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INDICES OF CENTRALIZERS FOR HALL-SUBGROUPS
OF LINEAR GROUPS

THOMAS R. WOLF

ABSTRACT. Suppose that P is a Sylow- p-subgroup of a solvable group G. If G is a transitive permutation
group of degree n, then the number of P-orbits is at most 2n/(p + 1). This is used to prove that
if G is a faithful irreducible linear group of degree n, then the dimension of the centralizer of P is
at most 2n/(p + 1). The latter result generalizes results of Isaacs and Navarro and is also used to
affirmatively answer a question of Monasur and Iranzo regarding indices of centralizers in coprime operator
groups.

Suppose that V is a faithful irreducible module for a solvable group G. While
there is no universal non-trivial upper bound for the dimension of the centralizer
of a non-identity element of G (i.e., one may find V, G, and 1 # g € G such
that dim(Cy (g))/ dim(V) is arbitrarily close to 1), we do show thatif | # P €
Syl,,(G), then dim(Cy (P) < 2dim(V)/(p+1). Likewise if G is a transitive solvable
permutation group on §2, there are no non-trivial bounds for the number of orbits of a
non-identity element of G, but we do show thatif 1 # P € Syl ,(G), then the number
of orbits of P on 2 is at most 2|2|/(p + 1). In fact, this result aids the proof of the
result on linear groups. We use this to positively answer a question posed by Profs.
F. Perez Monasor and M. J. Iranzo. Their question and this paper begin with a paper
of Isaacs and Navarro [IN].

HYPOTHESIS CP. We assume that A acts on G via automorphisms, that

(JA,|IG]) = 1. Welet C = Cg(A) and m = n(G) be the set of prime divisors
of |G]|.

Assuming Hypothesis CP, Isaacs and Navarro [IN] prove a pretty result that states
if an irreducible character of G is induced from an irreducible character of C, then
indeed C = G (i.e., A acts trivially on G). To this end, they prove that if V is a faithful
irreducible G A-module with G solvable, A # 1, and the characteristic of V is coprime
to |A|, then dim(Cy (A)) < 2dim(V)/3. We improve this result in Theorem 1.2 by
removing the restriction on the characteristic and showing even that dim(Cy (A)) <
2dim(V)/(p + 1) where p is the largest prime divisor of |A|. Furthermore, we
show that if GA is a transitive permutation group on €2, the number of A-orbits is at
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most 2|2|/(p + 1), and this, in turn, helps prove the result on linear groups. Besides
removing the restriction on the characteristic and improving the bound, our techniques
seem simpler and more direct than those in [IN]. The aforementioned results about
Sylow subgroups of solvable linear groups and permutation groups are Corollary 1.4,
an easy Corollary to Theorem 1.2.

Assume Hypothesis CP with G solvable and let F = F(G), the Fitting subgroup
of G. If A centralizes F, then indeed A centralizes G, (i.e., |F: F N C| = 1 implies
that |G:C| = 1). The question posed by Perez and Iranzo is whether |G: C| is
bounded by a function of | F: F N C|. It is a consequence of Theorem 1.2 that indeed
|G: C| < |F: F N C|? for some B, but the first such approximation is much too large
and with a little additional work, we show that |G: C| < |F: F N C|**! for a constant
o with 2.24 < o < 2.25 and this is best possible. In a minimal counterexample, F
is a faithful irreducible G A/ F-module.

1. Orbits and centralizers
We first quote Lemma 2.2 of [IN], which is used several times.

LEMMA 1.1. Assume that A acts on X = X; ® --- @ X, for subgroups (or
submodules) X; of X that are permuted transitively by A. Let A; = Na(X;) and let
Ci = Cx,'(A,'). Then Cx(A) = C,'.

We state Theorem 1.2 in a little more generality than mentioned above for con-
venience of applications and to avoid frequent repetition of a routine argument. We
will apply some Hall-Higman results at the end of the proof and have even put these
in a separate Lemma 1.3 that appears afterwards.

THEOREM 1.2.  Assume Hypothesis CP with GA normal in T, with G solvable
and A # 1. Let p be the largest prime divisor of | Al.

(a) If T transitively and faithfully permutes a set 2, then the number of A-orbits
on Q is at most 2|2|/(p + 1).

(b) If V is a faithful irreducible " -module, then dim(Cy (A)) < 2dim(V)/(p+1).

Proof. Our proof will use part (a) to prove part (b). We argue by induction on
|G A||2| for part (a) and by induction on |G A| for part (b). The first reduction is
common to both parts. Choose K normal in I" with K € G A minimal such that p
divides |K|. Assume that K < I'. If I" is a transitive permutation group, we may
write €2 as a disjoint union 2 = A U---U A, for K-orbits A;. Because K is normal
in " and I' is transitive on €2, it follows that the groups K /Cg (A;) are all isomorphic.
Because K acts faithfully on ©, we have that N;Cg (A;) = 1 and that K/Cg (A;)
has a normal and proper Hall-r -subgroup. Even p divides |K/Cg(A;)| forall i. Let
Ap = ANK € Hall;(K). Now | # Cg(A;)Ap/Ck(A;) € Hall (K /Ck(A;)) and
the inductive argument shows that A, has at most 2|A;|/(p + 1) orbits on A;. Hence
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Ao has at most X;2|A;|/(p + 1) = 2|R2]/(p + 1) orbits on Q. Since Ay C A, A has
at most 2|Q2|/(p + 1) orbits on €2, proving (a). For (b), we may similarly write V =
Vi®---@V, forirreducible K-modules V; with the groups K /Ck (V;) all isomorphic
and argue by induction that dim(Cy (A)) < dim(Cy(Ag)) = IL; dim(Cy;(Ap)) <
%; 2dim(V;)/(p + 1) = 2dim(V)/(p + 1). Both parts (a) and (b) follow when
K < T'. Hence we may assume that p does not divide |N| whenever N is a proper
normal subgroup of I". In particular, GA =T.

(a) Suppose that G A transitively permutes 2. First assume that G A is an imprimi-
tive permutation group. Write 2 as a disjoint union 2 = A U---U A, for subsets A;
that are permuted transitively and faithfully by GA/M for a normal subgroup M of
GA and with | < |A;| < |2| and M < G. By the last paragraph, p ||G/M|. Since
t < |S2|, we apply the inductive hypothesis to the action of G/M on {A|, ..., A} to
conclude that the number of A-orbits on {A,..., A,} is at most 2¢/(p + 1). Then
the number of A-orbits on 2 is at most 2¢|A;|/(p + 1) = 2|R2|/(p + 1), as desired.
Conclusion (a) follows if GA is imprimitive on 2.

Let n = |Q|. Of course p divides n!, and so 1 < 2|Q|/(p + 1). We may thus
assume that A is not transitive on 2 and G > 1. We let s = s(A) be the number of
A-orbits on .

Next, assume that GA is a primitive permutation group and let N be a minimal
normal subgroup of GA with N € G. The solvability of G forces N to be an
elementary abelian group. Now N is transitive on Q since otherwise the N-orbits
form a non-trivial system of imprimitivity for GA. Let P € Syl,(A) and observe
that N P is transitive on Q. If NP < GA, the inductive hypothesis implies that
s <s(P) <2|22|/(p+1). So we may assume that GA = N P, whence N = G and
A = P. Now NP is a solvable primitive permutation group with unique minimal
normal subgroup N. It is well known that NH = GAand N N H = | where H is
a point stabilizer, that N is a faithful irreducible H-module and the actions of H on
2 and N are permutation isomorphic. In particular n = |N|. The complements to N
in G A are all conjugate and indeed P is a point stabilizer in GA. Since N is abelian
and a minimal normal subgroup of GA = NP, it follows that Cy(P) = 1. Since
Cn(P) = 1 and the actions of P on N and 2 are permutation isomorphic, then

s<(=D/py+1=2n/(p+1)-[(p—Dn—(p+1))/p(p+ D] <2n/(p+1)

as desired.

(b) Now suppose that V is an irreducible G A-module. If V is not quasiprimitive,
choose N normal in GA maximal with respect to Vy not homogeneous and write
V=W &---®& W, for the m > | homogeneous components W, ..., W, of Vy.
The maximality of N shows that G/ N transitively and faithfully permutes the W;. By
Lemma 1.1, we have that dim(Cy (A)) < t dim(W,), where t is the number of A-orbits
on (W, ..., W,}. By the first paragraph, p ||G/N|. Note that N > | because Vy
is not homogeneous. Applying part (a) to the action of GA/N on {W,, ..., W,}, we
havet < 2m/(p+1). Sodim(Cy(A)) < 2mdim(W))/(p+1) =2dim(V)/(p+1).
Thus we may assume that V is a primitive G A-module.
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Suppose that O, (GA) # 1. Because V is a faithful irreducible G A-module,
Cy(A) € Cy(0,/(GA)) = 1 and dim(Cy (A)) = 0 and part (b) follows. Hence we
may assume that O, (GA) = 1.

Let F = F(G) sothat C5(F) C F by the solvability of G. Because O, (GA) = 1,
it follows that Cg4(F) € F and that A acts faithfully on F. We choose a € A of
order p and show dim(Cy (a)) < 2dim(V)/(p+1). Since V is quasiprimitive, Z(F)
is cyclic. If a does not centralize Z(F), then Z < a > is a Frobenius group for some
subgroup Z of Z(F) and then dim(Cy (a)) = dim(V)/p (see Theorem 15.16 of [Is]).
We assume then that a centralizes Z(F') and choose a Sylow subgroup Q of F (for
some prime q) that is not centralized by a. Now every characteristic abelian subgroup
of Q is cyclic. We apply Theorem 1.9 of [MW]. If g is odd, then Q = EZ(Q) for
an extra-special g-group E that is characteristic in Q and not centralized by a. If
q = 2, then the hypotheses imply that GA is solvable and there exists an extra-
special group E normal in G A such that Q = ET with T normal in GA and Aut(T)
a 2-group. In all cases E is normal in GA, Vg is homogeneous and a does not
centralize E. Applying Lemma 1.3 (below), dim(Cy (@)) < 2dim(V)/(p + 1) and
thus dim(Cy (A)) < 2dim(V)/(p+1). O

LEMMA 1.3. Suppose that G = QP where Q is an extra-special q-group and
|P| = p for a prime p # q. Assume V is a G-module and Vg is a direct sum of
faithful irreducible Q-modules. Then dim(Cy (P)) < 2dim(V)/(p + 1).

Proof. Observe that ¢ # char(V). Set Z = Z(Q) so that Z is the unique
minimal normal subgroup of Q and Cy(Z) = 1. We may assume that P centralizes
Z since otherwise dim(Cy (P)) < dim(V)/p (see Theorem 15.16 of [Is]). Since
P centralizes Z and p # q, the commutator group [Q,P] is an extra-special group
containing Z (e.g., see Lemma 12.4 of [MW]). In particular, Z is the uniqu¢ minimal
normal subgroup of [Q,P]. Since Cy (Z) = 1, it follows that V{g py is a direct sum of
faithful irreducible [Q,P] - modules. So we may assume that Q = [Q, P] and thus
CQ/z(P )=1.

Let F be the underlying field and let K be an extension field of F. Note that
V ® K is a direct sum of faithful irreducible Q-modules. Since dimgx(V ® K) =
dimg(V) and dimg (Cygg (P)) = dimg(Cy (P)), it is no loss to assume that F is
algebraically closed. Also, it is no loss to assume that V is indecomposable and thus
absolutely indecomposable (even absolutely irreducible if p # char(F)). Applying
Hall-Higman techniques {specifically [Hu, V,17.13] when p # char(F) and [HB
1X,2.6 and VII,5.3] when p = char(F)}; we conclude there exists a non-negative
integer m such that dim(Cy (P)) and dim(V') satisfy one of the following:

dim(Cy (P)) = m and dim(V) =mp + 1;

dim(Cy (P)) = m and dim(V) = mp — 1;
dim(Cy(P)) =m + 1 and dim(V) = mp + 1; or
dim(Cy(P)) =m+ 1l anddim(V) =mp + p — 1.
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Since Q is non-abelian, g| dim(V) and thus m > 0 in the first 3 cases. Also mp > 2
in the second case. In the last case, m > 0 or p > 2. In all four cases, it is easily
verified that dim(Cy (P))/ dim(V) < 2/(p + 1), as desired. 0O

COROLLARY 1.4.  Assume | # P € Syl (G) for a solvable group G.

(a) If G transitively and faithfully permutes a set S2, then the number of P-orbits
on QQ is at most 2|Q2|/(p + 1).

(D) If V is afaithful irreducible G-module, then dim(Cy (P)) < 2dim(V)/(p+1).

Proof. Let L = Op(G), let M = 0,,(G)and P € Syl,(M). This corollary
now follows by applying Theorem 1.2 to M, P, and G in place of G, A, and I
(respectively). 0O

If W is a faithful irreducible H-module and S is a transitive permutation group
on n letters, then the wreath product Hwr S is an irreducible linear group of degree
n* dim(W). Corollary 1.4 yields restrictions on which subgroups of HwrS can be
irreducible. An argument very similar to that of Corollary 1.4 gives the following.

COROLLARY 1.5. Suppose that 1 # H is a Hall-n'-subgroup of a m-solvable
group G. Let p be the smallest prime divisor of |H|.

(a) If G transitively and faithfully permutes a set 2, then the number of H -orbits
on Q is at most 2|12|/(p + 1).

(b) If V is a faithful irreducible G-module, then dim(Cy (H)) < 2dim(V)/(p+1).

In Theorem 1.2, we used part (a) to prove part (b). Next we use part 1.2(b) to
prove a result similar to that of 1.2(a).

COROLLARY 1.6. Assume G is a solvable primitive permutation group on Q with
point stabilizer H. If 1 # P € Syl,(H) for a prime p, then the number s of P-orbits
on Q is at most 2|2 /(p + 1) unless (i) |2} = 4, G = 84, |p| = 2 and s = 3; or (i)
IR2I=9,|P|=3ands =5.

Proof. Since G is solvable primitive permutation group on €, G has a unique
minimal normal subgroup N that acts transitively and regularly on 2. Furthermore
G =NH,NNH = 1and N is a faithful irreducible H-module and an elementary
abelian r-group foraprimer. If r # p, then P € Syl,(G) and the result follows from
Corollary 1.4. We thus assume that N is an elementary abelian p-group. Because
p ||Aut(N)|, in fact |N| = p” for an integer n > 1. Since P C H, the actions of P
on N and on 2 are permutation isomorphic. By Corollary 1.4, |Cy(P)| < [N|?/(P*+D,
Hence the number of orbits of P on N or Q2 is at most

INP/PHD + (IN| = INP/P*D) /p = 191/p + (p = DIQI*/ p.
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Now [Q/p+ (p— DIQIY"*Y/p < 2|Q|/(p+ 1) ifand only if p" = |[N| = |Q| >
(p+ 1)P*+D/(rP=D This inequality is valid except when p" = 22,23, 2% or 32 and so it
suffices to establish the corollary in these four cases. If p" = 32, then H € GL(2,3)
and exception (ii) is easily verified. If p" = 22, 2%, or 24, then G is a subgroup of the
semi-linear group I'(p") of order (p" — 1)n (see Corollary 2.13 and Theorem 2.14
of [MW]). Thus |P||n and Cy(P) = |N|'/'P!. In particular, n # 3 and exception (i)
occurs when n = 2. Finally, when p" = 2%, P is cyclic of order 2 or 4 and P has at
most 10 orbits, whence the conclusion of this corollary is valid. O

2. Indices of centralizers

We will show that |G:A| < |F:F N C|**' for a constant o (defined after
Lemma 2.1) if G is solvable, F = F(G), and Hypothesis CP applies. Theorem 2.4,
the key result in this direction, shows that if V is an irreducible G A-module, then
|G:C| < |V:Cy(A)|*. The argument involves applying induction when V is an-
induced module. Lemma 2.1 uses Lemma 1.1 to help control indices of centralizers
in this situation.

2.1 LEMMA. Assume Hypotheses CP. Suppose that V is a faithful G A-module
and Vg = W\ ®- - -@®W,, for submodules W; that are permuted by A in s orbits. Label
the W; so that Wy, ..., W; lie in the distinct orbits of A. Let H; = G/Cg(W;), let
A; = Nas(W;) and C; = Cy,(A;). Assume that dim(W;) = dim(W,) and |H;| = |H|
for all i where H = H|. Then |G:C| < |H|"/(IT;=| 10 s|Ci])-

Proof. For j = 1tos, weletY; be the sum of all X; in the A-orbit of X}, so that
each Y; is GA-invariantand V = Y| @ --- @ ¥,. Let D; = Cg(Y)). If s > 1, we
argue by induction on dim(V) that |G/D;: Cg,p,;(A)| = |G: D;C| < |H|'"V/|C;]
where ¢ (j) = dim(Y;)/ dim(W;). Since (|G|, |A|) = 1 and Nj=; ,x, s D; = 1 and, we
have :

|G:C| < Mj=1 10 5IG/Dj: Cgpj(A)| < |H|" /M=) 10 5ICjl,
as desired. Thus we may assume that s = 1.

Now Vg = W, & - - - & W,, for submodules W; that are permuted transitively by
A/ Ao for some normal subgroup Ag of A. Since A; = N4(W)), there is an injection
9:GA — GA/Cga(W)) L A/Ap (e.g., see Lemma 2.8 of [MW]). Now |G:C| =
[9(G): (C)| = |9p(G): Ci(w(A))|. The normal Hall-x-subgroup, say R, of the
wreath product GA|/Cga(W)) t A/Ay is a direct product of m groups isomorphic
to H = GA;/Cga(W)) that are permuted transitively by A/Ao. By Lemma 1.1,
|G:C| = |9(G): Cy6y(9(A))| < [R:Cr(p(A)| = |H|"/ICu(A)) = |H|/Cy.

O

Notation. We let A = 24!/3 and @ = (In(48) + In(1))/In(9) and note that
9% =48/A and 2.24 < o < 2.25. Also A = 2.88
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The bounds given in the next lemma are best possible for groups of even order.

22LEMMA. (i) If V # 0 is a faithful completely reducible G-module for a
solvable group G, then |G| < |V|*/)L. If |G| is odd, then |G| < |[V|*/4.5.
(i) If G # 1 is a normal subgroup of a primitive permutation group I" on Q and G
is solvable, then |G| < |Q|“*!/A.

Proof. The first statement in (i) is [MW, Theorem 3.5], which also shows that
|G| < |V|?/A when |V| is odd. But |V|?/A < |V|%/4.5 for |V| > 6. The second
statement of part (i) then easily follows via inspection.

For part (ii), choose a minimal normal subgroup M of GA with M C G. Then
M is abelian, M regularly and transitively permutes Q, MH = GAand M N H = |
where H is a point stabilizer in GA. Also, Cy (M) is normal in G and fixes every
point of 2, whence Cy (M) = 1 and M is a faithful H = I'/ M-module. Then M is
a completely reducible and faithful G/M-module. By part (i), |G| = |G/M||M| <
IMIa-H/)\ = lQIa-H/Au 0O

The next bound, used in Theorem 2.4 when V is an induced module, is an easy
consequence of Lemma 2.2 and Theorem 1.2(b).

2.3 PROPOSITION. Assume Hypotheses CP with G solvable and A # 1. Suppose
that G A is a transitive permutation group on 2 and assume also that G = 1 or GA
is primitive. Let m = |2| and s be the number of A-orbits on Q. Then |G: Cg(A)| <
A1 S50orGAZE S§3, Al =2,5s =2,m =3 =|G:Cg(A)|.

Proof. Certainly m > 1. We assume that G # 1 since otherwise s = 1 and
the inequality is trivial. Hence m > 2. The conclusion is evident if m = 3. If
m = 4, the hypotheses imply that GA = A4 with |A| = 3, so that s = 2 and
|G:Cg(A)| =4 =2"" < A" /1.5. We thus assume that m > 4.

Applying Lemma 2.2(ii), we have that |G:C| < |G| < m**'/A. By Theo-
rem 1.2(a), m — s > m/3. For m > 29, an easy computation shows that 1.5m**! <
243/ = Hm+H/3 Thys form > 29, it follows that

|G:C| < m®*1 /A < AP 150 = A3 /1.5 < A"5/1.5,
as desired. If A is not a 2-group, then Theorem 1.2(a) even shows thatm — s < m/2.
For m > 7, an easy computation shows that 1.5m®*! < 240m+2/6 — )} n+2)/2 When
m > 7 and A is not a 2-group, it follows that

|G:C| < m®** /A < A2/ 50 < A™5/1.5,

as desired. Thus the proposition is valid when m > 7 provided A is not a 2-group
and is always valid when m > 29.
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Choose a minimal normal subgroup M of GA with M € G. Then M is abelian,
M regularly and transitively permutes Q, MH = GA and M N H = 1 for a point
stabilizer H in GA. In particular, m = |Q| = |[M| = p" aprime p and integer n. As
inLemma 2.2, observe that M is a faithful irreducible H-module. By the coprimeness
hypothesis, we can assume that A € H and so that the permutation actions of A on
M and €2 are isomorphic.

Suppose that M A/M is normal in GA/M. Then Cy(A) = Cy(MA/M) =1
because M is a faithful irreducible GA/M-module and A # 1. Hence the number
s of A-orbits on M is at most | + ((m — 1)/2) = (m + 1)/2. Also A centralizes
G/M and so |G:C| = IM:M N C| = |M| = m. Because m > 4, it follows that
|IG:C| = m < A"~D/2/1.5 < A™=5/1.5. The conclusion of the proposition is
satisfied if MA/M is normal in G/M. If m = p, then GA/M is abelian because M
is a faithful irreducible GA/M-module and so M A/M is normal in M.

Summarizing, we have that the proposition is valid provided thatm < 5, m > 29
or m is prime. If, in addition, A is not a 2-group, the proposition is valid for m > 7.
But m = p" is a prime power. Since (p,|A|) = 1, we may assume that A is a
2-group and m = 32, 5%, or 3°. Because M is a faithful irreducible G A/M-module,
IGA/M|||M| and O,(GA/M) = 1. When m = 32,52, or 3%, it follows that |G /M|
divides 1, 3, or 13 (respectively). In all three cases, we now have

|G:C| < |G| =m|G/M| <24"°/1.5=1"3/1.5 < A" /1.5,

where the last equality follows from Theorem 1.2(a). O

2.4 THEOREM. Suppose that V is a faithful completely reducible G A-module
with A # 1. Then |G: Cg(A)| < |V:Cy(A)|*/1.5.

Note. Even if A = 1, we have |G:Cg(A)| < |V:Cy(A)|*. We will use the
induction argument this way.

Proof. We will argue by induction on |V|. Since (|G|, |A|) = |, we have
that GA/[G, A] = G/[G, A] & A[G, Al/IG, A] and [G, A] is the normal Hall--
subgroupof A[G, A]. Alsowehave G =[G, A]C andso|G: C|=|[G, Al: Cig.4;(A)I.
But V is a faithful completely reducible A[G, A]-module and so itis no loss to assume
that G = [G, A]. In particular, GA = A[G, A] = O"(GA). Since (|G|, |A]) =1,
we have that NC/N = Cg/n(A) whenever N is an A-invariant subgroup of G.

First suppose that V = X @ Y for GA-modules X and Y. Set K = Cga(X)
and L = Cga(Y). If GA acts faithfully on X, the argument follows by induction
as |X:Cx(A)| < |V:Cy(A)|. Thus we may assume neither X nor Y is a faithful
G A-module. Since V = X @Y is a faithful G A-module, neither X nor Y is a trivial
G A-module. Both L and K are proper non-trivial normal subgroups of GA. We
apply the inductive hypothesis to the action of GA on X to conclude that:

IG:(KNG)C|=|GK:KC|=|GK/K:KC/K| < |X:Cx(A)|*/1.5
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and also that |G: (LN G)C| < |Y:Cy(A)|*/1.5. Since KNL = 1, the group KNG
is A-isomorphic to a subgroup of LG/L = G/L N G and thus

IKNG:KNGNC|=|KNG:Ckng(A)| < |G:(LNG)C| < |Y:Cy(A)|*/1.5.
Then
|G:C|=|G:(KNG)C||IKNG:KNGNC| < IX:CX(A)I"’IY:Cy(A)I"‘/l.52.

So we may assume that V is an irreducible G A-module.
Suppose that V is not quasi-primitive and choose N maximal in GA such that
Vn is not homogeneous. Write Vy = W; @ --- & W,, for the m > 1 homogeneous

components Wy, ..., W, of Vy. The maximality of N shows that GA/N transitively
and faithfully permutes the W;.
Label the W; sothat Wy, ..., W, lie in the distinct orbits of A andset A; = N4 (W;).

Let L be the normal Hall-r-subgroup of N, let H; = L/C.(W;) so that H; is A;-
isomorphic to the normal Hall-w-subgroup of N/Cxy(W;). If C; = Cy;(A;), then
Lemma 2.1 applied to LA yields

IL: LNC| < |H|"/(Mizi 10 5|Ci) = |H" " izt 0 5| Hi: Cil.
Lemma 1.1 shows that Cy(A) = D, & --- & D; where D; = Cy;(A;) and so
[V:Cv(A)| = |Wi|"*Ilizi 0 s|Wi: Di|. By Lemma 2.2, |H,| < |W;|*/A. By
induction applied to the action of LA; (or even N A;) on W;, we have that | H;: C;| <
|W;: D;|* for each i. Thus

IL:LNC| < |HI" Mzt 05| Hi: Ci| < [W 20 /A2y 4o 5| Wi D |
= |V:Cy(A)|*/A"5.

If |A| is even, then | H;] must be odd and we similarly apply Lemma 2.2 to conclude
that [L: LN C| < |V:Cy(A)|*/(4.5)"*. Now

|G:Cl=|G/GNN:Cqg/6nn(AIIGNN:CNN| = |NG/N:Cng/n(A)IL: LNC].
Thus we have

|G:C| < ING/N:Cng/n(AIIV:Cy(A)*/A"*
and also

G:C < ING/N:Cng/n(A)|IV:Cy(A)|*/(4.5)""

when |A] is even. Assume first that GA/N is not isomorphic to S3. Then Proposi-
tion2.3 showsthatING/N:Cyg/n(A)| < A" 7%/1.5andthus |G: C| < |V:Cy(A)|*/
1.5 when V is imprimitive unless GA/N = §3 and |]AN/N| = 2. On the other hand,
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if GA/N = Sz and |AN/N| =2,thenm = 3,5 =2, |[NG/N:Cng/n(A)| = 3 and
|A] is even. Hence

|G:C| < 3|V:Cy(A)|*/(4.5)" " = |V:Cy(A)|*/1.5.

The conclusion |G: C| < |V:Cy(A)|%/1.5 holds whenever V is an imprimitive G A-
module.

If 0,(GA) # 1, then Cy(A) € Cy(0,/(GA)) = | and Lemma 2.2 yields
IG:C| < |G| < |V|*/1.5=|V:Cy(A)|*/1.5. So we assume that O, (GA) = 1.

Now we assume that V is a primitive G A-module. We let F = F(GA) and note
F = F(G) because O, (GA) = 1. First assume that F is abelian. Since Vg is
homogeneous, GA may be identified as a subgroup of the semi-linear group I'(V)
with F C Iy(V); i.e., the elements of V may be labeled by those GF(g") in a
one-to-one fashion (where ¢" = |V|) suchthat GA C I'(V) = {x > ax°|0 # a €
GF(q"), 0 € Gal(GF(q")/GF(q))} and Z C TI'y(V), the cyclic normal subgroup
of multiplications with order ¢" (see [MW, Corollary 2.3]). So A is isomorphic to a
subgroup of I'(V)/ T'o(V), whence A is cyclic. If 1 # P is a Sylow subgroup of A,
then P is cyclic and we may find a characteristic subgroup Y of Z suchthat Y P is a
Frobenius group. Because Cy (Y) = {0}, we have that dim(Cy (P)) = dim(V)/|P|
(see [Is, Theorem 15.16]). If | P| > 2, then

[V:Cy(A)* > |V:Cy(P)|* > |V|*/? > 3|V|/2 > 3|Z|/2 > 3|G: Cg(A)|/2

and the conclusion of the theorem holds. If |A| =2 and |1 # a € A, thena = xo for
some x in ['g(V') and field automorphism o of order 2 and the centralizers in o (V)
of a and o coincide as a group of order ¢"/2 — 1 (where g" = |V|). Then

IG:C| < ¢"*+1<¢"*/1.5 =|V:Cy(A)[*/1.5,

as desired. Hence we may assume that F is non-abelian.

Because V is a primitive G A-module, every abelian normal subgroup Y of GA
is cyclic and also Y € G because O, (GA) = 1. Furthermore Y C Z(G) because
O"(GA) = GA and GA/Cg(Y) is abelian. In particular, if Z = Z(F), then Z is
cyclic and Z = Z(G). Observing that G A is solvable when |F| is even, we quote
Theorem 1.9 of [MW] to conclude that F/Z is abelian and is a direct sum of irreducible
G A/ F—modules of even dimension (possibly of different characteristics). The same
theorem shows also that F = EZ for a normal subgroup E of GA and the Sylow
subgroups of E are extra-special or of prime order. Furthermore, F/Z is a faithful
G/ F-module by a theorem of Gaschutz [MW, Theorem 1.12]. Since F is non-abelian,
F>Z.

Now e? = |F: Z| for an integer e > 1. Since V is a homogeneous G-module,
the structure of F implies that Vz = reW for an irreducible Z-module W (e.g., see
Lemma 2.4 of [MW]) and some positive integer ¢. Since W is a faithful Z-module
for the cyclic group Z, we have that |Z|| |W| — 1. Every prime divisor of e divides
|Z| and |W| — 1. In particular, |W| > 3.
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Theorem 1.2 yields Cy (A)| < |V|*? and furthermore |Cy (A)| < |V|'/? unless
A is a 2-group. If A does not centralize Z, we may pick z in Z with A* # A
and then < A, A* > generates a subgroup of AZ that intersects Z non-trivially.
Then Cy(< A, A* >) = {0} and so |Cy(A)| < |V]'/2. So |Cy(A)| < |[V|*?, and
furthermore |Cy (A)| < |V|'/? unless A is a 2-group centralizing Z.

We first prove the conclusion is valid when G = F. Inthiscase, |G| = |F/Z||Z| =

e?|Z| < €*|W|. Recall 2.24 < a < 2.25. If A is a 2-group that centralizes Z, then
e > 2 and

|G:C| < |G:Z| = €® < 3°°/3/1.5 < |W|°*/*/1.5 < |V|*/3/1.5 < |[V:Cy(A)|%/1.5,

as desired. By the last paragraph, we may assume that |Cy(A)| < |V|'/2. Since
e > | we have

|G: Z] < €® <3°/2/1.5 < |W|**/2/1.5 < |V|*?/1.5 < |V:Cy(A)|*/1.5.

So we assume that A does not centralize Z, |Z| > 2 and |W| > 4. Because e > 1,
note that e < 4@¢=2/2/1.5 Then |G:C| < |G| < €*|W]| < |W|4@-D/2/15 <
|W[|W|@e=D/2/1.5 < |W|*/2/1.5 < |V]|*/2/1.5 < |V:Cy(A)|*/1.5. So the con-
clusion holds when G = F.

Now F =F(GA), Z = Z(F) = Z(G) and (|G|, |A|) = 1. We have that F/Z is
the directsum F/Z@®- - -® Fy/ Z forirreducible G A/ F-modules F; / Z of order f? for
prime powers f; suchthat f; ... fi = e. We may assume that G/ F does not centralize
Fy/Z,because G/F # 1 and G/F acts faithfullyon F/Z. If B= GA/Cgs(F,/2),
then B has a non-trivial normal Hall-wr-subgroup By = GCga(F/Z)/Cga(Fi/Z)
because G does not centralize F;/Z. In particular, F(By) # 1 has order coprime to
Jfi because F;/Z is a faithful irreducible B-module. Also By and F/Z are m-groups,
while B/ By is a r’-group. Furthermore O™ (B) = B and so B/By # 1. In particular,
B is non-abelian and | B| fj is divisible by at least three distinct primes. If f; is2 or 3,
then Aut(F), Z) is a {2,3}-group and we have a contradiction. If f; = 4, then B/ B,
has odd order and F;/Z is a faithful irreducible module of order 2* for the solvable
group B, whence B = By or B is abelian (e.g., see Corollary 2.15 of [MW]), again a
contradiction. Thus f; cannotbe 2, 3,0r4. Thuse = f|... fy > 9ore = f is 5,
7,8,0r9.

A simple computation shows that 2@+ < 32ea=3/3 < | |2ea=3/3 for ¢ > 9,
But because every prime divisor of e must divide |W|—1 and |W| is a prime power, we
see also that e>@+D < |W|2e@=3/3 when e is 5, 7, or 9. Indeed similar computations
yield

Xt < W |@tea=3/3 except when e = 8,1 = 1 and |W| = 3;
2@+ < |W|Ue*=2/2 except when ¢ = 1 and (e, [W|) € {(8, 3), (8, 5), (9, 4)};

e2th) < w3 for odd e except when ¢ = |
and (e, |[W]) € {(5,11),(7,8),(9,4), 9, D).
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Since G/ F acts faithfully and completely reducibly on F/Z, Lemma 2.2 implies
that |G/F| < |F/Z|*/» = €**/x and thus |G/Z| = |G: F||F: Z| < e***V/1.5.
Furthermore |Z| divides |W| — 1 and so |G| < |W|e2“*D/1.5. Assume thate > 9
or that t > 1. We apply the last paragraph to conclude that |G| < |W/|"*®/2/1.5.
Likewise, |G: Z| < |[W|“®/3/1.5 for odd e. If A is a 2-group centralizing Z, then e
is odd, |Cy (A)| < |V|*? and

|G:Cg(A)| < |G: Z| < |W[*3/1.5 = |V|*/*/1.5 < |V:Cy(A)J*/1.5.
Otherwise |Cy (A)| < |V|'/? and
IG:Co(A)| < |G| < [W|"“*2/1.5 = |V|*?/1.5 < |V: Cy(A)*/1.5.

The conclusion |G: Cg(A)| < |V:Cy(A)|*/1.5 of the theorem holds when e > 9 or
t > 1. Thus we may assume thatt = 1 and e € {5, 7, 8, 9}. By the same argument,
we may even assume that (e, |W|) € {(5, 11), (7, 8), (8, 3), (8,5), (9,4), (9, T}

Assume for this paragraph that A has even order. Because (|A|, |G|) = |, we have
that e is odd and (e, |[W]) € {(5, 11), (7, 8), (9,4), (9,7)}. Now G/F = By has odd
order and is a non-trivial normal subgroup of B, which acts irreducibly on F/Z. If s
is a prime divisor of F(G/F), then s must divide e* — 1 since 1 is the centralizer in

F/Z of the Sylow-s-subgroup of F(G/F). Thus routine arguments then show that
|G/F|is 3 or5. Then

|G/Z| < 5¢* < min{|W|"®/3/1.5, |W|"ex=2/2/] 5},

with the last part of the inequality is easily verified by inspection. If A centralizes Z,
then

IG:C(A)] < |G: Z| < WP /1.5 = |V|*/}/1.5 < [V:Cy(A)*/1.5
Otherwise |Cy (A)| < |V|'/? and
IG:C6(A)| < |G| < [W["*/2/1.5 = |V|*/2/1.5 < |V:Cy(A)|"/1.5.
Hence the theorem is valid when |A| is even.
We now may assume that |A| is odd. In particular, |Cy (A)| < |V|'/2. If eis 5 or

7, it follows from the preceding three paragraphs that

IG:C| < |G| < |[W[e***D /1.5 < [W||W|"e=272/15
= [W|*?/1.5 = |V|*? < |V|:Cy(A)|*/1.5,

as desired. If e is 9, then the prime divisors of |A| are larger than 3 and so |Cy (A)| <
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[V|'/3 by Theorem 1.2. For e = 9, it follows from the preceding three paragraphs
that

|G:C|

IA

|G| < |W|82(u+”/|.5 < |W||W|(2'w_3)/3/l.5
= W3 /1.5 = |V|*/3 <|V:Cy(A)*/1.5,

as desired. Hence we may assume that e is 8.

With e = 8, we have that |W| is 3 or 5 and that A is solvable of odd order.
Thus Z is cyclic of order 2 or 4 and thus Z < Z(GA). If Ay = C4(F/Z), the
Ay centralizes G/F, F/Z and Z, whence A centralizes G. Then Ay = 1 because
0,(GA) = 1,and F/Z is afaithful irreducible GA/F-module. Since Z < Z(G A),
G A/F even acts symplectically. Then |G A/F| must divide [Sp(6, 2)| = 3**5*7*2°.
For p > 2, an abelian p-group of GA/F can have rank at most dim(F/Z)/2 = 3
(see Lemma 12.5 of [MW]). If T is a Sylow-3-subgroup of F(GA/F) = F(G/F),
then T cannot be elementary abelian of order 3* and so |[Aut(T)| is not divisible
by 5 or 7. Now F(GA/F) must be a {3,7}-group with order coprime to |A]|. If
3 divides |[F(GA/F)|, then T and F(GA/F) are centralized by A, a contradiction
because the solvability of G A implies that F(G A/ F) must contain its own centralizer
in GA/F. So |[F(GA/F)| = 7. Since Aut(F(GA/F)) is abelian, it follows that
F(GA/F) = GA/F has order 7 and GA/F is non-abelian of order 21. Now

|G:Cg(A)| < |G:Z| = 7*2° <3%/1.5 < |W[?/?/1.5
= |V|*/2/1.5 < |V:Cy(A)|%/1.5,

as desired to complete the proof. (Alternatively, one could derive a contradiction here,
because a non-abelian group of order 21 cannot act irreducibly on a G F(2)-vector
space of dimension 6). [

Applying Theorem 2.4 to the action of GA on F(G) now gives an affirmative
answer to the question posed by Perez and Iranzo.

2.5 COROLLARY. Assume Hypothesis CP with G solvable and F = F(G). Then
|G:C| < |F: FnC[**!.

Proof. We will argue by induction on |G|. We may assume that A # 1 and
that O, (GA) = 1, i.e, that A acts faithfully on G. So F = F(GA). Because
(1AL, 1G]) = 1, Cg/r(A) = FC/F.

Now F/®(G) is a completely reducible and faithful G/F-module (possibly of
mixed characteristic) by a Theorem of Gaschutz (see Satz I11.4.2(d) and I11.4.5 of
[Hul). If D/F = Cga;r(F/®(G)), then D/F isan’-group that centralizes G/ F and
F/®(G). Since D/F is a r’-group and G is a w-group, D/F centralizes G/ ®(G).
By Satz I11.3.18 of [Hu] D/F centralizes G and hence D/F = 1. Thus F/®(G) is
a faithful GA/F module. Furthermore it is a completely reducible G A/ F-module
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because it is completely reducible as a G/ F-module and (|/GA/ G|, |F/®(G)]) =1
(see Theorem VII.7.20 of [HB]). Since A # 1, Theorem 2.4 applied to the action of-
GA/F on F/®(G) shows that

|IG: FC| = |G/F:Cg/r(A)| < |F/®(G): Crjoc)(A)*
= |F:®G)FNO)|* <|F:FNC|°.

Then |G:C| = |G: FC|F: FNC| < |F:FNCl*t. O

2.6 Example. There is an infinite family (W;, H;) where W; is an elementary
abelian 3-group and is a faithful and irreducible module for H;, a {2,3}-group and
such that | H;| = |W;|*/(24)!/3. Indeed W, may be chosen to have order 32, H to be
GL(2,3),and H; tobe H;_ : S4 (see Example 3.8 of [MW] for details).

For the moment, fix i. Let V be the direct sum of 5 copies of W; and let G be the di-
rect sum of 5 copies of H;. LetI" be H;1Zs so that G is a normal Hall-z -subgroup of I'
with 7 = {2, 3}. Let A be a Hall-r’-subgroup of I so that |A| = 5. Also V is a faith-
ful irreducible I'-module. Applications of Lemma 1.1 show that |G: C5(A)| = |H; |4
while |V:Cy(A)| = |W;|*. Thus |G:Cg(A)| = |V:Cy(A)|*/Q24)*3. By letting
i - 00, |W;] = o0 and also |V:Cy(A)| = oo. Thus the bound in Theorem 2.4
cannot be improved with an exponent less than o.

Let I'* be the semi-direct product I'V and G* = GV, so that G* is a solvable
normal Hall-7-subgroup of I'* and A is a Hall-'-subgroup of I'*, |A| = 5. Set
C = Cg+(A) and note that C = Cg(A)Cy(A). Since V is a faithful irreducible
I"'-module, it follows that V = F(G*) = F(I'*). Now

|IG*: C|

1G: Ca(A)[[V: Cy(A)]
[V:Cy(A)I**/24* = F(G*):F(G) N CI"*! /24)*.

By letting i — 00, we see that |[F(G*): F(G*) NC| — oo. In particular, the exponent
in Corollary 2.5 cannot be lowered. O
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