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A GENERALIZATION OF MUMFORD’S THEOREM, II

James D. LEwis!

0. Introduction

Let X be a quasi-projective variety (over C) of dimension 7. In this paper,
we want to study the Chow group CH,(X) = CH" %(X) of algebraic cycles
of dimension k (respectively, codimension n — k) on X, modulo rational
equivalence, and the corresponding subgroup A4,(X) c CH,(X) of cycles
algebraically equivalent to zero (in the sense of [8]). This work can be seen as
a continuation of [12, Ch. 15] and [13], where the smooth projective case was
studied. According to Deligne [5], [6] the cohomology of X carries a canoni-
cal and functorial mixed Hodge structure (MHS). Using the isomorphism
H(X,Q) = H(X,Q)", where H(X) is Borel-Moore homology and H!(X)
is cohomology with compact supports, it follows that H(X) carries a dual
MHS. The weights @ occurring in H(X) satisfy —i < @ < 0. There is a
filtration by niveau, N.H,(X), which induces a corresponding filtration on
W_,H{(X). We will denote this by N.W_,H{(X) (cf. Section 2). Let H¢ =
57] o qH P-4 be a Hodge structure. We define the level of H as follows:

Level(H) = max{lp — q| |[H”? # 0}if H+# 0
(otherwise Level(H) = — ). For [ > 0, one checks that

Level( N W _si— 1y /(X)) < 1.
We prove:

(0.1) TueoreM. Let X be quasi-projective, and assume the main standard
Lefschetz conjecture. Suppose Level(N, W _,, _H,,, (X)) = for some | >
1. Then

non-zero ifl=1

Ar(X) is {inﬁnite dimensional  ifl > 2
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Next, we define Gr;N.= N;/N,_;. Now under the assumption of the
general Hodge conjecture (GHC), or more precisely, a generalization of the
GHC for singular varieties (Section 2), we can deduce the following:

(0.2) CoroLLARY. Let X be quasi-projective, and assume the GHC. If

Gri  NW_ o Hy (X)) # 0,
then

. | non-zero ifl =1
A X) is {infinite dimensional  ifl > 2

Note that the range of [ that applies to (0.1) and (0.2) is given by
1<l<n-—k Wenowset A,(X)= @, _ ,4,(X). As a consequence of
the main theorem, we deduce:

(0.3) CoroLLARY. Let X be quasi-projective, and assume the GHC. Then
A (X)) finite dimensional implies Level(®, W_,H(X)) < 1.

i20

(0.4) Remarks. (1) More generally, one can introduce a notion of
Level(A ,(X)) (cf. Section 4). One has Level(4,(X)) <1 if and only if
A,(X) is finite dimensional ((1.7)). Then the conclusion of (0.3) generalizes,
namely,

Level(A, (X)) <! = Level( ® W_H(X)) <!
i=0

(2) The following examples illustrate the importance of restricting to
©, W_,H(X) as opposed to say GB,.’jGr_iW.Hj(X).

i=0

Example 1. Quasi-projective smooth case. Let X C P” be the complement
of a smooth hypersurface Y € P”. Let j: X = P” be the inclusion. There is
an exact sequence

© > H(Y) = H(P") = H(X) = H_((Y) > H_(P") > -
The weight filtration is given explicitly by
H(X)=W_,_y,>2W_,=j*H(P") D {0},
with

Gr_i_yW.H(X) = ker: H;,_(Y) - H;_(P").
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Then A,(X) = 0; moreover Level(®, W_,H(X)) = 0. However
Gr_,-yW.H,(X) generally has Hodge level > 2. This is, for example, the
case when dimY > 2 and degY > 5.

Example 2. Singular projective case. Let X = X, U X, C P* be a union
of smooth threefolds meeting transversally. Assume deg X; = 3 and
deg X, = 2. Then Y = X; N X, = Sing(X) is a smooth surface of degree 6
with genus Pg(Y) > 0. One can readily check that i,(A4,(X,) =A4,(X)
(where i: X, = X is the inclusion); hence A4 ,(X) is finite dimensional. [Let
us show, for example, i ,(A4,(X,)) = A(X) (the other cases are easier). Fix a
line / € X, and let L be a hyperplane section of Y. Then it is easy to show

that CH,(X,) = Z{l} and hence L6l (in CH(X,)). Let ¢ € CH(X,).

Then ¢ < deg(£€)! and hence 6& < deg(£)L. We conclude, by divisibility, that
A(X) =6A4(X) ci,(A4,X)), and hence i,(A4,(X,)) = A(X).] If we con-
sider the M — V' sequence

> H(Y) — H(X,) ® H(X,) —— H(X) - H;_(Y)
£, H, (X)) @ H;_((X;) = -
then the weight filtration on H,/(X) is given by
H(X) = W,;_,H(X)>W_H(X) =Im(a) D {0}
where
Gr__yW.H(X) =kerB: H;_((Y) - (X)) ® H_(X,).

For i = 3, Level(Gr_,W.H (X)) = 2, whereas Level(®, W _ H(X)) < 1.
The results in (0.1), (0.2) and (0.3) remain valid if X is replaced by any
separated, integral algebraic scheme over C (see Section 4). In this direction,

we ask the following:

(0.5) Question. Let X be a separated, reduced algebraic scheme over C.
Is it the case that Level(A4 , (X)) </ if and only if Level(®, W _,H(X)) <
1?

1. Some preliminary results

All varieties in this paper will be assumed quasi-projective and defined
over the complex numbers. We will not assume our varieties are irreducible.
Countable unions of projective subvarieties of some PV are abbreviated
c-closed (cf. [18], [19]). All homology will be Borel-Moore, and with Q-coef-
ficients.
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(1.1) DeriNiTION.  Let X be a variety, and G a subgroup of A,(X). We say
that A,(X)/G is finite dimensional, if there exist a smooth ( possibly reducible)
projective curve T and cycle z € CH, (T X X) such that the homomorphism

Ay(r) - 2K

induced by t € T = z, € CH(X) (where z, is defined in [8, 10.3)), is surjec-
tive.

Let X be quasi-projective, with projective closure X. Also let Y = X — X
with inclusion j: Y = X. There is a s.e.s.

0= A (X) Njx(CH(Y)) = A (X) = A, (X) — 0.
The following two lemmas are useful.

(1.2) Lemma. Let V, W be projective varieties and g: A, (V) = A, (W) a
cycle induced homomorphism. [The examples we have in mind are those g
arising in the case where V is smooth (as in (1.1) with V =T) or where g is
induced from a morphism V — W.] If A, (W)/g(A,(V)) is countable, then
g(A4,(V)) = A4,(W).

Outline of proof. Let ¢ € A, (W). By a standard argument (cf. [19], and
using the theory of Chow varletles) there exists an abelian variety B and
homomorphism ¥: B — A4,(W) such that W(B) 5 ¢ ker(¥) is countable,
and ¥~ 1(g(4, 7)) is a countable union of closed subvarieties of B. By
construction, B /¥ 1(g(4, (V))) is countable, and by an argument using
Baire’s theorem, this lmplles B =v"!g(4, (V)), a fortiori ¢ € g(A,(V)).

(1.3) LemMma. Let f: V — W be a dominating morphism of projective
varieties. There is an integer N # 0 such that N - CH, (W) c f,.(CH ,(V)).

Proof. By taking general hyperplane sections of V' we can assume
dim V' = dim W and hence f generically finite to one of degree d say. Choose
non-empty Zariski open sets Uy, C W and U, = f '(Uy) C V such that
res(f): U, = Uy, is (faithfully) flat. Also set Y, =V — U, Y, = W — Uy,
and consider the following commutative diagram:

CH,(Y,) —> CH,(V) —> CH,(U,) —> 0

| |- |-

CH,(Yy)— CH,(W)— CH,(Uy)— 0
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Then d - CH,(Uy,) = f, f*(CH ,(Uy)) c f(CH ,(U,)) and by induction on
dim W, there is an integer N, # 0 such that N, - CH,(Yy,) C f(CH ,(Y})).
Now set N =d - N,. A simple diagram chase shows that N - CH,(W) cC
f+«(CH (V).

(1.4) CoroLLarY. A, (X) is finite dimensional if and only if
A (X)) /] (A,(Y)) is finite dimensional.

Proof. The implication (<) is obvious. To show (=), we use the fact that
A,(X) is finite dimensional iff there is a smooth projective curve I' and cycle
z € CH, . (T X X) such that the composite

A, (X)
X) Nj(CH(Y))

zy: Ag(T) =
is surjective. It then follows that the corresponding map

2t A = T )

has countable cokernel. Now apply (1.2).

(1.5) Remark. 1t is also the case that

A,(X) 0 e A4,(X) _
4,(X) N (CH(Y)) I+ (A(Y))

0.

(1.6) CoroLLARY. Given the setting of (1.3). Then f,: A, (V) - A4, (W)
is surjective.

Proof. Use (1.2) and (1.3).

(1.7) CoroLLARY. A, (X) is finite dimensional if and only if there exists a
closed algebraic subset Z C X of dimension k + 1 such that the map A,(X) —
CH (X — Z) is zero.

Proof. The implication (=) is clear. The implication (<) is left to the
reader. (Use (1.2), (1.6) and an argument involving a Poincaré divisor.)

For the remainder of this section, we will assume that X is a projective
algebraic manifold of dimension n.
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We recall [11] J*(X), the kth-Lieberman jacobian with (surjective) Abel-
Jacobi map ®@,: AX(X) — J¥(X). Now set J*(X) = @, _ J¥(X). There is
a corresponding Abel-Jacobi map ®: 4*(X) — J*(X).

We set CH*(X)q = CH*(X) ® Q. We also recall ([10]):

k>1

Standard Lefschetz conjecture B(*). Let L, be the operation of cupping
with the hyperplane class on X relative to a given (or any) embedding of X
in some PPV, and recall the isomorphism, for i < n, L% %
H(X,Q) > H?*~i(X,Q) (hard Lefschetz). Then the inverse to L% is
algebraic.

Coniveau (“arithmetic™) filtration on H*(X,Q). {N?H*(X,Q)},., C
H*(X,Q) is given by either of the two equivalent formulations below.

(1) NPHY(X,Q) = Ufker: HY(X,Q) - H(X - Y,QIY CX closed,
codim, Y > p}.

(2) N?H'(X,Q) = U{(Gysin images o,: H'72(Y,Q) » H(X,Q)|Y c X
closed, codimy Y = g = p and Y = desing(Y)}.

The Q Hodge filtration on H*(X,Q). F§H /(X,Q) is the maximal sub-
Hodge structure in

FPH'(X,C) n H(X,Q) = {H'™”?(X)® -+ & H>»'"P(X)} N H'(X, Q).

The following inclusion is well known: N*H*(X,Q) ¢ FfH*(X,Q), and
the conjectured equality is the celebrated (Grothendieck amended) General
Hodge Conjecture (GHC).

The main theorem (0.1) generalizes earlier results for the smooth projec-
tive case (over C). In this case W_,H,(X) = H,(X). For example, there are
these cases:

G) I =1, AX(X) = 4,,_(X). By Poincaré duality,

Nn—-k+1H2(n—k)+1(X) = Nk_lHZk_l(X),
and hence N,y 1Hyp— 1)+ 1(X) ® R = Lie algebra to JX(X). Therefore
Level(Nn—k+1H2(n—k)+l(X)) =1eJ{(X)+0
= A¥(X) # 0.

(i) Ay(X). We have

weakLefschetz
—

Level(N,H,(X)) =1 Level( H(X)) =1 e H*(X) + 0;
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moreover Ay(X) is infinite dimensional if / > 2 and non-zero if / = 1. Thus
we recover Roitman’s generalization of Mumford’s results (cf. [18] and [15])
for rational equivalence.

(iii) The results of [12, (15.34)] are recovered. Namely, under the assump-
tion of B(*), and if X is smooth and projective, then

k—lpy2k—1 _ k J*0 if [ =1
Level(N*7H*7(X)) = I = A%(X) ls{infinite dimensional if [ > 2°

Under the assumption of the GHC, Level(N*‘H?*~!(X)) =1 can be re-
placed by Gr*~!N - H**~/(Xx) # 0.
In the smooth projective case, (0.3) and (0.5) can be sharpened as follows:

(1.8) CoroLLARY [12, (15.48)]. Assume the GHC. Then
A*(X) —> JF(X) = Level(H*(X)) < 1
(1.9) Conjecture [12, (15.49)].
A*(X) = J*(X) © Level(H*(X)) < 1.

For some evidence in support of this conjecture, see [14]. From a philo-
sophical perspective, we expect the following. Referring to (0.2) applied to
AX(X) = A4, _(X), the vector spaces Gr,_  NW o, 1y 1Hoon_ iy (X)
are defined in terms of suitable graded pieces ([pure] niveau) of the niveau
filtration; moreover the range of [ is {0,..., k}. In the smooth case, one
expects a decreasing [functorial] filtration involving k steps:

CH*(X) = F'CH*(X) 2 A¥(X) = F'CH*(X)
D {ker ®,: A¥(X) - JX(X))
= F?CH*(X) > --- D FKCH*(X) > {0},

such that Gr*~'N - H?*~!(X) influences the /th graded piece

FICH*(X)
ICHM(X) = ——r \ ) _
GriCH™(X) FIFICH*(X)

to some degree. A more thorough discussion along these lines appears in [12,
Ch. 15]. We refer the reader to [21], [20], and [16], [17] for some recent
developments in this direction.
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We remark in passing that it is easy to see how one may define filtrations
on Chow groups in the quasi-projective case, given a filtration in the projec-
tive smooth case. For example:

(a) X singular, projective with desingularization A: X 5 X. Then

FICH (X )q = A F'CH (X)) .

(b) X projective, j: U = X quasi-projective (where U = X). Then
FICH*(U) o = j*F'CH*(X )
(where F'CH*(X)g, is defined using (a)).
One should check that these filtrations are independent of respective choices

of X and X (i.e., are well defined) and that this should follow from
functoriality of the filtrations in the smooth case.

2. Filtration by niveau and the GHC for singular varieties
Let X be a quasi-projective variety and X a projective closure of X, with

desingularization A: X > X. Also let j: X = X be the inclusion.
We recall (cf. [3]) the filtration by niveau:

N H;(X) = {Images H(W) — H,(X)|W C X is closed algebraic,

of dimension < k}.

The mixed Hodge structure on H(X) gives us a filtration {F~'H,(X)}
inducing a Hodge filtration

{F"W_iHi(X) & {F'H(X)} n {W_,H( X)}}

of weight —i. We denote by FQ’W_,.H[(X ) the maximal Q subHodge
structure of F~'W_,H(X). We also set

NW_H(X) = {NkHi(X)} N {W—iHi(X)}’
and prove:
(2.1) Prorosirion. () NJW_,H(X) = j*o A , (N H(X)).

() Fo'W_H{(X) = j*o A . (Fg'H(X)).
(iii) Level(N,W_,H(X)) < 2k — i.
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Proof. By an argument involving weights, it follows that j*o A: H,-(}? )
— W_,H(X) is surjective [9, Lemmas 7.5, 7.6]. Let Y X be a closed
algebraic subset of dimension k, and choose a closed subset ¥ C X such that
JTUAMY) =Y. Let Y 3 Y be a desingularization. Then the image of the
composite H(Y) - W_,H(Y) - H(X) is the same as the image H(Y) —
H(X) [5, (8.2.7)], and hence agrees with the image W_,H(Y) — H(X).
Next, from the exact sequence

W_H(Y) > W_H(X)>W_H(X-Y)—>0=W_H_(Y),
we deduce that
NW_,H,(X) = {images W_,H(Y) > W_,H(X)lY c X and dim Y < k},

and therefore this agrees with j*o A (N, H,-(Y ). This proves (i).

Part (ii) follows from the surjection j*o A ,: H(X) — W_,H{(X) of Hodge
structures together with semi-simplicity of Hodge structures over Q.

Part (iii) follows immediately from (i) and (i), the fact that

=

Nn—kHzn—i(X) - Fg—kHZn—i()'?),

and Poincaré duality.
Now under the Poincaré duality (PD) isomorphism

H>~i(X) = H(X), H»9(X) c H*{(X)
corresponds to

Hp~ma(X) c H(X).

Corresponding to this is the isomorphism

= =

Fg-kHZ"-f(X)?F(;kH,.(X).

(2.2) CoroLLarRY. N W_,H(X) C Fg*W_,H(X) with equality if the
GHC holds.

Proof. There is a commutative diagram

J*o Ay

- PD -
Nn—kHZn—t(X)= NkHl(X) _— NkW—iHi(X)

l l l

. = PD = e,
Fa—*H=(X) = F3*H(X) 225 Fg*w_,H(X).
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By (2.1), the horizontal arrows are surjective, and the first two (from the
left) of the vertical arows (inclusions) are surjective by the GHC. We deduce
that the last vertical arrow is surjective as well.

(2.3) Remarks. (i) By an argument using Chow’s lemma (cf. [9, 7.9]),
Corollary (2.2) remains true for X a separated, reduced algebraic scheme
over C.

(i) A generalization of the GHC for arbitrary varieties (separated, reduced
algebraic schemes over C) then takes the following form (compare with

[9, 7.2).
(2.4) Conjecture (GHC for singular varieties). The inclusion
NW_H(X) C Fg"W_H/(X)

is an equality.

3. The main theorem
We assume B(x) throughout the rest of this paper.

(3.1) TueoreM. Suppose Level(N, W _,._H,, . (X)) = . Then

non-zero ifl=1

A(X) is {

infinite dimensional ifl > 2

Proof. The approach we will take is inspired by the ideas in [15] and [18],
[19]. Another approach would be along the line of reasoning in [1], and we
will have more to say about this in Section 4.

Let X be a projective closure of X, with desingularization A: X 3 X and
Y = X — X. Choose Y C X dominating Y and corresponding commutative
diagram

~ 4§ =
Y - X
l)\y l)‘
a —
Y - X <X,

where g, g, j are the respective inclusions. Recall that if A4,(X) is finite
dimensional then A4,(X)/A,(Y) is finite dimensional ((1.4)). There is an

algebraic subset 2, & X of pure dimension k + ! and a (possibly reducible)
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desingularization o: 3, 5 3, such that the composite
Jrodyopy ooy Hy (2) = NewW_op_ Hop i X)

is surjective. By taking k general hyperplane sections of 3 and applying
Bertini’s theorem, we arrive at a smooth (and possibly reducible) projective
algebraic submanifold j,: S — 3. of pure dimension / such that i H E) -
H'(S) is injective. According to B(*), the surjective left inverse (j§)~":
H'(S) » H'() is algebraic (i.e., algebraic cycle induced), a fortiori via
Poincaré duality, the composite H/(S) = N, ,H3k+l(f ) is algebraic and say

induced by an algebraic cycle w € CH,, (S X X)® Q. By taking a suitable
integral multiple of w, we may assume w € CH, , (S X X). We deduce that
there exists § of dimension / and w as above such that j*o A, ow,:
H(S) > N, W_,,_H,, . (X) is surjective.

Now assume to the contrary that A,(X) is finite dimensional if
I > 2 or zero_if I = 1. Using (1.6), there exists a smooth curve T, a cycle £ €
CH, , (T x X) such that

Ak(“?) =Ag o€, Ay(T) + A*°Q~*Ak(f)‘

By working with each irreducible component, it will easily follow from the
proof that one can assume for simplicity that S is connected. Fix a point
So € S and consider the corresponding map A,: S — A,(X) given by s —
Ax{w(s) — w,(sy)}). Based on some standard Chow variety and “c-closed”
arguments in [18], [19] (also, cf. [22]), it is easy to show that there exists a
smooth variety 7, of dimension r say, and a cycle induced map v,:
T, » A, (Y) (for some v € CH, (T, X Y)) for which A,(S) c
AeoGyovy(T) + Ay o€, A(T). Again one can argue, as in [18], [19] (cf.
[22]), that

def ~
Vo= {(5,6) €S X TylAy oGy 2wy (1) F A, (s)mod A o £, Ao(T)}

is c-closed.

By our construction, there exists a subvariety 3 C V|, such that Pr;: 3 — §
is a surjective, generically finite to one map of degree d say. Note that 3
defines a corresponding cycle 3 € CH/(S X T;) and that A og,ov,o
Se=d-Agow,modAyoé, A)(T) on A (S). Now set w = Goved —d -
w. Then Im(A , o w,,) is finite dimensional.

We first assume / > 2, and let B = A4y(T') be the corresponding abelian
variety with homomorphism ¢,: B — A,(X) satisfying A, o w,(A4,(S)) C
A (€ 4(B)). The subset

V={(5,9) €S XBlA,ow,(s—5) =Ar°&4(q)}
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is c-closed; moreover by definition of B, one can find a subvariety ScVof
dimension ! (which we can presume smooth, after passing to a desingulariza-
tion), dominating S, such that A, o £, (A4,(S)) = 0, where £ € CH,_ (S X X)
is the cycle given by the pullback of Pri(¢) — Priy(w) under the map
SXX— S XBXX. Since £,(B) is supported on a subvariety in X of
dimension k + 1, we conclude that the image H,,, ,(I¢é4(B)]) —
N, .1H,,; ., (X) has level < 2 — I, which is less that / for [ > 2. We conclude
that the level of H/(S) in H,, +I(X ) is the same as that for H,(S).

We have shown that without modifying the Hodge level properties of w,:
H(S) > H,, , (X), one can assume that A, ow,: A,S) - A4,(X) is zero.
Now we assume [ > 1 with A, ow,: 4,(S) > A,(X) zero. Then by replac-
ing w by w — {S X w,(s,)}, we can further assume that A, ow,: CH(S) -
CH,(X) is zero. Let C,(—) represent the Chow variety of effective cycles of
dimension k, and C,(—), c C,(—) the subset of those cycles of degree d. By
moving (via rational equivalence) the irreducible components of w in general
position (Chow_’s moving_ lemma), we can assume w defines a rational map
{wh S - C,(X) X C,(X), which restricts to a regular map (f, g): S, —
C(X) X C,(X) on some non-empty open subset S, C S. Likewise, we can
assume (by possibly shrinking S, if necessary), that the corresponding
map(A o f, Ay 0 8): Sy = C,(X) X C,(X) is also defined and regular. Using
(only) the projectivity of X, together with similar arguments to those in [18],
[19] and [22], one can show that there exists a smooth quasi-projective variety
Ty, a dominant morphism e: Ty — S, and a morphism H: P' X T, —
C(X),, X Ci(X),, such that

*°f°e + (Pr1°H|oo><T0) + (Pr2°H|0><T0)

=Ayogoe+ (PryoHloxr,) + (Pry° Hloxry,)

where “+” denotes the sum on the Chow variety: Ci(X), X C(X), —
C(X iy +dy

Let T = T, be a non-singular projective closure of T, with inclusion map
vo: Ty = T. Note that H defines a cycle in CH" *(P! X T, X X) (cf. [22,
(1.3)], and by taking closures, a corresponding cycle 3, HE CH" *(P' X T x
X). Likewise, there are cycles 3,3, € CH" k(S X X) corresponding to
f,g-Note that 2y = %, .y = 2p,,. s, Where 2,y € CH™™ kP'x T X X)
is the cycle associated to Pr;o H. Now Sy defines a “cylinder map”
homology, % ,: : H(P' x T) 4 H,, . (X). To see this, and quite generally,
we consider the following setting. Let W be a smooth projective variety of
dimension m, Z projective, and assume given a cycle z € CH (W X Z).
Then z determines a corresponding homology class cl(z) € H, (W X Z). By
the Kiinneth formula applied toH, (W X Z), together with the intersection
pairing on H (W) (using W smooth, projective), the component of cl(z) in
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H,,_(W)® H,,_,, ,(Z) determines a cylinder homomorphism z,: H.(W)
- H,,_,,...(Z). Applying these considerations to 2, we obtained the
aforementioned cylinder homomorphism 2, ,. Now let

ig:Ty=0XTy>P' XT,, i,;Ty=0XT,=>P'XT,
be respective inclusions. On singular homology, we clearly have

AxoZp.oex +3p, op.o(1XWg)woin. +2p, ..o (1 Xvg)yoig.
= /\* ozg,* ° €y + 2PrloH,* 0(1 X VO)* oiO,*

+ 2p, 0 (L X vg) g0y,
Using the results in [5, 6], one can easily show that the dual map
[24]*: H**(X) - H'(P' X T)
is a morphism of mixed Hodge structures. Hence there is an induced map
[24]*: Gr¥*'w.H**(X) - H'(P' X T).
Applying Hodge theory, we end up with the commutative diagram:

(Groesiw gaen (X)) 21 groet oy G = i)e(1 X )

PryH"T) = H"%(T) % H"(T)).
We conclude that on {Gr2¢+'W.H* (X))} +bk,

e*o[zf]*°)t* =e*°[2g]*°/\*
+(if — i) o (1 X wo)*o[3y]* = e*o[T,]*o x*

and since e is dominating, we arrive at
[w]*ea® = [2; = 3 ]*ea* =0

Translating this in terms of (Borel-Moore) homology, we deduce that
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Now recall d - wy = Gy ovy o3, —w,. From the commutative diagram

H(S)

AY,*OV*°E* l AgoGyvyoZy

oG4V
N
—

Hye (Y) H2k+l()_() - Hy (X))

we deduce that level(j*ow (H/(S)) = level(N, . W _,;_ 1 H,y (X)) < 1,
contradiction.

4. Concluding remarks

(1) It is possible to give another proof of (3.1), along the line of reasoning
in [1], based on an argument in [23]. To be specific, and referring to the
notation in (3.1), we have that the image of A,(X) in CH(X —
{Y U |A, o €,(B)|}) is zero. As in the proof of (3.1), one first reduces to the
case where S is irreducible, with a choice of embedding k(S) c C, where S
can be viewed as defined over a subfield k c C of finite transcendence

degree over Q. Then one would show that N - (1 X )t),k(w)rilt N+0+T5
in CH, (S X X), where N > 0 is some integer and

() T, is supported on D X X for some divisor D
(i) T, is supported on § X Y, and
(iii) T'; is supported on S X |A 4 £,(B)I.

Rather than give a precise proof, we comment that by a careful inspection
of the proof of (3.1) in Section 3, and under the assumption of the GHC for
S, one can arrive at the decomposition

hom

N-(1XA),(w) ~'T, + T, + T,

in Hy, (S X X), where N = (deg: S —>58)-(d=degPr;: 3 —>8), (see
proof of (3.1)).

Let us now assume the decomposition N (1 X A),(w) =T, + T, + T},.
We need to show that Level(N, . ,W_,,_;Hy, (X)) <[ for I = 1 in the case
A (X) =0, and for / > 2 in the case A4,(X) is finite dimensional. In this
setting, it suffices to compute the level of the image of j*oT;,: H/(S) —
Hyp (X)),

@ I, .. Choose T, € CH,, (S X X)Q such that (1 X A) (I‘l) =T, and
supp(l"l) c D X X. Then the Kiinneth component of {Fl} in H(S)®

H,;,(X) maps (via (1 X A),) to the Kiinneth component of {T';} in H,(S) ®
H2k+,(X) Therefore, for y € H(S), T} ,(y) =A,°T; ,(y). Now let

D5Dbea desingularization and let »: D — S be the composite, with
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~

corresponding f = (v X 1): D;x X ->SX X. Also choose a cycle f‘l €
CH, . (D X X), such that f,(T}) = I'. We now compute

L) =Ao T () = A Pre {{PrE(v) - Tisce)
(P £o(1))0)
=y Pre o fu{{ o Pr(r) Ty 0)

=/\*°PrX",* °f*°F1,*(V*(y))

=AyoPr

i

In particular, T, ,: H(S) = H,,,(X) factors through Fl .. H_)D)—
H,, . (X). We conclude that Level(j* o Iy *(H,(S)) <l-2<l
(i) T', .. There is a factorization of I', . in the diagram below (where the
column is part of the exact sequence of Borel-Moore homology):
Hy i (Y)
I, . l -
HI(S) e H2k+I(X)

l

Hy o (X)

It easily follows that j*o T, ,: H/(S) —» H,,,,(X) is_zero.

(i) T ,. Let Z = |A, o £,(B)|, and recall dim Z = k + 1. Our assump-
tion that A,(X) is finite dimensional implies that Z is the projective closure
of a closed algebraic subset Z c X (cf. (1.7)). Using mixed Hodge structures,
there is a commutative diagram below:

H(S) = W_ H(S) — W—2k—lH2k+l(Z)
N\ |

W—Zk—IH2k+I(X)

l

W _ gt (X

Let 01 Z> Z_ be a desingularization, and recall that o,: H,, ,(;f ) >
W _si_1Hy, + (Z) is surjective. By Poincaré duality, H,, ,,(Z) = H>"(Z), we
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deduce that Level(H,;,,(Z)) <2 — L It then follows from the above dia-
gram that Level(j*I'; ,(H(S) <2 ~1in W_,, ,H,,,(X), a fortiori <1
if / > 2. In the case / = 1, our assumption is that 4,(X) = 0, hence Z = §
and T, = 0.

(2) The argument in (1) above generalizes as follows. We introduce
(compare with [23, Def. 1.1], [20, Def. (0-6)]

Level(A,(X)) = min{r|3 a closed algebraic Z C X,
dim Z = k + r, such that A,(X) — CH, (X — Z) is zero}

(Note the range, 0 < Level(4,(X)) < dim X — k.) Then

(3) Using (1) above and Chow’s lemma for complete varieties, one can
show that X in (3.1) can be replaced by a separated, integral algebraic
scheme over C. To be specific, X can be embedded as an open subset of a
complete variety X; moreover by Chow’s lemma, X can be birationally
dominated by a projective variety X. The cycle w € CH,(S X X) is con-
structed in the same way as before, using the hypothesis B(*).

(4) Example application of (3.1). We will refer to the notation in the proof
of (3.1). Let X be any quasi-projective variety. Instead of _assuming the
hypothesis B(*), we will more specifically assume that B(X) holds (e.g.,
X a complete intersection or an abelian variety). Also choose ! and k such
that k + ! =n. According to the proof of (3.1, we deduce that if
LevelW_,_H, (X)) =n — k, then

. [ non-zero ifn-—k=1
Au(X) is {infinite dimensional ifn —k > 2°

(5) Let X be quasi-projective, with projective closure X, and let Y = X —
X. Define

CHy(-) = 9OCHk(—)andW-*H*+m(—)= D W_H,,,(-).

i=0
There is the following schema below (with exact rows):

S>W_,H, . (X)> - >W_,H, (X)»W_,H,(Y)>W_,H (X)>W_,H.(X)>0

I § I I I

- CH, , (X,m) » -— CH,,(X,1) » CH.(Y,0) > CH,(X,0) > CH,(X,0) >0
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where CHgy, 74 n—(Z, m) CeH {(Z, m) are the higher Chow groups intro-
duced by Bloch ([2]), and where CH ,(—,0) = CH,(—). A ndive question
would be to ask whether one can expect a relationship between
W_,H, . ,(X)and CH,(X, m) involving an “influence” of graded pieces, as

a

generalization of the case m = 0.
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