is a closed set, we must have
o, (H)=R. m|

In proving Theorem 1.5 we shall use:

LemMA 3.5. If the system (1.1) has constant deficit, then there is a self
adjoint operator H, such that D(H,) = D(S), PyH, C HP, = H,, and H,S =
SH,.

Proof. For p Cc R" — {0}, let }30( p) be the orthogonal projection of C™”
onto N(A( p))*. Since the system (1.1) has constant deficit, the dimension of

R(PO( p)) is constant. It is easily checked that PO( p) is analytic and homoge-
neous of degree 0. Put

(3.10) B(p) = A(p) + IpI(1 - By(p)).

Note that B( p) is homogeneous of degree 1 and det B( p) # 0. Thus there are
constants C > ¢, > 0 such that

(3.11) colp|lul <|B(p)u| < C|p||u|.

Hence B(p)&i € 5# iff |p|ii € #. Define the operator H; by
(Hu) = B(p)a

Thus u € & is in D(H,)iff B(p)i € 5. By (3.9),

(3.12) |Sull < C(|Hywull + ||u]]) < C’||Sul|.

Thus D(S) = D(H,). Itis easily checked that (P,u) = Py( p)a. Since

Py(p)B(p) c B(p)Py(p) = A(p)
we see that PyH, € H P, = H,,. ]

Now it is a simple matter to give the next proof.
Proof of Theorem 1.5. By Lemma 3.5 we have
(Ho— i) "Po = (Hy — i) ™Ry = SB[ s(H, - i) '] ",

Since D(S) = D(H,), and they are closed operators, it follows that S(H, —
i)~ lis bounded. Hence the hypotheses of Theorem 1.2 are satisfied.
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Corollary 1.6 follows from Theorem 1.5 if we note that D(S¥) = H*2, We
take k large and apply the results of [16]. O

4. Existence of wave operators

In proving Theorem 1.3 we shall use an abstract theorem which we state and
prove below. A weaker form was proved by Schechter [19]. Several general-
izations of this have appeared. They are all special cases of our Theorem 4.1.
They are given as corollaries.

Let H,, H be self adjoint operators on Hilbert spaces ¢, 5, respectively.
Let J be a bounded operator from 3¢, to 5. Set

(4.1) Uy, = e oy, =e My  W(t)u = e"Hu,,

For a particular element u € 5, we assume that there are complex valued

functions f(A), g(A), a real number a and a function ¢(¢) from [a, o0) to 3¢
such that:

(1) D(g(H)*)is dense in .
(2) u € D(Hy) N D[f(Hy)l.
(3) W(a)u € D(g(H)).

4 Fort=a,

(42) (JuOn Hg(H)*U) - (JHOuOn g(H)*U) = (‘t’(t)’ D),
v € D(Hg(H)*).
(5) The function ¢(¢) satisfies [Z°||$p(¢)|| df < oo.

THEOREM 4.1. Under the above hypotheses the following conclusions hold:
(@) g(H)W(t)u converges to some element h in 3;

(b)
lifnsupu W(t)f(Hy)u— h|| < li:tnsupn [g(H)J = Jf(Hy)] uglll;
©
lim sup| [W(s) — w(t)] f(Ho)ull <2 lim supl| [g(H)J — Jf(H,)]ug,l-

Proof. We observe that for a < s <1,
(J“Ox’ g(H)*v,) - (Juo.n g(H)*Us)
L[t
(4.3) = ’f {(J“o.n Hg(H)*va) - (JHo“Oo’ g(H)*Ua)}d"

= ij:(q,(o), v,)de, ve D(Hg(H)Y)
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by hypothesis (4). In particular, we have
(W(t)u, g(H)*v) = (W(a)u, g(H)*v) + ija’(qs(o), v,)do.

By hypotheses (3) and (5) we see that there is a constant C such that
(4.4) |(W(2)u, g(H)*v)| < Cllvll, ve D(Hg(H)™)

A density argument now shows that (4.4) holds for all v € D(g(H)*). Thus it
follows that W(¢)u € D(g(H)) for t > a. Moreover (4.3) implies

[(g(E)[W(1) = W(s)]u,v)| < ol f fIo(o)ll do
for v € D(Hg(H)*). Hypothesis (1) now gives
(4.5) Ig(H)[W(1) — W(s)]ul < fs‘u¢(o)n do >0

as s, t = oo. This proves conclusion (a). To prove (b) and (c) note that
W(t)f(Ho)u = e"(Jf(H,) — g(H)J )uo, + g(H)W(t)u O

Let M be the set of those u € /#, such that W(t)u converges in 5#. We
have:

COROLLARY 4.2. If in addition to the hypotheses of Theorem 4.1 we assume
(6) [g(H)J = Jf(Hy)|ug, > 0 ast— o,

then f(Hy)u € M.

COROLLARY 4.3 (Combes-Weder [4]). Assume that there are a bounded
complex valued function f(\), an operator A from D(H,) to a Banach space X,
a bounded operator B from 3 to X’ and a set D C D(H,f(H,)) such that:

(i) f(H,) on D has a range dense in D;

(ii) for u € D,v € D(H) we have

(4.6) (f(H)Jf(Ho)u, Ho) — (f(H)JHof(Ho)u,v) = (Au, Bv);
(iii) foru e D,

(4.7) [f(H)T = Jf (Ho)]uo, = 0;
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(iv) for each u € D there is an a > Q such that
o0
(4.8) f | Atg, |l dt < o0.
a
Then D C M.

Proof. By hypothesis (i), we can replace u by f(Hy)u in (4.7). Thus
f(Hy)?u € M for each u € D by Corollary 4.2. The result now follows from
hypothesis (i). O

COROLLARY 4.4 (Ginibre [11]). Assume that
(4.9) NE(CI)JE(I,)| = 0 as|I| - o

for each bounded interval I, and that there is a dense subset D C 3¢, (H,) such
that

(4.10) fl°°||E(1)[HJ — JHQ Eo(Iy) uo |l dt < oo

for each u € D and bounded intervals I, I,. Then 3, (H,) C M.

Proof. Let I, be any bounded interval, and let ¢ > 0 be given. Let I be a
bounded interval such that ||E(CI)JE,(I,)|| <e Let f(X), g(A) be the
characteristic functions of the intervals I, I, respectively. For u € 5, (H,), v
€ ¥ we have

(JEO(IO)uOta HE(I)U) - (JHOEO(IO)uOt’ E(I)v)
= (E(I)[HJ = JHy| Eo( 1) ug,, v)
= (‘l’(t)’U)

For u € &£, (H,) we apply Theorem 4.1 to E,(I,)u. Hypotheses (1)-(5) are
easily verified. From conclusion (c) we have

lim sup | [W(s) — W(2)] Eo(1o)u|

< 2\[E(I)T = JEG(1o)] Eo(Ip)Il l|ull
= 2||E(CI)JEo (L)l l|ull
< 2e|jul|

Since & was arbitrary, we conclude that E,(I,)u € M. Since I, was arbitrary
we conclude that u € M. a
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COROLLARY 4.5 (Kato [13]). For Im z # 0 let
C(z) = R(z)J — JR,(2).
If
(4.11) [T1€@ual dr < o,
then u € M.

Proof. Put f(A\) = (z — A)~!in Corollary 4.3. Note that

(R(z)JRy(z)w, Hv) — (R(z)JRy(z)Hyw,v)
—(JRy(z)w,v) + (R(z)Jw,v)
(C(z)w,v)

for w € ), v € D(H). Let D be the set of those u € 5, satisfying (4.11).
We note that

(4.12) C(z)ug, > 0ast—> o0, u€D
To see this, let 4 € D, and let
v, = %j:uo,dt—»u asa— 0.

Then
1 a
1C(2) 20,00l = Gl f[ C(2 1]
< %j;w"C(z)uo,Hdﬂr -0 aso— o

Since C(z) is bounded, we get (4.12). The result now follows from Corollary
43.

COROLLARY 4.6 (Davies [6]). Assume u € D(H,) and there are constants
a>1,8>1 such that R(z)*[HJ — JHyIR((2)Puy, € L. Assume also that
there is a function F(\) such that |F(A)| = 1 and |F(\)| = o0 as |[A| = o0
and

lim sup|| F(H ) JR(z)"uq,| < o0

t— 00

Then u € M.
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Proof. Setting f(z) =(z—A)"P, g(z) =(z—A)"® in Theorem 4.1 we
see that R(z)*W(t)Ry(z)Pu converges. For each bounded 1, (z — H)*E(I) is
bounded. Consequently E(I)W(t)R,(z)*u converges as well. On the other
hand,

IE(CI)W(1)Ro(2)’ull < sgglF(A)l“uF(H)JRo(z)Buo,u.

Thus W(t)R o(z)Pu converges. Hence R(z)Pu € M. Therefore u € M. O

COROLLARY 4.7 (Enss [10]). Assume that g(H) HJ — JH,1g(Hy)u,, € L*
for every g € C§° and every u such that u = g(Hy)u. If there is a z such that
C(z) is a compact operator, the 5, (H,) C M.

Proof. 1f C(z)is compact, the same is true of g(H)J — Jg(H,). We apply
Corollary 4.2 with f(A) = g(A) € C°, u € ¥, (H,) such that u = g(H,)u.
Note that hypothesis (6) holds. Hence M contains all such u. Since they are
dense in J%, (H,), the result follows. m]

COROLLARY 4.8 (Schechter [18],[19]). Assume that there are a Banach space

X and linear operators A from 3, to X and B from # to A’ such that
D(H,) c D(A), B is H-bounded and

(4.13) (Juo,, Hg) — (JHouy,, 8) = (Auq,, Bg)

holds for some u € D(H,) and all g € D(H). If u satisfies (4.8), then u € M.
Proof. Note that (4.13) implies

(4.14) [BR(Z)]*Auy, = C(z)(z — Hy) ug,.

Thus (4.8) implies that (z — Hy)u € M by Corollary 4.5. Since M is a
reducing subspace of H,,, we see that u € M. O

5. Scattering
Now we prove Theorem 1.3 by applying Theorem 4.1. We note that
(5.1) (Ju, Hv), — (JHyu, v),
= (Ju, Hov) - (FJHOu, Fv)
= ([F~' - F1JHyu, Fv)
= ([1 - FlJHyu,(1 + F)v), ue D(H,),v < D(H).
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Let A,(p),..., A,(p) denote the roots of
(5.2) det(A] — A(p)) = 0
which do not vanish identically. We shall need the following result.

LEMMA 5.1. There exists a closed set N of measure 0 and measurable
functions v,(p),...,v,(p) from R" to R™ such that:
(@) The A ;(p) are analytic on CN = R* — N with A ;(p) # 0,VA,(p) # 0
there.

(b) The v;(p) are analytic on CN and orthonormal in R™ for each p € CN.

(© [4(p) — A (p)lv(p) =0, and every function u € # can be written in
the form

m

(5.3) a(p) = §1wj(p)vj(p) where {w,(p),...,w,(p)} €.

Proof. This was essentiallly proved by Avila [1] and Wilcox [27],[28]. Avila
showed that the set where the A ;( p) vanishes has measure 0.

Wilcox [27] showed that the A ( p) are continuous and that their multiplici-
ties are constant on the complement of a closed set of measure 0. He showed
how to construct the v;(p) on this complement. It follows from his work [29]
that the A;(p) and v;(p) are analytic there as well. The set of points where
VA;(p) = 0is also closed and of measure 0. 0O

Proof of Theorem 1.3. Let Q be the set of those u € »# which satisfy (5.3)
with the w;(p) € C3°(CN). This set is dense in 5. Assume for the moment
that J = J(p) € C*®. Then we have

64 [emamu]’= 5 e OrN(p)w,(2)o0).

Note that all components of this vector are in C°(CN ). By a lemma of Veselic
and Weidmann [31] for each real s there is a constant C, such that

(5.5) le“HoJHou| < Clt| ~p(x)°, |1] 21
where p(x) =1+ |x|. Let ¢(x) be a function in & such that $(p) €

Cs°(CN) and é(p) = 1 on the support of &( p). Let V(y) = |F(y) — 1|2 We
are going to show that (1.9) implies

56) P [rlstr -0 1a) e
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Assume this for the moment. Put A = JHyu. Then ﬁo, = <f>f:0, and conse-
quently h,, = ¢*h,,. Hence

(5.7) [([F = 11hos0)| < [[V(2)18(y = x)ho,(x)0(y) | dxdy

< (J]7l60 = o ey otton

Now assume that (5.6) holds for a > 1, g = 2. Take s = a in (5.5). Then (5.7)
gives

(5-8) ILF = 1]holl < CllpV,lll2l =%, t] 21
where
(59) ) = ([YOlle(y = 0lay)

This shows that the lefthand side of (5.8) is in L'(|¢| > 1). We can now apply
Theorem 4.1 to obtain the desired conclusion.

Next suppose (5.6) holds for a > 1, g = co. Take s in (5.5) so that
n
(5.10) s> max[l, "2(—0"__—1)]

and let » satisfy

2s — 2

-1
(5.11) a7 <Y< s

Then we have
2
(512) / V¢(X)2Ih0,(x) I dx
p<|t)”
< C|t|_2s/ p(x)2(s—a) dx < C|t|(2s—2a+n)v—2s

p<|t|”

and
(5.13) [, Yo o)l dx < ciei=2iai.
o>

In view of inequalities (5.10) and (5.11), we see from (5.7), (5.12) and (5.13)
that the lefthand side of (5.8) is again in L'(|t| > 1). If (5.6) holds for
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a > 1,2 < g < oo, the same result follows from interpolation. Thus by Theo-
rem 4.1 we see that (1.10) holds.

Now assume J(p) arbitrary. Since it maps S into ¢, it must be a
bounded function of p. For any u such that # € C° and any & > 0 we can
find a matrix J;(p) € C* commuting with A( p) such that

[17(p) = 1P Pla(p) P dp < e
If we let

(5.14) W(J,t) = e*HJeitHo,

we have

WW(J, t)u— W(J,7)ul,
< WW(J = Jy, ully + IIW(, ) u — W, )ully
+I\W(J = J, 7)ull,

The first and third terms on the right are bounded by 2||u|| while the middle

term tends to O as ¢, 7 — oo by what has just been proved. Since such u are
dense in L2, (1.10) holds for J.

It remains to show that (1.9) implies (5.6). This follows from the next result.

LEMMA 5.2. Let ¢(x) be a function satisfying |¢(x)|< Cp(x) for some
b> a+ n, where a > 0. If

(5.15) =[O,
then for any p,1 < p < 0,
(5.16) p*[h*s]l, < Clie*hll,
Proof. Let
Ax) = [ |h(»)o(x = )| dy,
k<|x—y|<k+1
hu()= [ O)le(»)
x—y|<

Since p(y) < p(x)p(x — y), we know that

(5.17) h (x) < 2%(x)%h(x).
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Let z{",..., z{}), be points in the set k < |z| < k + 1 such that this set is

covered by the N(k) balls of radius 1 centered at the z{*). We know that
N(k) < Ck™ 1. Now

P ) s [ ROR()(x =) (=)

NK)
<Co(k)*t % ha(x + z}"))
j=1

Thus
lo4ill, < Co(k)* ™" ikl

The lefthand side of (5.16) is bounded by

o0 (o]
T o4, < C7NAl, X p(k)* ™" 070
k=1 k=1

The result now follows from (5.17). O

Proof of Theorem 1.4. The operator Jy(i — H,)~* is a bounded operator
from 5 to 5#; and it satisfies (1.8). Thus

D(W.(H, Hy, Jo(i — Hy) ™ )) = o

by Theorem 1.3. On the other hand R(P,) = s, (H,), the subspace of
absolute continuity of H|, (cf. [12]). Thus

(5.18) e'HoPoy . 0in H#, u€H.
By hypothesis, this implies
(J = J)(i = Hy) *Pyei™ Py - 0 in #
This shows that
D(w . (H, Hy, J(i — Hy)™“Py)) = D(W . (H, Hy, Jo(i = Hy) “P,)) = #
and
w.(H, Hy, J(i — Hy)"*P)) = W, (H, H,, Jo(i — Hy) “P,)

Thus W(J, t)(i — Hy) ™ *Pyu converges as t — + oo, where W(J, ¢) is given by
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(5.14). This means that W(J, t)v converges for v € R(P,) N D(H}). Since
this set is dense in R(P,) and || W(J, t)|| < ||J||, we see that (1.11) holds. O

To prove Theorem 1.7 we note that its hypotheses imply those of Theorem
1.4 in the case of a system with constant deficit (see the proof of Corollary 1.6
in Section 3).

Proof of Theorem 1.8. We follow the proof of Theorem 1.3. In this case we
can replace (5.4) with

r
(5.19) [e="HoHou] = ¥ e ™PI(p)N;(p) B, (p)a(p)
j=1
where r is the rank of the matrix (1.12) and the P;(p) are homogeneous
matrix functions of degree 0 (cf. [27]). It was shown in [31] that there is a
dense set Q in S such that each u € Q satisfies # € C§° and for each u in Q
and each real number s there is a constant C, such that

(5.20) le”*HoJHyu| < C,|t]~*~ Y% (x)*, |1 21
We use this inequality in place of (5.5). If we use this in (5.7), we obtain
(5.21) I[F = 1ol < CllpV,ll1e] ==~ D72, e 2 1

in place of (5.8). Thus in this case all we need is & + 1/2(n — 1) > 1, which is
the new inequality for & when g = 2. If we now proceed as in the proof of
Theorem 1.3 we get the desired result via interpolation (cf. [17]). O

To prove Theorem 1.9, follow the proof of Theorem 1.4 replacing Theorem
1.3 with Theorem 1.8. Note also that the hypotheses of Theorem 1.7 imply
those of Theorem 1.4 (see the proof of Corollary 1.6 in Section 3).

In proving Theorem 1.10 we shall make use of the following theorem proved
in [2].

LEMMA 5.3.  Let Hy(H) be a self adjoint operator on a Hilbert space 5#,( )
and let J be a bounded linear operator from 3, to . Assume:

(I) There are a Hilbert space X" and linear operators A from H#, to X and
B from ¥ to X such that D(H,) € D(A), D(H) € D(B) and

(5.22) (Ju, Hv) — (JHyu,v) = (Au, Bv) ,, u<€ D(H,),v€ D(H)

(II) AR (i) and BR(i) are bounded operators.

(III) There is an open subset Q of R with complement of measure 0 such
that

(5.23)  limsup sup {al|ARy(s + ia)||> + a||BR(s + ia)||*} < o
sel

a—0"

for each interval I with compact closure in Q.
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Then #,(H) Cc D(W(H, Hy, J)) and #,(H) C D(W(H,, H, J*)).
We shall also use:

LEMMA 5.4. There exist Hermitian matrices V(x), W(x) such that

|E(x) = 1"* =|W(x)| < V(x) < F(x) +1,

V(x) is invertible and S*/*-compact,

(5.24) V(x)W(x) = W(x)V(x) =1- E(x)
and
29 a+nf (O WO by e L

LEMMA 5.5. If V, W satisfy (5.24), then
R(2)E~' = Ry(z) = zR(z)VWE~'Ry(z) = zRo(z)VWR(z) E~*
Proof. By (2.1) we have
(5.26) (Hyu,v) = (u, Hv),, u< D(H,),v € D(H).
Thus
([Ho = z]u,v) = (u,[H - Z]v), + 2([E — 1]u, v)
or
(5.27) (E7Y,R(2)g), = (Ro(2)f, g), + 2(WF'Ro(2)f, VF'R(2)g),

where f= (z — Hy)u and g = (zZ — H)v. This gives the first identity. To
obtain the other we note that (5.27) is equivalent to

(f, R(2)g) = (Ro(2)f, Eg) + z(WRo(2)f, VR(Z)g)

or
(f, R(Z)E™'h) = (f, Ro(2)h) + (WR,(2)f, VR(Z)E™"h)
where h = Eg. This gives the other identity. O

LEMMA 5.6. Let

Go(z) =1-2VRy(2)W, G(z) =1+ zVR(z)WE™.
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Then
(5.28) G(2)Gy(z) = Gy(2)G(z) =1, Imz +#0.
Proof. The first product equals
1+ zV(R(2)E~' = Ry(2))W — 22VR(2)WVE™ 'Ry (2)W = 1

by Lemma 5.5. The same result is obtained if we reverse the order of
multiplication. a

LEMMA 5.7. For Imz # 0,

(5.29) Go(z)VR(z)E™' = VR(z)
and
(5.30) R(2)E"W(1 — zWRWYV) = Ry(z)V.

Proof. By one identity in Lemma 5.5,
(1 = zRy(z)WV)R(2)E™ = Ry(2)

Applying (V') to both sides, we obtain (5.29). By the other identity in Lemma

0

R(z)E™'(1 — zVWR(z)) = R(2)
Applying this to ¥, we obtain (5.30). O

LEMMA 5.8. If V(x) is S'/*bounded and satisfies (5.25), then for each
bounded interval I bounded away from O there is a constant C, such that

(5.31) a||SV?Ry(s + ia)Vu||®> < Cllul|>, s€I,0<a<]l.

Proof. Note that

allRo(s + ia)Vull? = [|s +ia = 4(p)|*|Vu(p) [ dp.

As a — 0, this converges to fS|Vu|2dS where S, = {p € R|A(p) =s}. If
s # 0, S, consists of smooth bounded sheets [27]. On the other hand, the limit
of the lefthand side of (5.31) is a.e. equal to

wgs-(EO(s)Vu, Vu)
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where E(s) is the spectral projection of H,. We can now apply Lemma 3.7 of
[17] to conclude that

(5.32) %(Eo(s)Vu, Vu) = (T(s)u,u) ae.

where T(s) is a locally Holder continuous map from R — {0} to B(L?) (the
bounded operators on L?). Thus we have

al|SY*(Ro(s + ia) — Ro(i))Vul|?
= a|s + ia — i|*(||SY?Ro(i) Ro(s + ia) PyVul|?
+ s + ia] T2|(1 = Py)Vul|?)

<als +ia - ilz(cfls +ia — t|"2(T(t)u, u)dt
+|s + ia] 72 (1 - PO)Vu||2)

where we used the fact that R(P,) =3, (H,). Since (T(t)u, u) is locally
Holder continuous, we see that (5.31) holds. O

LEMMA 5.9. If V, W are S'/?-bounded and satisfy (5.25), then
[VRy(s + ia)W]

is uniformly continuous in any rectangle s € 1,0 < a < 1 when the interval I is
bounded and bounded away from 0.

Proof. By (5.32) we have
(V[Ro(21) = Ro(2)]Wu, v)
=(z- zl)f(z - 1) Nz = 1) N(T(t)u, v) dt
+(z = z)z7 27 (VA = Py)(1 — Py)Wu,v).

Since T'(¢) is locally Holder continuous, there are positive constants a, C such
that

IV [Ro(21) = Ro(2)]Wull < Clz; — z|*||ull

for z, z, in the rectangle. O

LeMMA 5.10. If V(x) is SY/%-compact, then Gy(z,) — G,(z) is a compact
operator for non-real z, z,.
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Proof. We have
Go(2,) — Go(2) = V[ZRO(Z) - leO(zl)]W
= (2, — 2)VH,Ro(2) Ro(2,)W
=(z, - z2)VS™V?H,S(z — H,) '(z, - H)) " 'P,S"\?W

where H, is the operator constructed in Lemma 3.5. Since VS ~1/? is compact
and the remaining combination of operators is bounded, the result follows. O

Now we can give the next proof.

Proof of Theorem 1.10. We apply Lemma 5.3. By (5.24) and (5.26) we have
(Ju, Hv), — (JHyu,v), = (VJIHyu, Wv) = (Au, Bv)

Now, AR (i) = VJIH,R(i) is bounded on L? since ||VJ| < ||(1 + F)J||
and J is a bounded operator from L? to 5. Moreover, by (5.28) and (5.29),

BR(i)F~' = WV-1G(i)VR,(i) F
= WV-IG (i) VIR (i) [ = HolRo ()[R (i) [ F].

This is bounded since |W| < V and V is |H,|'/>bounded. Thus hypotheses
(I) and (II) are satisfied. To verify (III), note that
all[Ro(s + ia) — Ro(i)] A*ul||
= a|s + ia — i|}||HyJ'Ro(i)Ro(s + ia)Vu|?
< Ca||Ry(s + ia)Vu||?
< Gfllull?

by Lemma 5.8. Thus the first part of (5.23) holds. To verify the second, note
that

(5.33) BR(z)F~' = WV™'G(2)V|i — Ho|"*Ro(2)[|Ro(i) [ F].

By Lemma 5.9, Gy(s + ia) is uniformly continuous in every bounded rectangle
s€Il,0<a<1 as long as I is bounded away from 0. Thus it can be
extended to be continuous on the boundary. Moreover, if z, is any fixed point
in the rectangle,

(5.34)  G(21)Go(2) = 1= G(2)[Go(2) = Go(2,)] = K(2)

by Lemma 5.6. By Lemma 5.10, K(z) is compact. Since G,(z) depends
analytically on z, its limit as z approaches the real axis must have a bounded
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inverse on an open set with complement of measure 0 (cf. [32],[33]). Thus
there is an open subset Q of R with complement of measure 0 such that G,(z)
has a bounded inverse in any closed bounded rectangle with base in Q. Since
G(z) is the inverse of G,(z), we have

(5.35) NIG(s+ia)| <C;, selcQ,0<ax<]l

where C; depends on I but not on s or a. Thus for such rectangles, by (5.33),
we have

(5.36) IBR(z)FY|| < C||V]i = Ho|'*Ro(2)-
In view of (5.31), this implies
(5.37) a||BR(s —ia)FY|*’<C,, s€IcQ,0<ax<l.

Thus (5.23) holds. Hence we may apply Lemma 5.3 to conclude that £, (H,)
is contained in the domains of W (H, H,, J). To show that their ranges are
dense in J%, (H), let g be any element in £, (H) which is orthogonal to the
range of W_(H, H,, J). Let u by any function such that Vu is in Cg°. Then
there is a w € 5 satisfying Jw = Vu. Hence

(538)  af(JRo(z)w, R(2)g)1ds = 7 (W ,Eo(I)w, g) = 0

as a — 0 for any interval I (cf. [20]). On the other hand, in view of Lemma 5.7
we have

(JRo(2)w, R(2)g), = (u, VRy(Z) ER(2)g)
= (4, Go(2)VR(Z)R(2)g)
= (VGo(2)*u, R(Z)R(z2)g)
= (R(2)E"WGy(2)*u, R(2)g),

Let O be the set described above and let T c Q. Then the lefthand side of
(5.38) converges to

(5.39) vrj;m(s, E~WGy(s)*u, g) ds

where m(s, f, g) is a measurable function of s, defined everywhere, and equal
to d(E(s)f, g)/ds whenever the latters exists (cf. [20],[34]). Thus we can
conclude that (5.39) vanishes for all u such that Vu is in C§°. Such u are dense
in J. For if h is orthogonal to all such u, then ¥~k = 0 and consequently
h = 0. By (5.31),

al|Ro(2)Vull} < al| FS™V2|2||SV2Ro(2)Vul|* < Cfllul?, u€l,0<a<1
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provided I is bounded and away from 0. Thus the expression (5.39) is
bounded by C,||u||||gll,. Since V~!C{ is dense in 5, we see that (5.39)
vanishes for all 4 in J#. This is true for all I such that 7 c Q. Hence

(5.40) m(s, E"WGy(s)*u,g) =0, s€Q,uet.
Since G,(s) has a bounded inverse on 5 for each s € Q, this implies
m(s,E"Wh,g) =0, s€Q,heH#.

Consequently, (E~'Vh, g), =0,h €5 or (Vh,g)=0,h €#. If we take
h = Vg, we have Vg = 0 and hence g = 0. This completes the proof. i

Proof of Theorem 1.11. For k sufficiently large,
(5.41) (J —Jp)S™*

is a compact operator on . On the other hand J,S~* satisfies the hypothe-
ses of Theorem 1.10. Hence the wave operators W (H, Hy, J,S™%) are
complete. Since (5.41) is compact, we see that

w.(H, Hy, JS™%)Py = W_(H, Hy, J,S™*)P,
in view of (5.18). Since the domain of S* is dense in 5%, we have

W.(H, Hy, J)Py= W_(H, Hy, JS)P,.
Thus the wave operators W, (H, H,, J) are complete. a
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