EIGENFUNCTION EXPANSIONS IN L” AND C

BY
D. R. SMART

In L (1 < p < ») [in L' or C] the Fourier series is (conditionally") con-
vergent [(C, ) summable (8 > 0)]. Known equiconvergence theorems ex-
tend this result to the eigenfunction expansions of operators of the form

T=Du (U/>2),

with u suitable boundary conditions. It will be shown that in cases where
the sequence of eigenvalues of T' also behaves reasonably, an operator T' 4+ S
will have the same type of spectral expansion as T. Here S can be

(i) any bounded linear operator;

(ii) in very restricted cases, any operator

B.2D*? + ... + B,D + By,

where the B; are bounded linear operators.

The methods are those developed by Schwartz [4] and Kramer [2] for the
L’ case, but very much modified to deal with conditionally convergent or
summable expansions.

1. Definitions and known results

B will denote a Banach space with complex scalars. L will denote L”[0, 1]
and C will denote C[0, 1] (or one of its principal subspaces; see §5(1)). If T
is a linear operator in 9B, the set of complex numbers A such that (T — AI)™"
exists and is a bounded linear operator on B to B will be written p(T) and
called the resolvent set of 7. The complement of o(T) in the complex plane
is o(T), the spectrum of T. D(T) will denote the domain, and R(T) the
range, of 7.

If G is a contour in p(T'), the following results are well known. (For our
purposes it can be assumed that G is a circle or a rectangle.)

Lemma 1.1.  The operator
I YU

and its complement I — P are bounded projections onto subspaces invariant
under T. R(P) & D(T), and, as an operator in R(P), T s bounded. The
spectrum of T in R(P) is the part of the spectrum of T lying inside G. If =,
1o are disjoint components of o(T") and the curves Gy , G2 , G5 contain respectively

Received October 28, 1957.
1 See the examples on p. 212 of Zygmund [8]. (If p = 2, the convergence is uncondi-
tional.)
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the components 11, 72, 71 U 72 of o(T"), then for the corresponding projections we
have

(1.1) P1P2=0; P1+P2=P3.

Proof. See Taylor [6], especially Theorem 8,2 and the lines preceding the
formulae (8.3).

If the contour G; contains only one point of ¢(7"), say A, , the dimension of
N(P;) will be called the generalised multiplicity of N;. It is easily shown by
induction on n that R(P;) contains the set

B) = Uiy {2:(T — N D)z = 0},

the set of proper vectors of \;. Thus the dimension of B();) (which will be
called the algebraic multiplicity of \;) is at most the generalised multiplicity
of \;. The term eigenvector will be reserved for a (nonzero) solution of
(T — Az = 0, and the term etgenvalue for a scalar N for which eigenvectors
exist. The multiplicity of N is the dimension of its space of eigenvectors.
The point spectrum, written =(T'), is the set of eigenvalues of T,

Lemma 1.2. If R(P) is finite-dimensional, then G contains only a finite
number of points of o(T), say M, Ae, +* , A, GNd
(1) the generalised multiplicity of Ni, m: say, is fintte and equal to its al-
gebraic multiplicity and s the same whether we consider the operator T in B
or the operator Ty, in R(P);
(i) X7 ms = dim R(P);
(iii) Y.rP; = P.

Proof. The part of ¢(T) inside @ is the spectrum of 7 as an operator in
the finite-dimensional space R(P), which must be a finite set of points. En-
closing each of these points in a contour G; we obtain (iii) from (1.1), and (ii)
follows immediately. As R(P;) is finite-dimensional and the spectrum of T’
in R(P;) is the one-point set {A;}, we have

R(P) = B,
which proves (i).
A result proved by Nagy [3] is

LemmA 1.3. Let E, F be bounded projections in a Banach space B, with

|E — F|| < 1. Then EB and FB have the same dimension if the dimension
of either is finite.

Proof. Let (zi)i<i<m be a basis for EB. We can write Ex = Sy )
with y; e 8* (1 < ¢ = m). If dim FB > m, FB contains a nonzero vector
« orthogonal to (yi)i<i<m . Thus Fx = z, Ex = 0, and

[E-FllzlE-Fz|/l«]=1

Thus dim FB = m = dim E®B, and the converse inequality is obtained by a
similar argument,
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We will say that an operator T in a Banach space B (= L* or C) is of the
form D* with the boundary conditions

(1.2) 1% i fP0) 4+ 2005 B (1) = 0,
where ¢ runs over a finite index set I (possibly empty), if
(i) D(T) is the set of functions f on [0, 1] such that £ is absolutely con-

tinuous (0 < j < u — 1), f B, and (1.2) is satisfied for all ¢ ¢ I;
(i) forfeD(T), Tf = f™.

LemMma 1.4. An operator T of the form D™ with the boundary conditions
(1.2) is a closed linear operator.

Proof. It is obvious from (i) and (ii) that 7 is linear. For the operator
T, of the form D* with boundary conditions

20 =P =0 O<jsu-—1)
it is easily seen that the convergence in ¥ norm of a sequence T:f, = £
(n = 1) in R(T,) implies the uniform convergence of f&” (0 £ j < u —1)

and the equation
(lim f,)™® = lim f.

It follows that T, is closed, and, as the graph of T can be obtained from that
of T by removing a finite number of boundary conditions, T is closed. (This
proof was adapted from that given by Schwartz [4].)

LemMma 1.5. For fi €C, gy € L' we have
Il = supgess | G @ [/lg s Bl = supsec | (f 90 /0 £ 1,

where 1
(f,9 = fo ft)g@) dt.

Proof. After approximating to ¢; with a continuous function the proof is
obvious.

LemMmA 1.6. The Fourier series of a function fin 8 = L' or C [8 = L
(1 < p < »)] s (C, 8) summable (8 > 0) [is convergent] to f in the norm of B.

Proof. As regards C and L” (1 < p < =) see Zygmund [8], §§3.3 and
7.3. Asregards L':if 6 > 0 and 8 = C or L, let F,, = F.(B) = F.(B, 6)
be the operator in B which maps each function in B onto the (C, 8) mean of
the first n partial sums of its Fourier series. We have F,(C)z — z (x ¢ C)
go that by Lemma 1.5 and the Banach-Steinhaus theorem,

| FalLy) || = sup {| (Fng,f) l:ge L', feC, [ fll =gl =1}
=sup {| (g, Fu ) |:ge L', feC, || fll = llgll =1}
= || F.(C) ||

=0(1) as n—o x,
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Since F, g — g on the dense subspace of L' consisting of triganometric poly-
nomials, F, g — ¢ for all g in L".

2. Axioms

All of the following axioms are satisfied by operators having the form D
and domains restricted by u suitable boundary conditions. They have been
separated into four groups needed for different purposes. Most of the axioms
are relations between the distribution of the eigenvalues of*T and the norms
of its spectral projections.

The first group of axioms comprises those needed in showing the existence
of the resolvent of 7.

Condition (a).
(ap) T is closed.

(a1) m(T) consists of a discrete sequence (\.)nz1 of positive eigenvalues,
each of multiplicity one.

(az) M is monotone increasing and
ANy = Mg1 — Ap — ©,
(as) There exist vectors (¢;);>1 in B and (¥.)iz1 in B* such that
(T —\D¢; =0 and yi(¢;) = 6.
(as) The eigenvectors (¢;);>1 form a total set.
(as) TFor the projections
EO\J') = \ba( : )¢J )
E, =2 EQN) =209 e,
we have || E, || = o(\,) and

i | E. |l AN,

=J < o,
1 )\n+1'xn

The main difficulty in discussing the perturbation of 7' by a bounded linear
operator B is to estimate || (T — A)™' || on suitable contours. For this
purpose we need the following axioms:

Condition (b). There exists a real number § such that

(by) 0<6<3;

(bz) Z ” H ANn =K< w;

n+1 )\6

3 | Ea || AN
b =H < H< o,
(3) ;qu—)‘"*—l"l”’r—)\n'& ®

where u, = $(\ + M\41) and H is independent of r.
The following condition simplifies the discussion of the relation of the new
eigenvalues to the old.
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Condstion (¢). There exists a number ! > 1 such that, for n > 1,
(2.1) Ahng < IAN, .

In discussing the perturbation of 7' by an operator S which is not neces-
sarily bounded but whose domain includes that of 77, for some » with

(2.2) 0<v<l,

we must estimate not only || Ra || but also || T°Ry|. We therefore require
the following additional axioms:

Condition (d). For some choice of » and § (satisfying (b) and (2.2)) there
exists a number 7 such that

(dy) 0<71<1—3

(ds) PUEAQN) | =P < »; || Eall = o(\2);
s~ A [ EO) || .
(do) iM=F,<F<w,

1 IIM — A lr
where F is independent of 7.

By (a1) and (a,) the following contours pass through no point A, :

The contour T, (r = 1) is the square with centre the origin and sides paral-
lel to the axes, whose right-hand vertical side (written V,) passes through
(2.3) pr = 3 + Arga).

The contour formed by the upper, left-hand, and lower sides of T, will be
written L, .

The contour Q, (defined if (¢) holds and r > 1) is a circle with centre A,
and a radius p, satisfying the condition
(2:4) pr = AN_1/2L.
Thus by (c), pr = inf {2AN_;, 2AN].

Lemma 2.1, Let (a1) and (as) be satisfied. Then
(i) there exists @ number k > 0 such that for all r, all \ € L, , and all n,

IN= M| >ENy [N = M| > Fur;
(i) forallr,all N on V, (say N = u, + i9) and all n,
IN= M| 2 — M| 238N, [N=A]| > ]
Proof. The proof is obvious from (a;).

Lemma 2.2, Let (a) and (c) be satisfied. Then for all » > 1, all N\ on
Q, and all n 5 r we have

(N= | 2 AN/3L [N = M| = e — M |/3L
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Proof. By (e) we have

(1/2D)AN,_; < inf (AN, 2AN)
inf GIA = Mot |, 3N = N ])
IN =N

by the definition of Q, and (as).
If n < r we clearly have [N — Mo | > | por — M| If 0 > 7,

lIA

IIA

Ill-r—l—")\nl é |I»‘r—1'")\rl+l)\r_>\‘+l)\_’)\n!

é %A)\r—l + %A)\r’l" I)\ - >\n|
S 104+ DAN + N =N
égll)\_an.

3. Operational calculus

Let B, be the normed linear space consisting of finite linear combinations
of eigenvectors of T. Let T, be the restriction of T to Bo. We will set up
a natural operational caleulus for T and extend it (subject to (as)) to an opera-
tional calculus for 7.

We write the eigenvalues of T as (\;);z1 and write Eo(\.) for the projection
of By onto the set of eigenvectors of \; parallel to the eigenvectors of all other

eigenvalues. If f(\) is any function defined on the set (A;);>1 we may now de-
fine

(3.1) f(To) = 2T fON)Eo(Ny).

If the functions f(\:) = 1, 1/(\i — ), Ai, N5, N7y N — w) ™, are de-
fined, we write the corresponding operators f(To) = Io, (To — plo)™, T,
Te, To", To(To — plo) ™.

TaeoreM 3.1. For the correspondence f(\) — f(To) defined above,

@) of ) + BgN) — of(To) + Bg(To), for all scalars e, B;

(1) fONgN) — f(To)g(To);

(iii) f(To) has an inverse (not necessarily bounded) on By to Bo if and only
if fON;) never vanishes, in which case 1/f(\) — f(To)™;

@GAv) if Eo(\s) is bounded for all © and

(3.2) T |- T B || < o,

the series (3.1) converges in operator norm to f(To) (which is thus bounded);
v) i |fQ0) |- | Eoi || — 0 as ¢ — « and Ey; s bounded for all © and

3.3) 20 1AW |- [ Bow || < o,
where Eo, = 21 Eo(\s), then the series
(3.4) =% Eow Af(\)

converges to f(To) in operator norm.
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Proof. Since eigenvectors of distinct eigenvalues are linearly independent,
(i), (ii), and (iii) are obvious. If the conditions of (iv) are satisfied, we have

[ 7(T0) — 220 FODEN) || = supjsjor.zen, | 22542 O Eo(Nz |
S 20 [0 |- [ B ||
—0 as n— .

This proves (iv), and the proof of (v) is similar. For if we write
x = 2.7 Bo(\:)x with m = m(x, N) > N we have

J(To)x = 2 T f)EN)x
= 2V Eoi AfQ\)2 — 2wt Bos AfQA)2 + fm)Eom .

The following lemma contains our definition of f(T).

Lemma 3.1.  Let (ay) be satisfied. Let f(To) be bounded. Then the closure
F(To) of f(To) is the unique bounded linear operator f(T) on B to B whose re-
striction to Bo s f(To).

Proof. The proof is obvious.

Lemma 3.2.  Let (a) be satisfied. Then
i) Eo\i) = E(\);  Eoi = E;;
@{11) i NgAn)az1, then

P E, AN,
(T —=\)" = ; A = X)X = N\a)’

with convergence in operator norm;
(iii) o(T) = =(T) = Na)nz1;
(iv) (To — o)=L = (T — A7}
) forr>1,

y = —1 (T = AD)7'dN, EQ\,) = —_-1f (T — AU dn.
2wt Jr, 27 Jo,

Proof. (i) It is obvious from the definitions of Eo(\;) (see p. 87) and E(\;)
(see (as)) that E(\;) is bounded and Eo(\;) is the restriction of E(\;) to By .
The analogous facts about E; and E,; are proved in the same way. Thus
Lemma, 3.1 gives both results.

(i) By (as) the series converges to a bounded linear operator, S, say,
on B to B. By Theorem 3.1 (ii), (iii), and (iv), the restriction of Sy to By
is (To — Mo)™". Thus by Lemma 3.1,

S\ = (Ty — Mo,
so that as T is closed Sy is contained in (T — N)™". Since (T — A\)7'is

single-valued by (a;), and D(S)) = B, S\ = (T — A)™'. This proves
(i), (iii), and (iv).
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(v) By (a;) and (a), T contains A1, A2, --+, A\, and the set (\n)n>,
lies outside T',. Since (a;) and (as) imply that the series in (ii) converges
uniformly on T, , we have

—1[ B, A\,
27 Jr, TN — M) (N — Np)

= > E.A\ <11-. A )
1

271 Jr, A — Map) (A — Np)

d\

-1 o
z—mfr (T — )™ dx

= H,.
The discussion for Q, is similar.

LemMA 3.3. Let (a) and (b) be satisfied. Then
(A) 4f X\ lies on L, ,

(T =AD" || = O(| L, |7,

independently of \;
(Gi) ¢ ANlieson V., say N = u, + o9,

1T = AD =007, (T = AD7 ]| = 0(an)™),
independently of \;
(iii) f (c) holds and N\ lies on the circle Q. ,

” (T _ )\I)_l ” =0 <(A)\r—1)_l+5 + H Er—l “pj‘ H Er H) ,

independently of N and p- .
Proof. (i) By Lemmas 3.2 (ii) and 2.1,

) o B, | A\
T -\ < I "
e D D WHIRT = W
T A M v D= W NP R W

21—8k—1—5 © n E” H A)\n

”}—B 1 Nnt1 >\§z

= O(IJ':H-B))

by (bs). And | L,| = 6y, by the definition of L, .

(ii) 'To the second line of the proof of (i) apply Lemma 2.1 (ii) to obtain

1 - | E. || ANs

sup (l n l ) %A)\r)l_a 1 Iﬂr - )\n+1 |'|Mr — M IS
< H ,

sup ({ n | ’ %Akr)l_‘s

lIA

| (T = aD™|

IA

by (bs).
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(iii) Lemma 3.2 (ii) gives the series

= E. A\, _ B
TN = M)A —N) N — N
E,.. — E, . & E, AN,
+ 1 + E

NP WL we WL o W T oW

for (T — AI)™". Thus by Lemma 2.2 and the relations |A — N, | = pr,
| A = Arga| = pr (see the definition of Q,),

(T = AD7|
Sy | B | ANW(3D)° I Braa || + || B ||
é <; + §1> |Nr—1 - >\n+1 |" Mr—1 — )\n IB(A)\T—I)I—'S + 2 Pr
(3l)2H'r-—1 ” Er—l ” + “ Er “
= AN + 2 o (r > 1))
by (bs)

LemMa 3.4.  If (d) ¢s satisfied, Ty is bounded.

Proof. Apply Theorem 3.1 (v) to (ds).
We will write T~ for Ty” (cf. Lemma 3.1). Following Kramer [2] we prove

Lemma 3.5. If S 4s a closed linear operator in B, if (d) 7s satisfied, and if
D(S) 2 R(T™"), then ST is bounded.

Proof. ST is closed and D(ST™’) = B (by the previous lemma) so
that ST is bounded by the Closed Graph Theorem.

LemMma 3.6. Let (2), (b), and (d) be satisfied. Let D(S) 2 R(T™"). Then
(i) 4f X\ ldes on L, ,

8T =D~ || = O( L. ™),

independently of \;
() of N les on V,, say N\ = u, + in

I 8T = AD7* || = 0™, I 8(T =AD" || = 0l |7,

independently of \;
(iii) 4f (c) holds and \ lies on Q, ,

| S(T — AD7T || = O((AN—)™*" + o7 | EO) D),
independently of X and p, .

Proof. Since S(T — N)™'is closed, an argument on the lines of Lemma
3.1 shows that its order is the same as that of S(To — No) ™, if the latter is
bounded. By Theorem 3.1,

S(Ty — o)™ = ST Ty(To — No) 7%,



EIGENFUNCTION EXPANSIONS 91

so that by Lemma 3.5 it is sufficient to estimate the order of

[ T5(To — Mo~ || = TV

< XZLEO(AH)

(i) Using Lemma 2.1 (i) we obtain
| To(Ty — M2 || = 21“’ i Wl Bo\a) || . G2

p T K™\ T K
by (ds).
(ii) Using Lemma 2.1 (ii) we obtain
, - > EQw) ||
To(To — N7 < al
I 7(T ol = sup (|1, %AM)H; e — Aa
F

= sup (|n], 3AN)"
by (d4).

(iii) Using Lemma 2.2,
v 3 (%, ¥ MIBO |, 1EO)|
| To(To — M)~ || < o (Z + rE) +

1 I#r—l — M IT Pr

3IF I EM) |

= B + o (r>1)

by (d4).

4. The perturbation theorems

TueoreM 4.1. Let T satisfy (a) and (b). Let T, (r = 1) be the contour de-
fined on p. 86. Let S be any bounded linear operator on B into B. Then
(i) o(T + 8) consists of a sequence of eigenvalues v; i = k + 1) of®
generalised multiplicity m; < oo ;

and for r sufficiently large

(i) Xryami=r, m. = 1 and v, lies between T,y and T, (and if (c) s satis-
fied and || Brey |* + || B¢ | = o(aN—),

(4.1) ve =N+ O(| B " + || B I);
(iii) the projection
r =1 At
E,_%Lr(T+s D)™ )

exists;
(iv) there are sets of linearly independent vectors (Ppg)pzr+1,1595m, N B

2 k should be regarded as the number of eigenvalues of T which disappear, by amal-
gamating with other eigenvalues, when S is added to T'.
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and (¥ij)izitiizism; th B* such that (T 4+ S — v, [)™®,, = 0 and
V;j(®pg) = 0ip 6jq , and
E; = Zpéf \I'pq( : )‘I’pq 5
) [|E:— B | —o0.

Proof. (iii) Write Ry for (T — AI)™.. By (a;) and Lemma 3.3,
| SRy|| < % for N on T, = L,u V,, for r sufficiently large. Thus
(I + SRy exists and

| (I + SR ||

I

| T — (SR\) + (SR> — --- |
(4.2)

IIA

I+3+ @+ =

With Lemma 3.2 (iii) this proves the existence on T, of the right-hand side of
the equation

(4.3) (T 4+ 8 = \ND)™" =Ry — R\I + SR\ 'SR,

which can now be verified by multiplying the right-hand side (on the left
and on the right) by T + S — M. Thus (T + S — M) exists on T,.
This proves (iii).

(v) By (iii), Lemma 3.2 (v), equations (4.3) and (4.2), and Lemma 3.3,

1B~ Bl = 5

fr (T+8S =AD"= (T = AD)7) dr

< o [ IS IR 1@ + 8B - oA
R ENGEN
i

AN,
{[ar1a+ [ 1Bl in

(7 [0 Ul anf

= O( I Lr l—1+28) + 0((A)\¢)_l+28) ,

since
Ko
—2+28 _ _ —1 —1+25 |Pr
fm\," dn—[( L+ 267y ]AM-

The result follows from (az) and (by).

@), (i), (iv). By (v) and Lemma 1.3, E, and E, project onto subspaces of
the same dimension—which by (as) is r—for all r sufficiently large. Thus
Lemma 1.2 proves (ii) (apart from the bracket), (i), and the existence of a
linearly independent set (¢I>,,q)k+15 pisasm, Such that (T 4+ S — », [)"*®,, = 0
and the &,, with p = r span E, 8. We can write any « e E, B in the form
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> osr Tpg ®,, where the z,, are uniquely determined scalars. Since
d1m E, B < «, the mappings = — z,, are bounded linear functionals on
E, 8. Thus the linear funectional ¥,, on B defined by

Vo) = (E; ) pq

for some chosen r greater than p has the required properties, for the follow-
ing argument shows that the definition is independent of the choice of r.
Take p = r = 7o ; then

E; T = E:(E:o x) = E:‘ Zzéro(E;o 2)pg Ppg = Epér (E:'o ) pg Poa
by Lemmas 1.1 and 1.2.
(i) Let (¢) be satisfied, and let p, (subject to (2.4)) have any order strictly

higher than || E,_, | + || E. |>. We can obtain (4.2) and (4.3) as before,
but now with A on the circle Q. of centre )\, and radius p,. Thus if we write

) = — 1 — )
B = fn (T + 8 — N,
we obtain, by the argument for (v), and (2.4), (as) and (b,),

S ENGEN
0 (p,m,_o-w 4 Ll 151

Pr

| B'(r) — B ||

IIA

— 0.

Thus by Lemma 1.3, E’'(r) and E(\,) project onto subspaces of the same di-
mension—which by (as) is one—for all r sufficiently large. Thus Q. contains
an eigenvalue of T + 8, which must be »,. In other words,

Ve = )\r + O(Pr)
whenever p, has a strictly higher order than || E. |* + | E.|’. Thus
v=N+ O B " + | B, ).

CoroLLARY 4.1. Let T and S satisfy the conditions of the theorem, and let
the vectors ¢ , Wi , ®pq , Vpq be those defined in (as) and part (iv) of the theorem.
Let x be a vector in B such that

27 i) =z,
in the sense of strong or weak convergence or strong or weak (C, 6) summability.
Then
Z:=k+l ZZZI \I’pq(x)q’pq =7,
in the same sense.

Proof. The proof is obvious from part (v) of the theorem (with the defini-
tions in (as) and part (iv) of the theorem).
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TaEorREM 4.2. Let T satisfy (a), (b) and (d) (for some v, 0 < v < 1).
Let S be a finite sum of operators of the form B, S., where B, ts a bounded linear
operator on B into B and S, is a closed linear operator in B such that
D(8e) = R(T™") u D(T). Then the conclusions (1) to (v) of Theorem 4.1
are true if we insert before (4.1) the words,

“and || B, || + || B, || = o(AN—) 7™

Proof. We can apply Lemma 3.6, with S, replacing S.

(iii) Use the proof of Theorem 4.1 (iii), with Lemma 3.6 instead of Lemma
3.3.

(v) By (iii), Lemma 3.2 (v), equations (4.3) and (4.2), and Lemmas 3.3
and 3.6,

| Br — B, |

I

2—1; Nfr (T 4+ 8 =AD" = (T = AD™) d)\”

IIA

M EARTER N NNEEN

L
™

I\

1w ismi 1o+ [ 1 Bl - 18wl

(7 ) 1 il 18Rl an}

AN,
o{ | L | - | L7 | L7+ [M (AN TR (AN dy

b e -1t
— —1+47
+ n o dn}

AN,

= O( lLr l—l+8+1) + 0 ((A)\,)_H.H—T)

— 0,

by (az) and (dy).
(1), (i), (iv). Since the resolvent set of T + S is not empty, T + S is

closed. Thus we may follow the discussion of the corresponding parts of
Theorem 4.1.

(ii) Use the first four lines of the proof of this part of Theorem 4.1. Then
we obtain, by (2.4), (as) and (d;), and the argument for (v),

EICESSTEEY AR RN
=0 ({(A)\r—l)_H-s + “ B, ” p:l“ ” E, H}{(AMI)—HT + “E()\r) “} Pr)

T

= 0((AN—) ™ + (AN) (| B || + || B )
+ (AN)TTPNEMD | + 1 EOW) | (| Brea || + || B )oY

— 0.
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We may now conclude with the last six lines of the proof of Theorem 4.1.
CoROLLARY 4.2. The statement is verbally the same as that of Corollary 4.1.

Proof. The proof is the same as before.

5. Applications and extensions

(i) Let T be a Sturm-Liouville operator of the simplest type, i.e., an
operator of the form — D with boundary conditions

f(0) cosp + f'(0) sing = 0,  f(1) cosy + f(0) siny = 0,

where ¢ and ¢ are real numbers. The following facts are well known (see
for example Titchmarsh {7]): 7T has simple eigenvalues, and the eigenfunc-
tion expansion of any integrable function f is uniformly equiconvergent with
its Fourier series expansion. If the boundary conditions satisfy sine sin ¢ = 0
(sing = 0, siny = 0) (sing # 0, siny = 0) (siny = siny = 0), the term
“Fourier series’’ means an expansion in terms of cos nwz (sin (n 4+ %)wzx)
(cos (n + 3)wx) (sin nwx). The space C is the space of all continuous func-
tions on [0, 1] (all which vanish at 0) (all which vanish at 1) (all which vanish
at both 0 and 1). Thusif fisin 8 = Cor L'[B = L* (1 < p < «)]its
eigenfunction expansion is (C, ) summable for all # > 0 [its expansion is
convergent] in the norm of B. Thus we have, by the Banach-Steinhaus
theorem and the limitation theorem for Cesaro summability (Hardy (1],
Theorem 4.6),

(5.1) | Eall = 0@ (6 >0) [|E.| = 0Q)],

where E, is the projection in B mapping each function onto the nt* partial
sum of its Sturm-Liouville expansion. As we have also

2 2 2
A~ w0, AN, ~ 20'n,

we take 6 as any number between 0 and %, and the only possible divergence
from the axioms (a), (b), and (¢) is that some eigenvalues may be negative.
This is easily corrected by operating in the space Ex 8B, where Ay is the first
positive eigenvalue. Let T’ be any operator commuting with Ey and such
that 7" is zero in (I — EN)® and, as an operator in Ey 8, T’ has a simple
spectrum consisting of positive numbers less than Ay. Then the operator
T — Ex T + T will satisfy axioms (a), (b), and (¢) and so can be used in-
stead of T. (Since Ex B is finite-dimensional there exist suitable operators
T’, and these are bounded.)

Thus if B is a bounded linear operator on B to B and f is an arbitrary
element of B, the expansion of f in eigenvectors (and a finite number of other
proper vectors, i.e., solutions of (T' + B — »; I)"x = 0) of T' 4 B is, by Corol-
lary 4.1, (C, 6) summable (6 > 0) [convergent] in the norm of B. Also if
we know that the T-expansion of some continuous function is uniformly
convergent, the same will be true of its (T' + B)-expansion.
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(i) Let T be similar to a Sturm-Liouville operator, but with nonreal
boundary conditions. Then by Schwartz [4], p. 439, the asymptotic be-
haviour of the eigenvalues will be satisfactory, but (a) the eigenvalues may
be nonreal, and (b) 7' may have some proper vectors which are not eigen-
vectors. Difficulty (a) could be met by adapting our proof, but the analysis
would become more complicated. Difficulty (b) is easily dealt with by the
device used in (i) for negative eigenvalues.

(iii) Let T have the form D* with u even (v > 2), and « linearly inde-
pendent boundary conditions. Judging by Tamarkin [5] various possibili-
ties exist; but it seems that in many cases—for example, if T is the (u/2)th
power of one of the Sturm-Liouville operators discussed in (i)—we will have
simple real eigenvalues A, such that

. p —1
A~ mnY, AN, ~ ut“r“n"".

Thus, replacing T (if %/2 is odd) by — T, we may assume by the argument
in (i) that all eigenvalues are positive. In the case of the (u/2)* power of
a Sturm-Liouville operator, the expansion is simply that of the Sturm-
Liouville operator; in more general cases an equiconvergence theorem (Ta-
markin [5], p. 45) reduces the expansion problem to the Fourier series case.
Thus (5.1) is obtained as before, and taking

v = (u — 2)/u, 1—-1/4u<r<1

and 0 < & < 1 — 7 we can verify (a), (b), (¢), and (d) without difficulty.
To show that S can have the form B, D> + --- + By D + B, for arbi-
trary bounded linear operators B; on 8B to B, it is thus sufficient by Lemma
1.4 to show that R(T5*) consists of (u — 2)-times differentiable functions f
with f* in 8. Using the argument of Kramer [2], I can obtain this result
but only where 7' is the (u/2)* power of a Sturm-Liouville operator R (with
eigenvalues A; = A*). Clearly R and T have the same normalised eigen-
vectors (fi);>1. Thus

To = > Nifi(-)fis
Bo= 2N f(Ofe = 2 AR = 20 RGOS

c R(M—Z)/2

which is included in the operator of the form D** (or —D“*) and no bound-
ary conditions, which is a closed operator by Lemma 1.4. Thus T exists,
and its domain (which is R(T7*) consists of (u — 2)-times differentiable
functions.

(iv) In dealing with operators of the form D" (v odd) I am handicapped
by my ignorance of any equiconvergence theorem relating the expansions
with different boundary conditions to one another. However, in the special
case where the boundary conditions are

(5.2) £90) = Q) O<si=zu-—1)
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the expansion is the Fourier series and the eigenvalues are simple. We have
A = (2m2)"n", AN, = (2m0) un”"" + 00",

where n runs through all the integers. Inspection of the proofs of our theo-
rems shows that they can be adjusted to allow contours I'_,, , which cut the
spectrum of T twice instead of once, as is necessary in this case. Thus, as
in (iii), we can allow a perturbation by

S =BusD"* 4+ --- 4+ B D+ B,.

In this case we must take the space C to be the space of continuous func-
tions with period 1.

(v) In the cases where the boundary conditions allow multiple eigen-
values of T—for example, D* with u even and the boundary conditions
(5.2)—our arguments hold as far as line 27 on page 92, at which point the
fact that A dim E. is the (algebraic or generalised) multiplicity m, of \,
causes trouble. We can conclude that the annulus between TI',_; and T,
(or, at a later stage, the contour 2,) contains a finite number of eigenvalues
of T + 8 whose generalised multiplicities add up to m, , and obtain an ex-
pansion theorem, but we will know only the convergence of a suitable sub-
sequence of the partial sums, those corresponding to the contours T',. The
cases where, say, A, ~ Kn" but lim inf A\,/n“"" = 0 are similar: we cannot
put useful contours through too narrow gaps in o(T).
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