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ARITHMETIC MACAULAYFICATIONS
USING IDEALS OF DIMENSION ONE

IAN M. ABERBACH

1. Introduction

Let R be a commutative Noetherian ring. For an ideal I € R the Rees ring is
R[It] = R® It ® I*t* @ - - -, where ¢ is an indeterminate. R has an arithmetic
Macaulayfication if there exists an I C R such that R[/¢] is Cohen-Macaulay. In this
case Proj(R[/t]) is a Macaulayfication for Spec(R), however, the property that R[/¢]
is Cohen-Macaulay is significantly stronger than the condition that Proj(R[/¢]) is a
Cohen-Macaulay scheme.

Brodmann [Br1,3] and Faltings [F] have results on the existence of Macaulayfica-
tions. In essence, the argument involves blowing up an ideal generated by (part of) a
system of parameters, where the parameters kill certain local cohomology modules
which obstruct the Cohen-Macaulay property.

Work of Brodmann [Br2] and Goto and Yamagishi [GY, 7.11] show the existence of
an arithmetic Macaulayfication for local rings whose completions are equidimensional
and Cohen-Macaulay on the punctured spectrum. The main result of [AHS] gives
an explicit construction of an arithmetic Macaulayfication for rings of postive prime
characteristic p (see Sections 2 and 3 for information on tight closure and parameter
test elements):

THEOREM 1.1 [AHS, THEOREM 4.1]. Let (R, m) be an excellent normal local
domain of dimension d. Let x,,...,xs be any system of parameters such that

each x; is a (parameter) test element. Then R[Jt] is Cohen-Macaulay, where
J = ((x1, ..., x)H*

In particular, if R is F-rational on the punctured spectrum, then such a J may
always be found. The fact that each x; is a test element is analogous to (in fact,
stronger than) killing the local cohomology which obstructs the Cohen-Macaulay
property.

We extend this result to the following:

THEOREM 4.1. Suppose that (R, m) is an excellent normal local domain of di-
mensiond > 3. Let xy, ..., x4 be a system of parameters such that x1, . .., X4 are
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parameter test elements. Set J = ((x1, ..., x4-1)%"2)*. Then R[Jt] is a Macaulay-
fication of R.

Under mild conditions, the non- F-rational locus is closed. See [V]. As a corollary
of Theorem 4.1, whenever the dimension of the non- F-rational locus of R is 1 or less,
then R has an arithmetic Macaulayfication.

Kurano has independently obtained similar results. See [K].

I wish to thank the referee for helping to make this paper both more readable and
more correct.

2. Tight closure and Rees ring results

We start with a short review of relevant tight closure results found in [HH1-2],
[AHS].

Let R be a Noetherian ring of positive prime characteristic p and let I C R be an
ideal. For I = (x1, ..., Xxp), let IlP°] = (x{’e, ..., xP"). The element x is in the tight
closure of I, denoted by I*, if there exists ¢ € R, but not in any minimal prime (this
set is denoted by R?), such that cx?* € I'7) for all p¢ > 0. The element ¢ depends
on both x and /. If ¢ works for all tight closure tests (for all ideals) then c is called a
test element. Test elements are often plentiful as shown by a result of [HH2].

PROPOSITION 2.1. If (R, m) is a reduced excellent local ring, ¢ € R®, and R, is
regular then some power of c is a test element.

If I = (xi,...,xx) has height k then we say that I is a parameter ideal. The
element c is a parameter test element if it works for all tight closure tests involving
all parameter ideals. See Theorem 3.4 below.

One important category of results which we will apply here is colon capturing.
Whenever R is suitably nice (e.g., excellent local and equidimensional) then colon
ideals involving ideals generated by polynomials in parameters lie in the tight closure
of the “expected” answer (which comes from treating the parameters as a regular
sequence). In particular we quote [AHS, Theorem 2.3] (see also [HH1-2]).

THEOREM 2.2. Let (R, m) be an equidimensional excellent local ring. Let
X1, ..., Xq be any system of parameters for R and let I and J be any two ideals
of the (polynomial) subring A = (Z/pZ)[x1, ..., x4] of R generated by monomials
in the variable. Then

(IR):g JR S ((I:a DR,
IR*NR* C (UNJ)R)*.
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Section 3 contains more results when the parameters are assumed to be (parameter)
test elements.

Let (R, m) be a Noetherian ring of dimenesion d and I C R a proper ideal of R.
Let R[It] be the Rees ring and let G = G(I) = R/1 & I /1> @ - - - be the associated
gradedring. If r € I' — I'*!, let ¥ € G be the form of degree ¢ obtained from r. Let
m C G be the unique homogeneous maximal ideal. By [TI, Theorem 1.1], the Rees
ring is Cohen-Macaulay if and only if both

(1) Hi(G), =0forn > 0, and
(2) H;(G), =0forn# —1when0 <i <d.

Since m is maximal, the module Hg (G) is Artinian, so a;(G) = sup{n| Hz (G), # 0}
is finite. The integer a,(G) is called the a-invariant of G.

When [ is equimultiple (i.e., the analytic spread of I is equal to A#(I)) and has a
minimal reduction generated by At(/) elements (this is automatic when R contains
an infinite field) then we may pick y;, ..., ys € R such that y;, ..., y; is a homoge-
neous sequence of parameters by choosing (yy, . .., ys) a minimal reduction of I and
Ys+1s - - - » Ya @ system of parameters for R/I (where s = ht(I)). Note thatdeg y; = 1
for 1 <i < s, while deg)"?i =0fori > s.

Whenever i, ..., yi is (part of) a system of homogeneous system of parameters
for G, then H 'y .o (0) is the cohomology of the (graded) Cech complex (obtained
via a direct limit of Koszul cohomology)

0—>G—>G;,€B~~€BG5,,¢—>-~-—->G;]...5,k—)0.

Remark 2.3. Asin [AHS] we note that we may rewrite the conditions for Cohen-
Macaulayness of R[/¢] given in [TI, Theorem 1.1] as

(1) Hi(G), =0foralln > 0, and

@) H(’;”{M&ik)(a),, = 0for n # —1 for all subsets {iy, ..., i} S {1,...,d}.

This equivalent form follows from an extension of [AHS, Lemma 4.3].

LEMMA 2.4. Let G be an N-graded ring, and let 71, . . ., z; be any homogeneous
elements of G. Let S be any subset of Z that is bounded above. Suppose that for
each subset {iy, ...,ix} € {1,...,d} of size k, the module Hk lz )(G) is zero in

all degreest ¢ S. Then for all i, H:(G) is zero in degree t ¢ S, where n is any ideal
of G generated by more than i of the elements z;.

Proof. 'We will use the long exact sequence in cohomology

i1 . ;
T H(lzfl,...,z,-k_l)(GZf,,) - H('z,-I ..... z;,,)(G) - H(IZI )(G) =

poeeaZig_y
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All of the maps preserve degree.

Suppose that the lemma is false, and choose the smallest k suchthatn = (zy, ..., 2k)
(after possibly relabelling) and H:(G), # O for some i < k, where t ¢ S. By as-
sumption H*~!(G), = 0, so we may assume that i < k — 1. By our choice of k,
H"! i .)(G)’ = 0 forallt ¢ S. Because H' ! Zik)(sz) ~ gi-l zik)(G) ®

@iy s @iy senes (Ziyyeees
G, and S is bounded above, we have H('zj,l,...,z;k_.)(GZk) = 0 if degzx > O and

i—-1

(zi.,...,zu_.)(GZk)' = 0fort ¢ S if degzy = 0. In either case it follows from the
above long exact sequence that H:(G), =0fort ¢ S. O

3. Results for ideals generated by parameter test elements

We will use a number of results proved in [AHS] for ideals generated by parameter
test elements.

LEMMA 3.1. Letx), ..., x4 be parameters in an equidimensional reduced excel-
lent local ring and let I = (xy,...,Xxq). Assume that each x; is a parameter test
element. Then

1) UN* =IN"[*forall N > 1,
2) (x1y...x)*NI = (xq,...,x), and
3) UMy = IHV.

Proof. Parts (1) and (2) are [AHS, Lemma 3.1]. Part (3), which is used in [AHS],
follows from (1) since (I¥)* = IN~11* € (I*)V. The other containment holds for
any ideal. O

Lemma 3.1(1) implies that (xy, ..., x;) is a (minimal) reduction of I*, so I* is
equimultiple.

MAIN LEMMA 3.2. Let (xy, ..., Xg) be parameters in an equidimensional excel-
lent local ring and let I = (x1,...,x4). Assume that each x; is a parameter test
element. Then for all integers N, t > 1 and any k < d,

* i — io—1 *
@ V@) =AY T T )

i

where the sum ranges over all subsets {iy, ...,i;} € {1,...,k}.

We need a slight extension of the above lemma. By convention, I™ = R for
m<0.
LEMMA 3.3.  Under the same hypotheses as above, ifz € (IV +(x{, ..., x}))*N

, i —1 =1, ,
(I*4)* where A < N then the coefficient of xit AR xij’ in equation () may be taken
10 be in (x;,, ..., x;)* N (IAOF+DTDyx,
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Proof. We repeat much of the proof given in [AHS], with the changes that lead to
the stronger statement. The proof will be by inductionon }_ #;. Let I} = (x, ..., x4).

The case that each #; = 1 follows from (8), since if z € (IV + (x1,..., x)* N
(IA* € (AVY* + (x1, ..., x)*) N IA)* and we write z = u + v with u € (IV)*
andv € (xq,...,x)* thenv € (x1,..., xx)* N [T4)*.

We may now assume that #; > 2 (after possibly reordering the parameters) and
that the stronger statement holds for ) _ #; smaller. By Theorem 2.2,

IV + &N N A S UV XA e AT

Suppose that z € (IV + (x{', ..., x*))* N (I4)*. Because x is a test element and the
above inclusion holds,

x12 € IV +x] IA™ oo xFIATR,

This can be rewritten as

tH—1 t) rA— t yA—
X1z —u—xPuy — - —xtug —x) 7wy € IV + X2 IR 4 xR

where u € IN=!, u; € 1471 and v € I4~". By Theorem 2.2,

t, [/ Hh-1 N ¢t Y. A,
Z—u—xyuy— - —xfug —x;" v € (I + (e, .., 6 x) N xp)

S AV + Gz, LN N AY”

Elements of the right hand side may be expanded out in the desired manner by the
induction hypothesis.

Thus we may assume that z = u +x2uy 4 - - + xtug +x1 v foru = Y, ugmy,
where m, is a monomial of degree N — 1 in xi, ..., X4. By altering v and the u;
for 2 < j < k, we may assume without loss of generality that in any monomial the
exponent of x; is strictly less than #; and the exponent of x; is strictly less than #; — 1.
It then follows from Theorem 2.2 and the fact thatu € (I + (x]' -1 X2y ooy X))
that each u, € (x1, ..., x4)*. Hence u € (IN)*. Thus we may assume that

z=x2up 4 A xfu+ 2w e AV + G0 L XD N Ay,

where u; € I4~%~! and v € 147" If we can show that each u; is actually in (147%)*
then we will be able to eliminate that term, since x;" uj € x;f - (x;)*(I47%)*, is one
of the terms in the desired large sum.

Suppose that we have succeeded in reducing to the case that z = x;j u + -+

xPug +x)'v forsome 2 < j < k. Write u; = Y upm, where m, is a monomial of

degree A—t; —linxi, ..., xq. By adjusting uj11, ..., ux and v we may assume that
in any monomial the exponent of x; is strictly less than ¢; (for j + 1 < i < k) and the

exponent of x; is strictly less than #; — 1. Since x;.’ uj e (I + (x;’:'l, R ~1yx,

by Theorem 2.2 we have u; € (I~ + (x;";'l, ..., xi, x""1))*. The only way that
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a sum of monomials of degree A —¢; — 1in xy, ..., x4 (where in any monomial the
exponent of x; is strictly less than #; and the exponent of x; is strictly less than #; — 1)
canend up in (I47% + (x;":'l, e X ]! ~1Y)* is for the coefficients to be in 7*. The
point here is that Theorem 2.2 allows us to treat the x;’s as if they were variables (and
hence a regular sequence) up to tight closure.

At this point we have reduced to the case that z = x

Applying Theorem 2.2 again yields

=1y where v € IA7".

ve IV 4 ey, X2, LX) N AT

which may be expanded using the induction hypothesis in order to conclude that
x"~'v is in the desired ideal. O

The statement of Lemma 3.3 is actually stronger than what is needed to prove
Theorem 4.1. The following weaker result is given in [AHS]:

LEMMA 3.4. Letxy,...,xq be parameters in an equidimensional excellent local
ring R and let I denote the ideal they generate. Assume that each x; is a parameter
test element. Then for any integers N, t; > 1, k < d and for any integer a with
leisk(ti - 1) +2<a=x<N,

IV + G ) A =AM+ Y XA

1<i<k
The proof of this uses the following result [AHS, Corollary 3.3]:

LEMMA 3.5. Letxy, ..., x4 be parameters in an equidimensional excellent local
ring R and let I denote the ideal they generate. Assume that each x; is a parameter
test element. For arbitrary integers N and t,with N >t > 1,

AN Oy xf) = AV L XD,

[T

where {iy, ..., i;} is any subset of {1, ..., d}.

Ideals of parameter test elements which fulfill the hypotheses of Lemmas 3.2-5
are abundant by virtue of the following results (see [AHS, §5]).

THEOREM 3.6. Let (R, m) be a reduced, equidimensional, excellent local ring.
Foreveryc € R® suchthat R, is F-rational, there is a power of c which is a test element
for all m-primary ideals I such that R/I has finite phantom projective dimension.

It follows from this (see [AHS, Corollary 5.2]) that such a ¢ has a power which is
a test element for all ideals generated by monomials in parameters. A ring is called
F-rational if every ideal generated by parameters is tightly closed. All regular rings
and direct summands of regular rings actually satisfy the stronger condition that every
ideal is tightly closed.
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4. The main theorem

THEOREM 4.1. Suppose that (R, m) is an excellent normal local domain of di-

mensiond > 3. Let xq, . . ., Xq be a system of parameters such that x,, ..., Xq—\ are
parameter test elements. Set J = ((x1, ..., X4q—1)?"2)*. Then R[Jt] is an arithmetic
Macaulayfication of R.

Proof. The proof of this theorem is very similar to the proof of Theorem 4.1 in
[AHS]. We have followed the general outline of [AHS], but have made the necessary
modifications.

We note that for all n, (J")* = J". This follows from Lemma 3.1(3).

Let G = G(J). We would like to show that the two conditions given in Remark
2.3 hold for § = {—1}. Let m be the homogeneous maximal ideal of G.

Lety; = xi"'2 for]l <i <d. Thendegy;, = 1for1 <i < d anddegy; = 0.
The ideal (34, ..., y4) is primary to /i, SO we may compute H,’;l (G) via the limit of
Koszul cohomology on y, ..., ¥4.

We first observe that each y; is a nonzerodivisor. This can be checked on ho-
mogeneous elements, so assume that Z has degree a and y;Z = 0. Sett = degy;
(so either t = 1 or t = 0). Then y;z € J*"*1, so by colon capturing we have
z € JoH+l y, C (JeH)* = Jo*1 | contradicting the assumption that deg 7 = a.

We next check that condition (2) of Remark 2.3 holds for £ = 2. Choose any pair
9“, 5,2, and by abuse of notation, relabel the elements so that we are considering
Y1, Y2, where degy; = 1 and degy, = m € {0, 1}. To see that H- i (G) =
we need only show that y;, ¥, is G- regular This condition can be checked usmg
homogeneous coefficients. Suppose that Zy, = Wy, wherea = degw = degZ+1—
m. Then zy, — wy, € J**2, hence z € (J**2 + yR): y, € (J*™*™™ + yR)* C
Jo2m 4 3473 (x1)* = J42-" 4 (y,), using Lemma 2.2, the main lemma, and the fact
that principal ideals are tightly closed in a normal domain. Without loss of generality,
z = yju where u € J%8Z%; y, = ja~l+m; y, C ja+tm-2 by colon capturing. Hence
Z € (). Therefore y;, y, is G-regular.

We now show that the a-invariant of G is negative. Let j = ¥;---y;. Any
element 7 € Hg (G) can be represented as n = [Z/3'] where degn = a — (d — 1)t
if degZ = a. Note that ¢ can be assumed to be as large as we desire since we can
multiply and divide by 7" for any ¢ > 0. We need to show that if a > (d — 1)¢ then
n = 0. We will use the fact that for any ideal B = (ry, ..., rx) and any integer n,
B(n—l)k+l = (r;t’ ey r,'(')B("“l)(""‘).

Saya = t(d — 1)+ s wheret > 1ands > O (i.e., degn > 0). Let I =

(x1,...,%4-1). Suppose that z € J¢. Then

7z € (I%@7 2y = [¢@-D-11x by Lemma 3.1(1)
= I(t(d—1)+s)(d—2)—11* — I(d—-1)(t(d—2)——1)+(s+l)(d—2)I*

— (y{, o, y(t[_l)‘,t(d_2)+s'

= (972, KDY 1D E D by the above fact
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From this we may conclude that Z € (J1, ..., J4-1), thus 2/y" € Im(Gy/5, ® -+ ®
Gy3/5,), sothat n = 0.

We now need to show that H(ky,‘ll 9.-k)(G) vanishes in degree # —1for3 <k <d
in order to fulfill the part of condition (2) of Remark 4.3 that we have not yet shown.

Choose k minimal if some cohomology module fails to vanish in degree # —1.

Again abusing notation, renumber so that we call the elements {y, ..., %}, where
deg y; = 1 except possibly y,, which may have degree 0. Let y = y; - - - .
Letn = [%f—', Ly represent a cohomology class of degree b # —1, which,

if nonzero, is written with the fewest number of nonzero entries.

Since n is a cohomology class, and y is a nonzerodivisor, we know that 5){?1 +
-+ + ¥ 7 = 0. Let k' = max{j|7; # 0}. If we can show that 7 € (5}, ..., ¥u_;)
then 7 is equivalent to a cohomology class that can be written with a 0 in the k' spot
and we will be done.

Leta = deg7) and let c = deg7y. Note thatc = a ifdegyp = landc = a + ¢ if
deg y = 0, but either way, ¢ = b + (k — 1)¢ (recall that b = deg n).

Back in R, we have yjr + -+ + yLre € J*H*+! 50 using Lemmas 2.2 and 2.4
(and letting I = (xy,...,X4-1)),

re € [T+ Ol Ly Y] N TE
S I +0L M) NIE

C (I(d—2)(c+]))* + Z(xil .. xij)(d—Z)t—l(xil e, xij)*

where the sumisover{iy,...,i;} € {1,..., k'} and each coefficientisin (x;,, . . ., xij)*
N (I(d—2)c—(d—2)jt+j)*‘

Since c(d —2) —(d —-2)jt+j=(d~-2)[b+ (k— j— 1)t]+ j and we may
assume that ¢ is as large as we like, we conclude the following about the summands:

(1) If j < k—1then (d —2)[b+ (k— j— 1)t]+ j > 1 (by taking ¢ large enough)
so that the coefficient is in (x;,, ..., x;)* N (I** c Xiys o X)) NI C
(xis - - -, x;;) by Lemma 3.1(1) and (2).

@ Ifj =k—1andb < —1 then (x;---x;_1)¢ 2"~ ¢ Jt! since then
k—=D[d-2)t=1]= k=1)(d-2t—(k—1) = (d=2)(k—1D)t+b(d—-2) (=
(c+ 1D —2)).

(3) Ifj =k—1andd > Othenc(d—2)—(k—1)(d—2)t+k—1 = (b+(k—1)t)(d—
D—k-1DAd-2t+k—1=Wd-2)b+k—1=>2,sinceb >0and k > 3.
Hence the coefficient of (xq---xk—1)'@ 21 is in (x1,...,x-1)*(ID* C
X1y ooy Xk—1)*N T C (x1,...,Xxk—1) by Lemma 3.1(1) and (2).

In all cases we have shown that r, € (J°*! + (y},...,y:_)) N J°. By Lemma 3.5,
inG, 7 € (3], ..., J;_,), proving the theorem. O
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COROLLARY 4.2. Let (R, m) be an excellent normal domain of dimensiond > 3.
If the non-F-rational locus of R is closed and has dimension < 1 then R has an
arithmetic Macaulayfication.

Proof. Supposethat A C R defines the non- F'-rational locus. Thendim(R/A) <
1,s0ht(A) = d — 1 since R is a catenary domain. Thus we can pick d — 1 parameters
in A and taking high enough powers we obtain xi, ..., xs—; to be parameter test
elements by Theorem 3.6. Now apply Theorem 4.1. O

COROLLARY 4.3. Let (R, m) be an excellent normal domain of dimension 3. Then
R has an arithmetic Macaulayfication.

Proof. The non-regular locus of R is closed and has height at least 2, since R is
normal. Thus by Proposition 2.1 we may pick x;, x, which are test elements and are
part of a system of parameters. [

Remark 4.4. When the defining ideal of the non-F-rational locus has dimension
two, the methods used here and in [AHS] no longer work. For instance, when
dim R = 4 we can choose J = (x], x2)*, where x, and x, are parameter test elements
and consider R[Jt] and G(J). When considering H,% (G) we will be considering the
condition that rix{ + - - - 4+ r4x} € JV, however, the Main Lemma will no longer be
applicable to analyze 74.
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